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A formal theory for heteronuclear decoupling in solid-state magic angle spinningsMASd nuclear
magnetic resonance experiments is presented as a first application of multipole-multimode Floquet
theory. The method permits a straightforward construction of the multispin basis and describes the
spin dynamics via effective Floquet Hamiltonians obtained using the van Vleck transformation
method in the Floquet–Liouville space. As a test case, we consider a model three-spin systemsI2Sd
under asynchronous time modulationssboth MAS and rf irradiationd and derive effective
Hamiltonians for describing the spin dynamics in the Floquet–Liouville space during heteronuclear
decoupling. Furthermore, we describe and evaluate the origin of cross terms between the various
anisotropic interactions and illustrate their exact contributions to the spin dynamics. The theory
presented herein should be applicable to the design and understanding of pulse sequences for
heteronuclear and homonuclear recoupling and decoupling. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1875112g

I. INTRODUCTION

High resolution solid-state nuclear magnetic resonance
sNMRd has emerged as a powerful tool for the elucidation of
molecular structure and dynamics in systems not amenable
to characterization by other techniques. These include both
microscopically ordered preparations such as membrane
proteins,1,2 nanocrystalline proteins,3,4 and amyloid fibrils,5,6

and also disordered or amorphous systems such as glasses.7

In solid-state NMR spectra of spin-1/2 nuclei, site-specific
resolution can be obtained either by uniaxial orientation of
the sample with respect to the static magnetic field2,8 or,
more generally, through magic angle spinningsMASd.9 In
the latter case, manipulation of the spatial part of the Hamil-
tonian by sample spinning results in isotropiclike spectra that
resemble those obtained in the solution state, at least for
dilute nuclei such as13C and 15N in biopolymers or other
organic solids. Methods based on MAS NMR have now ma-
tured to the point where complete structure determination is
possible.4,5,10

However, the line-narrowing effects of MAS alone are
inadequate for spectral resolution at current accessible spin-
ning frequencies, particularly for abundant nuclei which are
strongly coupledse.g., 1H in organic solidsd.11 One conse-
quence is that the1H spectroscopy in most solids is not rou-
tinely possible; a second consequence is that, even under
MAS, the spectra of dilute nuclei such as13C and15N con-
tinue to be broadened through residual interactions with
neighboring protons. This situation can be ameliorated but
not completely resolved through the application of spin de-

coupling, which amounts to an averaging in spin space12,13of
the couplings responsible for the residual broadening by the
action of rf pulses.

The simplest heteronuclear decoupling scheme involves
high power, continuous wavesCWd on-resonance irradiation
of the protons during detection of the heteronuclei. In gen-
eral, linewidths improve as the decoupling field strength ap-
proaches and exceeds the strength of the heteronuclear dipo-
lar couplings. However, several features of the spin
dynamics during CW decouplingsand also other decoupling
techniquesd suggest that more complicated processes are at
work.14 For example, when the modulation due to MAS and
decoupling occur on similar time scales, interference effects
or recoupling of the heternouclear dipolar interactions occur
in the vicinity of several matching conditions.15 In addition,
interesting experimental observations by Tekelyet al.,16 and
Ernst et al.17 suggest that the homonuclear dipolar interac-
tion among the protons plays a beneficial role in spin decou-
pling, thereby resulting in narrower lines than would other-
wise be observed. This phenomenon of “self-decoupling” has
been rationalized according to semiclassical models of
1H–1H spin diffusion. Such observations have further been
validated in the observed decrease in the decoupling effi-
ciency during Lee–Goldberg irradiation18 of the abundant
spinsswhere the decoupling field is applied off-resonance so
as to align the effective field along the magic angled, a fact
which is consistent with the principle of self-decoupling.

Over the last decade, a few multiple-pulse decoupling
sequences were developed in an effort to improve upon the
performance of CW decoupling. The earliest and one of the
most successful examples of these sequences is the two-pulse
phase modulatedsTPPMd decoupling sequence of Bennettet
al.,19 which consists of two,180° pulses with a small phase
differences±fd between them. Under essentially all circum-
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stances, TPPM yields a factor of 2–5 improvement in line-
widths over those observed with CW decoupling of the same
field strength. Recently, a particularly simple variant of this
sequence was introduced in which the pulse phases were
chosen to have a phase difference of 180°, thereby requiring
only the pulse width to be optimized. The resulting “XiX”
sequence20 offers significant advantages over TPPM decou-
pling at high spinning frequencies, but at low or moderate
spinning frequencies, few differences are observed. In both
cases, contributions to the residual linewidth during high
power decoupling have been partially enumerated but not
completely understood.

In this regard, Sachlebenet al.14 presented an analytical
treatment of CW decoupling in static solids using the con-
cept of effective Hamiltonians obtained via the Van Vlecksor
contactd transformation method. To second order, the spec-
trum of an INS system consists of a centerband and several
decoupling sidebands; as the decoupling field strength is in-
creased, the sidebands decrease in intensity and increase in
frequency offset from the centerband, while the centerband
line shape remains fixedsat least for on-resonance decou-
plingd. Explicit simulations of anI7S spin system show that
the on-resonance sideband effects are the dominant contribu-
tion to the observed linewidths. This contradicts the predic-
tions of an earlier theory of decoupling, due to Mehring and
co-workers,21 in which the1H’s are treated in a semiclassical
continuum model using a Gaussian memory function repre-
sentation. The latter approach predicts that on-resonance de-
coupling will result in a narrowing of the resonance line with
increasing decoupling field strength.

