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Sleipner Platform Failure

e Sank in August 1991, causing an event registering 3.0 on the
Richter scale and leaving nothing but a pile of debris at a depth of

e Sinking traced to a failure of a concrete
tricell

e FEM performed with NASTRAN under-
estimated shear stresses by 47%

e More precise simulation of under-
designed component predicted failure
at 62m

e Actually sank at 65m
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Basic Question

How do we know if the answer computed with a FE
code is correct 1?
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Basic Question

How do we know if the answer computed with a FE
code is correct 1?

given that:
¢ the solution may not be “well behaved”
e We may not have similar solutions to compare
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Basic Question

How do we know if the answer computed with a FE
code is correct 1?

given that:
¢ the solution may not be “well behaved”
e We may not have similar solutions to compare
e We may not have access to the source code
¢ the code may no longer exist !
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Basic Question

How do we know if the answer computed with a FE
code Is correct ?

= Provide a Certificate

I B EE Massachusetts . . .
I I Institute of University of Pennsylvania 2004

Technology




What is a Certificate?

Certificates

A data set that documents a given claim
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What is a Certificate?

Certificates

A data set that documents a given claim

e Can be used to rigorously proof correctness
e Simple to exercise

e Stand alone - access to the code used to compute it
not required

e The stronger the claim the “longer” the certificate
(usually)
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Compute Certificates for Bounds of Outputs of

PDE'’s
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Objective
Compute Certificates for Bounds of Outputs of
PDE’s

e Work with quantities of interest
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Objective

Compute Certificates for Bounds of Outputs of
PDE’s

e Work with quantities of interest

e Work with equations of interest

e Guarantee certainty even for low cost
e Cost effective
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Outline

e Problem Description
e Method Overview

1.- Bounds for Energy

2.- Bounds for Arbitrary Outputs

3.- Bounds for “Arbitrary” Equations

4.- Domain Decomposition (Hybridization)

e Method Summary
e Examples
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Problem
Description

Let u(x) € X, z € Q C R, be the solution of a PDE
Au=f.

eg. A= -V? -V?4+U.V,etc.

We are typically interested in outputs of the form
s=42L(u) € R

e.g. L(v) = v(xy), l(v) = /Q, v, dx,
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e u(x) is not computable (oco— dimensional)
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Problem
Description

e u(x) is not computable (oco— dimensional)

e In practice, we compute approximation @ (x), such
that ||u — u|| = C(— 0) (as cost increases — oo ).

- For a given w, C' Is unknown , and, any output
approximation s = £(w), is uncertain.
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Problem
Description

e u(x) is not computable (oco— dimensional)

e In practice, we compute approximation @ (x), such
that ||u — u|| = C(— 0) (as cost increases — oo ).

- For a given w, C' Is unknown , and, any output
approximation s = £(w), is uncertain.

¢ EXisting error estimates are either,

- certain but uncomputable , or,
- computable but uncertain .
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Description

Compute Strict upper and lower bounds for functional
outputs of the Exact solutions of PDE’s
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Description

Compute Strict upper and lower bounds for functional
outputs of the Exact solutions of PDE’s

.and give Certificates
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Method 1.- Energy s = J(u)
Overview

Poisson’s Equation: Find uw € X (€2)
—V?u = f(z), x € Q, (+ b.cs)

N
0Q(u = 0)

“Energy” functional: J(v) : X — [R
J(v) = /Qva - Vvdx — Z/vadaz
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Method 1.- Energy s = J(u)
Overview Minimization

J(v) 3

<— J(u) = min J(v)
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Method 1.- Energy s = J(u)
Overview Upper Bound

Upper bound s = J(uy), Vup, € X, C X

(trivial )
J(v)
J(up) = mln J(v)
' o
<«— J(w) = mip J(v)
X
X
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Method 1.- Energy s = J(u)
Overview Lower Bound...

Lower bound s~ ( harder)

Construct dual problem

(J(u) =) J(p) = max J(q) ,
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Method 1.- Energy s = J(u)
Overview ...Lower Bound...

