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In this paper, we present a new analytical approach for describing the spin dynamics of synchronous
and asynchronous time-dependent modulations in solid-state nuclear magnetic resonance
experiments. The approach, based on multimode Floquet theory, employs the multipole operator
basis of Sanctuary for spin description and illustrates the time evolution in the Floquet—Liouville
space using the effective Hamiltonians obtained from the coritactan Vieck transformation
procedure. Since the Hamiltonian and the density operator are expressed in terms of irreducible
tensor operators, extensions to higher spin magnitftiesl/2) and multiple spins are quite
straightforward and permit analytical treatments for many problems. We outline the general
underlying principles involved in this approach with a brief mention of its potential application in
other branches of spectroscopy.2005 American Institute of PhysidDOI: 10.1063/1.1875092

I. INTRODUCTION volving multiple spins, require a description of the spin sys-
tem in the operator spate(or Liouville space to incorpo-

The combination of magic angle spinnidlAS) (Ref.  rate the coherent effects due to the spin Hamiltonian as well
1) and multiple pulse techniquedhas established solid-state as the incoherent effects due to relaxation. Since the density
nuclear magnetic resonandSSNMR spectroscopy as a operatof® is analogous to the spin eigenfunctions in the state
powerful tool for investigating molecular structure and dy- space, the choice of an appropriate basis that spans the entire
namics in biological solids such as membrane proféiasd  operator space has often remained elusive for theoretical
amyloid aggregate! systems that are generally intractable treatments involving higher spin magnitudes and multiple
to study with conventional diffraction or solution nuclear spins. Although many bases exist in the literattr& their
magnetic resonand®MR) techniques. The development of applications are specific and inadequate for describing both
homonuclear and heteronuclear recoupling technfii®s multiple spins as well as higher spih>1/2) systems. This
and their use in combination with multidimensional chemicalmotivated the development of alternate formalisms for de-
shift correlation spectroscopy has provided complete spectralcribing multiple pulse MAS NMR experiments involving
assignments in many cases in addition to supplying conspins of arbitrary magnitude. To this end theoretical treat-
straints on internuclear distances and molecular torsioments such as Floquet the6ty’® and secular averaging
angles ™ In many cases these experiments involve selectheory’™ could be employed with suitable modifications as
tive isotopic enrichment of the sample and employ recoualternatives to AHT for describing the underlying dynamics
pling techniques, which are selective and site specific. Thén MAS experiments. In this paper we confine our attention
experimental results are interpreted using approximate theae a modified Floquet description of MAS experiments.
retical models (usually involving two spins within the Using Floquet theorem, Shirley proposed a general de-
framework of average Hamiltonian theoggHT).1>® scription in the form of Floquet theofyfor studying peri-

More recently, uniformly*3C, 1N labeled samples and odically time-dependent phenomena in quantum systems. In
broadband recoupling techniques are finding frequent use ithis approach, a time-dependefusually periodi¢ Hamil-
structural and dynamic investigations. In these cases intetenian, represented in a finite dimensional basis set, is trans-
pretation of the experimental data with the theory developedormed into a time-independent Hamiltonignosually re-
for isolated spin pairs can lead to erroneous or inaccuratéerred as Floguet Hamiltonianrepresented in an infinite
interpretations. Further, complications due to interference efdimensional basis set via Fourier series expansion. Vega and
fects between the sample spinning and multiple pulse trainso-workers introduced the Floquet operat6réfor studying
(a condition encountered when the spinning frequency and tthe time evolution during MAS in the Floquet-state space.
irradiation occur on comparable time scalésiit the utility ~ Subsequently, the Floguet approach was formulated into a
of AHT in describing the experimental resulfsSuch issues Fourier state representation by Levamteal?® and to an
have limited our understanding of the phenomena of heterdintegral representation by Filigt al?® Although the Floquet
nuclear decoupling® which involves multiple spingin the approach describes the time evolution of the spin system
form of strongly coupled protonsn addition to the observed under a time-independent Hamiltonian, the infinite dimen-
nuclei. Furthermore, polarization transfer experiments insionality involved in the description often complicates its

practical application in solid-state NMR. The standard ap-

JAuthor to whom correspondence should be addressed. Electronic maiPrO_aCh_ in such cases generally involves the _num_encal d|a_90'
rgg@mit.edu nalization of the truncated Floguet Hamiltonian matrix

0021-9606/2005/122(16)/164502/10/$22.50 122, 164502-1 © 2005 American Institute of Physics

Downloaded 28 Jun 2006 to 18.165.0.65. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp


http://dx.doi.org/10.1063/1.1875092
http://dx.doi.org/10.1063/1.1875092
http://dx.doi.org/10.1063/1.1875092

164502-2 R. Ramachandran and R. G. Griffin J. Chem. Phys. 122, 164502 (2005)