In a variety of cases, MAS experiments have been suc-
cessfully analyzed using average Hamiltonian theory
sAHTd,12,22 which yields an effective Hamiltonian averaged
over some cycle time of a periodic pulse sequence. A prereq-
uisite of this approach, therefore, is that all the time modu-
lations be synchronized with the sample rotation and that the
sampling be stroboscopic in that period or its multiples. Us-
ing this approach, Gan and Ernst23 designed a frequency-
modulated analog of TPPM and explored other possibilities
involving simultaneous phase and frequency modulation.
Their theoretical study based on zero-order average Hamil-
tonians suggest, in agreement with the earlier results of Ben-
nett et al.,19 that the improved performance of TPPM over
CW decoupling results partially from a so-called “second
averaging,” in which higher-order terms in the effective
Hamiltonian are canceled by the nutation imposed by phase
or frequency modulation. Nevertheless, they neither enumer-
ate the higher-order contributions nor discuss their relative
magnitudes. Elaborating upon this approach, Ernstet al.,24

attributed the dominant contribution to the residual linewidth
under MAS and decoupling to a cross term in the second-
order average Hamiltonian between the chemical shift aniso-
tropy sCSAd of the I spin and the heteronuclear dipolar cou-
pling that in principle cannot be completely averaged by
MAS alone.

In a similar vein, Eden and Levitt utilized symmetry
arguments25 based on AHT and attempted to explicitly con-
struct optimized heteronuclear decoupling sequences26 in-
volving rotor-synchronized pulse sequences whose funda-

mental elements“C” elementd is an effective 2p pulse.
Following the experimental observations and arguments pre-
viously cited, their sequences were designed tosid decouple
the heteronuclear dipolar interaction,sii d actively recouple
the homonuclear dipolar interaction among the protons, and
siii d scale the cross terms in the second-order average Hamil-
tonian between the1H CSA and the heteronuclear dipolar
coupling or between the homonuclear and heteronuclear di-
polar couplings. Unfortunately, the resulting Cl22

−1 family of
sequences offer no experimental improvement over TPPM
decoupling, and are often impractical to implement at higher
MAS frequencies. In particular, they are N=6 sequences that
require high decoupling rf field strengthsvrf =6vr. This is in
contrast to the TPPM decoupling scheme, which can be
implemented for arbitrary decoupling field strengths. In view
of the limitations of the theory used to construct these
sequences—specifically, its validity only for on-resonance
decoupling and for rotor-synchronized pulse sequences—it is
intriguing that the best experimental results were obtained
for off-resonancedecoupling and in the case where the pulse
sequence symmetry wasexplicitly brokenor rendered asyn-
chronous. The latter fact suggests that an AHT approach does
not completely explain the observed spin dynamics.

Recently, Ernst and co-workers27 also introduced an el-
egant phenomenological model of heteronuclear decoupling
which accounts for multiple coupled1H spins in Liouville
space and explains the salient features of CW and multiple
pulse decoupling. In their approach, anIS system is modeled
quantum mechanically through average Hamiltonian theory,
while the coupling among theI spins in the proton spin bath
is described through a classical spin diffusion-type superop-
erator in Liouville space. Further, the spin diffusion process
is assumed to be isotropic and is characterized only by a
single rate constant. In the CW case, the theory predicts a
pronounced self-decoupling effect as the spin diffusion rate
constant increases. The superior performance of multiple-
pulse decoupling schemes is rationalized as an attenuation of
the second-order cross terms which contribute to the residual
linewidth. Though the approach appears to explain some as-
pects of heteronuclear decoupling which previous ap-
proaches do not, further study is still warranted.

The difficulty of formulating the decoupling problem
with acceptable fidelity to experimental results suggests that
direct numerical optimization may be a simpler route to im-
proved heteronuclear decoupling sequences. Such ap-
proaches have been followed by several authors in the case
of static solids, but with out any improvement under MAS
conditions. Recognizing the limitations in the model em-
ployed for the description of spin dynamics under MAS, De
Paepeet al.28 recently abandoned thein silico approach al-
together in favor of direct optimization on the NMR spec-
trometer. In their approach, the phase of the rf during decou-
pling is expressed in a Fourier series, and the Fourier
coefficients are varied using a simplex optimization scheme
in order to minimize the linewidth. The optimal result con-
sistently involves only a single cosinusoidal modulation of
the phase. The simplicity of this result suggests that a sophis-
ticated description of the spin dynamics might yield the same
outcome on analytical grounds alone and, indeed, the phase
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modulation is extremely similar to that of TPPM. The per-
formance of numerically optimized sequences is comparable
to that of TPPM or XiX decoupling. Recently, Emsley and
co-workers28 made an interesting experimental observation
by measuring the residual linewidths obtained from a simple
spin echo experiment.28 Their results suggest large differ-
ences in the refocused linewidths of the13C resonances for
different decoupling sequences. Although the one-
dimensional spectra look more or less identical, the refo-
cused linewidth measurements necessitate a deeper under-
standing of the spin dynamics under heteronuclear
decoupling. The differences in the refocusableT2 measure-
ments for various heteronuclear decoupling sequences may
arise from a coherent contribution to the relaxation dynamics
arising from the higher-order corrections in the form of cross
terms between the various interactions present in the system.
Depending on the decoupling scheme, the magnitude of the
cross terms vary and result in different dephasing of the spin
polarizations or coherences thereby leading to different refo-
cused linewidth measurements. Similar arguments were pro-
posed by Khitrin and co-workers29 in their description of the
SPINAL decoupling scheme based on the correlation func-
tion approach. Understanding the role of higher-order correc-
tions, in many solid-state NMR homonuclear and heter-
nuclear recoupling experiments, in principle, requires
explicit consideration of the particular pulse sequence on the
heteronuclear channel. The model presented here is generic
and results in an effective Hamiltonian for a spin system
during heteronuclear decoupling alone. More specific cases
are currently being investigated and will be reported in future
publications based on the multipole-multimode Floquet
theory sMMFTd approach.

