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Abstract

This paper studies consumption and portfolio choice under incomplete markets and parameter
uncertainty. I establish the necessary conditions under which the investor’s optimization problem
under incomplete markets can be transformed into a complete markets problem. This paper extends
the literature on asset allocation by obtaining closed form solutions to the consumption and portfolio
problem of an investor with incomplete information about variables which determine the changes in
the investment opportunity set and by stating a set of conditions which allow the treatment of the
incomplete markets consumption and portfolio choice problem with martingale methods developed
in the complete markets framework. The methodology presented in this paper bridges the gap
between the numerical and approximate solutions found in incomplete markets consumption and
portfolio choice problems and the closed-form solutions found in complete markets consumption

and portfolio choice problems.



1 Introduction

This paper studies consumption and portfolio choice under incomplete markets and parameter
uncertainty. I establish the necessary conditions under which the investor’s optimization problem
under incomplete markets can be transformed into a complete markets problem. This paper extends
the literature on asset allocation by obtaining closed form solutions to the consumption and portfolio
problem of an investor with incomplete information about variables which determine the changes in
the investment opportunity set and by stating a set of conditions which allow the treatment of the
incomplete markets consumption and portfolio choice problem with martingale methods developed
in the complete markets framework.

Under assumptions on the dimension of the security space and the unobserved state variable
process, together with a restricted form of parameter uncertainty, we can apply the certainty equiv-
alence of Simon (1956) and solve the consumption and portfolio choice problem substituting the

1" Under certainty equivalence, the separation of the in-

unknown parameters by their estimates.
ference problem and the optimization problem applied initially to continuous time asset allocation
models by Detemple (1986), Dothan and Feldman (1986), and Gennotte (1986) holds. These au-
thors study the consumption and investment problem under incomplete information arising from
an unobserved state variable. They show that the optimization problem where some parameters
are unknown can be transformed into an optimization problem using the estimates of the unknown
parameters and the price and state variable processes obtained by the inference problem. In con-
tinuous time, portfolio choice under parameter uncertainty can then be solved in two steps. First,
unobservable parameters are estimated by filtering signals for unobservable parameters from the
observable data. Second, the investor chooses optimal consumption and portfolio policies given
these estimates . I follow their algorithm under the plausible assumption that the rank of price
processes is equal to the dimension of observable shocks in the economy, ensuring market complete-
ness after the investor solves the inference problem. This implies that prices are the only signals
investor used to estimate unobservable state variables as would be expected if the semi-strong form
of market efficiency holds. I apply the Cox-Huang (1989) technique to the consumption and portfo-
lio choice problem. I assume steady-state dynamics in the inference problem to obtain closed-form
solutions to the consumption and portfolio policies and find substantial reductions in the hedging
demand of an investor relative to models where the role of parameter uncertainty is not consid-

ered.? We can also determine, under preferences over terminal wealth, a certainty equivalent wealth

! Gennotte (1986) provides the following definition for certainty equivalence: The certainty equivalence principle
states that if the objective function is quadratic and if the controlled process is a linear function of the unobservable
state variables, then the optimization problem can be solved assuming the unobserved variable are known and equal

to their conditional expectation.
’In the inference problem, steady state dynamics are satisfied when the variance of the estimation error for



based measure of the benefits of full information. Furthermore, I show steady-state learning is not
a strong assumption given the amount of price data currently available. In our calibration, we
show an agent with 10 to 15 years of data essentially displays the same inference problem as the
steady-state inference problem.

Evidence of predictability in asset markets has revived the consumption and portfolio choice
literature. Recently, economists have focussed on hedging demand due to changes in the investment
opportunity set. Merton (1971) derives the existence of a hedging portfolio that accounts for changes
in variables determining the attractiveness of future investment opportunities. At the time, the
empirical evidence was unable to reject the hypothesis that asset prices followed a random walk.
Without time varying returns, it followed naturally that portfolio choice should be entirely myopic.
More recently, Poterba and Summers (1988), Campbell and Shiller (1988) and Fama and French
(1989) find evidence of predictability in the time series of asset prices. Lewellen (2001a) show that
mean reversion in stock return may be even stronger than previously perceived. He shows that
mean reverting component comprises more than 25% of stock returns. With abundant evidence
that expected returns are time varying, Kim and Omberg (1996) study the role return predictability
on optimal asset allocation problem, finding closed form solutions for the hedging demands. More
recently, Brennan (1998), Brennan, Schwartz, and Lagnado (1997), Campbell and Viceira (2002),
Chacko and Viceira (2001), and Liu (2001), extend this work in a variety of directions. For example,
Wachter (2002) shows that in a complete markets model, hedging demand due to mean reversion
in expected excess returns can explain why investment advisors suggest younger investors should
have more of their wealth allocated to the risky asset than older investors. This result has been
dubbed the investment horizon effect.

While there is abundant evidence of predictability, there is good reason to question the stability
of the time series relationships seen in historical data. Any reasonable normative model of portfolio
choice must hence acknowledge a role for parameter uncertainty. Bawa and Klein (1976) and Bawa,
Brown, and Klein (1979) study the role of uncertainty in asset allocation. Kandel and Stambaugh
(1996) extend the theory to consider uncertainty about the predictability in asset prices. They find
that the predictive relation between returns and the dividend to price ratio, although statistically
weak, is economically significant even in the presence of estimation risk. In other words, investors
should account for predictability in the portfolio decision, hence it would be suboptimal for the
investor to invest under the assumption of a random walk process for asset prices and ignore
the role predictability should play in asset allocation even when the evidence of predictability is

statistically weak. Balduzzi and Lynch (2000) find that even in the presence of transaction costs,

the unobserved variables does not change with additional observations. The assumption of steady-state dynamics
essentially reduces the state space because, under steady-state inference, the variance of the estimation error is not

a state variable.



ignoring predictability in asset prices comes at a substantial cost, in terms of utils, to the investor.
Barberis (2000) extends Kandel and Stambaugh to a dynamic asset allocation problem. In his
model, the hedging demand created by the interaction between learning and the current value of
the state variable is ignored. Xia (2001) extends Barberis (2000) to consider such interaction and
finds that this component of the hedging demand is non-monotonic and can change signs depending
on whether the dividend-price ratio is above or below the assumed long run value for the ratio. Her
paper is the first one to question the investment horizon effect.

