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THE EXISTENCE OF AGGREGATE PRODUCTION FUNCTIONS!

By fRANKLm M. FiSHER

This paper discusses recent work on the existence of aggregate production functions in
models in which capital goods are specific to firms and cannot be used interchangeably.
It is found that this raises problems not only for capital aggregation but also for the exist-
ence of labor and output aggregates. Recent work on the question of using aggregate
production functions as approximations is also discussed.

1. INTRODUCTION

AS HAVE ALL MY predecessors, I have chosen as my topic for the Irving Fisher
Lecture a subject of considerable importance and interest (although my judgment
in this regard is no doubt biased in favor of a subject on which I have been working).
Like many, but not all of my prédecessors, I have taken the invitation to deliver
a lecture rather than a paper as providing an appropriate occasion for exposition
and summary rather than for detailed analysis and-proof.

The estimation: and use of aggregate production functions has become a wide-
spread and important practice in economic analysis. Broadly spedking, such uses
fall into two:main classes. On the one hand, following Solow’s seminal articte [22],
we have had a spurt of interest in the estimation of aggregate production functions
for entire economies, for manufacturing, for durables, or for more narrowly
defined industry aggregates. These papers have made empirically derived: in-
ferences about the importance of technical change, embodied or disembodied;
about the rate of return to investment, social or private ; about the share of wages
in national product; and, generally, about the technical and economic forces
making for growth.

On the other hand, different in focus but not entirely divorced in development
from such empirically oriented studies, is the use of aggregate production functions
by a large and growing number of authors to represent the technical possibilities
of an economy in which some intertemporal welfare function is to be maximized,
or as a basic constituent of a one or two-sector descriptive growth model.

! Presented as the Irving Fisher Lecture at the meeting of the Econometric Society in Amsterdam,
September, 1968. I am- indebted to Robert M. Solow for comments and criticism. The work was
supported by National Science Foundation Grant GS-1791.

This series of lectures stands in permanent memorial to Irving Fisher and Henry Schultz on one
side of the Atlantic and to Leon Walras and Arthur Bowley on the other. In view of my topic, however,
it seems fitting that I should dedicate this lecture to the memory of André Nataf.
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554 FRANKLIN M. FISHER

In both sorts of problems, the use of an aggregate relationship between an
output aggregate on the one hand and constructs called “labor’” and “capital” on
the other, is an immense convenience. The question naturally arises, however,
whether it is merely that. Under what circumstances can the technical relationships
of a diverse economy be appropriately subsumed in such an aggregate form?
What can one say about inferences drawn from such models? Is it enough for
such use that we be content with approximations? .

These questions are not new ones, although the particular (and, I believe,
crucial) features of the model within which I shall examine them have not been
employed to answer them until quite recently. Moreover, they arise at different
levels of aggregation. While I shall speak generally of an aggregate production
function defined over an entire economy in which production is actually carried on
by individual firms, it is clear that essentially the same problems arise at. the
industry level. Indeed, they also arise at the firm level with production actually
carried on in individual establishments or, more fundamentally, by individual
workers using individual kinds of capital. The principal difference between such
cases is often merely in how closcly condmons for aggregation are likely to be
satisfied in practice.

Now, it is important to recognize that there is a difference between the question
of the existence of an aggregate production function and such related questions
as the realism: of models which assume smooth substitutability between capital
and labor. While the fact that different kinds of machines are different plays an
important role in the discussion of both questions, the aggregation problem
arises whether or not technology involves fixed coefficients, and the -answers
typically do not turn on this question.? The difference may, perhaps, be pointed
up by remarking on two items. First, all the aggregation problems which I shall
discuss would arise in principle even if all capital were physically homogeneous.
While in many cases, such physical homogeneity would guarantee the existence of
an aggregate, this is not invariably true. Second, while the different characters of
different kinds of capital play a crucial role, capital aggregation is not the only
problem which must be faced. Labor aggregation and output aggregation also
turn out to require qulte stnngent conditions which are unrealistic at the economy-
wide level.

Accordmgly, I shaﬂ take all’ my productlon functions to be twice continuously
differentiable. It turns out, 8¢ far as is known, to make no essential difference,?
and it greatly simplifies the exposition.

2. AGGREGATION AND EFFICIENCY: THE SIMPLEST CASE

I begin by considering the simplest possible case. There are n firms. The vth
firm produces a single output Y(v) by utilizing a single kind of labor L(v) and a

2For a “puttyclay” technology such as analyzed by Johansen [10), the aggregation problem
essentially involves the ex post technology. Although, naturally, an ex post aggregate need not cor-
respond to an ex ante one, this is'not in itself a problem of aggregation since the ex ante and ex post
technologies generally differ at any level of aggregation.

3 See Stigum [28 and 26]. ]
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single kind of capital K(v). The production function for the vth firm is
2.1) Y(v) = f*(K(v), L(v)).

To simplify matters, all the outputs are physically indistinguishable, so that it
makes sense to speak of total output from the economy Y as simply the sum of
individual-outputs Y(v). Similarly, there is only one kind of labor, so that it makes
sense to speak of total labor L (more accurately, total employment) as the sum of
labor employed by the individual firms. More complicated cases will be discussed
later. - :

Capital, on the other hand, may differ from firm to firm, aithough it need not do

-so, There is hence no immediate physical sense in which total capital can be said

to exist. Further, since different kinds of capital will in general have different
technical properties, each firm’s production function will in general be different
from that of any other firm; this is represented by the superscript v on the produc-
tion functions.*

We are interested in the conditions under which it will be possible to write total
output Y as being given by an aggregate production function:

22 Y=YY@®=FJ,P),
where ‘ -
23) J=JK{1),....,K@n) and P =P(L(1)...,Ln)

are indices of aggregate capital and aggregate labor, respectively. Indeed, it is
natural, given the assumed physical homegeneity of labor, to require

P=L=YL@).

Now, it has long been recognized that if nothing more than this is said, the con-
ditions under which such aggregation can be performed are extremely restrictive.’
It was shown by Nataf [18] that, in these circumstances, the aggregate production
function (2.2) will exist if and only if every firm’s production function is additively
separable in capital and labor, that is, if and only if every f* can be written in the
form ' '

24)  fUK@), L) = ¢ (K@) + ¢(LO) =1...,n°

4 Clearly, the model can also be interpreted as one of embodied technical change, with the K(r)
representing capital goods of different vintage. While the results apply directly to such models, and
while work on this problem was greatly stimulated by Solow’s introduction of the embodied model
[23], the importance of the aggregation problem is best brought out by the interpretation in the text
in which technical change does not enter.

% This matter was extensively discussed in a debate in Econometrica in the late 1940’s. See Klein
[11 and 12)], May [16 and 17], Nataf [18], and Pu [20]. A summary is given in Green [7).

¢ The sufficiency of this condition is obvious. Its necessity can be easily proved among other ways
by use of Leontief’s well known theorem on separable functions which states that a twice differentiable
function of three variables g(x,, X, x,) can be written as G(h(x,, x,), x,)} if and only if &g, /g;)/0x; = 0
(where the subscripts denote differentiation). In other words, the marginal rate of substitution between
x; and x, must be independent of x,. Sec Leontief [14 and 15). While all or nearly all of the results
here discussed can be proved in other ways, I have tended to rely on the Leontief conditions.
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If we further impose the condition that P = L, then we have the even more restric-
tive condition that

235  YU(LW) = cL©) w=1,...,n

where c is a constant and is the same for all firms.