In summary, a theory of heteronuclear decoupling in
solid-state NMR must explain experimental features such as
decoupling sidebands, self-decoupling, interference phenom-
ena, and the superior performance of multiple pulse decou-
pling sequences such as TPPM and its relatives. In what
follows, we develop the biomodal Floquet theory of hetero-
nuclear decoupling, where the Floquet Hamiltonian is ex-
pressed using multipole basis operators30–32 and the dynam-
ics described in the Floquet–Liouville space. In the Floquet
theory, first proposed by Shirley33 and introduced to NMR by
Vega,34 a time-dependent Hamiltonian described in a finite
dimensional basis set is transformed into a time-independent
Hamiltonian suitably described in an infinite dimensional ba-
sis set via Fourier series expansion. The infinite-dimensional
basis is constructed using basis states of finite dimension,
which have been “dressed” with additional statessalso re-
ferred as Fourier statesd corresponding to each unique time
modulation present in the system. The resulting infinite-
dimensional Floquet matrices are highly off-diagonal, and
their eigenvalues are generally obtained numerically through
an iterative truncation procedure based on the convergence
of eigenvalues. However, such numerical methods often
compromise the analytical insights the formalism might pro-
vide into the spin dynamical problem of interest. Here, we
propose an alternative to such numerical treatments which
preserves this insight in the form of effective Hamiltonians
obtained via Van Vlecksor contactd transformation method.35

The contact transformation method first introduced by Van
Vleck s1929d is an operator equivalent of the perturbation
theory. Unlike the Raleigh–Schrodinger perturbation theory,
where perturbation corrections are obtained in terms of ma-
trix elements, the contact transformation method results in
corrections in operator form, thereby leading directly to the
concept of effective Hamiltonians. The Floquet approach is
further simplified by the use of the multipole basissdue to
Sanctuaryd, which exploits the rotational invariance proper-
ties of tensor operators, by expressing the basis operators
used to describe the spins in terms of irreducible tensor op-
erators thereby aiding a multispin basis to be written almost
by inspection for arbitrary spin magnitudes. Further, the
evaluation of commutator elements in the spin dynamics cal-
culations can be accomplished in a generic manner using the
well-established angular momentum algebrase.g., Wigner-
3J, -6J, -9J symbolsd.36,37This is in contrast to current exist-
ing bases employed in NMRsRef. 38d sand particularly in
Floquet theory39d for spin dynamics calculations, which typi-
cally involve multiple commutator relations and are intrac-
table both beyond two spins and forI .1/2. The effective
Hamiltonians derived include contributions from the various
cross terms and aid in better understanding of the CW,
TPPM, and XiX decoupling schemes via a model three-spin
system. Differences among these decoupling sequences arise
from the magnitudes of terms/cross terms in the Floquet
Hamiltonian to second order. In contrast to the AHT ap-
proach, which employs the Magnus expansion for the deri-
vation of higher-order terms, the contact transformation pro-
cedure enables straightforward evaluation of the higher-order
terms. In addition to explaining the spin dynamics for a
greater variety of experimental conditions, the theory should
be useful in the design of new pulse sequences for homo-
nuclear and heteronuclear decoupling. It is the first applica-
tion of the MMFT approach introduced in the accompanying
paper.40

II. THEORY AND DISCUSSION

For the theoretical description of decoupling in solids,
we consider a model three-spin systemI2S, where the spinsI
and S refer to protonss1Hd and carbons13Cd sor nitrogen,
15Nd respectively. This approximate model corresponds to a
typical arrangement in solids where a dilute spinssuch as13C
or 15Nd is often coupled to a spin bath of protons. Exploiting
the rotational invariance properties of tensor operators, the
spin Hamiltonian corresponding to a particular interactionl
is expressed in terms of irreducible tensor operators corre-
sponding to spinsTskd−qd and spatial dimensionssRskdqd,41

H = o
l

o
k=0

2

o
q=−k

k

s− 1dqRl
skdqTskd−q, s1d

with k and q referring to the rank and component of the
tensor, respectively. In the rotating frame description, the
Hamiltonian is often truncated by retaining only the secular
terms si.e., energy conserving terms involving theTskd0 op-
eratorsd, classified into three categories given below:

H = HS+ HI + HIS. s2d
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The interactions involving theS-spin system are repre-
sented byHS, and includes the isotropic as well as the aniso-
tropic chemical shiftsor chemical shift anisotropyd interac-
tions,

HS= HS
CS+ HS

CSA= Rs
s0d0Ts1d0 + Rs

s2d0Ts1d0. s3d

The interactions involving theI spins are represented byHI

and includes the chemical shiftsboth isotropic as well as
anisotropicd, scalar coupling and the dipolar interactions,

HI = HI
CS+ HI

CSA+ Hd
II + HJ

II

= RI
s0d0Ts1d0 + RI

s2d0Ts1d0 + RII
s2d0Ts2d0 + RII

s0d0Ts0d0. s4d

The heteronuclear interactions are represented byHIS, and
includes the dipolar as well as the scalar coupling,

HIS = Hd
IS + HJ

IS = RIS
s2d0Ts2d0 + RIS

s0d0Ts0d0. s5d

During MAS, the anisotropic spatial termssRskd0,kÞ0d
in the Hamiltonian are rendered time dependent and periodic.
Since the spatial componentsRskd0 scorresponding to a par-
ticular interactiond are often expressed in their principal axis
frames, the following sets of coordinate transformations are
necessary for describing the spin dynamics in the lab frame:

PAS →
apr ,bpr ,gpr

RAS →
−vr t,um,0

Lab. s6d

Such coordinate transformations are effected in the real
spacesspatial averagingd without affecting the spin opera-
tors, by means of Wigner rotation matrices.37 The resulting
periodic time-dependent coefficients are expressed conve-
niently via the Fourier series expansion,41

Rl
s2d0std = o

m=−2

2

Gm
l eimvrt , s7d

with Gm
l swherel corresponds to interactions such as CSA,

dipolar, etc.d representing the time-independent Fourier com-
ponents involving the interaction coefficients.

In a similar vein the effect of radio frequency pulses is
described in the rf interaction frame by the unitary transfor-
mation functionUrfstd

H̃std = Urf
−1stdHUrfstd, s8d

which in principle can be described as rotations in the spin
space, analogous to the rotations in the real space during
MAS,

DsVrfdTsldmD−1sVrfd = o
m=−l

l

almstdTsldm. s9d

The notationVrf =sa+f ,b ,a−f+pd represents the set
of Euler angles associated with a particular rf field andTsldm

the corresponding irreducible spin tensor operator. The Euler

angles described above have been derived in detail by Sanc-
tuary et al.,32 and are governed by the following relations:

cossbd =
1

D2„dv2 + v1
2 cossDtd…, D = Îdv2 + v1

2,

sina =

− cosSDt

2
D

Î1 −
v1

2

D2 sin2SDt

2
D , s10d

anddv, v1, f1, D represent the radio frequency offset, am-
plitude, phase, and effective fields, respectively.