In this paper, I develop a normative model of portfolio choice under the assumption that the
agent understands the degree of predictability, but not the value of the predictive parameter. This
setup is motivated by the standard assumption that excess returns to risky assets are a function
of the volatility and the market price of risk. Several empirical studies have shown volatility
is easily estimated, hence, the source of parameter uncertainty we should care about lies in the
parametrization of the market price of risk. In this case, under the assumption of steady-state
inference, closed-form solutions are readily obtainable. My results are novel in two dimensions.
First, I show how parameter uncertainty, a reasonable assumption to make given the empirical
evidence presented above, can help us simplify the consumption and portfolio choice problem.
Second, I find closed form solutions to both the consumption and the portfolio policies when markets
are incomplete. Recent articles in operations research address some of the issues raised in this paper.
Lakner (1995,1998), Karatzas and Zhao (2001), and Rishel (1999) study the asset allocation problem
under incomplete information. The focus of these papers is methodology. My approach focuses on
how partial information can substantially change the economic intuition regarding consumption and
portfolio choice. My paper is an extension of Liu (2001) and Wachter (2002) to incomplete markets
in a partially observable economy. Similarly, it can framed as an extension to Barberis (2000) by
allowing for exact solutions to the consumption and portfolio choice of the investor under parameter
uncertainty. Our also offers an alternative to the approximate solution methods for consumption
and portfolio choice in incomplete markets presented by Campbell and Viceira (1999,2002), and
Chacko and Viceira (2001).

Section 2 discusses the structure of the economy and solves the optimization problem of the
agent in a partially observable economy in a general setting. I provide a simple application of
the separation theorem as it applies to our model, the filtering theory of Lipster and Shiryayev
(2000), and the complete markets portfolio choice methods of Cox and Huang (1989). In Section
3, I study stock price predictability under the assumption that the instantaneous Sharpe ratio is
not observable and solve for the optimal consumption and portfolio policies. This section can be
considered an extension of Liu (2001) and Wachter (2002) to incomplete markets in a partially
observable economy. We calibrate the model to the VAR of Campbell and Viceira (2000), extended

to continuous time in Campbell, Rodriguez, and Viceira (2002). I compare our results to Wachter



(2002) where the investor assumes complete markets and show parameter uncertainty has a strong
effect in the portfolio choice of the agent. We also compare our investor to an investor with
full information about the process driving the Sharpe ratio and obtain a measure of the cost of
incomplete information. In Section 4, in the context of the example considered in Section 3, I
simulate how an investor, with a given prior variance for the estimation error of the unobserved
variable, learns about the variable and how the variance of the estimation error changes with each
new observation. I show the variance of the estimation error should not be a major consideration
in these problems such that parameter uncertainty, the estimate of the unobserved variable, drives
differences between the policies obtained under incomplete information and those obtained under
complete information. I show, given the amount of data available to the investor, changes in the
variance of the estimation error are negligible, such that assuming steady state in the inference
process is not as strong an assumption as might be initially expected.®> Section 5 concludes and
offers a variety of extensions for the methodology presented in this paper including extensions for

other asset allocation models and option replication portfolios.

2 The Model

The economy consists of a set of securities with price processes defined in continuous time and
a representative agent with utility over lifetime consumption. Assume time ¢ takes values in the
set 7 =[0,7]. Consider a probability space (2, F,P) and filtration F. Assume the filtration is
right-continuous and the probability space is complete. Assume the existence of a dz—dimensional
orthogonal Brownian Motion Z and a dyy-dimensional orthogonal Brownian Motion W on the
probability space such that F is the standard filtration generated by Z and W. The Brownian
Motions Z and W are assumed to be orthogonal to each other. For all Ito processes in this paper

assume all drift coefficients are defined in £! and all diffusion term coefficients are defined in £2.4

2.0.1 Securities Market and State Variables

The securities market consists of a riskless asset, the money market account, which pays the locally
riskless rates at all times, and N risky securities which span Z, the Brownian motion related to

shocks in asset prices. The money market account grows at the riskless rate of return. The price

3Even under steady state inference, the investor does not observe the unobservable variable because under steady
state inference the variance of the estimation error is positive such that the estimate might not equal the true value

for the variable.
4 Assume the following definition for the sets described in the paper hold:

L= {XEE:fOT | X¢| dt < o0 a.s.},
2={XecL: [ X2t <oo as}.



of money market account satisfies
dBt = By [rydt] (1)

where 7 is the locally riskless rate of return.

The prices for the risky securities are given by the following multidimensional Ito process
dSt = St [/LStdt + UStdZt] y (2)

where pg, € (ﬁl)N and og; € (EQ)NXdZ . Assume the dimension of the Z is equal to the rank of
ogt almost surely. The drift component represents the instantaneous expected return for the asset,
while the diffusion is defined as the volatility of the asset.

Changes in the investment opportunity set of the agent are represented by a vector X; of state

variables. The state variables satisfy the following multidimensional Ito process:

dX; = NXtdt + ox1dZy + owdWy, (3)

Nxdz ,and oy € (£2)NXdY. The market is incomplete since the

where 1y, € (El)N, oxt € (£?)
dimension of Z plus the dimension of W is greater than the diffusion coefficient of the security
prices. Some of the state variables might not be observable. We will assume that the number of
unobservable parameters is equal to the difference between the total number of shocks and the

number of shocks spanned by market securities. In other words, the rank of oy, is equal to dyy.

