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In this paper, we present a new analytical approach for describing the spin dynamics of synchronous
and asynchronous time-dependent modulations in solid-state nuclear magnetic resonance
experiments. The approach, based on multimode Floquet theory, employs the multipole operator
basis of Sanctuary for spin description and illustrates the time evolution in the Floquet–Liouville
space using the effective Hamiltonians obtained from the contactsor van Vleckd transformation
procedure. Since the Hamiltonian and the density operator are expressed in terms of irreducible
tensor operators, extensions to higher spin magnitudessI .1/2d and multiple spins are quite
straightforward and permit analytical treatments for many problems. We outline the general
underlying principles involved in this approach with a brief mention of its potential application in
other branches of spectroscopy. ©2005 American Institute of Physics. fDOI: 10.1063/1.1875092g

I. INTRODUCTION

The combination of magic angle spinningsMASd sRef.
1d and multiple pulse techniques2,3 has established solid-state
nuclear magnetic resonancesSSNMRd spectroscopy as a
powerful tool for investigating molecular structure and dy-
namics in biological solids such as membrane proteins4,5 and
amyloid aggregates,6,7 systems that are generally intractable
to study with conventional diffraction or solution nuclear
magnetic resonancesNMRd techniques. The development of
homonuclear and heteronuclear recoupling techniques8–10

and their use in combination with multidimensional chemical
shift correlation spectroscopy has provided complete spectral
assignments in many cases in addition to supplying con-
straints on internuclear distances and molecular torsion
angles.11–14 In many cases these experiments involve selec-
tive isotopic enrichment of the sample and employ recou-
pling techniques, which are selective and site specific. The
experimental results are interpreted using approximate theo-
retical models susually involving two spinsd within the
framework of average Hamiltonian theorysAHTd.15,16

More recently, uniformly13C, 15N labeled samples and
broadband recoupling techniques are finding frequent use in
structural and dynamic investigations. In these cases inter-
pretation of the experimental data with the theory developed
for isolated spin pairs can lead to erroneous or inaccurate
interpretations. Further, complications due to interference ef-
fects between the sample spinning and multiple pulse trains
sa condition encountered when the spinning frequency and rf
irradiation occur on comparable time scalesd limit the utility
of AHT in describing the experimental results.17 Such issues
have limited our understanding of the phenomena of hetero-
nuclear decoupling,18 which involves multiple spinssin the
form of strongly coupled protonsd in addition to the observed
nuclei. Furthermore, polarization transfer experiments in-

volving multiple spins, require a description of the spin sys-
tem in the operator space19 sor Liouville spaced to incorpo-
rate the coherent effects due to the spin Hamiltonian as well
as the incoherent effects due to relaxation. Since the density
operator20 is analogous to the spin eigenfunctions in the state
space, the choice of an appropriate basis that spans the entire
operator space has often remained elusive for theoretical
treatments involving higher spin magnitudes and multiple
spins. Although many bases exist in the literature,21,22 their
applications are specific and inadequate for describing both
multiple spins as well as higher spinsI .1/2d systems. This
motivated the development of alternate formalisms for de-
scribing multiple pulse MAS NMR experiments involving
spins of arbitrary magnitude. To this end theoretical treat-
ments such as Floquet theory23–30 and secular averaging
theory31 could be employed with suitable modifications as
alternatives to AHT for describing the underlying dynamics
in MAS experiments. In this paper we confine our attention
to a modified Floquet description of MAS experiments.

Using Floquet theorem, Shirley proposed a general de-
scription in the form of Floquet theory23 for studying peri-
odically time-dependent phenomena in quantum systems. In
this approach, a time-dependentsusually periodicd Hamil-
tonian, represented in a finite dimensional basis set, is trans-
formed into a time-independent Hamiltoniansusually re-
ferred as Floquet Hamiltoniand represented in an infinite
dimensional basis set via Fourier series expansion. Vega and
co-workers introduced the Floquet operators27,32for studying
the time evolution during MAS in the Floquet-state space.
Subsequently, the Floquet approach was formulated into a
Fourier state representation by Levanteet al.28 and to an
integral representation by Filipet al.29 Although the Floquet
approach describes the time evolution of the spin system
under a time-independent Hamiltonian, the infinite dimen-
sionality involved in the description often complicates its
practical application in solid-state NMR. The standard ap-
proach in such cases generally involves the numerical diago-
nalization of the truncated Floquet Hamiltonian matrix
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swhere the order of truncation is fixed based on the conver-
gence of the eigenvalues for increasing matrix dimensionsd.
Although such an approach yields results, it limits the physi-
cal insights into the spin dynamic problem. This limitation
provides the motivation to develop analytical methodsse.g.,
perturbation theoryd to solve the above problem. Thus the
main points of this paper are twofold. First, we propose and
illustrate the utility of employing the multipole basis33 as an
improved alternative to the current bases employed both in
the Floquet as well as AHT spin description. Second, for
experiments involving multiple asynchronous time modula-
tions, we highlight the importance of the effective Floquet
Hamiltonianssobtained via van Vleck transformationd in de-
scribing the dynamics in the extended Floquet–Liouville
space.