Using the well-known fact that product of two rotations
can be represented by a single rotation, i.e.,

Dp,q
2 sVACd = o

k=−2

2

Dp,k
2 sVABdDk,q

2 sVBCd, s11d

the effect of two pulses is represented by

DsVdTsldmD−1sVd = o
m8

Dmm8sVdTsldm8, s12d

where DsVd refers to an effective Wigner rotation matrix
fcomprises the Euler angle setsV1=sa1+f1,b1,a1−f1

+pd and V2=sa2+f2,b2,a2−f2+pd for the two pulsesg,
whose matrix elements are evaluated by the following ex-
pression:

Dmm8sVd = o
m1

eimsa1−f1+pddmm1
sb1deim1sa1+a2+f1−f2+pd

3dm1m8sb2deim8sa2+b2d, s13d

with m=0,m8 ,m1=0, ±1 for a tensor of rank 1si.e., l =1d,
and m=0,m8 ,m1=0, ±1, ±2 for a tensor of rank 2si.e., l
=2d. Employing the above expressions and definitions, the
almstd coefficients described in Eq.s9d are obtained by evalu-
ating theDmm8sVd coefficients. Since the transformation in-
volving the rf pulses in NMR is often cyclicswith a time
period tp=2p /vpd, the time-dependentalmstd coefficients
can be reexpressed in a compact form via the Fourier expan-
sion,

almstd = o
k=−`

`

almke
ikvt, s14d

with almk representing the time-independent Fourier coeffi-
cients corresponding to the Fourier indexk. Depending on
the rank of the tensor, the number of nonzero Fourier coef-
ficientsalmk vary in the above expression; a few of which we
examine below.

Case I. For a tensor of rank 1sl =1, m=0d

a10±2= f 1
4 + 1

4 cossa1 + a2 + f1 − f2 + pdg ,

s15d
a100= f 1

2 − 1
2 cossa1 + a2 + f1 − f2 + pdg .

Case II. For a tensor of rank 2sl =2, m=0d
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a200= f 11
32 − 3

8 cossa1 + a2 + f1 − f2 + pd

+ 9
32 cos„2sa1 + a2 + f1 − f2 + pd…g ,

a20±2= f 6
32 − 6

32 cos„2sa1 + a2 + f1 − f2 + pd…g , s16d

a20±4= f 9
64 + 3

16 cossa1 + a2 + f1 − f2 + pd

+ 3
64 cos„2sa1 + a2 + f1 − f2 + pd…g .

Employing the same procedure, other nonzero coeffi-
cients can be derived from Eq.s13d fi.e., a1±1ksk= ±1, ±2d,
a2±1ksk= ±1, ±2, ±3, ±4d, a2±2ksk=0, ±1, ±2, ±3, ±4dg. To
highlight the differences between the performances of the
various decoupling schemes and also to understand the rela-
tionship between the phase and amplitude of the rf pulses,
the rf irradiation employed in the description is assumed to
be cyclic and periodic. Under this approximation, CW de-
coupling is treated as a set of rf pulses with a constant phase
while the XiX scheme is represented by a set of pulses
whose phases differ by 180°. The performances of the vari-
ous decoupling schemes depend on thealmk coefficients, a
few of which are tabulated in Table I for the purposes of
illustration. Employing the multipole operator basissde-
scribed in Table IId, the time-dependent spin Hamiltonian in
the rf interaction frame is represented by

H̃std = H̃S+ H̃I + H̃IS, s17d

where the interactions involving theS spins, represented by

H̃Sstd are rendered time dependent only due to MAS,

H̃Sstd = ig0
s3dTh0j

s1d0s001d + o
m=−2

mÞ0

2

iGm
s3deimvrtTh0j

s1d0s001d. s18d

The termsg0
s3d andGm

s3d represent the isotropic chemical shift
and anisotropy of spin 3sdenoted by the superscriptd, respec-
tively.

The spin interactions involving theI spins are repre-
sented by

s19d

where the isotropic chemical shiftsg0
sidd is time dependent due to rf irradiation, while the CSA interactionsGm

sidd and the
homonuclear dipolar interactions are time dependent both due to MAS as well as rf irradiation. The scalar coupling remains
unaffected under both MAS as well as the rf irradiation.

The heteronuclear spin interactions are represented byH̃IS,

s20d

with the coefficientsGm
ij ,0,Gm

ij ,1,Gm
ij ,2 associated with a particular spin pairsi , jd differing only by a numerical constant.

TABLE I. almk coefficients for various decoupling schemes. The phases of
the two pulsessad are identicalssimilar to CW decouplingd, sbd are opposite
sTPPMd, scd differ by 180° sXiX d.

a100 a10±2 a200 a20±2

sad f1=f2 0.178 0.41 0.05 0.21
sbd f1=−f2 0.75 0.125 0.39 0.28
scd f1−f2=180° 0.821 0.09 0.53 0.21
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A. Floquet Hamiltonian

Employing the Floquet theorem and Shirley’s
procedure,34 the time-dependent Hamiltonian in the rf inter-
action frame fEq. s17dg is transformed into a time-
independent Hamiltonian using a set of operators defined in
an infinite dimensional basis set.
Such an approach provides an alternate theoretical descrip-
tion of multiple-pulse MAS experiments under asynchronous
time modulations, as opposed to the traditional average
Hamiltonian approachsor AHTd, which requires the time
modulations to be synchronized and fails to explain experi-
mental phenomena when the various time averaging pro-
cesses occur at competing time scales. Since the decoupling
experiments described here involve two time modulations
snamely, the sample spinning frequency and the applied rf
fieldd, the Hamiltonian is well described in a bimodal
Floquet–Liouville space. Employing the multipole operator
basis and Fourier operators,42,43the Floquet Hamiltoniansde-
noted byHFd for a three-spin system is represented by