If this were all there were to it, the hope that an aggregate production function
existed would be forlorn indeed. It is pretty clear, however, that this cannot be all.

Nothing in the above discussion prevented capital from being physically
homogeneous, although this was not required. Further, nothing prevented each
firm’s production function from exhibiting constant returns to scale, although
this was not assumed. The result just given holds therefore, even if all firms have
the same technology, the same kind of capital, and constant returns. In this case,
however, we should certainly expect an aggregate production function to exist.
If “constant returns’ means anything, it surely means that there is no difference
between one big firm and two little ones—that total output does not depend on
the way in which production is divided among the producing units. Hence some~
thing must be wrong.

Nevertheless, there is no mistake in the results presented. Mere identity of
technologies and constant returns does not imply the existence of an aggregate
production function as may be seen by trying to add up two identical Cobb-
Douglas production functions without further restrictions. The catch is not in the
way in which the problem has been analyzed but in the fact that the wrong problem
has been posed.

At any level of aggregation, a production function is not a description of what
output will be achieved for given levels of different inputs; that output is not
unique. Rather a production function describes the maximum level of output that
can be so achieved if the inputs are efficiently employed. The true content of the
statement just made about constant returns, for example, is that there is no
difference between one big firm and two little ones if both are producing efficiently.
Accordingly, we must ask not for the conditions under which total output can be
written in the form (2.2) no matter what, but rather for the conditions under which
it can be so written once production has been organized to get the maximum output
achievable with the given factors.

That such considerations can make a major difference can be seen by continuing
for a moment in the case in which all capital is physically homogeneous and mobile
between firms. Then efficient production requires that Y be maximized given L
and K = Z,K(v). Calling the value of Y when so maximized Y*¥, it is obvious
that

(26) Y** =F(K,L)

since the individual allocations of labor and capital to firms will be determined in
the course of the maximization problem.” This holds even if all firms have different
production fungtions, f v (because, for example, each firm has knowledge of a

7 This was pointed out by May [16 and 17].
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different secret process). Moreover, it holds whether or not there are constant
returns to scale.

It has been argued, however,® that to allow factors to be assigned to firms so as
to achieve maximum total output is to introduce institutional considerations
into what ought to be a purely technological affair. In a sense this is true. If there are
institutional barriers to factor mobility, then one might properly say that efficiency
requires maximization within such barriers, so that the happy result of (2.6) only
holds for those institutional arrangements which permit full mobility. Such
arrangements are compatible with rather different social frameworks, however,
since the same organization of production will be achieved in this problem by a
perfectly competitive economy, a centrally planned socialist economy, and a
monopolist organizing the plants under his control. Moreover, it is hard to know
where to draw the line. We do not refrain from using a production function for an
individual firm because it is open to that firm to behave inefficiently ; yet the ability
of the firm to produce efficiently also rests on institutional factors. This aspect
of the problem thus seems to me to be largely one of agrecing on what we are to
mean by an aggregate production function. I would prefer to speak of output
produced efficiently subject only to technological constraints as given by a produc-
tion function and to regard institutional barriers to efficiency as forces causing
the production system in question to lie inside the efficient frontier. I recognize,
however, that in dealing with actual economies, the barriers may be more impor-
tant than the frontier and that it is often quite difficult to distinguish between
technological and institutional constraints. (Is a slow dissemination of technical
knowledge an institutional constraint in this context?)®

It is clear, however, that whatever one decides about the case in which all capital
is homogeneous and mobile, the far more realistic case in which capital goods are
different and not interchangeable provides a constraint which should be treated
as technological. Accordingly, we shall again assume technology to be embodied
in the capital goods and shall assume that only labor, but not capital, can be
allocated to firms so as to maximize total output. This sort of distinction between
fixed and movable factors (which does not always coincide precisely with con-
ventional distinctions between labor and capital) will be maintained when we
move to more complicated models.

3. CAPITAL AGGREGATION

As now constituted, the problem is the following. Given that Y is maximized
with respect to the allocation of labor to firms, and denoting the resulting value of
Y by Y*, under what circumstances is it possible to write

(3.1) Y* = F(J, L), J = J(K(1),...,K(n)).
8 See Klein [11 and 12], for example.

° Whitaker [28] discusses capital aggregation in the context of immobile capitals but mobile labor
with labor allocated to firms by arbitrary rules.
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It is evident that in any case Y* can be written as
(3.2 Y* = G(K(1),...,K(n), L),

since the values of the L(v) will be determined in the course of the maximizing
procedure, so for this simple model there is no labor aggregation problem and the
entire problem is that of the existence of a capital aggregate.'®

By a well known theorem of Leontief, already referred to, (3.1).and (3.2) are
equivalent if and only if the marginal rate of substitution between any pair of the
K(v) in the production of Y* is independent of L. The problem is to see what this
implies about the original firm production functions, the f*. If we assume strictly
diminishing returns to labor, so that f}, <0 (v = 1,...,n), where the subscripts
denote differentiation, then it can be shown'! that a necessary and sufficient con-
dition for capital. aggregatmn is that every firm’s productxon function satxsfy a
partial differential equatwn in the form

S
fv fv
where the function g is the same for all firms. I know of no s:mple way to interpret
this condition directly in the general case,'? but most of its implications are clear
and interpretable enough. .

In the first place, one way in which (3.3) can be satisfied is for every firm’s
production function to be additively separable as in (2.4). This is natural, since we
already know that additive separability is a sufficient condition for capital aggrega-
tion whether or not labor is optimally allocated to firms. On the other hand, since
(3.3) is a necessary as well as sufficient condition for capital aggregation, it is
evident that if any one firm has an additively separable production function
(f%.. = 0), then no capital aggregate exists unless every firm has such a production
function. In other words, capital aggregation is not possible if there is both a firm
which uses labor and capital in the same production process and another which
has a fully automated plant. (I shall henceforth assume that there is no such
separablhty )

This is but the first of a number' of somewhat uncomfortable results with the
general characteristic that if there are one or two firms with production functions
having some property, then it matters very little what reasonable properties the
production functions of other firms have; aggregation will not be possible. A
stronger result of this kind can easily be obtained by observing that if constant
returns are not assumed, there is no reason why perfectly well behaved production
functions cannot fail to satisfy any partial differential equation in the form (3.3).
If some firm has such a production function, then exact capital aggregation is im-
possible regardless of the nature of the production functions of other firms;

(33) g(fL) ) (U = 15--’9")!

10 This problem has been studied in different ways by several authors. See, for example, Diamond [1],
Fisher [2], Gorman [6], Hall [8]; Nataf [19], Stigum [25], and Whitaker [27].

11 Gee [2] for the proof of this and other statements in this section.

12 If one assumes constant returns, (3.3) immediately becomes the condition that profits per worker
(or, indeed, average product) be the same for all firms when labor is optimally allocated. See [2].
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indeed, no capital aggregate in a production function sense will exist even if all
firms are exactly alike and capital physically homogeneous (but immovable).!?

It is evident on reflection, however, that this sort of problem arises in part from
the lack of constant returns since without constant returns it does matter how
production is organized into firms. Indeed, it is not hard to show that every
constant returns production function does satisfy a partial differential equation
such as (3.3), although naturally, not all constant returns production functlons
satisfy the same one.