An outline of the paper is as follows. In Sec. II A, we
briefly describe the advantages of the multipole theory with
suitable modifications to treat multiple spins in the operator
space. The application of the multipole operator basis in mul-
timode Floquet theorysMMFTd is discussed in Sec. II B,
followed in Sec. II C by a brief illustration of the effective
Hamiltonians obtained via the van Vleck transformation
method. In Sec. II D we elucidate the advantages associated
with the MMFT approach in describing the spin dynamics in
the Floquet–Liouville space. The final section of the paper
summarizes our conclusions.

II. THEORY

A. Background: Multipole NMR

The multipole theory proposed by Sanctuary33–37to treat
spin dynamics in NMR differs from the usual approaches in
that the dynamics is described in the operator spacesor Liou-
ville spaced with an explicit time-dependent density operator.
Other theoretical treatments19 describe the dynamics with an
explicit time dependence on the operatorssd. The latter
method has gained wide acceptance and is at times a conve-
nient approach for describing the dynamical behavior; it is
often limited to calculations involving only the experimen-
tally detectable magnetizationsor polarizationsd. Addition-
ally, it fails to provide insights in to multiple-quantum NMR
phenomena and polarization transfer experiments that in-
volve relaxation in addition to the observed spin dynamics.
Further, in spite of the spin Hamiltonian being described in
terms of irreducible tensor operators, it is not yet common
practice to express the spin basis in terms of operators, which
are also irreducible under rotations,38–41 though some ex-
amples of this exist in the literature.42–46 This approach has
been exploited extensively in the multipole formalism, where
the basis operators are deliberately chosen to be invariant
under the rotation group SOs3d, thereby extending their
range of applicability from single spinssof arbitrary magni-
tudesd to multiple spins.

The general time evolution of a spin system is described
by the Liouville equation,

i"
drstd

dt
= fH,rstdg, s1d

whereH represents the spin Hamiltonian operator and, for
the sake of illustration, is assumed to be time independent.

In the multipole approach33–37the density operator for an
N spin system is represented by

rstd =
1

p
i=1

N

s2I i + 1d
o

k,q,hKj
all k1,k2,…,kN

Fq,hKj
skd sk1,k2,…,kN,td

3ThKj
skdqsk1,k2,…,kNd, s2d

where Fq,hKj
skd sk1,k2,… ,kN,td represents the time-dependent

spin polarization andThKj
skdqsk1,k2,… ,kNd the corresponding

irreducible spin tensor operator with labelsk, q, and hKj
defining the configuration of the spin polarizationsi.e., the
rank, coherence order, and number of spins involved, etc.d in
the operator space. The superscriptk denotes the total rank of
the spherical tensor and ranges from 0økø2I, with I repre-
senting the total spin angular momentum of the systemsi.e.,
I = I1+ I2+¯+ INd. The total rankk essentially describes the
number of ways in which the spin angular momentum vec-
tors are coupled in describing the system. The subscriptq
represents the component of the spherical tensor associated
with a particular rankk swhose values range from −køq
økd and is directly associated with the coherence order. De-
pending on the coupling schemesi.e., coupling of angular
momentum vectorsd, the spin system is further described by
a set of intermediate angular momentum vectors represented
by hKj si.e., for anN spin system,N−2 intermediate cou-
pling constants are defined,hKj=hK1,… ,KN−2jd. The indi-
vidual ranks of the spins involved are described by the indi-
cesk1,k2,… ,kN; each of whose values ranges from 0 to 2I i.
For convenience, the following compact notation employed
by Sanctuaryet al.37 will be employed in this paper:

rstd =
1

p
i=1

N

s2I i + 1d
o

k,q,ā

Fq
skdsa,tdTskdqsad, s3d

wherea is representative of all the quantum numbers illus-
trated previously for the description in the operator space. In
a similar vein the Hamiltonian of the system is also ex-
pressed in the same basis as that of the density operator and
is represented by

H = o
l,m,ā

ClmsadT
sldmsad, s4d

wherel andm denote the rank and component of the tensor,
respectively, withl ø2 being the standard case in NMR ex-
periments. The interaction parameters corresponding to the
Zeeman, dipole-dipole, and quadrupolar interactions are rep-
resented by theClmsād coefficients.