2.0.2 Investors Preferences and Budget Constraint

The economy consists of a representative investor with utility over intertemporal consumption. The
investor’s preferences are assumed to satisfy the standard constant relative risk aversion, power

utility function:

Ep

T 1—y
/ e %t Ldt] 7 (4)
0

L=y

where v is the coefficient of relative risk aversion and ¢ is the agent’s discount rate. We assume

the agent budget satisfies:
dW; = W, {[Tt =+ (MSt — T‘tb)] dt + OétO'StdZt} — Cydt (5)

and the agent is subject to a non-negative wealth constraint.



2.1 Solution for the Model

This section solves the investor’s optimization problem. The agent optimization problem is to
maximize (4) subject to (5) and the non-negative wealth constraint under the filtered processes.
Similar to Detemple (1986), Dothan and Feldman (1986), and Gennotte (1986), the investor’s con-
sumption and portfolio choice problem follows two major steps: (1) an inference problem in which
the investor updates his or her estimate of the unobservable state variables, (2) an optimization
problem in which the agent chooses her optimal consumption and portfolio policies under the new
estimate for the unobservable state variables. We can use the separation theorem stated above as
long as certainty equivalence holds.”

The rest of this section I solve the investor’s inference problem and optimization problem. I pro-
vide conditions which satisfy the continuous-time equivalent of the certainty equivalence principle

to hold and apply the separation theorem to our problem.

2.1.1 Inference Problem

Certainty equivalence is satisfied when the power of any variable in the value function is at most
two. In order to satisfy the conditions for certainty equivalence, we assume the drifts of the stock

price processes in (2) is given by

pse = Bor + Bxi Xt (6)

and the drifts of the state variables processes in (3) satisfy
Hx¢ = Aot + altXt. (7)

Since the state variables are linearly related to the stock processes, it follows the linear-quadratic
structure required for certainty equivalence holds for continuous time consumption and portfolio
optimization problem.

An example of a model that would satisfy (6) and (7) is to assume the dividend to price is
incorrectly measured since dividends are obtained at most at quarterly frequency and prices are
updated continuously and expected returns on stock prices are predictable by the dividend to price
ratio. For the example, X;, would be the dividend to price ratio. We can also assume X; is the

earnings to price ratio and do the same analysis.

?Certainty equivalence (Simon (1956)) allows us to replace the unobservable variables with their least squares
estimates in the optimization problem. Gennotte explains how the certainty equivalence argument clearly holds in
continuous time because instantaneous changes in the optimization problem depend solely on the first and second
moments of the processes. When certainty equivalence holds we can separate the investor’s problem into an inference
problem and an optimization problem subject to the estimated values for the unobservable parameters obtained in

the inference stage.



The inference problem is solved with filtering methods covered in Lipster & Shiryayev (2000).
We follow their treatment as it applies to our model. Assume the investor observes instantaneous
returns to the money market account (1) and the equity (2). Assume the investor also knows
08ty 0Xt, 0Vt Bots Bxts Got, a1¢. However the investor does not observe the current state of X;.
Consequently, none of the Brownian Motions in the economy are observable.

Agents begin with the same prior Xg ~ N ()A(g, v0>. In terms of the filtering literature, we can
think of (1) and (2) as the observation equations and (3) as the system equations. The filtering
theory for continuous time developed by Lipster and Shiryayev, allows us to describe the dynamics
of the mean and the variance of the distribution of the unobservable stochastic process X;. The

instantaneous changes in the drift and the variance-covariance matrix of X; are given by:

iX, = [aOt—l—alt)?t} dt + [aXta’Sthtvt} [aSta’St]_l [S{ldSt - (ﬁoﬁﬁ;{p@) dt} .8
dv,

—1
i / i ! ! i
di a1Vt + vty + 0x10xy + OyiOyy — [UXtUSt + 5Xtvt} [UStUSt} [UXtUSt + ﬂXtUt} (9)

Note that v is a multi-dimensional Riccatti Equation and can be solved following Reid (1972).
The new innovation process, defined as the normalized deviation of the return from its condi-

tional mean is given by
AZ; = o5} sy — (Boc + B X ) | dt + a2y (10)

Although Z; is not observable, the innovation process Z is derived from observable processes and
is thus observable. The process (10) implies that the risky securities returns (2) are observable

under the form

s, = S, Kﬁm n 5Xt)?t> dt + aStdZ} (11)

The dynamics for the state variables also become observable under the new innovation process.

The state variables dynamics are given by the equation
~ ~ , PN TN
aX; = |age +auXe| dt + |oxios + Bxpe| (o) dZ (12)

As long as the securities span the rank of Z , we achieve market completeness. It is this result which

will allow us to tackle the optimization problem by means of the Cox-Huang (1989) technique.

2.1.2 Optimization Problem

As far as the investor is concerned, the stochastic changes to the price and the state variable are
perfectly correlated because the price serves as the signal of the state variable, hence the market is

complete relative to her information set. After filtering the unobservable processes, the securities



span the number of observable Brownian Motions. The markets are observationally complete,
therefore we can apply the Cox-Huang technique to solve for the agent’s optimal consumption and
portfolio choice.

The agent assumes the prices of the money market account and the risky securities are given

by the equations

dBt = Bt [T‘tdt], (13)
s, = 8, [ﬁStdt—i—Egtng , (14)

where Jig, and 7g; are chosen to match equation (11). Also, the investor assumes the state variables

satisfy the following equation
dX, = fix,dt + G xdZy, (15)

where [ix, and 7 x; are chosen to match equation (12).