Let us therefore assume constant returns for the moment and ask what conditions
are then necessary and sufficient for capital aggregatlon This can be done by
integrating (3.3), but at least so far as sufficiency is concemed it is more revealing
to take a different route.

Suppose that the production functions of the different firms differ from each
other only by a capital augmenting technical difference, that is, that each f* can
be written

B4) . fUK@), L) = f'(bK(), L@)) v=1...,n),

where the b, are positive constants (b, = 1). In this highly restrictive case, a
different capital good is equivalent in all respects to more of the same capital good.
It is then natural to think of measuring capital in efficiency units and natural to
suppose that with constant returns aggregation of capital will be possible since
firms will differ only as to amount of efficiency capital. Indeed, this is so; it will be
possible in this case to-allocate labor so as to make firms differ only as to scale and,
moreover, it will be efficient to do so. Constant returns will then allow firms to be
added together.

A formal proof along these lines is easy to give.!* It will suffice to consider two
firms. Define J = b, K(1) + b,K(2) (this will turn out to be the right definition)

" and recall that L = L(1) + L(2). The sum of the outputs of the two firms is

(35) Y= 1K), LAY + f1(b2KQ), L2)).

Since efficient allocation of labor requires that labor have the same marginal
product in both uses, it is clear that when Y is maximized with respect to labor
allocation, the ratio of the second argument to the first must be the same in each
of the two firms. Thus

L(l) L2) L

B8 D K1) BbK@) T

when labor is optimally allocated. Let

b,K(1) _ L(1)

J L

13 In this extreme case, however, a competitive market would lead all firms to the same equilibrium
position in the long run and capital would have the same marginal product in all uses. This makes
capital essentially a long run movable factor and takes us back to the case of full maximization dis-

cussed in the preceding section.
14 This proof is due to Solow [24, pp. 104-105].

3.7 A=
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(the second equality holding when labor is optimally allocated); then
(3.8) Y* = fY{AJ,AL) + f1((1 = A, (1 — AL) = f'J, L)
because of constant returns.

So far, so good. The trouble is that the case of capital augmenting technical
differences turns out to be the only case under constant returns in which a capital
aggregate exists.!> Only a very limited and special kind of technical diversity
can be accommodated. Just how limited that diversity is can be seen either from
contemplation of the definition of capital augmentation or from the fact that if all
firms differ only by a capital augmenting parameter, then when labor is optimally
allocated, average product per worker (as well as marginal product) and profits
per worker will be the same in all firms. '

As already indicated, the situation is even worse in most respects when we drop

the constant returns assumption. Here there are even cases (and such cases are the
rule, rather than the exception) in which no capital aggregate exists whether or
not firms are technically diverse. On the other hand, for a rather limited class of
cases, capital aggregation is possible under somewhat wider conditions than that
of merely capital augmenting technical differences. This is the class of cases in
which each firm’s production function can be made constant returns after a
suitable (generally nonlinear) stretching of the capital axis. Thus (omitting hence-
forth the firm index on the factors, where the context is clear):
39 SUK, L) = F'(H%K), L) v=1...,n
where the F° are homogeneous of degree one in their arguments and the H® are
monotonic. I have given this class of production functions the rather non-
euphonious name of “‘capital generalized constant returns” or “CGCR” for
short.!¢

It is easy to see that this case is really not analytically different from the constant
returns case for our purposes. Since, unlike labor, capital is not allocated over
firms so as to maximize output, it makes no difference whether we take the capital
goods in their original units or in their transformed, stretched units as being the
fundamental capital goods of the model. If we do the latter, it is evident that a
necessary and sufficient condition for capital aggregation is that the production
functions of the individual firms differ only in the ways in which the capital axis
is stretched, in the functions H® but not the functions F* of (3.9). This is a generaliza-
tion of capital augmenting technical differences which I have called *‘capital
altering.” Despite the fact that it is more general than capital augmentation, it
allows capital aggregation only in a restricted class of cases and is itself quite
restrictive. It is evident that the force of the conditions necessary for capital
aggregation is not to be evaded by dropping the assumption of constant returns.'’

!5 This holds true except for the trivial case of all production functions additively separable. This
result was proved independently by a number of authors. See the works cited in footnote 10.

16 Examples are easy to generate, the simplest being the nonconstant returns Cobb-Douglas,
AK°L?, which is, however, the only CGCR production function which is also homogeneous of some
degree other than one.

17 The class of CGCR functions differing by capital altering differences is not the only nonconstant

returns case permitting capital aggregation. There are some other very special cases. See {2, p. 273], for
example.
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One might well ask, however, whether the restrictiveness of such conditions may
not be a consequence .of the highly simplified nature of the model. Suppose that
there are several outputs, several labor types, and several capital goods produced
by or used by each firm. Unfortunately, it turns out that essentially the same results
apply when there are several outputs or several labor types, although conditions
such as (3.3) are replaced by rather more complicated matrix equivalents. The
presence of more than one kind of capital good for each firm does make some
difference, however, and this I shall now discuss.

The essentials of what is involved can be seen by examining the case of a single
output, a single labor type, but two capital goods. Thus the vth firm’s production
function becomes f*(K,, K, L), where the firmn index has been omitted from the
arguments. There are two questions. First, what are the conditions under which it
is possible to form an aggregate of only the first capital type (for example, an
equipment aggregate or a plant aggregate)? Second, when is it possible to form an
aggregate of all capital together (a total capital aggregate)?

These are not the same question and the conditions for one do not imply the
conditions for the other. In the formation of a K, aggregate only, marginal rates
of substitution between K, for different firms must be independent of K, ; this is
not required if K, is included in the aggregate. On the other hand, if K ; is to be so
included, then the marginal rate of substitution between K, and K, must be in-
dependent of L; this is not required if K, is to be left out of the aggregate.

Taking first the case in which only K, is to be in the aggregate, the Leontief
conditions turn out to be twofold. First, the Leontief conditions with respect to
labor require that every firm’s production function satisfy a partial differential
equation in the form

Sha
f;;fil.

where the function g is the same for all firms and does not depend on K,. This is
just {3.3) again, as one might expect. Unfortunately, however, whereas any two-
variable, -constant returns production function satisfies a partial differential
equation in the form of (3.3), not every three-variable function satisfies a partial
differential equation in the form of (3.10), for the presence of constant returns in
K,, K,, and L implies the absence of constant returns in K, and L alone. This
already means that K, aggregation requires conditions more stringent than we
found in the one-capital case; capital augmentation or K, augmentation and con-
stant returns wiil not do. The mere existence of a firm with a particular constant
returns production function (one not satisfying any equation in the form (3.10))
will prevent K aggregation.

To make matters worse, the Leontief condition with respect to K, is equally
stringent. Assuming (3.10) to hold, that condltlon becomes

(3.10) = g(f9) w=1,...,n),

(3.11) f;,x,—&éf&=o C(v=1,...,n).
fLL ’
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This condition can be interpreted as follows. Suppose a little K, is added to the
vth firm. There are two effects. The first of these is a direct effect on the marginal
product of K, ; it is f%,x,. The second is an effect through the reassignment of
labor. That reassignment can be thought of in-two steps. First, a certain amount of
labor is withdrawn from the system as a whole; second, it is assigned to the vth
firm.!® The change in labor available to the entire system has no effect on the
marginal rate of substitution between K in the vth firm and K in any other firm,
because (3.10) was assumed to hold. There is such an effect through the specific
assignment of more labor to the vth firm, however; like the direct effect of the
increase in K,, such reassignment shifts the marginal product of K, in the vth
firm but does not affect it in any other firm. It is easy to see that the amount of
reassigned tabor will be (— f%,./f%.) as this is just what will be required to keep
the marginal product of labor unaffected. Accordingly, the second term in (3.11),
including the minus sign, is the indirect effect on the marginal product of K, in the
vth firm. The condition (3.11) is that this must just cancel out the direct effect.