Substitutingrstd and H in the Liouville equationfEq.
s1dg, yields a set of differential equations spanning the entire
operator space,
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i"
d

dt
Fq

skdsā,td = o
k8,q8,a8

o
l,m,a1

Clmsa1dTrhTskd−qsad

3Lsldmsa1dTsk8dq8sa8djFq8
sk8dsa8,td, s5d

where Llmsa1d=fTlmsa1d,g corresponds to the Liouville su-
peroperator. The above equation can be conveniently reex-
pressed in matrix form as

i"
d

dt
Fq

skdsa,td = fAgkq,k8q8Fq8
sk8dsa8,td, s6d

wherein the spin polarizationsFq
skdsa ,td are represented by

column vectors withfAg representing the supermatrix whose
elements are evaluated using the Wigner–Eckart
theorem.47,48 The various steps involved in the evaluation of
the elements of the supermatrix are explained in detail in
Appendix A. In contrast to other existing basis, the symme-
try embedded in the multipole basis reduces the problem to
a set of coupled first-order differential equations whose so-
lutions depend on the appropriate initial conditions,
Fq

skdsadf0g fat time t=0, the Fq
skdsa ,tdterms represent a sca-

lar coefficientsi.e., Fq
skdsa ,0ddg,

Fistd = o
j ,k

zike
itlkzkj

−1F js0d, s7d

with zik and lk representing the eigenvectors and eigenval-
ues, respectively.

In the absence of rf fields, the supermatrixfAg is block
diagonal, thereby constraining the dynamics to a particular
coherence orderq in the operator space. Using this approach,
Sanctuaryet al.37 derived analytical expressions for single
spin systems to explain several interesting experimental situ-
ations. Since the entire formalism relies on spin angular mo-
mentum algebra, extensions toI .1/2 and multiple spin sys-
tems are relatively straightforward.

However, in the presence of rf fields, the spin dynamics
is described in the entire operator spacesmainly due to the
mixing of coherences of various orders, i.e., the tensors now
orient in thes2k+1d-dimensional spaced,49 thereby restricting
analytical treatments to two spins. In such cases, the standard
approach involves the use of numerical methods to diagonal-
ize the supermatrix at the expense of analytical insights. This
provides the motivation for the development of an analytical
theory of spin dynamics in such cases.

To address this problem, we propose an analytical treat-
ment based on the concept of effective Hamiltonians ob-
tained using the van Vleck or contact transformation method.
The contact transformation method is an operator equivalent
of standard perturbation theory in which perturbation correc-
tions are obtained in terms of effective Hamiltonians. This
differs from traditional perturbation theory where corrections
are expressed in terms of matrix elements. Using the effec-
tive Hamiltonians, calculations of the spin dynamics is con-
strained in a lesser dimension corresponding to a particular
coherence order rather than the entire operatorsor Liouvilled
space. Such simplifications facilitate the study of multiple-
quantum coherences and multiple-quantum phenomena in

general. This is in contrast to the standard multipole ap-
proach, which involves a description in the entire operator
space under rf irradiation.

In cases where the Hamiltonians are explicitly time de-
pendentsas is true for MAS experimentsd special theoretical
approachesssuch as Floquet theoryd are required to solve the
above set of differential equations involving time-dependent
coefficients. In the following section, we illustrate the appli-
cation and utility of the multipole based multimode Floquet
theory24,25 for studying the dynamics under asynchronous
time modulations.

B. MMFT

The nuclear spin Hamiltonian in the rf interaction frame
in multiple pulse SSNMR experiments involve explicit time-
dependent coefficients due both to MAS as well as the rf
irradiation. Such periodic time-dependentswith multiple
time modulationsd phenomena are easily analyzed using Flo-
quet theory as opposed to the average Hamiltonian approach,
which is valid only for time modulations which are linearly
dependent and occur on different time scales. Furthermore,
existing bases employed in theoretical treatmentsfboth in
Floquet theory27,29,50and AHT sRef. 3dg do not provide ana-
lytical insights beyond two spins and are often difficult to
extend to multiple spins andI .1/2 systems. To this end the
MMFT approach seems a viable alternative for describing
both coherent as well as incoherent effects observed in solid-
state NMR experiments.

By integrating the multipole formalism of Sanctuary
with Shirley’s Floquet approach, it is possible to expand any
periodic time-dependent spin Hamiltonian as well as the den-
sity operator in a Fourier series,

Hstd = o
n1→m=−`

`

Hn1→m
eitv.n, s8d

rstd = o
n1→m=−`

`

o
k,q,ā

Fq,n1→m

skd sa,tdTskdqsadeitv.n, s9d

where we have used the following notation:n1→m

=n1,n2,… ,nm, An1→m
=An1,n2,…,nm

, v=hv1,v2,… ,vmj, n
=hn1,n2,… ,nmj, v .n=v1n1+v2n2+¯+vmnm. Note thatni,
vi represent the Fourier index and frequency associated with
a particular time modulation, respectively. Using the same
procedure, the Liouville superoperator may be expressed as