When the agent has incomplete information, the agent’s portfolio hedging demand needs to
account for the unobserved state variables, but also for the reduction in variance the estimation
error as new observations come about. In our model, we assume inference has reached a steady
state. In other words, the variance of the distribution for the estimated parameter does not change
with each new observation. Thus dv; = 0, and v; does not need to be considered a state variable
in the consumption and portfolio choice problem. In Section 4, we discuss the merits of the steady
state learning assumption and show that with a reasonable amount of data, about 10 to 12 years
of observations, the variance of the estimation error is very close to the variance implied by the
steady state results.

Under complete markets and the assumption of no arbitrage, we can define a unique stochastic
discount factor for the economy. Let M; be the stochastic discount factor, the process for M; must
satisfy the following condition: M;B; and M;S; are martingales under the risk-neutral probability
measure Q, also known as the equivalent martingale measure. Assuming that log M; follows an
Ito process, an application of Ito’s Lemma given (13) and (14) yields the following process for the

stochastic discount factor:

dM, SRS
th = —rydt — 1,d 7y, (16)

where

-1
—~ ! —~
M = (UStUSt> ost (Hgy — Tit)

and 7); satisfies Novikov’s Condition. Note 7); is the estimated Sharpe ratio.
Now that we have found the process governing the dynamics of the stochastic discount factor,

we can solve the agent’s optimization problem via martingale methods. As stated previously in this



section, the agent’s optimization problem is to maximize the expected lifetime utility of consumption
(4) subject to the dynamic budget constraint under the estimated processes for the securities and
a non-negative wealth constraint. The dynamic budget constraint under the estimated processes is

given by
th = Wt {[Tt + oy (ﬁSt — ’I”tb)] dt + atﬁgtdét} — Ctdt

The existence of the stochastic discount factor allows us to write the agent’s dynamic budget

constraint as a static budget constraint given by

Fo [/OT MtCt} < W, (17)

Equation (17) states the agent’s expected consumption stream in the future appropriately dis-
counted will be less than or equal to his current wealth.

The investor’s problem can now be solved as a static optimization problem as described in
Cox and Huang (1989) and Karatzas and Shreve (1998, Chapter 3). Intuitively, since the market
is complete, we can construct Arrow-Debreu securities such that we accomplish the amount of
consumption desired in each possible state. Thus, there is no uncertainty regarding the consumption
and portfolio choice of the agent conditional of knowing the state, the only uncertainty that remains
is the realization of a given state. The investor shifts the allocation to the risky asset according to
future consumption expectations.

The first order condition for utility maximization under the budget constraint is given by

1

Cy = (Ae‘f’tMt)_; , (18)

where ) is the Lagrangian multiplier. Substituting the first order condition for consumption (18)

into the static budget constraint (17) yields the following expression for the static budget constraint:

1 T 1 _s,
W= B U My (AM,) 3 e ds} (19)
Mt t

Equation (19) states that wealth is a function of the stochastic discount factor and the processes
that drive the distribution of the stochastic discount factor. As shown in (16), the only processes
that matter for the distribution of the stochastic discount factor are the interest rate and the
Sharpe ratio.I assume both process are driven by the estimated state variable vector X’t, therefore
the current values for both the stochastic discount factor and the estimated state variable determine

the information set the agent uses in forming conditional expectations.®

6This is due to the fact that both M; and X} are Markov processes.



Let Q; = (AM;) ! such that

T 11 4
Wt == QtEt |:/ Q;f G’stS:| (20)
t
Notice for an asset allocation problem under terminal wealth at time s with the same Lagrangian

multiplier A and discount factor we would obtain

1 _o,

Wi = Qi Ey [Qj e } =F (Qta*)?tas - t) (21)

such that for the consumption problem we can write current wealth as

Wtz/tTF(Qt,f(t,s—t) ds:(;(Qt,)?t,T—t) (22)

Under the risk-neutral measure, the rate of return to wealth is equal to the instantaneous rate
of return for the money market account, thus the drift of the wealth process, as obtained by the
applying Ito’s Lemma, must equal the locally riskless rate times the agent’s current wealth. The

condition above implies the following partial differential equation is solved by the agent’s wealth

function:
L ¢ 0G 0G oG _ s
rG = Q;e 7 + E + 8_QtDQt + 8_XDXt (23)
t
10°G LG /5 5\, PG %
+§TQ%D (Q, Qe) + 58—)?313 <Xt7Xt> + mp <Qt:Xt>

where Df is defined as the drift under the risk-neutral measure of the process f, and (f, g) denotes

the quadratic variation of the processes f and g. The boundary condition for (23) is given by
G (Qr, Xr,0) =0.
From Wachter (2002), we know that F' can be written in the following form:
F (Qt,f(t,T _ t) _QretE ()?t,T _ t) (24)

such that the total wealth of the agent can be written as an integral of the [’ pertaining to the

remaining life of the agent:
~ L9y T ~
G(Qt,Xt,T—t>:Qge 5 / H(Xt,s—t)ds (25)
t

Solutions for the problem are obtained by guessing an exponential affine or exponential quadratic
function for H <)A(t, T— t), substituting the guessed form into the PDE (23) and matching terms

to obtain a system of ODEs from which we obtain closed-form solutions.
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2.2 Portfolio Choice

The portfolio choice of the agent is obtain using the Cox-Huang (1989) methodology. Similar to
equation (23) in order to find the portfolio strategy of the agent we must have that the portfolio
allocation of the agent is such that the magnitude and direction stochastic changes due to con-
sumption needs are matched by shocks to the assets in the agent’s portfolio. In simpler terms, the

agent’s consumption risk is fully hedged by the portfolio strategy. It follows

0G 0G | =
OétGO'St: —VQt + —AVXt 5 (26)
aQt 8Xt

myopic demand  hedging demand

where Vf denotes the coefficient vector to the diffusion process for function f. We substitute (25)
into (26) to obtain:

1 0G 1 0G
= &t =Lt 2

fT BH(Xt,Sft) ds
s

ftTH <X’t,s - t) ds

= 3 (O'StO'{St)_l (g — L) + ox
where ¥ = ogi0', and o = (Vf) 0'g,.

