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• Sank in August 1991, causing an event registering 3.0 on the
Richter scale and leaving nothing but a pile of debris at a depth of
220m

• Sinking traced to a failure of a concrete
tricell

• FEM performed with NASTRAN under-
estimated shear stresses by 47%

• More precise simulation of under-
designed component predicted failure
at 62m

• Actually sank at 65m
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How do we know if the answer computed with a FE
code is correct 1?

1 i.e. consistent with the mathematical model

given that:

• the solution may not be “well behaved”

•we may not have similar solutions to compare

•we may not have access to the source code

• the code may no longer exist !!
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How do we know if the answer computed with a FE
code is correct ?

⇒ Provide a Certificate
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A data set that documents a given claim

•Can be used to rigorously proof correctness

•Simple to exercise

•Stand alone - access to the code used to compute it
not required

•The stronger the claim the “longer” the certificate
(usually)
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Compute Certificates for Bounds of Outputs of
PDE’s

•Work with quantities of interest

•Work with equations of interest

•Guarantee certainty even for low cost

•Cost effective
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•Problem Description

•Method Overview

1.- Bounds for Energy
2.- Bounds for Arbitrary Outputs
3.- Bounds for “Arbitrary” Equations
4.- Domain Decomposition (Hybridization)

•Method Summary

•Examples
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Let u(x) ∈ X, x ∈ Ω ⊂ IRd, be the solution of a PDE
Au = f .

e.g. A ≡ −∇2,−∇2 + U · ∇, etc.

We are typically interested in outputs of the form
s = `(u) ∈ IR ,

e.g. `(v) ≡ v(x0), `(v) =
∫
Ω′
vx dx, . . .
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•u(x) is not computable (∞− dimensional)

• In practice, we compute approximation ū(x), such
that ||u− ū|| = C(→ 0) (as cost increases → ∞ ).

- For a given ū, C is unknown , and, any output
approximation s̄ = `(ū), is uncertain.

•Existing error estimates are either,

- certain but uncomputable , or,
- computable but uncertain .
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Compute Strict upper and lower bounds for functional
outputs of the Exact solutions of PDE’s

. . . and give Certificates
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Poisson’s Equation: Find u ∈ X(Ω)

−∇2u = f(x), x ∈ Ω, (+ b.c.’s)

“Energy” functional: J(v) : X → IR

J(v) =
∫
Ω

∇v · ∇v dx− 2
∫
Ω
fv dx
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s = J(u) = −
∫
Ω
uf dx
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Upper bound s+ ≡ J(uh), ∀uh ∈ Xh ⊂ X

( trivial )
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Lower bound s− ( harder )

Construct dual problem

(J(u) =) Jc(p) = max
q∈Qf

Jc(q) ,
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s = min
v∈X

∫
Ω
(∇v · ∇v − 2vf) dx (q = ∇v)

= min
v∈X

max
q∈Q

∫
Ω
(−q · q + 2q · ∇v − 2vf) dx

≥ max
q∈Q

min
v∈X

∫
Ω
(−q · q + 2q · ∇v − 2vf) dx

= max
q∈Qf

∫
Ω

−q · q , dx

Qf = {q ∈ Q |
∫
Ω
q · ∇v dx =

∫
Ω
fv dx, ∀v ∈ X︸ ︷︷ ︸

−∇·q=f

}
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Duality
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Then, s− ≡ Jc(ph), ∀ph ∈ (Qf)h ⊂ Qf .
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1.- Energy s = J(u)

...Lower Bound
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Idea :

We can exchange an infinite dimensional
minimization problem by a finite dimensional

feasibility problem while retaining the bounding
property
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Find s = `(u), where u ∈ X(Ω) (`(v) =
∫
Ω
fOv dx)

−∇2u = f(x), x ∈ Ω, (+ b.c.’s)
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Ω
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Modified Energy : E(v) : X → IR
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Ω
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s = `(u) = min
v ∈ X∫

Ω(∇v · ∇ψ − fψ) dx = 0, ∀ψ ∈ X

`(v)
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s = `(u) = min
v ∈ X∫

Ω(∇v · ∇ψ − fψ) dx = 0, ∀ψ ∈ X

`(v) +E(v)

Lagrangian : L(v, ψ) : X ×X → IR

L(v, ψ) = E(v) + `(v) +
∫
Ω
(∇v · ∇ψ − fψ) dx
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s = `(u) = min
v ∈ X∫