The condition (3.11)is obviously very strong. Just how strong it is may be grasped
in part by considering one of its implications. Suppose we define two factors as
complements if increasing one of them increases the marginal product of the other.
In two-factor, constant returns production functions, the two factors must be com-
plements, but not all pairs of factors need be so if there are more than two. Never-
theless, suppose that the vth firm has a production function with all three factors
complements. It is easy to see that the left hand side of (3.11) must then be positive
for that firm and no K, aggregate can-exist. :

Thus, for example, the existence of any firm with a three-factor Cobb-Douglas
production function in, say, plant, equipment, and labor : AK;K4L"' ~*"#, prevents
the construction of either a separate plant or a separate equipment aggregate for
the economy as a whole (although, as we shall see, it does not prevent the construc-
tion of a full capital aggregate). Similar statements are true about most easy three-
factor generalizations of two-factor, constant returns production functions. Even
the existence of some pair of factors which are substitutes, moreover, does not
guarantee either the satisfaction of (3.11) or the satisfaction of any condition in
the form (3.10). So far as the present assumptions are concerned, the construction
of a subaggregate of capital goods requires even less reasonable conditions than
the construction of a single aggregate in the case earlier discussed.

. What about the construction of a complete capital aggregate in the present case,
however? ‘Here the conditions, while not technically weaker, seem a trifle less
stringent than those for the construction of subaggregates.

In the first place, it is natural to suspect that a necessary condition for such com-
plete capital aggregation is that it be possible to construct such a capital aggregate
for each firm taken separately. This indeed turns out to be the case and it already
greatly restricts the admissible class of firm production functions. On the other
hand, many firm production functions having reasonable appearance will allow
such a construction ; the three-factor Cobb-Douglas is one.

18 This assumes that more rather than less labor will be assigned to the vth firm as a consequence of
its having an increase in K,. The opposite case is analogous.
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Curiously, however, whereas one might expect capital aggregation over all
firms to involve the condition that the individual firm aggregates all be of the
same form,'? this is the only restriction which is not involved, at least in the con-
stant returns (and the CGCR) case. As can be seen by applying the theorem for the
two-factor, constant returns case to the present problem with each firm’s individual
capital aggregate counted as a single capital good, the necessary and sufficient
condition for full capital aggregation in the constant returns case, given the
existence-of individual firm aggregates, is that all firms differ by at most a capital
augmenting technical difference. Interpreted in the present context, that means that
firms can differ as much as we like in the way in which their individual capital
aggregate is constructed ; they may not differ at all in any other way. It is as though
each firm used its basic capital goods to construct an intermediate capital jelly
which was then combined with labor to produce output. Capital aggregation is
possible (under constant returns) if and only if the only difference among ﬁrms isin
the way in which the jelly is constructed, not in how it is used thereafter.

This condition leads to a rather wider class of cases than appears from the two-
factor case. For example, if one firm has a three-factor Cobb-Douglas function,

(312)  fUK(1), Ka(1), L(1) = AK (1K1Y LY

(where the three exponents may or may not be restricted to sum to unity); aggrega-
tion will be possible over this firm and any other with production function

(3.13) UKD, K2(2), L(2)) = BK,(2¥ KLY

or, indeed, any firm with production function in the {now completely general)
form

(G.14)  f3K,3), Ky(3), L3)) = H(K,(3), K2(3)LG)".

" Note that the exponent of the labor term is the same in all cases ; the relative im-

portance of the K,(v) and K z(v) is allowed to vary at will. Nevertheless, the class
of cases allowing aggregation is clearly still very restricted.2°

Thus, capital aggregation turns out to require rather stringent conditions if
firms are technically diverse. This will, of course, come as little surprise to some.
After all, Mrs. Robinson has argued this sort of position for years.2! Indeed, one
might say that the wonder is that capital aggregation can be done at all, not that
it can only be done in rather restricted circumstances. Nevertheless, it is true
that capital aggregatlon can be performed in cases in which capital goods are
physically quite different and production functions allowed to differ over firms.
bel: A similar expectatlon turns out to be correct in the aggreganon of labor and of output discussed

W.

20 One mlght also add that the aggregate will look a bit odd. For the three firms just described,
it is

(.15) J = (4K (1FK,(1P)1 =7 4+ (BK(2FK (297 + (H(K,(3), KB 7.
The aggregate production function would be '
(3.16) Y* = JU7L
21 Gee [21], for example. Mrs. Robinson was not specially concerned with aggregation over firms.



564 FRANKLIN M. FISHER

The mere immobility and physical differentiation of capital goods does not prevent
the construction of such aggregates, even though the technical diversity that can
be accommodated is fairly limited. Moreover, the difficulties involved are not
associated with the question of fixed coefficients versus smooth substitutability.
They arise, as we have seen, in the neoclassical case,

‘What is perhaps more surprising than the difficulty of aggregating capital itself
is the fact that the immobility and physical differentiation of capital impose nearly
equally stringent conditions on the aggegatxon of labor types and of outputs. I
now turn to this question.

4, LABOR AGGREGATION AND OUTPUT AGGREGATION??

To consider the problem of labor aggregation, we must, of course, drop the
assumption that there is only one homogeneous type of labor and reinterpret L{v)
as an s-component vector, (L;(v), . . ., L,(v)), where L{v) denotes the amount of the
jth type of labor employed by the vth firm. It does not matter whether there is one
or more types of capital, so K(v) may be interpreted either as a scalar or a vector.
Clearly this provides a quite general model, save for the assumption that there is
only one homogeneous output. :

The case of output aggregation when there is only one labor can be handled
analogously. Relabel the single homogeneous labor as Y(v) and take L{v) to be the
vector of outputs and f” to be a labor requirements function rather than (directly)
a production function. Then the same model serves to discuss output aggregation.

Moreover, it is clear that both problems can be handled simultaneously. Let
Y(v) be the amount of a particular output produced by the vth firm and consider
all other outputs as negative inputs. Labor aggregation in the presence of many
outputs then becomes the problem of aggregating over a subset of the variable
inputs. The problem of aggregating outputs in the presence of many labor types
can clearly be similarly handled. Since the results in all important cases turn out
to be the same, there is no need to treat the various cases in detail here.

The principal regularity condition on the firm production functions which must
be imposed is that each of them have a negative definite Hessian with respect to
the variable inputs—essentially that each have strictly diminishing returns to any
linear combination of movable factors. This is, of course, the natural generahzatlon
of the condition f§,; < 0 in the simple model.