HF = H0 + H1. s21d

The termH0 refers to the zero-order Hamiltonian and in-
volves operators, which are diagonal both in the spinsi.e.,
q=0d as well as in the Fourier dimensionsi.e., m=0, k=0d,
and includes the time-independent scaled isotropic chemical
shifts as well as theJ-coupling interaction coefficients,

H0 = vrN
r + vpN

p + ig00,0
s1d Th1j

s1d0s100dF0
r F0

p

+ ig00,0
s2d Th1j

s1d0s010dF0
r F0

p + ig00,0
s3d Th0j

s1d0s001dF0
r F0

p. s22d

The operatorsNr sassociated with the rotor modulationd and
Np sassociated with the rf modulationd connect Floquet states
which are diagonal in the spin as well as in the Fourier di-
mension. The Fourier operatorsF0

r and F0
p are independent

and connect states which are diagonal in their own respective
domains. In the above expression, the notationg0k,q

sid

=g0
sida1qk has been employed and will be closely followed

through the rest of this paper. The interaction termH1 repre-
sents the perturbation involving operators which are off-
diagonal both in the spin as well as in the Fourier dimension
described below:

H1 = HIsSd + HII + HIS. s23d

The chemical shift interactionssboth isotropic as well as an-
isotropicd are represented byHIsSd,

HlsSd = o
m,k,q

isg0k,q
s1d F0

r Fk
p + Gmk,q

s1d Fm
r Fk

pdTh1j
s1dqs100d

+ o
m,k,q

isg0k,q
s2d F0

r Fk
p + Gmk,q

s2d Fm
r Fk

pdTh1j
s1dqs010d

+ o
m

iGm0,0
s3d Th0j

s1d0s001dFm
r F0

p. s24d

In the above expressions, the notationGmk,q=Gmalqk has
been employed with the summation indices,m= ±1, ±2,k
=0, ±1, ±2,q=0, ±1. Since the zero-order Hamiltonian in-
volves coefficients whose Fourier indices are zero, the Fou-
rier indicesse.g.,m,k,qd in the perturbing Hamiltonians can-
not be equal to zero simultaneously.

The homonuclear dipolar interactions among the protons
are represented byHII ,

HII = o
m,k,q

Gmk,q
12 Th2j

s2dqs110dFm
r Fk

p, s25d

wherem= ±1, ±2,k=0, ±1, ±2, ±4,q=0, ±1, ±2. The het-
eronuclear dipolar interactionssbetween the two protons and
the carbon nucleid are represented byHIS,

TABLE II. Operator basis for a three-spin system.

Operator basis Classification
Number of
operators

1. No spin

Th0j
s0d0s000d Identity 1

2. Single-spin operators

Th1j
s1dqs100d Spin 1 sprotond 3

Th1j
s1dqs010d Spin 2 sprotond 3

Th0j
s1dqs001d Spin 3 scarbond 3

3. Two-spin operators

Th2j
s2dqs110d, Th1j

s1dqs110d, Th0j
s0d0s110d Homonuclear interactions involving

spin 1 and spin 2sprotons onlyd
5+3+1=9

Th1j
s2dqs101d, Th1j

s1dqs101d, Th1j
s0d0s101d Heteronuclear interactions involving

spin 1 and spin 3.
5+3+1=9

Th1j
s2dqs011d, Th1j

s1dqs011d, Th1j
s0d0s011d Heteronuclear interactions involving

spin 2 and spin 3.
5+3+1=9

4. Three-spin operators

Th2j
s3dqs111d, Th2j

s2dqs111d, Th2j
s1dqs111d 7+5+3=15

Th1j
s2dqs111d, Th1j

s1dqs111d, Th1j
s0d0s111d 5+3+1=9

Th0j
s1dqs111d 3

Total 64
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HIS = o
m,k

Fm
r Fk

pfGmk,0
13,0Th1j

s0d0s101d + Gmk,0
13,2Th1j

s2d0s101dg

+ o
m,k,q1

Fm
r Fk

pfGmk,q1

13,1 Th1j
s1dq1s101d + Gmk,q1

13,2 Th1j
s2dq1s101dg

+ o
m,k

Fm
r Fk

pfGmk,0
23,0Th1j

s0d0s011d + Gmk,0
23,2Th1j

s2d0s011dg

+ o
m,k,q1

Fm
r Fk

pfGmk,q1

23,1 Th1j
s1dq1s011d

+ Gmk,q1

23,2 Th1j
s2dq1s011dg, s26d

wherem= ±1, ±2,k=0, ±2 and forq1= ±1,k= ±1, ±2.
In order to study the time-evolution of the system, the

above Floquet Hamiltonian needs to be diagonalized. Since
the Hamiltonian is highly off-diagonal and is described in an
infinite-dimensional basis set, the standard approach often
involves the numerical diagonalization of a truncated
Floquet-Hamiltonian matrix. Though such numerical meth-
ods are robust, they often obscure analytical insights into the
dynamics problem. This motivates the development of ana-
lytical methods based on perturbation theory for diagonaliz-
ing the Floquet-Hamiltonian matrix. In the following section
we describe the utility of the van Vlecksor contactd transfor-
mation method for obtaining effective Floquet Hamiltonians.