Lstd = o
n1→m=−`

`

Lsa1dn1→m

sldm eitv.n. s10d

Substituting the Fourier expansions of the density operator
rstd and the Liouville super operatorLstd in Eq. s1d, a new
set of coupled differential equations spanning an infinite di-
mensional vector spacesor Floquet–Liouville spaced, with
time-independent coefficients are obtained,
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i"
d

dt
Fsa,tdq,n1→m

skd = o
n1→m8 =−`

`

o
k8,q8,ā8

o
l,m,ā1

sTrhTskd−qsad

3Lsa1dn1→m−n1→m8
lm Tsk8dq8sa8dj

+ sn . vdddFsa8,tdq8,n1→m8
sk8d . s11d

In the above expression d
=dn1,n18

…dnm,nm8
dk,k8dq,q8dk1,k18

…dkN,kN8
dhKj,hK8j and dhKj,hK8j im-

pliesdK1,K18
dK2,K28

…dKN−2,KN−28 with K referring to the interme-
diate coupling of the angular momentum vectors. The above
equation differs from the one derived using the wave func-
tion approachfEq. sB5d, Appendix Bg, in the sense that all
the basis functions and operators are described in terms of
irreducible tensor operators which, in addition to simplifying
the description of interactions involving multiple spinssof
arbitrary spin magnitudesd, also provides physical insights in
to the spin dynamical problem of interest. The notation
Lsa1d

n1→m−n1→m8
sldm

refers toLsa1d
n1−n18,n2−n28,…,nm−nm8
sldm

and includes

the interaction coefficients as well as the spin and Fourier
operators. The above equationfi.e., Eq. s11dg can be reex-
pressed in matrix notation,

i"
d

dt
Fq,n1→m

skd sa,td = †fAgkq,k8q8‡n1→m,n1→m8 Fq8,n1→m8
sk8d sa8,td,

where[fAgkq,k8q8]n1→m,n1→m8 represents the supermatrix defined
in the infinite dimensional Floquet–Liouville space. Subse-
quently, the Floquet density operator and the Hamiltonian
operator may be represented by

rFstd = o
n1→m=−`

`

o
k,q,ā

Fq,n1→m

skd sa,tdTskdqsadFr1

1 Fr2

2 …Frm

m ,

s12d

HF = o
r1→m=−`

`

o
k,q,ā

TskdqsadFr1

1 Fr2

2 …Frm

m + o
i=1

m

viN
i . s13d

The Floquet Hamiltonian described above is represented us-
ing an operator basis constructed by the direct product of
operators defined both in the spinsTskdqd as well as the Fou-
rier dimensionssFrm

m , corresponding tomth time modulationd
with the off-diagonality represented by the indicesq andrm,
respectively. Using these operators, the Floquet Hamiltonian
is schematically represented byssee Fig. 1d where each ele-
ment fHig corresponds to a matrix, defined in the Liouville
space and is off-diagonal, both in the spin as well as in the
Fourier dimension. The infinite dimensionality results from
the Fourier decomposition of both the density operator as
well as the Liouville super operator and is often solved nu-
merically by truncating the dimension of the Floquet Hamil-
tonian matrix.

We believe that the technique proposed here continues to
provide analytical insights in spite of the infinite dimension-
ality of the problem. To validate this claim we describe an
analytical solution in the form of effective Hamiltonians ob-
tained via contact or van Vleck transformation procedure. In
addition to the infinite dimensionality, the complexity in-

volved in the diagonalization of the Floquet Hamiltonian us-
ing perturbation theory lies in the off-diagonality both in the
Fourier as well as in the spin dimension. This necessitates a
description in the entire Floquet–Liouvillian space, and often
becomes intractable for analytical treatments beyond two
spins unless the correct choice of basis is made. In the fol-
lowing section we illustrate the effective Hamiltonian ap-
proach via van Vleck transformation and the underlying ad-
vantages associated in the spin dynamical calculations.

C. Effective Hamiltonians via van Vleck or contact
transformation method

The contact transformation method is an operator trans-
formation based on the standard perturbation theory, wherein
perturbation corrections to the zero-order eigenvalues and
eigenvectors are obtained by means of effective Hamilto-
nians rather than in terms of matrix elements. Using the con-
tact transformation method, effective Hamiltonians have
been obtained both in the static51,52 as well as in the MAS
case.30,50 The method essentially involves a series of unitary
transformations which diagonalize a Hamiltonian containing
a zero order and a series of other interaction terms whose
magnitudes decrease in an appropriately chosen order of
magnitude scheme. In order to apply the contact transforma-
tion procedure, the Floquet Hamiltonian represented in Eq.
s13d is divided in to a sum involving a zero-order Hamil-
tonian and a series of other interaction termssor perturba-
tionsd. For the sake of illustration, we consider here only a
single perturbing termH1,

HF = H0 + H1. s14d

The zero-order HamiltonianH0 is chosen to contain opera-
tors which are diagonal in the spin as well as the Fourier

FIG. 1. Representation of the Floquet Hamiltonian involving two time
modulations.
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dimensionsi.e., time-independent termsd, represented below,

H0 = o
ā,k

G0sadTskd0sadF0
s1dF0

s2d…F0
smd + o

i=1

m

viN
i , s15d

andG0sad is representative of the time-independent spin in-
teraction coefficients such as the scaled isotropic chemical
shifts sdue to rf irradiationd, J-coupling constants, etc. The
perturbing HamiltonianH1 contains operators, which are off-
diagonal either in the spin or the Fourier or in both dimen-
sions

H1 = o
r1→m

o
k,q,ā

Gr1→m
sa,qdTskdqsadFr1

s1dFr2

s2d…Frm

smd. s16d

The nonzeroGr1→m
sa ,qd coefficients illustrated above in-

volve interaction parameters dependent on MAS or rf irra-
diation or both. TheTskdqsadsqÞ0d operators represent the
off-diagonality in the spin dimension, whileFrm

smd the off-
diagonality in the Fourier dimension associated with themth
modulation. In general, it is always preferable to arrange the
interaction terms in a series of perturbations based on their
coherence orders. Such an approach often simplifies further
calculations and also assists in averting accidental degenera-
cy’s present in the system.