(where the order of truncation is fixed based on the conver-  dp(t)

gence of the eigenvalues for increasing matrix dimengions 'ﬁF =[H.p(0], (1)
Although such an approach yields results, it limits the physi-

cal insights into the spin dynamic problem. This limitation whereH represents the spin Hamiltonian operator and, for
provides the motivation to develop analytical meth¢elg)., the sake of illustration, is assumed to be time independent.
perturbation theoryto solve the above problem. Thus the  In the multipole approacfi *’the density operator for an
main points of this paper are twofold. First, we propose andN spin system is represented by

illustrate the utility of employing the multipole badias an 1

improved alternative to the current bases employed both in  p(t) = R > q)g?K}(kLkz,---,kN,t)

the Floquet as well as AHT spin description. Second, for T (21, + 1) k,a,{K}

experiments involving multiple asynchronous time modula- o all ky kg by

tions, we highlight the importance of the effective Floquet

Hamiltonians(obtained via van Vleck transformatipm de- XTg?}q(kl'kZ' k), (2)
scribing the dynamics in the extended Floquet—Liouville ® _
space. where <I>q]{K}(k1,k2,... ,ky,t) represents the time-dependent
An outline of the paper is as follows. In Sec. Il A, we SPin polarization andr(k; ks, .. ky) the corresponding
briefly describe the advantages of the multipole theory withrreducible spin tensor operator with labels g, and {K}
suitable modifications to treat multiple spins in the operatordefining the configuration of the spin polarizatire., the
space. The application of the multipole operator basis in mulrank, coherence order, and number of spins involved) ietc.
timode Floquet theorfyMMFT) is discussed in Sec. I B, the operator space. The supersckipenotes the total rank of
followed in Sec. Il C by a brief illustration of the effective the spherical tensor and ranges froms R<2lI, with | repre-
Hamiltonians obtained via the van Vleck transformationsenting the total spin angular momentum of the systieen,
method. In Sec. Il D we elucidate the advantages associatdd l1*12+---+Iy). The total rankk essentially describes the
with the MMFT approach in describing the spin dynamics in"umber of ways in which the spin angular momentum vec-

the Floquet-Liouville space. The final section of the papef0rs are coupled in describing the system. The subsgript
summarizes our conclusions. represents the component of the spherical tensor associated

with a particular rankk (whose values range fromk=gq

=<Kk) and is directly associated with the coherence order. De-
pending on the coupling schentee., coupling of angular
momentum vectods the spin system is further described by

Il. THEORY a set of intermediate angular momentum vectors represented
_ ) by {K} (i.e., for anN spin systemN-2 intermediate cou-
A. Background: Multipole NMR pling constants are definedi}={Kj,...,Ky_o}). The indi-

The mu'tipo|e theory proposed by Sanct&éf§7t0 treat vidual ranks of the SpinS involved are described by the indi-

spin dynamics in NMR differs from the usual approaches inc®Sk1, Kz, ..., ky; €ach of whose values ranges from 0 tq 2
that the dynamics is described in the operator spackiou- For convenience, the following compact notation employed

37, s .
ville space with an explicit time-dependent density operator, PY Sanctuanet al.™ will be employed in this paper:
Other theoretical treatmertfsdescribe the dynamics with an

1
explicit time dependence on the operéshr The latter p(t) = 2 PP (@, nTa@), (3)
method has gained wide acceptance and is at times a conve- 12 +1) ka,a
nient approach for describing the dynamical behavior; it is i

often limited to calculations involving only the experimen-
tally detectable magnetizatiofor polarizations Addition- ~ Wherea is representative of all the quantum numbers illus-
ally, it fails to provide insights in to multiple-quantum NMR trated previously for the description in the operator space. In
phenomena and polarization transfer experiments that ir@ Similar vein the Hamiltonian of the system is also ex-
volve relaxation in addition to the observed spin dynamicsPressed in the same basis as that of the density operator and
Further, in spite of the spin Hamiltonian being described in'S represented by
terms of irreducible tensor operators, it is not yet common _

: in basis i ich H= 2 Cinw "M@, (4)
practice to express the spin basis in terms of operators, which /_~Im(=)
are also irreducible under rotatioffs.** though some ex- e
amples of this exist in the literatufé.*° This approach has wherel andm denote the rank and component of the tensor,
been exploited extensively in the multipole formalism, whererespectively, with <2 being the standard case in NMR ex-
the basis operators are deliberately chosen to be invariaperiments. The interaction parameters corresponding to the
under the rotation group S0), thereby extending their Zeeman, dipole-dipole, and quadrupolar interactions are rep-
range of applicability from single spin®f arbitrary magni- resented by th€ coefficients.