The portfolio choice of the agent can be decomposed into its myopic demand, the demand due to
the current state of the economy, and the hedging demand, the demand due to expected changes in
the investment opportunity set. In the model, the hedging demand is due to the stochastic nature of
the estimated state variables. As we will see in the next section when we discuss the consumption
to wealth ratio, the function H which determines the magnitude of the hedging demand is the
agent’s current wealth to consumption ratio. Not surprisingly, the relation between the agent’s
current consumption relative to expected future consumption is inextricably related to how the
agent determines to hedge changes in the investment opportunity set. This relation is made clearer
in the complete markets setting where we know the agent can trade in the securities available in
order to achieve an optimal Arrow-Debreu allocation of resources.

When H (X't, s — t) is assumed to be exponential (H (X¢, s —t) = exp[h (Xt, s — t)]), we can
write the hedging demand component of the agent’s portfolio choice as
j;T on(Xes—t) ;}(’jit H (X't, s — t) ds

a?edging _ Z—lo_X (28)

ftTH ()?t,s - t) ds
The magnitude of the hedging demand is the weighted average of the sensitivity of the log wealth
to consumption ratio to the variables defining the changes in the investment opportunity set where
the weights are given by the amount of expected consumption in a given period relative to total

expected consumption in the remaining periods.

11



2.3 Consumption to Wealth Ratio

The consumption to wealth ratio is easily obtain by applying some algebra to equations (24) and
(25)

Gy F(Qt,)?t,0>
We G (Qu X1 —1)

~ 1 4
it can easily be shown that F (Qt, X4, 0> =@/ e " such that

C T -

, ~

sE= | B (Zs—t)ds| 30
Wi Ut " S} (30)
An application of equation (30) to the portfolio hedging demand (28) yields the following ex-

pression for the investor’s hedging demand:

o (M)
a?edging _ g Ct Z_l

= ox. 31
W, %X, * (3D

Equation (31) shows the link between future expected consumption and the hedging strategy of the
investor. When markets are complete, the investor essentially can plan the consumption strategy
for each possible outcome at each possible horizon, equation (31) shows how the investor changes

the portfolio strategy to maintain the desired consumption plan.

3 Predictability in Stock Prices

Another useful example of the strength of our technique is to analyze the consumption and portfolio
choice problem when the Sharpe ratio is mean reverting. The academic literature refers to this
property as the predictability of asset prices. The evidence of predictability in stock returns is
extensive. Campbell and Shiller (1988) and Fama and French (1989) find that the dividend to price
ratio has predictive power over the excess returns of equity over the risk free rate. Recent papers
by Lewellen (2001a, 2001b) confirm the predictive power of dividend-yield, book-to-market, and
the earnings-price ratio and show economically significant temporary reversals in stock prices. His
full sample evidence suggests that 25% to 40% of annual returns are temporary, reversing within
18 months and that mean reversion is stronger in larger stocks.

Barberis (2000) uses the dividend to price ratio to solve numerically for the asset allocation
strategy of long-term investors. He finds asset price predictability can explain the common advice
that young investors should allocate a greater proportion of their wealth to stocks relative to older

investors. Furthermore, Barberis shows that estimation risk due to parameter uncertainty does have

12



a tempering effect in the investor’s market timing. He concludes that ignoring either estimation risk
or predictability has a sizable negative effect in the agent’s utility. Xia (2001) extends Barberis to
the case where the agent has utility over intertemporal consumption and the agent does is uncertain
about the degree of predictability in stock returns.

Liu (2001) and Wachter (2002) finds a closed-form solutions to the consumption and portfolio
choice where the process that “predicts” excess returns is fully observable. In order to solve the
model, Wachter assumes the market is complete and the shocks to the proxy for the predictive
variable and the stock price are perfectly negatively correlated. The assumption of perfect negative
correlation does not seem controversial given that the empirically estimated correlation for the
shocks to the dividend price ratio and the stock price is -0.93. Campbell, Rodriguez, and Viceira
(2002) show that in a correctly specified continuous-time model given the discrete time parameters
of Campbell and Viceira (2000), the correlation between the dividend price ratio and the stock
returns is -0.96. Still, accounting for parameter uncertainty greatly decreases the demand of the
risky asset due to hedging for changes in the investment opportunity set.

In this section of the paper, we will essentially extend Wachter to account for parameter uncer-
tainty in the agent’s optimization problem. Unlike Wachter, I will not assume market completeness.
Instead, I assume parameter uncertainty regarding the current value of the predictive process and
obtain an observationally complete market and find exact consumption and portfolio rules. Note
that our assumption regarding steady-state estimation does not allow us to study the role of the
variance of the estimation error for the unobservable parameters as a state variable in the agent’s
policies.” Our model assumes the predictive relation is known, since the predictive relation in our
model is given by the standard deviation of the risky asset.®

We assume the existence of a money market account where the risk free rate is constant and

the existence of one risky securities whose price process satisfies

ds,
St

such that the Sharpe ratio, 7, is mean reverting, and whose dynamics are given by

= (r+om,)dt +osdZs, (32)

dny = iy (B — 1) dt + ydZ,. (33)

We assume the correlation between shocks to the stock price and shocks to the Sharpe ratio are

imperfectly correlated. The correlation coefficient is denoted by pg,.