The effective Floquet HamiltonianHF
ef f is obtained by

transforming the highly off-diagonal Floquet Hamiltonian
HF using an unitary transformation,

s17d

In the above equation the termsH1,H2,… ,Hn represent the
perturbations present in the original Hamiltoniansi.e., HF

=H0+lH1+l2H2+¯+lnHn, whereinl represents the per-
turbation parameterd.

The transformation functionS1 is generally expressed as
a linear combination of spin operatorsswith suitable coeffi-
cientsd employed in the description of the perturbing Hamil-
tonian. For example, if the perturbing HamiltonianH1 con-
sists of single quantum operatorssq= ±1d, the transformation
function should in principle involve a linear combination of
all single quantum spin operators employed,

S1 = i o
r1→m

o
k,q,ā

Cr1→m
sa,qdTskdqsadFr1

s1dFr2

s2d…Frm

smd, s18d

andCr1→m
sa ,qd corresponds to a set of coefficientssdepen-

dent on both the spin as well as Fourier coefficientsd suitably

chosen to compensate the off-diagonality in the perturbing
HamiltonianH1. The Cr1→m

sa ,qd coefficients corresponding
to each operator in the transformation function are obtained
by solving the following equation:

H1
s1d = H1 + ifS1,H0g s19d

and may be represented in general as

Cr1→m
sa,qd <

Gr1→m
sa,qd

n1v1 + n2v2 + ¯ + nmvm + qG0sad
s20d

with G0sad, Gr1→m
sa ,qd being the coefficients associated

with the zero order and the perturbing Hamiltonian, respec-
tively. TheCr1→m

sa ,qd coefficients in addition to compensat-
ing the off-diagonality inH1, also compensate the residual
off-diagonality due to the commutator expressionfS1,H0g.
The second-order or diagonal corrections to the zero-order
Hamiltonian are obtained by evaluating Eq.s21d,

H2
s1d = H2 + ifS1,H1g − 1

2†S1,fS1,H0g‡. s21d

Since H2=0, the above equation reduces toH2
s1d=si /

2dfS1,H1g.
The diagonal correctionssdiagonal in both spin as well

as the Fourier dimensiond to the zero-order Hamiltonian are
obtained only by evaluating commutator relations of the type
given below:

fTskdqsadFr1

1 Fr2

2 …Frm

m ,Tsk8d−qsa8dF−r1

1 F−r2

2 …F−rm

m g s22ad

or

fTr1,r2,…,rm

skdq sad,T−r1,−r2,…,−rm

sk8d−q sa8dg. s22bd

In order to evaluate Eq.s22d the following relations among
the Fourier operators were employed:

Fl
mFn

m = Fl+n
m , s23ad

fFl
m,Nmg = lFl

m, s23bd

fFl
m,Fl

m8g = 0, s23cd

fFl
m,Fn

mg = 0. s23dd

The commutator relations among the spin operators
fTskdqsad ,Tskd−qsa8dg are evaluated using the relation illus-
trated in Appendix A.

FIG. 2. Representation of the effective Floquet Hamiltonian obtained from
the contact transformation method. Each block corresponds to a matrix de-
fined in the operator space.
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The effective Hamiltonian so obtainedsHF
ef f<H0+H2

s1dd
incorporates all the correctionssto appropriate ordersd in
terms of operatorsswhich are diagonal in both the spin as
well as the Fourier dimensiond and is block diagonal in this
approachssee Fig. 2d,

The eigenvector coefficients associated with each of
these block matricesfH0

i g* in the effective Hamiltonian are
identical to one another and differ only in their representa-
tion in the Floquet Liouville space. Since the Floquet eigen-
values differ only by integer multiples of the various modu-
lation frequencies, the eigenvalues corresponding to the
various blocksfH0

i g* can in principle be obtained by just
diagonalizing the superblockfH0

0g* swhose Fourier indices
are simultaneously zerod. The importance of the effective

Hamiltonians in the spin dynamical calculations will be de-
scribed in the following section.