On the other hand, another assumption appears required which parallels a result
rather than an assumption in the capital aggregation problem. We are here prim-
arily interested in the cross-firm aggregation problem that arises because labors
or outputs are shifted over firms, given the capital stocks and production functions,
to achieve efficient production. Yet there is also a labor aggregation or output
aggregation problem within each firm. Thus, a labor or output aggregate might
exist for each firm separately and not for all firms together. This phenomenon is
the one we are analyzing. What is strange is that apparently there can exist a labor
or output aggregate for all firms together without one existing for each firm

22 This section is based on Fisher [3]. See also Stigum [26)].
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separately. (This can happen because the effect on the marginal rate of substitution
between two: variable factors of changing one of the capitals is different when one
considers only one firm from when one considers efficient factor reallocations over
all firms.) In the case of capital aggregation, this cannot happen. One can show that
a necessary consequence of aggregation over all firms is that an aggregate must
exist for each firm separately; in the case of the aggregation of variable factors
it is apparently possible, although I have not actually constructed an example.

Nevertheless, such a case, if it exists, is only a curioswm. It is hard to find much
interest in an aggregate so fragile that it exists over a set of firms but not over
proper subsets. If the existence of an aggregate production function depended on
this sort of phenomenon, then an earthquake which swallowed one or more firms
would also swallow the aggregate production function. I shall thus assume, as in
the capital aggregation case, that any aggregate to be considered already exists
at the firm level, even though (unlike the capital aggregation case) such an assump-
tion may not be technically necessary for the existence of the aggregate over the
entire set of firms.

This assumption, of course, imposes an already strong condition on the pro-
duction functions of the individual firms. Taking the labor aggregation case with
a single homogeneous output for simplicity and continuing to omit the firm
argument in Y, K, and L, the assumption means that every firm’s production
function can be written in the form:

@41 Y=/ 'K, L)=F(K ¢"(L)

where ¢ is a scalar-valued function (recall that L is now a vector).

Given such restrictions, however, it turns out that the conditions for labor or
output aggregation are weaker than those for capital aggregation, in the sense
that the existence of a capital aggregate for the entire set of firms implies the
existence of a labor or output aggregate. This is not too surprising. Recall the
constructive proof (given in the preceding section) that, under constant returns,
capital augmentation (which we know to be necessary for capital aggregation)
implies the existence of a capital aggregate. There, essentially, we could take every
f° as of the same form, absorbing the differences in the efficiency parameter
multiplying capital. It turned out that the aggregate production function then
also had that same form. If that form is assumed to permit labor (or output)
aggregation before capital aggregation, then it certainly continues to do so after-
wards. Nevertheless, the content of the theorem is not restricted to constant returns
nor, indeed, to the existence of a full capital aggregate, as-opposed to a subaggre-
gate. Thus, it is a bit stronger than this argument indicates.??

Unfortunately, the fact that labor or output aggregation turns out to require
technically weaker conditions than does capital aggregation (given the restriction
assumed) does not make it terribly likely that labor or output aggregates exist.

. Even aside from the strong requirement that the appropriate aggregate already

3 Details rhay be found in Fisher [3). The precise form of the results does appear to depend on
whether there is more than one output when laber is being aggregated, or the reverse, but the sense of
it does not.
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exist at the firm level, the conditions under which a labor or output aggregate
exists are quite unrealistic whether or nota capital aggregate exists. For constant
returns and ‘some related technologaes ;4 those conditions can be described in
several ways.

The simplest way to state such condmons (but perhaps not the most revealing
one) is to say that they amount to the requirement that the individual aggregating
functions, ¢° can be taken to be the same. The functions F¥ can differ unrestrictedly.
It is as though (for the labor case) we interpreted (4.1) as saying that each firm uses
its different labors without capital to make a composite variable factor and then
combines the composite with capital to produce output. A labor aggregate exists
over all firms taken together if and only if the production of the composite variable
factor from individual labors is the same for all firms. The way in which the
composite is used with capital to-produce output is not restricted.

It is interesting to note that this is just the reverse of the analogous condition
for capital aggregation. In the case of aggregation-over several capitals, we found
that the requirement was that the use of composite capital together with labor to
produce output should be the same for all firms. The construction of composite
capital from individual capitals was not restricted.

Since the functions, F®, are unrestricted (save to preserve constant returns),
stating the conditions for labor-or output aggregation in this way makes it appear
that a wide variety of technical differences among firms can be accommodated.
It is evident, for example, that if one firm has a Cobb-Douglas production function,
a labor aggregate can exist even 1f othcr ﬁrms have production functions in very
different forms.

Unfortunately, hawever, even though the technical differences which can be
accommodated are indeed wider than in the capital aggregation case, the realism
of the cases that can be accommeodated is not much greater. This can be seen by
considerifig an alternate (but équivalent) way of stating the neoessary and sufficient
conditions for labor or output aggregatlon

Under constant returns, it is easy to show that the individual aggregating
functions, ¢*, can be taken to be homogeneous of degree one. This means, however,
that the ratio in which a particular firm hires any two labor types or produces any
two outputs depends only on the relative wages of all labors or the relative
prices of all outputs. If (and only if).the ¢ are all the same, the same set of relative
wages for labor will lead to the employment of all labor types in the same relative
proportions for all firms ; similarly, the same set of relative prices for outputs will
lead to the production of all outputs in the same relative proportions for all firms.2*
Thus the existence of a labor aggregate requires the absence of specialization in
employment ; faced with the same set of wages, all firms must hire the same mix
of labor types, differing only as to scale of total employment. Similarly, the existence

24 Essentially, those technologies for which the individual aggregating functions, ¢, can all be
taken to bc homogeneous of degree one. There seems no point in going mto great detail here. Such
technologies include CGCR technologies as a special case.

23 Note, incidentally, that thas form of the condition implies the existence. of individual firm
aggregates, ¢".
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of an output aggregate requires the absence of specialization in production; faced
* with the same set of relative prices; all firms must produce the same market basket
of outputs, differing only as to scale of production. The mix of labor types employed
and the market basket of outputs produced are not constant, since they depend on
relative wages and relative prices, respectively ; but they are the same over all firms.
Obviously, this is not a realistic condition for firms in different, rather narrowly
defined industries.

What about the construction of subaggregates? Is that any easier? This question
is of some importance for three reasons. First, there are natural subaggregates
which one might want to discuss. The employment of skilled labor or the produc-
tion of nondurables comes to mind. Even if all labors or all outputs cannot be
aggregated, it would be useful if some could be. .

Second, we have been pretending that the conventional. d:stmcuon between
capital and labor exactly corresponds to the crucial distinction in this model
between fixed and movable factors. If some kinds of capital are, in fact, movable,
one might want to aggregate them or aggregate the true labors without aggregating
all movable factors together. I shall take up this mattet in'the next-section.

Third (a more narrowly technical matter), if we con&:der the problem of labor‘
aggregation in the presence of many outputs or the ptobiem of output aggregation
in the presence of many labors, and agree to call alternative outputs negative
factors, then we are in fact considering the question of forming an aggregate from
some proper subset of the variable factors. So, in a way, the existence of sub-.
aggregates is what we have been discussing all through this section.

This fact points to what the conditions for the existence of a subaggregate must
be (under constant returns). There are two. First, the subaggregate in question
must exist at the firm level. Second, the subaggregating functions must be the same
for all firms. Equivalently, faced with the same set of relative wages for the labors
to be included in the subaggregate, all firms must hire those labors in the same
relative proportions. Faced with the same set of relative prices for the outputs to
be included in the subaggregate, all firms must produce those outputs in the same
proportions.