"In a related paper, Lewellen and Shanken (2002) study the equilibrium effects of learning on asset prices. They

find mean reversion in asset prices can be explained by the learning of the agents regarding the dividend process.
8Tt is well known from the econometrics literature that variances can be estimated very precisely with a fixed

horizon of data and high sampling frequency. Thus, this assumption regarding full information about the predicitive

relation is consistent with our model.
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The imperfect correlation between (32) and (33) implies the market is incomplete. Yet, when
the Sharpe ratio is not observable and under assumptions explained in Section 2.1.2, we show the

optimization problem can be restated in a complete markets framework.

3.1 Inference Problem

The assumption regarding the processes governing the stock price and the Sharpe ratio as well as
the assumption that the instantaneous Sharpe ratio is unobservable allow us to apply the filtering
methods of Lipster and Shiryayev to find a observationally equivalent economy. Applying the
results of section 2.1.1 to the current problem yields the following processes for the stock price and

the state variable dynamics respectively:

d?‘sgt = (r4osm,)dt+ osdZs, (34)
dij, = ky(0n —7,) dt + 5ydZs, (35)
where
€Sy =Vt + Pgy0On
and

dZs = [(n, —7,) dt + dZs] .

The measurement error (variance) of the Sharpe ratio solves the following Riccatti Equation

d’Ut 2 2

o = —2knvt + 05 — [V + psyoy] - (36)
Following our methodology, when computing for the optimal consumption and portfolio policies,

we assume learning has reached a steady state in which new data and estimation does not reduce

the measurement error of the Sharpe ratio. Let vgs denote the variance of the estimation error under

the steady state. By applying the definition of steady state filtering to (36), vss is determined by

the quadratic equation
2
0= —2/437,1153 + 0'37 - ['Uss + pSnan]

The resulting variance will be positive root of the quadratic equation obtain from our assumption
in (36).
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3.2 Consumption and Portfolio Choice

After the agent solves the inference problem and estimates the Sharpe ratio, we have a complete
market under the information set of the investor. In other words, the estimated processes for the
stock price and the Sharpe ratio are seen to be perfectly correlated. The investor sees this processes
as perfectly correlated because the inference problem essentially projects the unobservable variable
(the Sharpe ratio) into the space of the signal (the stock price), thus the source to both processes
after the inference is the same, markets are complete. As seen in (35) the true correlation is
accounted for in the diffusion coefficient for the estimated Sharpe ratio.

Under the procedure developed in Section 2.2, the solution to the partial differential equation
representing the wealth of the investor (23) is solved by (25) as it applies to the variable in this

economy. The solution is given by

N L e, (T
G(thbfv—w::Q;evt/‘ffmps—twu, (37
t
where
. N 1 IR
H () = exp | A1)+ B ()7, + 5€ ()7 (38)

with boundary conditions

Applying (37) to the partial differential equation in (23) and separating according to coefficients

for each variable yields the following system of ordinary differential equations (38) must satisfy:

Al(r) = —% + B(7) knby + 1= vy + % (C’ (1) + B? (T)) 5%,7, (39)
B'(r) = —=B(7)[ky+esy +C(T)knby+ B(r)C (1) 5%,7 + %B (1) esn,
C'(r) = =2C(7)[ky+esy + C2 (1) E%n + %C’ (1) esn + 1;27.

We can solve (39) in similar fashion to Kim and Omberg (1996), Wachter (2002), and Chacko
and Viceira (2001). The solution to (39) is given by

A(r) = /0 <—% +B () ryfy + L+ 5 (C )+ B (3) 6@) ds,
B(r) = Aty (1 e 72)°

) [(6 -2 (1—;15577 - ﬁ,,)) + <<5 +2 <1—;Y€sn - f<;,7> e—éTﬂ ,
o 251 (1—e?)

(5 -2 (1_776517 — ’%)) + <5 + 2 <1_T’Y€5m - /-;n> 6757.> :
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where

2
62 =4 (122 TR
= 5 €Sy — Kn — 763n>

We derive the agent’s portfolio choice by applying (26) and (28) to this example. Let a; be
the proportion of wealth allocated to the risky asset. The portfolio choice of the agent can be

decomposed into its myopic and hedging component.

o = agnyopic + Cv?edging (40)
where
. 1 n
ajrworic — ~ T (41)
Yos
and

esy i (B(s —t)+C (s —t)7,) H (7, s — t) ds

a?edging _ - —
Usft H (7,5 —t)ds

(42)

The hedging demand of the investor has the usual properties found for hedging demand in the
presence of excess return predictability. The Sharpe ratio does not only come into play in the
assigning of relative weight for the hedging demand via the function H, the wealth to consumption
ratio, it also comes into play linearly as a measure of market timing. As was shown in (28), when
the solution to H is of the exponential form, the sensitivity of the log wealth to consumption ratio
to the state variable determines the relative weight each period in the agent’s horizon has on the
hedging strategy.

The consumption to wealth ratio for the agent is given by

C r
W—(/ H(nt,s—wds)

The duration or sensitivity of the wealth to consumption ratio relative to changes in the investment

-1

opportunity set is given by

(%) ST B0+ Cls—0R) Hs - s

Wy on, ftTH(”ﬁt,s—t)ds

)

as shown generally in Section 2.3, we notice the relationship between the agent’s hedging demand
and the sensitivity of the agent’s consumption and savings decision to changes in the investment
opportunity set. This relation is straightforward due to market completeness under the filtered
processes and the inextricable link between the agent’s hedging demands and the expected con-

sumption in the future.
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3.3 Calibration and Results

We calibrate our model to the parameters calculated in Campbell and Viceira (1999). The calibra-
tion requires us to convert the discrete time parameters of the Campbell and Viceira (1999) model
into continuous time parameters. Campbell, Rodriguez, and Viceira (2002) show how to correctly
parametrize the continuous time model given the discrete time parameters. The methods used to
recalibrate the model for continuous-time parameters follows the treatment in Bergstrom (1984).
We present a synopsis of the main results. Interested readers should refer to Campbell, Rodriguez,
and Viceira for completeness.