tudes to multiple spins. Substitutingp(t) and H in the Liouville equation[Eq.
The general time evolution of a spin system is describedl)], yields a set of differential equations spanning the entire
by the Liouville equation, operator space,
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90 - _ { K-a= general. This is in contrast to the standard multipole ap-
'ﬁdtq)q (@h= 2 2 Cp@)TnT® @ proach, which involves a description in the entire operator
kgl a Lmm space under rf irradiation.
XL(I)m(al)-l—(k’)q’(a/)}q)gk,/)(a/,t)’ (5) In cases where the Hamiltonians are explicitly time de-

pendent(as is true for MAS experimentspecial theoretical
where L'™(a;)=[T'™(a;,),] corresponds to the Liouville su- approache(;sugh as Fl_oquet th_eo)yare reqyireq to solve the
peroperator. The above equation can be conveniently reef?—bov.e _set of differential e_quat|on_s mvolv_mg tlme-depende_nt
pressed in matrix form as coe_ff|C|ents. I_n_ the following _sectlon, we |Ilust_rate the appli-

cation and utility of the multipole based multimode Floquet
theory?*?° for studying the dynamics under asynchronous

. d _ ", . .
|ﬁd—t¢g‘)(a,t) = [A]kq,k,q@gk, @', (6)  time modulations.

wherein the spin polarization@ék)(a,t) are represented by
column vectors witHA] representing the supermatrix whose B. MMFT

element‘% 48are eyaluated using t_he ngner—_Eckart The nuclear spin Hamiltonian in the rf interaction frame
theorem:” ™" The various steps involved in the evaluation of

. in multiple pulse SSNMR experiments involve explicit time-

the elements of the supermatrix a_re.expla|r.1ed in detail IrIjependent coefficients due both to MAS as well as the rf
Appendix A. In contrast to other existing basis, the symme-

. X . irradiation. Such periodic time-dependefwith multiple
try etrnbfeddedl '3 ':chetmucljtlpoégﬁbagi rleducef_ the prr(])blem tBme modulationsphenomena are easily analyzed using Flo-
a set of coupled first-order differential equations wnose SOEquet theory as opposed to the average Hamiltonian approach,
lutions depend on the appropriate initial conditions,

_ ) _ which is valid only for time modulations which are linearly
(ng)(“)[o,] .[at t!met:((k)),ihe d)qu)(a,t)terms represent a sca- dependent and occur on different time scales. Furthermore,
lar coeff|C|ent(|.e.,<I>q (@,0)] existing bases employed in theoretical treatmdbtsth in
o Floquet theory’ ***°and AHT (Ref. 3] do not provide ana-
P;(t) :2 L€ 7 P;(0), (7)  lytical insights beyond two spins and are often difficult to

Ik extend to multiple spins and>1/2 systems. To this end the
I_MMFT approach seems a viable alternative for describing
both coherent as well as incoherent effects observed in solid-

In the absence of rf fields, the supermafi| is block state NMR exp?rlments. ) )
diagonal, thereby constraining the dynamics to a particular . By _mtegratmg the multlpole_ formalls_m of Sanctuary
coherence ordey in the operator space. Using this approach,W'th S_hlrl_eys Floquet apprqach, I IS p(.)SS'ble to expand any
Sanctuaryet al®’ derived analytical expressions for single p_er|0d|c t|me-_dependept spm_HamlItoman as well as the den-
spin systems to explain several interesting experimental sig 2ty operator in a Fourier series,
ations. Since the entire formalism relies on spin angular mo-
mentum algebra, extensionsltz 1/2 and multiple spin sys- -
tems are relatively straightforward. H= X Hn, o

with ¢, and \, representing the eigenvectors and eigenval
ues, respectively.

eitw.n' (8)

However, in the presence of rf fields, the spin dynamics M=
is described in the entire operator spdo®inly due to the
mixing of coherences of various orders, i.e., the tensors now o
orient in the(2k+ 1)-dimensional spagé”® thereby restricting p= 2 2 (@hT@en, (9)
analytical treatments to two spins. In such cases, the standard N—m= kg,a

approach involves the use of numerical methods to diagonal-

ize the supermatrix at the expense of analytical insights. Thizwhere we have used the following notatiom,_,,
provides the motivation for the development of an analyticaFny, Nz, ....Nm, A =An 0, n w={w1,wy,..., 05, N
theory of spin dynamics in such cases. ={ny,N,, ..., Ny}, ®.N=w N +woNy+- -+ o, Ny Note thatn;,