These are the same conditions, suitably apphed that were involved in the
construction of a full aggregate. They can be more realistic in the case of sub-
aggregates, however, for a firm producing zero of some specified list of outputs
can be regarded as producing any given market basket of them at zero level. Thus,
some specialization in production (or, similarly, in employment) is allowed when
only a subaggregate is to be constructed. Any firm which produces any output in
the subaggregate, however, must produce all of them in the same proportions as
any other firm, so specialization is not permitted within the production of the
outputs (hiring of the labors) in the subaggregate.

One further point before proceeding. The fact that the conditions for sub-
aggregation turn out to be the same as those for full aggregation applied to a
subset of labors or outputs makes one suspect that the existence of a full aggregate
might well imply the existence of a subaggregate. This is so in the same sense that
the existence of a capital aggregate implies the existence of a labor or an output
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aggregate. That is, under constant returns, provided a particular subaggregate
exists for every firm individually, the existence of a full aggregate (or indeed of any
larger subaggregate) for the set of firms as a whole implies the existence of the
subaggregate in question for the set of firms as a whole. This is fairly easy to see
from the preceding discussion ; it is in sharp contrast to the case of capital aggrega-
tion already discussed where no such relationship holds.?®

5. HOW FIXED 1§ FIXED CAPITAL??’

So far, I have spoken as though the distinction between the elements of K and
the elements of L exactly corresponded to the conventional distinction between
capital and labor. Clearly, this need not be the case. The crucial distinction in the
model is that between fixed and movable factors, the elements of K being firm-
specific, so to speak, while the elements of L are shuffled over firms to achieve
efficiency. Some kinds of human capital, however (economics professors, for
example), may be capable of only one type of work in a specific place, while (rather
more importantly, perhaps) some types of physical capital may be mobile over
firms. Aside from such items as typewriters and other office equipment used by
nearly all firms, production equipment may in some cases be thought of as mobile
in the long run as efficient reallocation thereof takes place through depreciation
and reinvestment. This means that such immobile labor should be counted as an
element of K and such mobile capital as an element of L in our model. Since
conventional definitions still make it interesting to speak of a capital aggregate or
a labor aggregate rather than a fixed factor or movable factor aggregate, we must
therefore ask what becomes of our results if fixed and movable factors are to be
aggregated together.

Accordingly, in this section I briefly examine the case in which some, but not all,
capital goods are movable (the case in which some labors are fixed can be similarly
handled). Does such mobility make aggregation easier? The answer turns out to
depend on whether we are considering capital aggregates including both fixed
and mobile factors or whether we consider aggregates of purely fixed or purely
mobile factors.

In the case of partial capital aggregates including only the mobile capital goods,
the answer is clear. If one compares the conditions for subaggregation discussed
above for capitals and for labors, it is obvious that the conditions for such aggrega-
tion are rather less stringent when movable factors are involved than when fixed
factors.are. (Whether they are any more likely to be satisfied in practice is another
matter.) The primary reason for this is the fact that the construction of a sub-
aggregate of fixed factors when there are fixed factors left out, involves conditions
such as (3.11) which are very special and cannot, for example, be satisfied if all

26 The existence of a full aggregate also implies the existence of subaggregates for all firms which
exist for each one in various nonconstant returns cases. Curiously, as opposed to the capitai case where
subaggregation was hindered if all factors were complements, subaggregation in the labor or output
cases turns out to be aided by such pervasive complementarity. See Fisher [3] for details.

27 This section is based on Fisher [4].

0
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factors are complements. The construction of a subaggregate of movable factors
involves no such strong conditions. Hence it seems easier to aggregate a given
subset of capital goods if that subset is movable than if it is fixed.

Moreover, a similar remark applies (and for the same reason) if the subaggregate
to be constructed includes all the fixed factors. Leaving mobile factors out of the
aggregate just does not involve the same strong condition as does omitting fixed
factors. Hence it is easier to form an aggregate from a given group of capitals if
the remaining ones are mobile than if the remaining ones are fixed.

One would naturally expect some such result, for it is easy to see that mobility
cannot hamper aggregation. The conditions for aggregation when capitals are
fixed are conditions such that, when they are satisfied, aggregation becomes
possible no matter what values the various capital arguments have. Hence those
same conditions must imply the possibility of aggregation if some of the capital
arguments just happen to have those values which occur. when they are shifted
over firms to achieve efficiency. Thus, if aggregation is possible with capitals fixed,
it remains so when some (or all) capitals become mobile. It is therefore not too
surprising that mobility helps aggregation in the cases indicated.

What is perhaps surprising is that in the rather more general (and important)
case where mobile and fixed capitals are to be included in the same aggregate, the
mobility of some capitals does not change the aggregation conditions. Yet I have
shown this to be true, at least for the case of constant returns when all fixed capitals
and some mobile ones are to be aggregated. Despite the mobility of some of the
capital goods, capital augmentation (or the generalization thereof discussed at
the end of Section 3) remains necessary and sufficient for the construction of a
full capital aggregate. In this, perhaps the most 1mportant case, mobility does not
hurt, but it does not help either.?8

6. APPROXIMATIONS AND THE REAL WORLD: DO EXACT RESULTS MATTER?

So far, I have been concerned with the conditions that are sufficient and, especi-
ally, necessary for an aggregate production function to give an exact representation
of a diverse set of firms with technology embodied in fixed capital goods. I have
discussed those conditions assuming that the values of the variables are restricted
only by the requirements of economic sense and of efficient allocation of movable
factors. Obviously, the requisite conditions turn out to be terribly strong.

Yet such exact results may not be of much practical force. What we really care
about is whether aggregate production functions provide an adequate approxi-
mation to reality over the values of the variables that occur in practice. This is
especially so for the empirical studies of production functions, technical change,
growth, and related subjects; it is less so for theoretical studies of optimal capital
accumulation and growth where the variables are less likely to be restricted in

28 There are some differences in the extension of the results to nonconstant returns (it matters
whether a production function is CGCR because a stretching of the fixed capital axis brings it back to
constant returns or whether stretching of a mobile capital axis is involved), but they do not seem worth
going into in detail. See Fisher [4].
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range. Yet even there, one is perhaps interested less in exact results than in good
approximations. .

Now, there are two ways in which the values of the variables might be restricted.
The first of these is simply a restriction as to range. We know that the values of
the various capitals and labors observed in practice are restricted, by the finiteness
of the present economy, to lie in a bounded set. It might be the case that such
restriction, together with the relaxing of our requirements from exact results to
good approximations, leads to a substantial relaxation of our conditions for
aggregation. This is the possibility that I shall discuss in the present section.

On the other hand, whether or not the range of the variables is restricted, there
may be some other conditions that, so to speak, reduce the dimensionality of the
problem, just as the requirement that labor be optimally allocated reduced the
problem from one in which the independent variables included each firm’s employ-
ment of labor to one in which-the only exogenous labor variable was the total
employed by all firms. I shall return to this possibility below.

For the moment, then, I ask the following question :2* Suppose the elements of
K and L are restricted to lie in a bounded rectangular region, S. Suppose further
that we no longer require that an aggregate production function exist which
exactly equals the true disaggregated production function but rather require that
an aggregate production function exist which comes within some specified distance,
¢, of the true production function for all points in S.3° To what extent can the
rather stringent conditions already discussed be relaxed?