Campbell and Viceira (1999) study optimal consumption and portfolio choice when expected
returns are mean reverting. They assume the riskless rate of return is constant and the log excess

return for stocks is given by the following VAR(1) specification:

log S, +At Tf 4 Tt, + Etnt AL (43)

Tooar = (1= @) p+ dxy, + 1y A

Campbell and Viceira use the dividend to price ratio as a proxy for changes in the investment
opportunity set. They derive parameters for (43) for quarterly data. The results of the discrete-time
VAR can be obtained in Campbell and Viceira (2000). Campbell, Rodriguez, and Viceira (2002),
applies the time-aggregation methods of Bergstrom (1984) to obtain an equivalent continuous-time

specification for (43). They show that the continuous time VAR given by

2
dlogS; = (ut — %) dt + ogdZg,
dp; = k(0 —p)dt+o,dZ,,

dZsdZ,, = pdt,
is equivalent to (43) when

—KkAt
o = e "7,

ry = rAt,

2
o= <9—%—T>At,

and the variance-covariance matrix for (e4,+at, 7, 4 a¢) satisfy equations (17), (18), and (19) in

Campbell, Rodriguez, and Viceira (2002). Assume for the model presented in our paper that

fy = 1+ ogny, such that 0, = 00;;, and o, = Z—g The parameter values for the continuous time

calibration of our model for predictability in stock prices are presented in Table I.
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3.3.1 Comparison with Wachter (2002)

Table IT compares the consumption and portfolio strategy of an investor which estimates the current
Sharpe ratio and computes his or her strategy according to the methods in this paper against an
investor with perfect information about the economy under the assumption of perfect negative
correlation between stock returns and the predictive process, the mean-reverting Sharpe ratio. The
second investor type corresponds to the model presented in Wachter (2002). In Table II we assume
the Sharpe ratio, as estimated by the first investor and observed by the second investor, is the long
run value. The comparison in Table II allows us to concentrate on the role of parameter uncertainty
in the hedging demand of the investor and does not account for the possibility of further differences
in the consumption and the portfolio strategies of both investors due to the incomplete information
structure. In other words, we do not account for further differences due to differences in each
agent’s belief of the current value of the Sharpe ratio.

As expected, the differences in the proportion of wealth allocated to stock in both examples is
due to differences in the hedging demand. The hedging demand for the investor with incomplete
information is much lower. In the case where the investor has a coefficient of relative risk aversion of
5 and a 30-year investment horizon, the difference in the percentage of wealth allocated to the risky
asset is 61.38%. Another striking result is that under parameter uncertainty the composition of the
risky portfolio dedicated to hedging changes in the investment opportunity set fluctuates between
2% and 17% under the various assumed coefficient of relative risk aversion and investment horizon.
On the other hand, the complete markets investor dedicates 13% of the portfolio to hedging concerns
when her coefficient of relative risk aversion is 2 and her investment horizon is 2.5 years, and 79%
of the portfolio when her coefficient of relative risk aversion is 30 and her investment horizon is 50
years. The economic intuition for this result is the following: Since the investor is uncertain about
his current estimate of the variable used for market timing purposes, ceteris paribus, the investor
chooses a portfolio strategy which times the market less aggressively. In our calibration, we still
obtain the horizon effect for stock allocation such that the investor still optimally allocates more
wealth to stocks when their investment horizon is longer.

Table ITI consider the portfolio choice of the investor with incomplete information under various
assumptions for the current estimate of the Sharpe ratio. The myopic and the hedging demand
of the investor seems to increase monotonically with increases in the Sharpe ratio. Yet, the per-
centage of the portfolio dedicated to hedging changes in the investment opportunity set decreases
monotonically with increases in the Sharpe ratio. The result is highly intuitive: When the investor
estimates a low value for the Sharpe ratio, the investor is more willing to time the market because
he expects the returns to be higher in the future due to the mean reversion in the parameter. This
effect is also stronger when the investment horizon is longer. Figure 3 shows the hedging and my-

opic demand for an agent with a coefficient of relative risk aversion of 5 and an investment horizon
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of 30 years for various values of 7;,. As 7, increases so does the myopic and hedging demand of the
agent, but as shown in Table III, we see a reduction in the amount of the portfolio allocated to

hedging changes in the investment opportunity set.

3.3.2 Comparison with Terminal Wealth Models

We now consider an incomplete markets model where the agent wants to maximize the utility of
terminal wealth. Under mean-reverting returns, closed-form solution have been found by Kim and
Omberg (1996) and Liu (1999). We consider a model where data is calibrated to the parameters
in Table I, but one agent assumes he has perfect knowledge of the state variable. This agent will
not account for parameter uncertainty in the portfolio choice. We will conduct welfare analysis for
the case where their is asymmetric information, such that one agent is fully informed about the
instantaneous Sharpe Ratio while the other one solves for the optimal policies by using the estimate
provided through the filtering methods.