Ω(∇v · ∇ψ − fψ) dx = 0, ∀ψ ∈ X

`(v) +E(v)

Lagrangian : L(v, ψ) : X ×X → IR

L(v, ψ) = E(v) + `(v) +
∫
Ω
(∇v · ∇ψ − fψ) dx

s = `(u) = min
v

max
ψ
L(v, ψ)
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Weak duality + Relaxation

s = `(u) = min
v

max
ψ
L(v, ψ)

≥ max
ψ

min
v
L(v, ψ)

≥ min
v
L(v, ψ̄), ∀ψ̄ ∈ X
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L(v, ψ̄) =
∫
Ω

∇v · ∇v dx−
∫
Ω
fv dx

+ `(v) +
∫
Ω
(∇v · ∇ψ̄ − fψ̄) dx
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L(v, ψ̄) =
∫
Ω

∇v · ∇v dx−
∫
Ω
fv dx

+ `(v) +
∫
Ω
(∇v · ∇ψ̄ − fψ̄) dx

For a given ψ̄, L(v, ψ̄), contains quadratic and linear
terms in v ⇒ identical to J(v) (for an appropriate fψ̄).

L(v, ψ̄) =
∫
Ω

∇v · ∇v dx− 2
∫
Ω
fψ̄v dx −

∫
Ω
fψ̄ dx
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Idea :

Write output as a constrained minimization problem.
Relax constraint to obtain an energy-like minimization

problem. Obtain lower bound by finding a feasible
solution of the dual problem.
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Define `∗(v) = −`(v) and compute,

s−
∗ ≤ `∗(u)

s+ ≡ −s−
∗ ≥ −`∗(u) = `(u)

Idea:

Upper Bound for `(v) ≡ − Lower Bound for −`(v)
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Given −∇2u = f(x)

Claim : s+≥ s = `(u)≥ s−

Certificate : ψ̄ ∈ Xh ⊂ X,
p+
h ∈ (Qf+)h ⊂ Qf+,
p−
h ∈ (Qf−)h ⊂ Qf−
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−∇2u+ U · ∇u = f(x), x ∈ Ω, (+ b.c.’s)

or,∫
Ω
(∇u · ∇v + (U · ∇u)v − fv) dx = 0, ∀v ∈ X

Modified Energy : E(v) : X → IR

E(v) ≡
∫
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3.- Non-symmetric equations

Lagrangian
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Idea :

Non-symmetric terms do not contribute to the
“energy” and only enter in the Lagrangian linearly.

After relaxation, minimization problem retains convex
structure.
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Recall that a lower bound requires finding a member of

Qf = {q ∈ Q |
∫
Ω
q · ∇v dx =

∫
Ω
fv dx, ∀v ∈ X} (−∇ · q = f)

i.e. find q ∈ Q s.t.

∇ · q = f, in Ω
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Recall that a lower bound requires finding a member of

Qf = {q ∈ Q |
∫
Ω
q · ∇v dx =

∫
Ω
fv dx, ∀v ∈ X} (−∇ · q = f)

i.e. find q ∈ Q s.t.

∇ · q = f, in Ω

. . . not trivial
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4.- Domain Decomposition
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v ∈ X(Ω) continuous v̂ ∈ X̂(Ω) discontinuous

Idea : solve local minimization problems
⇒ use piecewise polynomial certificates
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1. Primal problem: uh ∈ Xh

Auh = f

2. Dual problem: ψ̄ ∈ Xh

A∗ψ̄ = fO, (`(v) =
∫
Ω
fOv dx)
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3. Domain decomposition (Equilibration) → λ̄

Global Solution

Equilibrated Solution
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4. Obtain lower bounds for local minimization problems

→ s+ s−

. . . and piecewise polynomial certificates
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4. Obtain lower bounds for local minimization problems

→ s+ s−

. . . and piecewise polynomial certificates

5. It can be shown that the bound gap can be written as

s+ − s− =
∑

Te∈TH
∆e

with ∆e ≥ 0

. . . ⇒ Adaptivity



Examples
Convection-Diffusion
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f = 103

f O = 1

0.7

0.8

0.2

0.3

0.2 0.3 0.7 0.8

−ν∇2u+ U · ∇u = f

s = `(u) =
∫
Ω
fOudx