There is one -obvious way in which such relaxation is possible. It is easy to see
that if we are only interested in approximate results, we need only require that
our exact conditions hold approximately. Thus, in the simplest case, it will clearly
suffice for approximate capital aggregation that all technical differences among
firms be approximately capital augmenting. (Naturally, how close to capital
augmentation the situation must be depends on how close an approximation in
the results is required.) As is usually (but not always) the case, small errors have
small consequences.

Unfortunately, this is not a terribly helpful result. The reason for being unhappy
with capital aggregation, for example, is not merely that one thinks technical
differences are not likely all to be exactly capital augmenting but that one thinks
there are some differences that are not anything like capital augmenting. It is not
much comfort to know that small deviations from capital augmentation can be
tolerated when one believes that sach deviations may well be large.>!

The interesting question, therefore, is whether there are any other cases—cases
in which our exact conditions are not approximately satisfied but in which an
aggregate production function gives a satisfactory approximation for all points

29 The following discussion is based on Fisher [§], which deals with a more general problem than
the existence of aggregate production functions.

39 Similar results hold if the standard of approximation is not absolute but relative to the size of
output. '

31 Honesty requirés me to state that I have no clear idea what technical differences actually look like.
Capital augmentation seems unduly restrictive, however. If it held, all firms would produce the same
market basket of outputs and hire the same relative collection of labors.

ne
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in S. Naturally, the answer depends on what one means by a “satisfactory approxi-
mation’’ as well as on how badly our conditions are violated. Nevertheless, the
general answer appears to be in the negative.

Without going into great detail,3? it turns out that the only way in which such
approximations- could result would be if we were willing to accept production
functions which were very irregular in a well defined sense. More particularly,
assuming twice differentiable production functions (and it seems vain to hope that
differentiability makes any substantial difference here), such approximations could
only result if either the true production function or its aggregate approximation
had first or second derivatives exhibiting very large rates of change both up and
down on every closed rectangular subregion of S. Put not quite precisely, those
derivatives would have to fail to satisfy a Lipschitz condition in the limit as the
required approximation became closer and closer to the truth. Moreover, the
violation of the Lipschitz condition would have to take place both above and
below. In less technical language, the derivatives would have to wiggle violently
up and down all the time.?* There is nothing wrong with functions having such
properties, but we do not ordinarily expect production functions to exhibit this
kind of behavior. Certainly, it is not exhibited by the aggregate production
functions used in practice.

Naturally, there is a bit more to it than this. In particular, how “irregular”
things have to be depends on how closely the aggregate production function is
required to approximate the true state of affairs as well as on how badly our exact
aggregation conditions are violated and the functional forms and range of variables
involved. Nevertheless, there can be no presumption that -our exact conditions
don’t matter simply because one is interested in reasonable approximations over
a limited domain. Indeed, I think the presumption must be the other way. Such
an escape from the stringency of the conditions will be available, if at all, only in
rather special cases. ‘

7. BUT IT DOES MOVE, ALL THE SAME

Despite all this, there is, after all, considerable evidence that aggregate pro-
duction functions may be appropriate approximations. I do not put much weight
on the fact that estimates of aggregate production functions from output and
factor data tend to yield high R?'s; the aggregates are highly correlated with the
variables in the true specification, and, anyway, high correlations are fairly easy

32 See Fisher [8].

33 The problem is analogous to (and indeed derived from) the problem of whether a differentiable
function of one variable can be close to zero everywhere on a bounded interval and yet have its derivative
not generally close to zero, that is, not be reasonably flat. The answer is clearly yes, but not if the function
must also look “regular.” The function f(x) = 4sin(x/4), for 1 > 0, is everywhere between +4 and

- A Itsderivative is f'(x) = cos (x/A) which is not everywhere close to zero when 1is small. The derivative

fluctuates up and down, however, with the fluctuations becoming more and more frequent as we force
the function closer to zero by taking smaller and smaller values of . As we approach the limit, the
second derivative fails to exist, and, more important, the first derivative wiggles violently up and down
in any small closed interval.
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to generate. On the other hand, there is apparently nothing about the aggregation
or estimation procedure involved in such studies to guarantee that the production
functions so estimated will give approximately the correct picture of factor shares.
Yet, clearly, this is the case. As Solow once remarked to me, we would not now be
concerned with this question had Paul Douglas found labor’s share of American
output to be twenty-five per cent and capital’s share seventy-five instead of the
other way round.

How do we account for this? It is hard to be sure, but I have fairly strong suspi-
cions.

It is clear, of course, that if something is at work behind the scenes which reduces
the dimensionality of the problem in ways not accounted for in our analysis, then
aggregate production functions may work well even though we conclude that they
ought to work badly. The simplest example of this is the case in which, for reasons
unspecified by us, firms always invested in proportion to a particular index, J.
In that case, J would clearly be a suitable capital aggregate regardless of our
analysis, so long as that behavior continued. If firms invested approximately in
fixed ratios, then J would be an approximate aggregate. Similarly, if outputs were
always produced or labors always hired in approximately fixed proportions, then
an approximate output or labor aggregate would exist. 7

To take a different example, suppose that all capital goods were produced and
rented (but not sold) under conditions of monopoly with prices administered. If
all such prices were fixed over time, then firms using those goods as inputs would
have to adjust to make the marginal rates of substitution between pairs of capital
goods equal to the fixed price ratios. Even if each firm used a different capital good,
but produced the same output as other firms, such equality would come about
through the equating of the marginal revenue products with factor prices. In such
a case, a capital aggregate might not exist in general because the marginal rates of
substitution among pairs of capitals would not generally be independent of labor.
Nevertheless, a capital aggregate would appear to exist because the marginal rates
of substitution in question would be fixed.>* Naturally, the fixing of those rates
could not be plausibly regarded as a purely technical matter, and the aggregate
would only be appropriate so long as the capital goods industry failed to change
relative prices.

Similarly, if the relative prices of outputs or of labors were administered and
more or less stable, an output or a labor aggregate would appear to exist and would,
indeed, be perfectly appropriate so long as such price behavior persisted.

Finally, there is the possibility that there are systematic forces at work which we
simply haven’t thought of Suppose, for example, in the one-output, one-labor
case, that all technical differences were indeed capital augmenting. As we know,
a capital aggregate would then exist and an aggregate production function would
give good results. An observer who had not considered the possibility that labor
is efficiently allocated (by the market or by planners) would be rather puzzled,
however. He could observe the good results, but, unless he thought every firm’s

34 This is, of course, a special case of Hicks-Leontief aggregation. See Hicks [9; p. 33] and Leontief
[13).
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production function were additively separable, he would also believe that such
good results could not generally be expected. Similarly, in the present instance,
it is possible that some systematic phenomenon is at work which, like the efficient
allocation of labor, restricts the dimensionality of the problem and widens the
class of cases in which aggregate production functions give appropriate answers.

These three possibilities are not mutually exclusive and there may be some
element of truth in all of them. For the present, anyway, I tend to favor the first
over the latter two. , ,

In a way, the third hypothesis—that there are forces at work which we haven’t
taken into account—is not a hypothesis at all. Unless one is willing to be specific
about what such forces are, it is impossible to refute the contention that they are
there. I have nevertheless listed this possibility for two reasons. First, the example
of the efficient allocation of labor and its effects on aggregation makes one realize
that there very well may be plausible systematic effects left out of consideration
and points toward the nontrivial way in which such effects might operate. Second,
there is, after all, something real to be explained. To the extent that the other two
possibilities (approximately constant relative proportions and approximately
constant relative prices) do not succeed in accounting for the observed facts, then
we must admit our ignorance in this regard. I point out, however, that if this turns
out to be the case, then reliance on aggregate production functions is reliance on
the continuation of badly understood phenomena. An investigation of this problem
ought then to have very high priority in future research.