To address this problem, we propose an analytical treatw; represent the Fourier index and frequency associated with
ment based on the concept of effective Hamiltonians oba particular time modulation, respectively. Using the same
tained using the van Vleck or contact transformation methodprocedure, the Liouville superoperator may be expressed as
The contact transformation method is an operator equivalent

of standard perturbation theory in which perturbation correc- o
tions are obtained in terms of effective Hamiltonians. This  L(t)= >, L(al)gim gton, (10)
differs from traditional perturbation theory where corrections Nm==% o

are expressed in terms of matrix elements. Using the effec-

tive Hamiltonians, calculations of the spin dynamics is con-Substituting the Fourier expansions of the density operator
strained in a lesser dimension corresponding to a particulas(t) and the Liouville super operatdr(t) in Eg. (1), a new
coherence order rather than the entire oper@btiouville) set of coupled differential equations spanning an infinite di-
space. Such simplifications facilitate the study of multiple-mensional vector spac@r Floquet—Liouville spade with
quantum coherences and multiple-quantum phenomena time-independent coefficients are obtained,
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. d ” . m\m |... 2 1 0 -1 -2
i @@y, = 2 X X (T —

’ - k', a 1,m,a; ' . N )

LS - a qu ’ 2 | . [H] [H)] [H,] [Hi]

—_— q -
L@y, T @) I R AN AR LN
' oo H) [H] [H] [H.)] [H
+ (n . w)5)(I>(E’,t)£‘k,J)1, . (11) [ 2] [ l] [ 0] [ :;] [ 2]
Lom -1 (2] (8] [H] [H] [H]

In the above expression & =2 {. . [H] [H] [H] [H]
:5n1'ni"'5“m'nr’n§k’k’ 5q qrékl’ki"'5kN'kr'\|5{K}’{K’} and 5{K}‘{Kr} Im- L : |
plies 5K1,K15K2,K§--- 5KN—sz{\|_2 with K referring to the interme-
diate coupling of the angular momentum vectors. The above
equation differs from the one derived using the wave func- n,\m, 2 1 0o -1 =2
tion approacHEq. (B5), Appendix B, in the sense that all . . .
the basis functions and operators are described in terms of ) H' H. H. H
irreducible tensor operators which, in addition to simplifying L
the description of interactions involving multiple spifsf 1, ]- 1 H H, H, H, H,
arbitrary spin magnitudégsalso provides physical insights in " 0 H, H H) H, H,
to the spin dynamical problem of interest. The notation -1 H, H, H H, H,
L(a ) - refers toL(al) Ay and includes - H, H, H H}
the interaction coefficients as well as the spin and Fourier L ]

operators. The above equatipire., Eq.(11)] can be reex-
pressed in matrix notation, FIG. 1. Representation of the Flogquet Hamiltonian involving two time

modulations.

|ﬁd¢®

_ K’ —,
dt @ (Ol,t) = [[A]kq,k’q’]nlﬂm,niﬂmq);/':,igm(a 1,

volved in the diagonalization of the Floquet Hamiltonian us-

where[[Alyqkrq ]n ol

in the infinite dlmen5|onal Floquet—Liouville space. Subse-
quently, the Floguet density operator and the Hamiltonia

operator may be represented by

pr(t) = E 2 (I)qn

(@)T@F] FZ R

1—

represents the supermatrix defined Ing perturbation theory lies in the off-diagonality both in the

Fourier as well as in the spin dimension. This necessitates a

fflescription in the entire Floquet-Liouvillian space, and often

becomes intractable for analytical treatments beyond two
spins unless the correct choice of basis is made. In the fol-
lowing section we illustrate the effective Hamiltonian ap-

proach via van Vleck transformation and the underlying ad-

—mm° K . . . . .
M e 12 vantages associated in the spin dynamical calculations.

C. Effective Hamiltonians via van Vleck or contact
transformation method

S 3 THY@FFY,

r—m— kga

m
He = F{fﬂ+2 oN. (13
i=1

The contact transformation method is an operator trans-

The Floquet Hamiltonian described above is represented usormation based on the standard perturbation theory, wherein
ing an operator basis constructed by the direct product operturbation corrections to the zero-order eigenvalues and
operators defined both in the spifi¥%) as well as the Fou- eigenvectors are obtained by means of effective Hamilto-
rier dimensiongF,", corresponding tanth time modulatioh  nians rather than in terms of matrix elements. Using the con-
with the off- d|agonal|ty represented by the indiapandr,,,  tact transformation method, effective Hamiltonians have
respectively. Using these operators, the Floquet Hamiltoniabeen obtained both in the stafic’ as well as in the MAS
is schematically represented ksee Fig. 1 where each ele- case’®*° The method essentially involves a series of unitary
ment[H;] corresponds to a matrix, defined in the Liouville transformations which diagonalize a Hamiltonian containing
space and is off-diagonal, both in the spin as well as in the zero order and a series of other interaction terms whose
Fourier dimension. The infinite dimensionality results from magnitudes decrease in an appropriately chosen order of
the Fourier decomposition of both the density operator asnagnitude scheme. In order to apply the contact transforma-
well as the Liouville super operator and is often solved nu-ion procedure, the Floquet Hamiltonian represented in Eq.
merically by truncating the dimension of the Floquet Hamil- (13) is divided in to a sum involving a zero-order Hamil-
tonian matrix. tonian and a series of other interaction terfos perturba-