D. Spin dynamics in the Floquet–Liouville space

The Floquet modes, which are coupled in the untrans-
formed Floquet Hamiltonian representation Eq.s24ad are un-
coupled in the representation Eq.s24bd employing the effec-
tive Floquet Hamiltonians derived using the van Vleck
transformation method. This simplifies the calculations to a
great extent in the Floquet–Liouville space, since the time
evolution of the multimode spin polarizationsFq,n1→m

skd sa ,td
can now be described using a set of differential equations
corresponding to a particular mode independent of other
modes. This may be schematically illustrated as follows:

i"
d

dt3
]

Fs2dstd
Fs1dstd
Fs0dstd
Fs−1dstd
Fs−2dstd

]

4 = 3
� � � �

� fA0g2 fA1g fA2g
� fA−1g fA0g1 fA1g fA2g

fA−2g fA−1g fA0g0 fA1g fA2g
fA−2g fA−1g fA0g−1 fA1g �

fA−2g fA−1g fA0g−2 �

� � � �

43
]

Fs2dstd
Fs1dstd
Fs0dstd
Fs−1dstd
Fs−2dstd

]

4 , s24ad

i"
d

dt3
]

Fs2dstd
Fs1dstd
Fs0dstd
Fs−1dstd
Fs−2dstd

]

4 = 3
� �

fA0g2
*

fA0g1
*

fA0g0
*

fA0g−1
*

fA0g−2
*

� �

43
]

Fs2dstd
Fs1dstd
Fs0dstd
Fs−1dstd
Fs−2dstd

]

4 , s24bd

where the multimode spin polarizations are represented by
Fsidstd with the superscript indicating the Fourier index asso-
ciated with a particular mode. Each of these modesFsidstd
fEq. s25dg, in turn represent, column vectors corresponding
to the spin polarizationsFq

skdsa ,td defined in the operatorsor
Liouvilled space

Fsidstd = 3
Fq

skdsa,td
]

]

]

]

]

F−q
skdsa,td

4 . s25d

The highly off-diagonal supermatrix[fAgkq,k8q8]n1→m,n1→m8
fgiven in Eq.s11dg is transformed under van Vleck transfor-

mation into block diagonal matricesfAbgc
* , where the indexb

represents the difference in the Fourier indices between the
modes andc the Fourier index in the Floquet–Liouville
space. Each of these matricesfAbgc

* represent a supermatrix,
which is block diagonal within the operator space corre-
sponding to a particular coherence orderq. This may be
schematically represented asssee Fig. 3d.

Since the multimode spin polarizations are uncoupled,
their time evolution can be described using a set of differen-
tial equations pertaining to a particular mode in the operator
space, i.e.,

i"
d

dt
Fsidstd = fAgiF

sidstd, s26d

Fa
sidstd = o

jk

Gak
sideitlk

sidtfGkj
sidg−1F j

sids0d. s27d

In the above expressionGak
sid andlk

sid represent the eigenvec-
tors and eigenvalues corresponding to a particular modesde-
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noted by the superscriptd, respectively. The subscript in
Fa

sidstd is representative of all the quantum numbersssuch as
the rank, component, etc.d employed in the description of the
spin polarization in the operator space. Since the eigenvec-
tors corresponding to different modes are identical, with the
eigenvalues differing only by integer multiples of the modu-
lating frequencies, Eq.s27d in principle can be reexpressed
as

Fa
sidstd = o

jk

Gake
itslk+v.ndtGkj

−1F j
sids0d, s28d

wherelk represents the eigenvalues corresponding to the su-
permatrixfA0g0

* . The termF j
sids0d represents the initial con-

dition for the spin polarizations within the operator space
corresponding to a particular Fourier modesrepresented by
the superscriptid.

The initial condition at timet=0 involves only those
Floquet modes whose Fourier indices are zero, i.e.,rs0d
=Fs0ds0d. This choice of the initial condition is appropriate
as no evolution takes place att=0, and is in agreement with
other standard theoretical approaches employed for spin de-
scription in a finite dimensional space. Since the Floquet
Hamiltonian has been transformed into a new framesin
which it is diagonald, it becomes essential for the initial con-
dition, rs0d, to be described in a common frame. This may
be illustrated by the following transformation:

r̃s0d = eilS1rs0de−ilS1 = rs0d + fS1,rs0dg + ¯. s29d

In this new frame, in addition to theFs0ds0d term, initial
conditions for other multimode polarizationsfFsids0d , i Þ0g
result from the evaluation of higher-order terms in Eq.s28d
ssuch asfS1,rs0dg+¯d. However, these multimode polariza-
tions sFsids0d , i Þ0d are scaled accordinglysby a factor
1/n1v1+n2v2+¯+nmvm, due to the transformation function
S1d, thereby minimizing their contributions in the Floquet–
Liouville space. This enables an approximate description of
the spin dynamics in a reduced subspace, corresponding to
the superblockfA0g0

* scommonly referred as fast spinning
regime in solid-state NMRd, and is illustrated below:

i"
d

dt
Fs0dstd = fA0g0

*Fs0dstd,

s30d
Fa

s0dstd = o
jk

Gake
ilktGkj

−1F j
s0ds0d.

This is analogous to the standard description of polarization
transfer experiments described in a finite dimensional vector
space. For sideband simulationssusually observed in the
slow spinning regimed, higher-order terms in the expansion
of r̃s0d become significant and the spin polarizations are
evaluated with suitable modifications given below:

Fstd = o
i=−`

`

Fsidstd,

s31d
Fa

sidstd = o
jk

Gake
ilktGkj

−1F j
sids0deitv.n.