Turning to the hypothesis that it is administered and sticky prices that make
aggregate production functions look good, I believe this should have some weight,
but it is hard to say how much. The difficulty is knowing how stable relative prices
have to be in order to give aggregate production functions the appearance of work-
ing. It is also not trivial to construct an index of stability for relative prices which
has reasonably desirable properties (such as symmetry, freedom from scale,
independence of original distribution of relative prices, and so forth). I have
constructed one such index for the stability of relative output prices and of relative
capital goods prices in the United States, disaggregating to fifteen outputs and
six capital goods. For what it is worth, that index shows a high degree of stability
relative to the rather foolish null hypothesis of independence over time, but whether
that degree is high or low for the question at hand, I simply do not know, and 1
have thus decided not to report the details. Certainly, there are many administered
prices in modern economies but whether that alone accounts for the performance
of aggregate production functions seems rather doubtful.®® Still, sticky relative
prices may be part of the explanation.

The hypothesis that seems the most promising is, as indicated, the possibility
that the ratios of items in a particular aggregate do not change very much so that
the aggregate is approximately correct over the observed data. In particular, if
the economy does not depart too far from balanced growth, this will be the case,
but it should be noted that balanced growth is only a leading very special case of

35 One could hope to go some way toward finding out by simulation studies, but I have not thus far
done so because the simpler hypothesis about to be discussed seems more promising in this regard.
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this kind of thing. Neither exponential growth nor constant ratios among labor,
output, and capital (or particular labors, particular outputs, and particular
capitals) are required. All that it takes for a capital aggregate are constant ratios
of capital goods ; for a labor aggregate, constant ratios of labor types are involved;
and for an output aggregate, we require constant ratios among outputs. This does
not seem a wild departure from the facts and, indeed, real economies may not
depart too far from balanced growth, but again, how big a departure will leave
aggregate production functions with good results cannot be settled easily.

1 am currently in the process of conducting simulation experiments with the
simple one output, one labor model and the results, while very preliminary, are
quite suggestive. Briefly, they indicate that an aggregate production function does
quite well for small, plausible, unsystematic movements in the ratios of the capitals.
A relatively large, systematic trend in such ratios of more than a few per cent a year
causes things to break down rather badly. As one would expect, such sensitivity
to systematic change is worse the farther the departure from exclusively capital
augmenting technical differences. A plausible extent of such departure can be toler-
ated, however, solong as capital ratios do not systematically move by amounts more
than a very casual glance suggests are typical of real economies in the short run.

I hope to be more precise about these results in a later paper, but, if they hold up,
they certainly suggest that the good performance of aggregate production functions
may be due to the fact that there is not a great deal of movement in the relative
variables.>® This makes conclusions drawn from such aggregate functions valid
so long as things keep on moving pretty much together ; it makes such conclusions
suspect if extended to movements between balanced growth paths; and it suggests
that conclusions for large aggregates drawn from internationally derived estimates
may be particularly shaky.

8. WHY DOES IT MATTER?

This leads directly to the final question which I wish to consider, that of the
consequences of all this. Ought one to be particularly concerned over these results?
Further, why should one be more concerned with aggregation difficulties in
production functions than in other areas of economic analysis—consumption
functions, for example.

The answers to these questions seem to me to be related and they bear, as they
must, on the uses to which production functions are put.

The first such use may be regarded as primarily descriptive. We estimate
production functions to give some idea of what is happening to productivity or
to use as one piece of a forecasting model, and so forth. In this kind of use, a
production function plays a role not very different from that played by consump-
tion functions and aggregation difficulties ought perhaps not to seem more alarm-
ing in the former than in the latter case. In both cases we know that such difficulties

36 This seems even more plausible if we recall that recession years in which there may be such
movements are frequently excluded from the estimation process or are otherwise adjusted for capacity
utilization.
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are there in principle ; in both we recognize that some degree of approximation is
involved: in both we realize (if we are careful) that such approximations will get
worse the more things move around.

If there is a difference here, it is perhaps in the confidence one can have as to the
usefulness of the approximations. In the case of a linear consumption function
(which I take merely as the simplest example), we know that an aggregate will be
all right so long as either individual marginal propensities to consume are about
equal or so long as the distribution of income remains relatively fixed. The former
possibility does not seem outlandish, and the second has been roughly true for
some time. In the production function case, however, the parallel to the equality
of marginal propensities is (in the simplest example) the condition that all technical
differences be approximately capital augmenting and this simply does not seem
very plausible when aggregating over different industries. Similarly, rough
constancy of the ratios of different capital goods, of different labor types, and of
different outputs (if that is what accounts for the success of aggregate production
functions), seems somehow an even less well understood phenomenon than that
of rough constancy of the income distribution and therefore a less reliable reed
on which to lean. Still, I am unwilling to press this last point and this descriptive
use of aggregate production functions may well not be much worse than similar
uses for other aggregates.

Production functions are not merely used in a direct descriptive way, however.
For one thing, they are used together with marginal productivity theory to generate
equations to help explain factor prices and employment. This indirect use has no
parallel in the case of consumption functions and it means that production
functions bear a relatively heavy burden in the analysis of growth. At the very
least, this means that we ought to be extra careful about the analysis of a functional
relationship on which we are going to put such weight.

Still, so far as empirical work and forecasting is concerned, aggregate production
functions often give good results not only in the relation of outputs to inputs but
also in their wage and factor share implications. Again, so long as the relevant
ratios don’t move too much, this is not accidental.

The real problem seems to me to come in analyses in which those ratios can be
expected to move—in long run forecasting or in theoretical, descriptive, or
normative growth models in which the characteristics and existence of an aggregate
production function are of crucial importance. Such studies cannot afford to
assume that balanced growth or constancy of ratios will continue, for they are
concerned with the very forces that change such behavior. For such studies, the
fact that an aggregate production function cannot be expected to exist even as
an approximation is clearly very serious.

Does this vitiate the usefulness of such models? Not necessarily. Theorems
derived for one and two sector growth models may very well have more general
application. If they do, however, it will be because insights and methods developed
in the analysis of such models carry over to less aggregative studies. It will not be
because those models themselves directly summarize the technical relationships
of highly diverse economies.
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In short, it seems to me important to worry about aggregation in production
functions because production functions are themselves important. They, and their
implications, play central roles not only in empirical work but in theoretical
analysis. Just because it is possible to use aggregate production functions for grand
statements about long run growth and technical change, it is important to be
careful about the foundation for such statements. At present, that foundation
seems solid only insofar as relatively small changes are concerned. The analyses
which I have here summarized have convinced me that there is at least need for
great caution in this area. It may be recalled that Solow’s seminal article [22, p. 312]
called for “more than the usual ‘willing suspension of disbelief’ to talk seriously
of the aggregate production function.” That suspension has clearly led to very
fruitful results. I am, however, finding it increasingly difficult to maintain. The
conditions for the existence of aggregate production functions, at least when
widely diverse industries are included, seem very, very strong.

Massachusetts Institute of Technology
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