B. Effective Floquet Hamiltonians via contact
transformation method

The van Vleck or contact transformation method is an
operator equivalent of the traditional Rayleigh–Schrödinger
perturbation theory in which perturbation corrections take
the form of operators, thereby leading to effective Hamilto-
nians. This approach has been described in detail by various
researchers14,44 and will not be described in detail here. In
this approach, the Floquet Hamiltonian is first split into a
zero order and a perturbing termfillustrated in Eqs.s22d and
s23d, respectivelyg, and then subjected to a unitary transfor-
mation represented below:

s27d

In this new frame, the perturbation corrections to the zero-
order Hamiltonian are obtained by proper choice of the trans-

formation functionS1, which is usually expressed by a linear
combination of the spin operators employed in the descrip-
tion of the perturbing HamiltonianH1,

S1 = ifisC0k,q
s1d + Cmk,q

s1d Fm
r dFk

pTh1j
s1dqs100d + isC0k,q

s2d

+ Cmk,q
s2d Fm

r dFk
pTh1j

s1dqs010d + iCm0,0
s3d Fm

r F0
pTh0j

s1d0s001d

+ Cmk,q
12 Fm

r Fk
cTh2j

s2dqs110d + Cmk,q1

23,2 Fm
r Fk

pTh1j
s2dq1s011d

+ Cmk,q1

23,1 Fm
r Fk

pTh1j
s1dq1s011d + Cmk,0

23,2Fm
r Fk

pTh1j
s2d0s011d

+ Cmk,0
23,0Fm

r Fk
pTh1j

s0d0s011d + Cmk,q1

13,2 Fm
r Fk

pTh1j
s2dq1s101d

+ Cmk,q1

13,1 Fm
r Fk

pTh1j
s1dq1s101d + Cmk,0

13,2Fm
r Fk

pTh1j
s2d0s101d

+ Cmk,0
13,0Fm

r Fk
pTh1j

s0d0s101dg. s28d

Since the perturbing HamiltonianH1 is off-diagonal
sboth in the spin as well as Fourier spaced, the transformation
functionS1 has to be off-diagonal in order to compensate the
off-diagonality in H1 si.e., fS1,H0g is off-diagonald. The C
coefficients involved in the transformation function corre-
sponding to a particular operator are chosen to compensate
the corresponding off-diagonal terms in the perturbing
HamiltonianH1 and are obtained by solving the following
equation:

H1
s1d = H1 + ifS1,H0g. s29d

The details involved are given in the previous paper1 and
have been described briefly in the Appendix. The coefficients
involved in the transformation function are tabulated in Table
III.

It is important to realize here that the commutator rela-
tion fS1,H0g, in addition to removing the off-diagonal char-
acter in H1 sto certain orderd, also leads to other residual
off-diagonal termssi.e., H1

s1dÞ0d, which depending on its
relative magnitude to that of the zero-order Hamiltonian can
be retained or neglected in further calculations,

H1
s1d = F 1

Î6
Cmk,0

13,2sg00,0
s3d + g00,0

s1d d +
1
Î6

Cmk,0
13,0sg00,0

s3d

− g00,0
s1d dGFm

r Fk
pTh1j

s1d0s101d + F 1
Î6

Cmk,0
23,2sg00,0

s3d + g00,0
s1d d

+
1
Î6

Cmk,0
23,0sg00,0

s3d − g00,0
s1d dGFm

r Fk
pTh1j

s1d0s011d

−
Î4 − q2

2Î6
Cmk,q

12 sg00,0
s1d − g00,0

s2d dFm
r Fk

pTh1j
s1dqs110d. s30d

For the sake of simplicity, the following notation will be
employed for describing the coefficients involved in Eq.
s30d,

164503-7 Heteronuclear decoupling in NMR using MMFT J. Chem. Phys. 122, 164503 ~2005!

Downloaded 28 Jun 2006 to 18.165.0.65. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



H1
s1d = Lmk,q

12 Th1j
s1dqs110dFm

r Fk
p + Lmk,0

13 Th1j
s1d0s101dFm

r Fk
p

+ Lmk,0
23 Th1j

s1d0s011dFm
r Fk

p. s31d

The second-ordersor diagonald corrections to the zero-order

Floquet Hamiltonian are obtained by evaluating Eq.s32d,

H2
s1d = H2 + ifS1,H1g −

1

2
†S1,fS1,H0g‡

=
i

2
fS1,H1g +

i

2
fS1,H1

s1dg. s32d

Following the procedure described in the previous
paper,40 the second-order corrections to the zero-order
Hamiltonian can further be classified into three main catego-
ries described below:

H2
s1d = Hssingle spind + HsTwo spind + HsThree spind. s33d

The termHssingle spind represents corrections to the single spin
operators employed for spin description:

Hssingle spind = fiAh1j
s1d0s100dTh1j

s1d0s100d

+ iAh1j
s1d0s010dTh1j

s1d0s010d

+ iAh0j
s1d0s001dTh0j

s1d0s001dgF0
r F0

p. s34d

In order to understand the performance of the decoupling
sequences, it is necessary to evaluate the exact contributions
to the individual spin polarizations present in the model sys-
tem sin this case, the observed nuclei and the two protonsd.
The homonuclear dipolar interactions among the protons ef-
fectively reduce the spin polarization on the individual pro-
tons present in the system, thereby minimizing the residual
heteronuclear dipolar interactions between the individual
protons and the observed nuclei. This fact may be verified by
the presence of the cross terms between the homonuclear
dipolar interaction terms in theA coefficients si.e.,
Ah1j

s1d0s100d, Ah1j
s1d0s010dd, which represent corrections to the in-

dividual proton polarizations present in the model system.
With an increase in the magnitude of the homonuclear dipo-
lar interactionssamong the protonsd, the spin polarization on
the individual protons decreases significantly, thereby mini-
mizing the residual heteronuclear dipolar interaction. Subse-
quently, this enhances the performance of a particular decou-
pling scheme. In addition to the dependence on the
homonuclear dipolar interactions, the proton spin polariza-
tion also depends on the cross terms between the hetero-
nuclear dipolar interaction terms as well as the chemical shift
interaction termsswhich include the CSA and scaled isotro-
pic shiftd. These are illustrated in Table IV. Such cross terms
have never been reported in previous theoretical treatments
of the decoupling phenomenon. The spin polarization on the
observed nucleisrepresented byAh0j

s1d0s001dd involves cross

terms between the various heteronuclear dipolar interaction
termssbetween the two protons and the observed nucleid.

The cross terms between the various anisotropic interac-
tions are represented by two-spinsHsTwo spindd and three-spin
termssHsThree spindd in the Hamiltonian. The two-spin correc-
tions are obtained from cross terms between the dipolar in-
teractions and the chemical shift interactions and are repre-
sented below:

TABLE III. Coefficients involved in the transformation functionS1.