We believe that the technique proposed here continues tilons). For the sake of illustration, we consider here only a
provide analytical insights in spite of the infinite dimension- single perturbing ternt,,
ality of the problem. To validate this claim we describe an Ho=H-+H

: L : A F=Ho+Hj. (14)

analytical solution in the form of effective Hamiltonians ob-
tained via contact or van Vleck transformation procedure. InThe zero-order Hamiltoniahkl, is chosen to contain opera-
addition to the infinite dimensionality, the complexity in- tors which are diagonal in the spin as well as the Fourier
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dimension(i.e., time-independent termsepresented below, chosen to compensate the off-diagonality in the perturbing
HamiltonianH,. The Crlﬁm(a,q) coefficients corresponding

to each operator in the transformation function are obtained
by solving the following equation:

HY = H, +i[S;,Ho] (19

m
Ho= 2 Go(@)TH%@F FR...Fg” + X N, (15)
ak i=1

andGy(a) is representative of the time-independent spin in- _
teraction coefficients such as the scaled isotropic chemic@nd may be represented in general as

shifts (due to rf irradiation, J-coupling constants, etc. The G. (a0
perturbing Hamiltoniand, contains operators, which are off- G, (ag= Lo — (20
diagonal either in the spin or the Fourier or in both dimen- Ny + Npwp + - + Ny + qGo(@)

sions with Go(@), G, (a,q) being the coefficients associated
with the zero order and the perturbing Hamiltonian, respec-
— — — 1)=(2
Hi= 2 2 G (@9T¥@FYF2. K. (16) el TheC, (@,q) coefficients in addition to compensat-
f-mkaa ing the off-diagonality inH;, also compensate the residual
off-diagonality due to the commutator expressid,Ho].

The nonzeroG,, (a,q) coefficients illustrated above in- : ,
volve interaction parameters dependent on MAS or rf irra-1 "€ Second-order or diagonal corrections to the zero-order
Hamiltonian are obtained by evaluating Eg1),

diation or both. TheT®9(@)(q+ 0) operators represent the
off-diagonality in the spin dimension, whiléﬁ:) the off- HSY = H, +i[ S, Hy] - 2[S1.[S1, Holl. (22)
diagonality in the Fourier dimension associated withrifik
modulation. In general, it is always preferable to arrange th H
interaction terms in a series of perturbations based on thell%)[s_ll_’h 1]& | _ . Lin both spi I
coherence orders. Such an approach often simplifies further h € |agon§1_ corre_chonérz]jlagona '3 ot splln as we
calculations and also assists in averting accidental degenerﬁ§ t 1€ Fourier 'me”S")"_“O the zero-order Ha_m| tonian are
cy's present in the system. o_btalned only by evaluating commutator relations of the type
The effective Floquet Hamiltoniafe' is obtained by ~9'ven below:
transfgrming th_e highly off-diagonal Floguet Hamiltonian [TY)FLF2 . FM TE) 9o )FL, F2 ..F™ ] (222
Hg using an unitary transformation, tozoom v m

L§ince H,=0, the above equation reduces td(zl):(i/

or
HY' = U\HpUy' = MHpe ™1 = B + B + HY) 4, [T o @789 ()] (22b)
H(()”=Ho’ In order to evaluate Eq22) the following relations among
the Fourier operators were employed:
(1) :

H{’'=H, +i[S,Hyl, . F{“an: an, (239
HY = Hy + S, H,] - 5[81.[81. Holl, [FN"]=1F", (23D

n-1 m =m’

jrm [(FF"]=0, (230
HV=H,+> = m)'[Sl,[Sl...[Sl,Hm]...]].
=g L — M)
" — 17) [F"FM=0. (23d)

The commutator relations among the spin operators
[TW9(@), T®9(a")] are evaluated using the relation illus-
trated in Appendix A.

In the above equation the terrh,H,, ..., H, represent the
perturbations present in the original Hamiltoniéire., Hg
=Hg+\H;+\?H,+---+\"H,,, wherein\ represents the per-
turbation parametgr

The transformation functio, is generally expressed as [m\m | ... 2 1 0 -1 -2
a linear combination of spin operatoiwith suitable coeffi- S
cientg employed in the description of the perturbing Hamil- 2 ) [Hg]‘
tonian. For example, if the perturbing Hamiltoniah con- . [HIT
sists of single quantum operatdcs= 1), the transformation  g¢ - ' 0 R
function should in principle involve a linear combination of 0 ‘ [Hﬂ
all single quantum spin operators employed, -1 |. [Hg‘]*
-2 *
S=i2 2 C, (aqTFYF2.F", (18 :2 . [H‘f J

r1.mkd,e

dc _ d f fficierftie FIG. 2. Representation of the effective Floquet Hamiltonian obtained from
an flﬁm(a’q) corresponds to a set of coe 'C'er( pen- the contact transformation method. Each block corresponds to a matrix de-

dent on both the spin as well as Fourier coefficigntstably  fined in the operator space.
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The effective Hamiltonian so obtaing#ig''~Hy+H\")
incorporates all the correctiondo appropriate ordeysin
terms of operatorgwhich are diagonal in both the spin as
well as the Fourier dimensigrand is block diagonal in this D. Spin dynamics in the Floquet—Liouville space
approach(see Fig. 2,

Hamiltonians in the spin dynamical calculations will be de-
scribed in the following section.