= mi - — 2 d =V
S E,%BE-I/Q(VU Vv vf)dx (q V)
— mi —q-q+2q-Vv—2vf)d
{}é{,rgr;leagfﬂ( q-q+2q-Vv—2vf)dr
> ' /— .q+2q-Vo—2vf)d
> max min (—4-a+2q-Vv—2vf)da
:max/—q-q,da:
qEQ s JQ

Qf:{qEQl/Qq-Vvdw:/ﬂfvdw, Vv € X }

—V-.q=f
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Method 1.- Energy s = J(u)
Overview ...Lower Bound...

w
|

e W

i —q-q+2q-Vv—2vf)d
ggg}ggg§14;( q-q+2q-Vv—2vf)dx

i —q-q+2q-Vv—2vf)d
qﬁg§ggggJéfi q-q+2q-Vv—2vf)dx

Vv

max J°€
max (q)

Qf:{qEQl/Qq-Vvdw:/ﬂfvdw, Vv € X }

—V-.q=f
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Method 1.- Energy s = J(u)
Overview ...Lower Bound...

Duality

 J(v)
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Method 1.- Energy s = J(u)
Overview ...Lower Bound...

Then, s™ = J%(pn), Vpr € (Qf)n C Qy .

J(v)

“—J (un) = min J(v)

\ \
X1,(Qf)1

Xy (Qf)n J¢(pr) = max J°(q)
q<(Qf)n

J(q)
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Method 1.- Energy s = J(u)
Overview ...Lower Bound

ldea :

We can exchange an infinite dimensional
minimization problem by a finite dimensional
feasibility problem while retaining the bounding

property
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Method 2.- General Outputs s = £(u)
Overview

Find s = £(u), where u € X (2) (£(v) = /Qfofv dx)
—Vu = f(z), =€ Q, (4+ b.c)s)
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Method 2.- General Outputs s = £(u)
Overview

Find s = £(u), where u € X (2) (£(v) = /Qfofv dx)

—Vu = f(z), =€ Q, (4+ b.c)s)
of,
/Q(Vu-Vv—fv)dm:(), Vv € X
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Method 2.- General Outputs s = £(u)
Overview

Find s = £(u), where u € X (2) (£(v) = /Qfov dx)
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/Q(Vu-Vv—fv)dm:O, Vv € X
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E(v) = / Vv - Vudx —/ fvdx
Q Q
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Method
Overview

s =L(u) =

HEE Mas
Ittt f
Technology

Jo(Vo - Vi —
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2.- General Outputs s = £(u)

Lagrangian

min l(v)
vEeEX

f)de =0,V € X




Method
Overview

s =L(u) =

H B Massachusetts
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2.- General Outputs s = £(u)

Lagrangian

min l(v) +E(v)
vEeEX

Jo(Vv -V — fib)de =0,V € X
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Method 2.- General Outputs s = £(u)
Overview Lagrangian

s =4f(u) = min l(v) +E(v)
v e X

Jo(Vv -V — fib)de =0,V € X

Lagrangian : L(v,®) : X X X — R
L(v,$) = E(v) + £(v) + | (Vv VY — f¢)) da
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Method 2.- General Outputs s = £(u)
Overview Lagrangian

s =£f(u) = min L(v) +E(v)
veEeX

Jo(Vv -V — fib)de =0,V € X

Lagrangian : L(v,®) : X X X — R
L(v,$) = E(v) + £(v) + | (Vv VY — f¢)) da

s = L(u) = min m$X L(v, )
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Method 2.- General Outputs s = £(u)
Overview Lower Bound...

Weak duality + Relaxation

s = £L(u) = min mwax L(v, )

> max min L(v, )

> mvinL(v,vﬁ), Vi € X

B BN Massachuse
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Method 2.- General Outputs s = £(u)
Overview ...Lower Bound...

L(v,xﬁ):/QVv-Vvdw—/ﬂfvda:

+£(v) + [ (Vo -V — i) da
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Method 2.- General Outputs s = £(u)
Overview ...Lower Bound...

L(v,xﬁ):/QVv-Vvdw—/ﬂfvda:
+£(v) + [ (Vo -V — i) da

For a given v, L(v,)), contains quadratic and linear
terms in v
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Method 2.- General Outputs s = £(u)
Overview ...Lower Bound...