C0k,q
s1d =

g0k,q
s1d

kv1 +
q

Î2
g00,0

s1d
,

Cmk,q
s1d =

G0k,q
s1d

mvr + kv1 +
q

Î2
g00,0

s1d
,

C0k,q
s2d =

g0k,q
s2d

kv1 +
q

Î2
g00,0

s2d
,

Cmk,q
s2d =

G0k,q
s2d

mvr + kv1 +
q

Î2
g00,0

s2d
,

Cm0,0
s3d =

Gm0,0
s3d

mvr

,

Cmk,q
12 =

Gmk,q
12

mvr + kv1 +
q

2Î2
sg00,0

s1d + g00,0
s2d d

,

Cmk,0
13,2 =

Gmk,0
13,2

mvr + kv1
, Cmk,0

13,0 =
Gmk,0

13,0

mvr + kv1
,

Cmk,0
23,2 =

Gmk,0
23,2

mvr + kv1
, Cmk,0

23,0 =
Gmk,0

23,0

mvr + kv1
,

Cmk,q1

13,1 =

1

2Î2
Gmk,q1

13,2 − a1Gmk,q1

13,1

1

8Î3
− a1

2

,

Cmk,q1

13,2 =

1

2Î6
Gmk,q1

13,1 − a1Gmk,q1

13,2

1

8Î3
− a1

2

,

Cmk,q1

23,1 =

1

2Î2
Gmk,q1

23,2 − a1Gmk,q1

23,1

1

8Î3
− a1

2

,

Cmk,q1

23,2 =

1

2Î6
Gmk,q1

23,1 − a1Gmk,q1

23,2

1

8Î3
− a1

2

,

where a1 = mvr + kv1 −
q

2Î2
.
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HsTwo spind = bAh2j
s2d0s110dTh2j

s2d0s110d + Ah1j
s1d0s110dTh1j

s1d0s110d

+ Ah0j
s0d0s110dTh0j

s0d0s110d + Ah1j
s2d0s101dTh1j

s2d0s101d

+ Ah1j
s1d0s101dTh1j

s1d0s101d + Ah1j
s0d0s101dTh1j

s0d0s101d

+ Ah1j
s2d0s011dTh1j

s2d0s011d + Ah1j
s1d0s011dTh1j

s1d0s011d

+ Ah1j
s0d0s011dTh1j

s0d0s011dcF0
r F0

p, s35d

wherein the first row represents the cross terms between the
homonuclear dipolar interactionsamong the protonsd and the
chemical shift interactionssof the two protonsd. The cross
terms between the pairs of heteronuclear dipolar interactions
sspins 1 and 3 and spins 2 and 3d and the chemical shift
interactions are represented along the second and third rows,
respectively, and have been tabulated in Table V.

The corrections to three-spin operators are represented
by

HsThree spind = bAh2j
s3d0s110dTh2j

s3d0s111d + Ah2j
s2d0s111dTh2j

s2d0s111d

+ Ah2j
s1d0s111dTh2j

s1d0s111d + Ah1j
s2d0s110dTh1j

s2d0s111d

+ Ah1j
s1d0s111dTh1j

s1d0s111d + Ah1j
s0d0s111dTh1j

s0d0s111d

+ Ah0j
s1d0s111dTh0j

s1d0s111dcF0
r F0

p. s36d

Since the above expression involves three-spin operators, the
corrections have to involve cross terms between the homo-
nuclear dipolar interactionssinvolving spins 1 and 2d and
heteronuclear dipolar interactionssinvolving spins 1 and 3
and spins 2 and 3d and have been tabulated in Table VI. The
correction terms represented in Tables V and VI involve
cross terms between the various anisotropic interactions
present in the system and are responsible for the residual line
broadening observed in the13C MAS spectrum. It is impor-
tant to note that the correction terms illustrated above have
been obtained using a set of relations among the Fourier
operators described in the previous paper, in addition to the
commutator relation for a three-spin system, given below:

TABLE IV. Second-order corrections involving single-spin operators.
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TABLE V. Second-order corrections involving two spin operators.
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TABLE VI. Second-order corrections involving three-spin operators.
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fTL1

sldmsl1l2l3d,TK18
sk8dq8sk18k28k38dg = o

k19,k29,k39,K19,k9,q9

2fi=1→3sl iki8ki9ds− 1d2sI1+I2+I3d

3sidl1+l2+l3sidk18+k28+k38sidk19+k29+k39

3Îs2L1 + 1ds2K18 + 1ds2K19 + 1dp
i=1

3

s2l i + 1dp
i=1

3

s2ki8 + 1dp
i=1

3

s2ki9 + 1d

3Îs2l + 1ds2k8 + 1ds2k9 + 1dHk19 l1 k18

I1 I1 I1
JHk29 l2 k28

I2 I2 I2
JHk39 l3 k38

I3 I3 I3
J

35 l1 l2 L1

k18 k28 K18

k19 k29 K19
65L1 l3 l

K18 k38 k8

K19 k39 k9
6s− 1dk9−q9S l k8 k9

m q8 − q9
DTK19

sk9dq9sk19k29k39d

with fi=1→3sl iki8ki9d = 1 if o
i=1

3

l i + ki8 + ki9 = odd

= 0 sotherwised. s37d

The commutator expression described above has been gen-
eralized forN spins and has been explained in detail in ear-
lier publications.32 Since the entire algebra is based on the
theory of spin angular momentum, extensions to higher spin
magnitudes and multiple spins are quite straightforward. This
is in contrast to other existing theoretical methods, which
often require multiple commutator expressions to be evalu-
ated, a task which becomes quite tedious beyond two spins.
Further, the symmetry embedded in the multipole basis aids
in representation and evaluation of the correction terms,
while other theoretical descriptions do not readily explain the
origin of the various cross terms and their contributions in
the spin dynamics.