. - . . The Floquet modes, which are coupled in the untrans-
The eigenvector coefficients associated with each o; Lo ;
these block matricefH,]" in the effective Hamiltonian are ormed Eloquet Hamlltoma'n representation @4@ are un-
) i 0 i i ) coupled in the representation Eg4b) employing the effec-
identical to one another and differ only in their representay;e Floquet Hamiltonians derived using the van Vleck
tion in the Floguet Liouville space. Since the Floquet eigentransformation method. This simplifies the calculations to a
values differ only by integer multiples of the various modu- great extent in the Floquet—Liouville space, since the time
lation frequencies, the eigenvalues corresponding to thevolution of the multimode spin polarizatiombg‘:11 (a,t)

. i 1* . . . . . "1 —-m
various blocks[Hp]" can in principle be obtained by just can now be described using a set of differential equations
diagonalizing the superblockH3]" (whose Fourier indices corresponding to a particular mode independent of other
are simultaneously zeroThe importance of the effective modes. This may be schematically illustrated as follows:

DA(t) [Aol; [Ad [A] D)

q dM(1) (A [Aci [Ad  [A] dM(1)
i PO |=|  [A] [A4l [Ade [Ad  [Al dO(1) (24a

DD (1) [A] [A] [Agda [Ad || @72

d2(t) [Al [Aq [Add, . || 972

DA (1) [Aol DA (1)

g D) [Aoly D)
i 90 |= [Aolo () (24b)

PY(h) [Ao]; (1)

®2(t) A, |[®7P0

where the multimode spin polarizations are represented bgnation into block diagonal matricéAb];, where the indeb
®0)(t) with the superscript indicating the Fourier index asso-represents the difference in the Fourier indices between the
ciated with a particular mode. Each of these modét) modes andc the Fourier index in the Floquet-Liouville
[Eq. (25)], in turn represent, column vectors correspondingspace. Each of these matric{e!s,]; represent a supermatrix,

K . . (K) . . . . . - }
to the spin polarization® (a,t) defined in the operatqor ~ which is block diagonal within the operator space corre
Liouville) space sponding to a particular coherence ordgrThis may be
schematically represented @&ee Fig. 3.

dbg‘)(a,t) Since the multimode spin polarizations are uncoupled,
: their time evolution can be described using a set of differen-
tial equations pertaining to a particular mode in the operator
. . space, i.e.,
(1) = : : (25) d . _
: iﬁd—t@')(t) =[AJ "), (26)
Y =3 re g el o). (27)

The highly off-diagonal supermatrif[Alkgxqln, .n; ~  In the above expressidf, and\{’ represent the eigenvec-
[given in Eq.(11)] is transformed under van Vleck transfor- tors and eigenvalues corresponding to a particular nidele
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' . d \
[ ] it 000 =[Agl@ (),
{ = } 0 i -1 (0 (30
dP(t) = Ek T @M 010(0).
i
(4l - =0 This is analogous to the standard description of polarization
transfer experiments described in a finite dimensional vector
space. For sideband simulatiofigsually observed in the
[ g=- } slow spinning regimg higher-order terms in the expansion
of p(0) become significant and the spin polarizations are
{ q=—2} evaluated with suitable modifications given below:

FIG. 3. The Hamiltonian in the operator space is block diagonal correspond- (I)('[) = 2 (I)(i)(t),
ing to the coherence order. j=—o

(31

noted by the superscript respectively. The subscript in q)g)(t):EFakemktrkjlq)?)(o)enw'n'
CD(”(t) is representative of all the quantum numbgnsch as Ik
a
the rank, component, ejemployed in the description of the The symmetry embedded in the multipole basis further ren-
spin polarization in the operator space. Since the eigenveders the supermatriEAo]B block diagonal and simplifies the
tors corresponding to different modes are identical, with theevaluation of Eq(30) (corresponding to a particular coher-
eigenvalues differing only by integer multiples of the modu-ence orden) in the operatofor Liouville) space. Such sim-
lating frequencies, Eq(27) in principle can be reexpressed plifications within the operatofor Liouville) space facilitate
as spin dynamical calculations involving higher spin magni-
tudes(e.g., quadrupolar nucleand multiple spins in addi-
tion to providing valuable insights into the dynamical behav-
ior of spin systems of interest. This is in contrast to other
traditional approaches employed in Floquet theory, which of-
ten describe the calculations in the truncated Floquet—
where, represents the eigenvalues corresponding to the siyjoyville space with limited physical insight into the spin
permatrix[Agy. The term(I)}”(O) represents the initial con-  gynamical problem. Hence, the choice of multipole basis in
dition for the spin polarizations within the operator spaceconjunction with the effective Hamiltonians obtained using
corresponding to a particular Fourier mottepresented by  the van Vleck transformation method appears to be an attrac-
the superscript). tive solution for describing the spin dynamics in complex
The initial condition at timet=0 involves only those systems. The application of this theory in understanding the
Floquet modes whose Fourier indices are zero, p€0)  nuances of heteronuclear decoupling and other solid-state