The symmetry embedded in the multipole basis further ren-
ders the supermatrixfA0g0

* block diagonal and simplifies the
evaluation of Eq.s30d scorresponding to a particular coher-
ence orderqd in the operatorsor Liouvilled space. Such sim-
plifications within the operatorsor Liouvilled space facilitate
spin dynamical calculations involving higher spin magni-
tudesse.g., quadrupolar nucleid and multiple spins in addi-
tion to providing valuable insights into the dynamical behav-
ior of spin systems of interest. This is in contrast to other
traditional approaches employed in Floquet theory, which of-
ten describe the calculations in the truncated Floquet–
Liouville space with limited physical insight into the spin
dynamical problem. Hence, the choice of multipole basis in
conjunction with the effective Hamiltonians obtained using
the van Vleck transformation method appears to be an attrac-
tive solution for describing the spin dynamics in complex
systems. The application of this theory in understanding the
nuances of heteronuclear decoupling and other solid-state
NMR experiments are described in the accompanying manu-
script.

III. CONCLUSIONS

In summary we have introduced a novel approach based
on multimode Floquet theory for predicting the spin dynam-
ics in solid-state NMR experiments involving multiple time
modulations on arbitrary and even competing time scales.
The MMFT approach describes the spin dynamics in the
Floquet–Liouville space using the effective Hamiltonians ob-
tained from the contact transformation besides employing
irreducible spherical tensor operatorssor multipole opera-
torsd as basis functions or operators for spin description.
Since the multipole operators are built on the principles of
angular momentum, its application towards higher spin mag-
nitudesse.g., quadrupolar systemsd and extensions to mul-
tiple spin systems are quite straightforward and elegant for
analytical treatments. This is in contrast to other currently
existing bases in NMR, which are both inadequate in treating
the dynamics beyond two spins as well as for higher spin
magnitudes.

FIG. 3. The Hamiltonian in the operator space is block diagonal correspond-
ing to the coherence order.
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The difficulties encountered in dealing with the Floquet–
Liouvillian space are significantly reduced when compared
with traditional Floquet calculations, involving a description
of the entire Floquet–Liouville space. Such simplifications
result from the van Vleck or contact transformation proce-
dure, involving the perturbation correctionssboth in the spin
space as well as the Fourier spaced in terms of operators
thereby leading to effective Hamiltonians. Moreover, calcu-
lations involving arbitrary number of spinssof any magni-
tuded require a single commutator relationsgiven in Appen-
dix Ad in contrast to other methods, which involve the
evaluation of multiple commutator relations and are often
intractable beyond two spins. The theoretical approach illus-
trated here has tremendous potential for studying a wide
range of NMR phenomena involving synchronous/
asynchronous time modulations and will be illustrated in fu-
ture publications. The MMFT approach provides a general
framework for studying the effects of relaxation along with
the spin dynamics in the operator space. A rigorous descrip-
tion of relaxation processes using the MMFT approach will
be described elsewhere.
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APPENDIX A: LIOUVILLE SUPERMATRIX

The appendix presents an approach for evaluating the
matrix elements of the supermatrix using the commutator
relations among the irreducible spherical tensor operators.
The approach is quite general for multiple spins of arbitrary
spin magnitude.

The general procedure for evaluating Eq.s5d,

i"
d

dt
Fq

skdsa,td = o
k8,q8,ā8

o
l,m,ā1

Clmsa1dTrhTskd−qsad

3Lsldmsa1dTsk8dq8sa8djFq8
sk8dsa8,td, sA1d

has already been derived explicitly for single spin systems
and briefly for multispin systems by Sanctuaryet al.37 For
the sake of clarity and continuity we elaborate here the spin
dynamics involving multiple spins. The solution to Eq.sA1d
lies in the evaluation of the commutator relation involving
the irreducible tensor operators and has been derived in gen-
eral for arbitrary number of spins by Sanctuaryet al.37 Here
we repeat the same expressionswith appropriate typographi-
cal correctionsd for the sake of interested readers,

fThLj
sldmsl1,l2,…,lNd,ThK8j

sk8dq8sk18,k28,…,kN8 dg = o
all kN9 ,KN−29 ,k9,q9

2fi=1→Nsl iki8ki9ds− 1d2sI1+I2+¯+INd

3sidl1+l2+¯+lNsidk18+k28+¯+kN8 sidk19+k29+¯+kN9

Îp
i=1

N−2

s2Li + 1dp
i=1

N−2

s2Ki8 + 1dp
i=1

N−2

s2Ki9 + 1dp
i=1

N

s2l i + 1dp
i=1

N

s2ki8 + 1dp
i=1

N

s2ki9 + 1d

3 Îs2l + 1ds2k8 + 1ds2k9 + 1dHk19 l1 k18

I1 I1 I1
JHk29 l2 k28

I2 I2 I2
J¯HkN9 lN kN8

IN IN IN
J

35 l1 l2 L1

k18 k28 K18

k19 k29 K19
65L1 l3 L2

K18 k38 K28

K19 k39 K29
6¯5LN−2 lN l

KN−28 kN8 k8

KN−29 kN9 k9
6

3s− 1dk9−q9S l k8 k9

m q8 − q9
DThK9j

sk9dq9sk19,k29,…,kN9 d. sA2d

In the above expression the notations

S l k8 k9

m q8 − q9
D, Hkn9 ln kn8

In In In
J, 5 l1 l2 L1

k18 k28 K18

k19 k29 K19
6

correspond to the Wigner-3j, Wigner-6j, Wigner-9j symbols,
respectively, and have been well documented in the litera-
ture. The selection rule for the above commutator relation is