The superior performance of multiple pulse decoupling
schemes such as TPPM and XiX over CW decoupling can be
explained using Eqs.s13d–s16d and has been tabulated in
Table I using typical parameters employed in solid-state
NMR.19 Several general features of a successful decoupling
sequence are embedded in these relations. First, current ap-
proaches often neglect the effects of proton offsets in decou-
pling, which we believe leads to inaccurate interpretation of
the decoupling phenomena in general. This aspect has been
accounted for in our approach using Eq.s10d. Next, any de-
coupling scheme should involve an active recoupling of the
homonuclear dipolar interaction in addition to minimizing
the cross terms between the various interactions present in
the system. The former aids in effectively minimizing the
spin polarization on the protons while the latter condition
minimizes the residual line broadening observed in the
13C-MAS spectrum. The effective Hamiltonians derived in
this approach clearly illustrate the role of homonuclear dipo-
lar interactions among the protons in the better performance
of the decoupling schemes. This fact is clearly illustrated in
the coefficients involved in Eq.s34d. In the case of CW de-
coupling, the homonuclear dipolar interactions are scaled to

a larger extent when compared to other decoupling schemes.
This is responsible for its mediocre performance when com-
pared with other decoupling schemes. Such effects become
pronounced at higher spinning frequencies leading to the
self-decoupling phenomenon observed experimentally by
Meier et al. In the case of TPPM and XiX decoupling
schemes, the scaling factor corresponding to the homo-
nuclear dipolar interaction is high when compared to the CW
decoupling scheme. However at higher spinning frequencies
sgreater than 20 kHzd and high rf field strengths, the XiX
scheme should perform somewhat better than TPPM mainly
due to the effective reduction of the homonuclear dipolar
interactions at higher spinning frequencies in the case of
TPPM decoupling. However, at low spinning frequencies
and rf field strengths TPPM is superior to the XiX sequence
mainly due to the reduced magnitude of the cross terms be-
tween the homonuclear dipolar and the heteronuclear dipolar
interactions, which is in agreement with experimental results.
These experimental observations are predicted using the the-
oretical approach presented in this paper.

A further unique prediction of this theory arises from the
fact that three coupled spins have been treated, not only two.
Observed discrepancies between theoretical predictions
based on two-spin models and actual experimental observa-
tions in real solid systems have forced researchers to include
the dense coupling among the protons in the spin dynamical
model. The model three-spin system employed in our calcu-
lations, however, reveals other cross terms neglected in pre-
vious theoretical descriptions. To this end Ernstet al. pro-
posed a model incorporating the effects of the strong
homonuclear dipolar couplings into the two-spin model with-
out increasing the complexity of the problem. In their ap-
proach, the dense coupling among the protons is described
using a spin diffusion type relaxation operator described in
the Liouville space.
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The MMFT approach presented here can, in principle,
treat the dense proton network quantum mechanically as a
phenomenological spin system of higher spin magnitude
si.e., a proton spin bath involving 20 spins can be represented
as a single spin system with spin magnitudeI =10, if the
internal configuration of the 20 spins can be neglectedd.
Thus, the decoupling problem involving 16 protonssI16Sd
can, in principle, be treated as a model two-spin system in-
volving spinsI1=1/2 srepresenting carbond andI2=8 srepre-
senting the abundant spin bathd described in the Liouville
space of dimension 115631156. Since the entire spin dy-
namics described here involves the evaluation of a single
commutator expressionfgiven in Eq.s36dg, which employs
the well-known angular momentum algebra involving the
Wigner-3J, -6J, -9J coefficients, extensions to higher spin
magnitudes are quite straightforward and elegant for any
analytical treatments beyond two spins. Work along these
lines is currently in progress.

III. CONCLUSIONS

In summary, the effective Floquet Hamiltonians for a
model three-spin system derived based on the MMFT ap-
proach aid in understanding the spin dynamics during hetero-
nuclear decoupling in solid-state NMR. The use of such a
model system aids in explaining the salient features observed
during heteronuclear decoupling in addition to the perfor-
mances of various decoupling schemes under MAS, even in
cases where the time modulations corresponding to sample
spinning and rf decoupling are asynchronous. In systems of
multiple spins or higher spin magnitudes, analytical treat-
ments based on Floquet theory are greatly simplified through
a combination of the multipole basis, for spin description,
and the van Vleck transformation, which yields analytical
insights into the spin dynamics by means of an effective
Hamiltonian. The analytical approach presented here is quite
general, and we anticipate that it will be useful in a broad
spectrum of problems in solid-state NMR. These applications
will be illustrated with experiments and simulations in future
publications.
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APPENDIX: EVALUATION OF S1

The C coefficients involved in the transformation func-
tion S1 can be evaluated by solving the equation given be-
low:

H1
s1d = H1 + ifS1,H0g. sA1d

Since the main objective of the transformation function
is to compensate the off-diagonality present in the perturbing
HamiltonianH1, the transformation functionS1 is chosen to
be off-diagonal and is usually expressed as a linear combi-
nation of the operators involved in the perturbing Hamil-

tonianH1. TheC coefficients are obtained by evaluating the
commutatorfS1,H0g, and equating the coefficients associated
with a particular operator to zero. This is illustrated here as
an example by evaluating theCmk,q1

13,1 andCmk,q1

13,2 coefficients,
which are associated with the operatorsTh1j

s1dq1s101d and

Th1j
s2dq1s101d, respectively,

Th1j
s2dq1s101dF„Gmk,q1

13,2 − smvr + kv1 − q/2Î2d…Cmk,q1

13,2

−
1

2Î6
Cmk,q1

13,1 G = 0, sA2d

Th1j
s1dq1s101dF„Gmk,q1

13,1 − smvr + kv1 − q/2Î2d…Cmk,q1

13,1

−
1

2Î2
Cmk,q1

13,2 G = 0. sA3d

These two equations form a set of coupled equations, with
the C coefficients being the unknowns, which, however, can
be obtained by solving the above linear equations. The other
C coefficients mainly involve simple linear equations of the
type aC+b=0, wherea andb are constant coefficients.
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