=®9(0). This choice of the initial condition is appropriate NMR experiments are described in the accompanying manu-
as no evolution takes place &t0, and is in agreement with script.

other standard theoretical approaches employed for spin de-

scription in a finite dimensional space. Since the Floquet

Hamiltonian has been transformed into a new fratme |||. CONCLUSIONS

which it is diagona), it becomes essential for the initial con-

dition, p(0), to be described in a common frame. This may !N summary we have introduced a novel approach based

be illustrated by the following transformation: on multimode Floquet theory for predicting the spin dynam-
ics in solid-state NMR experiments involving multiple time

~ = NS xS modulations on arbitrary and even competing time scales.
p(0) = €™*>1p(0)e™" ™1 = p(0) +[Sy,p(0)] + -+ 29 The MMFT approach describes the spin dynamics in the
Floguet—Liouville space using the effective Hamiltonians ob-
In this new frame, in addition to thé@©(0) term, initial  tained from the contact transformation besides employing
conditions for other multimode polarizatiofi®®(0),i #0] irreducible spherical tensor operatdier multipole opera-
result from the evaluation of higher-order terms in E28)  tors) as basis functions or operators for spin description.
(such agS;,p(0)]+---). However, these multimode polariza- Since the multipole operators are built on the principles of
tions (®V(0),i+#0) are scaled accordinglyby a factor angular momentum, its application towards higher spin mag-
1/njwi+n,w,+- -+ N0y, due to the transformation function nitudes(e.g., quadrupolar systejnand extensions to mul-
S)), thereby minimizing their contributions in the Floquet- tiple spin systems are quite straightforward and elegant for
Liouville space. This enables an approximate description ofnalytical treatments. This is in contrast to other currently
the spin dynamics in a reduced subspace, corresponding &xisting bases in NMR, which are both inadequate in treating
the superblocI{AO]; (commonly referred as fast spinning the dynamics beyond two spins as well as for higher spin
regime in solid-state NMR and is illustrated below: magnitudes.

Cbg)(t) — E Fa@it()\k+w'n)tl—‘;jl(bj(i)(0), (28)
jk
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The difficulties encountered in dealing with the Floquet—-APPENDIX A: LIOUVILLE SUPERMATRIX
Liouvillian space are significantly reduced when compared
with traditional Floquet calculations, involving a description The appendix presents an approach for evaluating the
of the entire Floquet-Liouville space. Such simplificationsmatrix elements of the supermatrix using the commutator
result from the van Vleck or contact transformation proce-relations among the irreducible spherical tensor operators.
dure, involving the perturbation correctiofisoth in the spin  The approach is quite general for multiple spins of arbitrary
space as well as the Fourier spade terms of operators spin magnitude.
thereby leading to effective Hamiltonians. Moreover, calcu-  The general procedure for evaluating ES),
lations involving arbitrary number of spin®f any magni-
tude require a single commutator relatiggiven in Appen-
dix A) in contrast to other methods, which involve the . d

i~ dP (@)= > 2 Cpn(@)T{T¥ %a)

evaluation of multiple commutator relations and are often d o= L
intractable beyond two spins. The theoretical approach illus- 4 !
trated here has tremendous potential for studying a wide ><L(I)m(al)-r(k’m’(51)}(1,25’)(5/,t)' (A1)

range of NMR phenomena involving synchronous/

asynchronous time modulations and will be illustrated in fu-

ture publications. The MMFT approach provides a generahas already been derived explicitly for single spin systems

framework for studying the effects of relaxation along with and briefly for multispin systems by Sanctua&t’g/al.37 For

the spin dynamics in the operator space. A rigorous descrighe sake of clarity and continuity we elaborate here the spin

tion of relaxation processes using the MMFT approach willdynamics involving multiple spins. The solution to Eé1)

be described elsewhere. lies in the evaluation of the commutator relation involving
the irreducible tensor operators and has been derived in gen-