defined by the coefficientfi=1→nsl iki8ki9d, which has the fol-
lowing definition:

fi=1→nsl iki8ki9d = 1 if o
i=1

N

li + ki8 + ki9 = odd

= 0 sotherwised sA3d

and is quite general for multiple spins of arbitrary spin mag-
nitudes.
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In order to generate the differential equations corre-
sponding to a given set ofk,q,k1,k2,… ,kN,hKj coefficients,
the summation index on the right-hand side of the commu-
tator expression is restricted to a particular set of coefficients
corresponding to the left-hand side of Eq.sA1d, i.e., k9=k,
q9=q, k19=k1, k29=k2,… ,kM9 =kM,hK9j=hKj, and the various
terms in the Hamiltonian operatorsrepresented by the opera-
tor ThLj

sldmsl1, l2,… , lndd corresponding to different sets of inter-

actions srepresented by means of different sets of
l ,m, l1, l2,… , lN,hLj valuesd are evaluated for a given value
of k8 ,q8 ,k18 ,2k8 ,… ,kN8 ,hK8j. This is then repeated for differ-
ent sets ofk8 ,q8 ,k18 ,k28 ,… ,kN8 ,hK8j values in order to gener-
ate other matrix elements along a row. The preceding two
steps are repeated for each such values of
k,q,k1,k2,… ,kN,hKj to generate the entire matrix.

APPENDIX B: FLOQUET-STATE SPACE DESCRIPTION

The time evolution of aN-spin system in state space
under a time-dependent Hamiltonianswith multiple time
modulationsd is represented by the Schrodinger equation

i"
duCstdl

dt
= HstduCstdl, sB1d

where the state functionuCstdl is described by a set of or-
thonormal basis functionsuFil, usually expressed as

uCstdl = o
i=1

N

CistduFil. sB2d

Using Floquet theorem and Shirley’s approach the above
state function and the periodic time-dependent Hamiltonian
can be reexpressed via Fourier series expansion as follows:

Hstd = o
n1→m=−`

`

Hn1→m
eitv.n, sB3d

uCstdl = o
n1→`=−`

`

o
j=1

N

Cjn1→m
stduF jleitv.n. sB4d

On substitution in Eq.sB1d a set of differential equations
spanning an infinite dimensional vector space is obtained,

o
n1→m=−`

`

o
j=1

N Fi"
d

dt
Cjn1→m

std − sn1v1 + n2v2 + ¯ + nmvmdCjn1→m
stdGuF jleisn1v1+n2v2+¯+nmvmdt

= o
n1→m8 =−`

`

Hn1→m8 eisn18v1+n28v2+¯+nm8 vmdt o
r1→m=−`

`

o
l=1

N

Clr 1→m
stduFlleisr1v1+r2v2+¯+rmvmdt. sB5d

Equating the exponential powers for each time modulations
on both sides of the equationsi.e.,ni =ni8+r id and rearranging
we get the following set of differential equations:

i"
dCjn1→m

std

dt
= o

r1→m=−`

` Ho
l=1

N

Hn1→m−r1→m

jl

+ sv . nddnl,r1
¯dnm,rm

d j ,lJClr 1→m
std,

sB6d

where we have employed the notationHn1→m−r1→m

jl

=kF juHn1−r1,…,nm−rm

jl uFll. Using the Floquet basis states
un1→mF jl swhich are constructed by a direct product of the
spin basis with the Fourier basis states, i.e.,un1→m,F jl
= uF jl ^ un1l ^ un2l¯^ unmld the state function in the Floquet
space is defined as

uCFstdl = o
n1→m=−`

`

o
j=1

N

Cjn1→m
stdun1→m,F jl. sB7d

Subsequently the Floquet Hamiltonian is defined via its ma-
trix elements as

kF jn1…nmuHFuFlr1…rml

= Hn1→m−r1→m

jl + sv . nddn1,r1
…dnm,rm

d j ,l . sB8d

The Floquet Hamiltonian is represented by a direct product
involving the spin srepresented byTjld and the Fourier
operators32 sFnm

m d, i.e., Tjl ^ Fn1

1
^ Fn2

2
¯^ Fnm

m and may be
represented by

HF = CjlTjlFr1−n1

1 Fr2−n2

2 …Frm−nm

m + o
i=1

m

viNi , sB9d

whereCjl represents the coefficients involved in the Hamil-
tonian.
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