L(v,xﬁ):/QVv-Vvdw—/ﬂfvda:
+£(v) + [ (Vo -V — i) da

For a given v, L(v,)), contains quadratic and linear
terms in v = identical to J(v) (for an appropriate f).

L(v,vﬁ):/QVU-Vvdw—Z/Qﬁ;vdw—/ﬂf@dw
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Method 2.- General Outputs s = £(u)
Overview ...Lower Bound

ldea :

Write output as a constrained minimization problem.
Relax constraint to obtain an energy-like minimization
problem. Obtain lower bound by finding a feasible
solution of the dual problem.
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Method 2.- General Outputs s = £(u)
Overview Upper Bound

Define ¢,(v) = —£(v) and compute,
s, < £i(u)
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Method 2.- General Outputs s = £(u)

Overview Upper Bound
Define ¢,(v) = —£(v) and compute,
s, < £i(u)
st = > —Ly(u) = £(u)
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Method 2.- General Outputs s = £(u)
Overview Upper Bound

Define ¢,(v) = —£(v) and compute,
s, < £i(u)

st = —s_ > —L.(u) = £(u)
ldea:

Upper Bound for £(v) = — Lower Bound for —£(v)
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Method
Overview
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2.- General Outputs s = £(u)

Summary

Given —V?u = f(x)
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Method 2.- General Outputs s = £(u)
Overview Summary

Claim :
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Given —V?u = f(x)

stT> s=4(u)> s~
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Method 2.- General Outputs s = £(u)
Overview Summary

Given —V?u = f(x)

Claim: st> s =£(u)> s~

Certificate : ¥ € X, C X,
Py € (Qs+)n C Qy+,
Pr € (Qs)n C Qp-
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Method 3.- Non-symmetric equations

Overview

_V2u —I— U ° V’U, p— f(aj), xr € Q,
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Method 3.- Non-symmetric equations

Overview

_VZu -+ U -Vu—= f(a;), T € Q,
or,

/Q(VU°VU+(U'VU)U—fv)da::O,

In :‘ i tl g; University of Pennsylvania 2004
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Method 3.- Non-symmetric equations
Overview

—V?*u+U-Vu=f(z), z€Q, (4+ b.c.s)
or,

/Q(Vu-va—l—(U-Vu)’v—fv)dw:O, Vv € X

Modified Energy : £(v) : X — [R
E(v) = /QV’U'V”UdCE —/ﬂfvda:
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Method 3.- Non-symmetric equations
Overview
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Method 3.- Non-symmetric equations
Overview L agrangian

ldea :

Non-symmetric terms do not contribute to the
“energy” and only enter in the Lagrangian linearly.
After relaxation, minimization problem retains convex
structure.
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|\/|6th0_d 4.- Domain Decomposition

Overview

Recall that a lower bound requires finding a member of

Qf:{qEQ|/Qq-vadw:/fovdw, Vv € X'}

l.e. find g € Q s.t.
V.-gq=1F1, in Q
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|\/|6th0_d 4.- Domain Decomposition

Overview

Recall that a lower bound requires finding a member of

Qf:{qEQ|/Qq-vadw:/fovdw, Vv € X'}

l.e. find g € Q s.t.
V.-gq=1F1, in Q

.. hot trivial
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Method

Overview

4.- Domain Decomposition

v € X (Q) continuous & € X (Q) discontinuous

AVAVAVAVAYA
NANARNGE
SONAVATARG S
%E@%§%§

N

L

ldea :

solve local minimization problems

= use piecewise polynomial certificates

H B Massachusetts
I Institute of
Technology
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ethoc

Overview

1. Primal problem: u, € X,
Aup = f
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ethoc

Overview

1. Primal problem: u, € X,
Aup = f

2. Dual problem: ¥ € X,
Ap = £O, (¢v) = | v da)
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ethoc

Overview

3. Domain decomposition (Equilibration) — A\

Global Solution

@& B @

Equilibrated Solution
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ethoc

Overview

4. Obtain lower bounds for local minimization problems

_|_ —

— S S

...and piecewise polynomial certificates
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ethoc

Overview

4. Obtain lower bounds for local minimization problems

_I_ —

— S S

. and piecewise polynomial certificates

5. It can be shown that the bound gap can be written as

st —s = Z A,

TeETH
with A, > 0

. = Adaptivity
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