ACKNOWLEDGMENT eral for arbitrary number of spins by Sanctu@ttyal.37 Here
This work was supported by the National Institutes ofwe repeat the same expressiavith appropriate typographi-
Health (Grant Nos. EB-003151 and EB-002026 cal corrections for the sake of interested readers,
|
[Tl O T (k) |2 S 2y (KK (- 120240

all K{,KN-pK", 0"

< (i)|1+|2+- . -+IN(i )k]’_+ké+- . -+k,’\‘(i )l(l’+l(2'+- . -+kK‘

N-2 N-2 N-2

H (2L + 1)H (2K + 1)H (2K + 1)H (21 + 1)H (2k/ + 1)H (2K’ + 1)

f k" I k, k” | k' K’ I k!
X2+ 1)K + 1)K+ 1))+t L2 2 2 N NN
ERN R B U PR P P In In In

X1k Ky Ki 1 Kp ki Koo Kiee Ky K
Kok kK K k) (K kK
4 rr I k, k” k)
X (- 1)Ka ( , ) (KK, KD (A2)
m q q {K" 1172 N
|
In the above expression the notations defined by the coefficien$=; ., (I;k/'k), which has the fol-
lowing definition:
I, I, L
koK Ko, k) N
mq -q) 1] ki ko Ky b n(KK)=1 if D1+ +K =odd
S U
=0 (otherwise (A3)

correspond to the Wigner-3j, Wigner-6j, Wigner-9j symbols,
respectively, and have been well documented in the literaand is quite general for multiple spins of arbitrary spin mag-
ture. The selection rule for the above commutator relation isitudes.
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In order to generate the differential equations corre-  d|W(t))
sponding to a given set &f,q,k;,k,, ..., ky,{K} coefficients, ﬁT
the summation index on the right-hand side of the commu-
tator expression is restricted to a particular set of coefficient¥here the state functiop¥(t)) is described by a set of or-
corresponding to the left-hand side of H&l), i.e., k’=k,  thonormal basis functionisb;), usually expressed as
q'=q, ki=k;, k3=ka, ...,k =ku{K"}={K}, and the various
terms in the Hamiltonian operat@represented by the opera-

tor Tﬂ_)}m(ll,lz, ...,I) corresponding to different sets of inter-

actions (represented by means of different sets ofysing Floquet theorem and Shirley’s approach the above
Lmlyla,... ,[N,{L} ,Va|U63 are evaluated for a given value state function and the periodic time-dependent Hamiltonian
of k',q" ki, 2, ..., ky,{K'}. This is then repeated for differ- can pe reexpressed via Fourier series expansion as follows:

=HO[P (1)), (B1)

N
(1) = 2 Ci(t)| D). (B2)
i=1

ent sets ok’,q’,k;,k5, ..., ky,{K’} values in order to gener-

ate other matrix elements along a row. The preceding two
of

steps are repeated for each such values
K,q,kq,Ks,...,ky,{K} to generate the entire matrix.

APPENDIX B: FLOQUET-STATE SPACE DESCRIPTION

The time evolution of aN-spin system in state space
under a time-dependent Hamiltonigwith multiple time
modulation$ is represented by the Schrodinger equation

® N

. d
> > i1 Cin, () = (1 + N + -+ + N
anm:_wj:l

o]

N

ni‘)m:—oc Mm=—* =1

LI

2 Hy  @erne e X 3 G (1)]dy)elentraet e,

H= X H,  €e“n (B3)
o N
W)= X 2 Cp, (D). (B4)

Np_o=—* j=1

On substitution in Eq(B1) a set of differential equations
spanning an infinite dimensional vector space is obtained,

(t) |<bj>ei(nlwl+n2w2+' ot
m

(B5)

Equating the exponential powers for each time modulations@jnl___nm|HF|c1>|r1___rm>

on both sides of the equatidie., n,=n/ +r;) and rearranging
we get the following set of differential equations:

g, @ N
- N1 _m — J|
i dt _rlaz'” anlﬂm_rlﬂm
+ (w . n) 5n|,rl' : '5nm,rm5j,l Clrlﬁm(t)v
(B6)
where we have employed the notatiohi{]'l o

=(@jH) ..o |®). Using the Floquet basis states
|nlﬂm<1>j) (which are constructed by a direct product of the
spin basis with the Fourier basis states, i@, .m, ®))
=|®)) ®|ny) @ [ny)- - ®|nyy) the state function in the Floquet

space is defined as

.....

o N
wry= 2 XC

jnlﬂm(t)|nlam!q)j>' (B7)
- j=1

Np—m=

jl
= H]
Nom T

On_r O

I g

(0.3 - (B8)

The Floquet Hamiltonian is represented by a direct product
involving the spin (represented byT!') and the Fourier
operator¥” (Fp), ie, T'@F; ®F ---®F] and may be
represented by

F

He=C'T'F; ., FT - (B9)

-,

m
+ > oN,
i-1

whereCl' represents the coefficients involved in the Hamil-
tonian.
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