Let Vi (Wy,m,, T — t) be the value function of the perfectly informed investor and V,, (W, 7,, T — t)
be the value function of the investor with imperfect information about the Sharpe ratio. The value

function for the informed investor is given by

w, "
V;(thntﬂ_) = ¢1, (nt77_) 1 _77 (44)
where the function ¢, (n,, 7) is given by
1
61 10:7) = exp | A (1) 4 B (1) + 5. (7). (45)
The coefficients A, B, and C satisfy the following system of ordinary differential equations:
/ 1 2 1 1— g 2
A (1) = —507702- (1) + —5(7” + 5 Psn 77 B (T) + kybpB; (1) + (1 — ),
/ _ 1—y ' ' -7 2 )
Bi(r) = —|ky+ — Psnon| Bi (7) + £ 0y Ci (1) + |07 .- > —p&y0n| Bi (1) Ci (1),
S 1~ | 11— b 1o
Ci(r) = =2|ky+—pgyon| Ci(7) + U + pgn 77 cs(r)+ —,
v Y Y
with boundary conditions
A; (0)=B;(0)=C;(0)=0
The portfolio strategy of the informed investor satisfies
i n PsnT
Qg = —L =l [Bi (1) + Ci (T) ny] - (46)

Yos oS8
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Similarly the value function of the uninformed agent is given by

Vi (Wil 7) = exp [ Au () + B (1) + 5Cu (17 W (47)
where the function ¢, (7;, 7) is given by
60 (07) = ex | Au (1) + Bu (1) + 5Cu (1) 7). (49)
The coefficients A, B, and C satisfy the following system of ordinary differential equations:
/ L 2 5o L o
A, (1) = —Z&“SUBU (1) + 553770“ (1) + kpbyBy (1) + (L =),
Bl (t) = - [“n + — 755,,7] By (T) + kn0nCy (1) + %E%UBU (1) Cy (1),
Cl(r) = -2 [Hn +1z %Sn] Cu () + %ggncg (r) + 1_77
with boundary conditions
A, (0) = B, (0) = C, (0) = 0.
The portfolio choice of the uninformed investor has the form
o = 2 1 (B, (7) + Cu (). (49)

Yos YOS
The strategies of the investors will differ in most periods, the difference between the allocations to

the risky asset by both types of investors is

. n,—1n po €s po €S ~
oy —aty = U [P0, 1y S0, ()2 2900, (), — 520, (. (50

For equation (50) the difference in the myopic demands comes from the fact the informed and the
uninformed investors assume different dynamics for changes in the Sharpe ratio. The difference
is mainly due to the uninformed investor accounting for estimation error. The differences in the
hedging demand are due to the differences in the problems both investors optimize. Once again the
uninformed investor optimally accounting for estimation error is the main factor in the differences
between the asset allocation strategies of each investor.

The certainty equivalent wealth of the investor is
CEW, = E§[U (Wr)],a = i,u. (51)

We can calculate the certainty equivalent wealth by looking at the value function of each investor

under the optimal portfolio strategy. Assume both investors have power utility over terminal
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wealth, their initial wealth is the same and their coefficient of relative risk aversion as well as their
investment horizon is the same.Following Liu and Pan (2002), we quantify the portfolio improvement
due to better information in terms of the difference in certainty equivalent quarterly, continuously
compounded returns. The portfolio improvement in terms of this measure is

RCEW _ InCEW; InCEW, _ 1 [lng (0, T) gy (1o, T)
T T 1—~ T T ’

(52)

where ¢, (.) and ¢, (.) are defined in (45) and (48) respectively. Table IV shows the improve-
ment the investor obtains when full information about the state variable process is available. The
improvement is greater when the investor is less risk averse. Also the improvement seems to be
non-monotonic with the horizon. Figure IV shows the value of (52) for an agent with relative risk
aversion coefficient of five for various horizons. Indeed, the figure shows the non-linear effect in the
measure created by the difference in hedging demand of fully informed investors and incompletely
informed investors. Note that for relative risk aversion of two, the curve does show a hump around
the 7.5 year mark (30 quarters), while for relative risk aversion of five the effect is monotonic and

decreasing. The figure shows the benefits of full information to be greater in the short term.

4 Discussion: The longevity of learning

A crucial assumption we have made to obtain closed-form solution to the investors consumption
and investment problem is that learning has reached a steady-state process. In other words, any
new observation of the securities will be accounted for by the agent is his new estimates of the
unobservable parameters, but the new observation will not contribute in reducing the estimation
risk, the variance of the estimates. This assumption begs two questions: (1) How quickly would an
agent on average, regardless of prior, reach the steady state in the learning process? (2) Can the
estimation risk in the steady state significantly change the investment strategy of the agent? This
section provides answers to both questions with the evidence from the applications to the theory.

To answer the first question, we construct a simulation of how the estimation risk of the agent
changes after each observation through time. For the case of stock price predictability, we first
obtain the steady state variance of the measurement error and the simulate the learning of the
agent under the assumption of priors that are multiples of the steady-state estimation risk. We
assume changes in the variance of the estimation error follow (36). We assume that new observations
are made every 1/10th of a quarter. Our results are not sensitive to this assumption.” Figure 1
shows how the agent’s estimation risk under the assumption that the prior is two-times, five-times,

ten-times, and twenty-times the steady state value. Notice that by the time 5 years (20 quarters)

% As a robustness check, the author did the simulations with observation made every 1/100th of a quarter, 1/30th

of a quarter, and once a quarter without significant change to the results.
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pass by, all variance estimates, regardless of prior, are lower than even two-times the steady state
variance. By the 10 year mark (40 quarters), the agent is not significantly far away from the
steady state regardless of the assumption of the prior. The figure provides strong evidence that our
assumption of steady-state learning is not out of line and makes sense given the amount of data the
agent has available to estimate these parameters. If we assume the agent has access to the CRSP
database the it is fair to state agents have about 40 years (160 quarters) of daily data and about
75 years (300 quarters) of monthly data to earn from before deciding on their consumption and
portfolio strategies, thus it is quite believable that a rational agent would achieve a level of learning
such that the steady state assumption is innocuous.

In order to understand how the estimation error is reduced with each new observation, we
would like to see the magnitude in which the estimation error variance is reduced with each new
observation. Figure 2 plots the instantaneous reduction in variance for a given point in time. By
the time the agent has observed 10 years (40 quarters) of data, the reduction in the variance of
the estimates of the unobservable variables are negligible. This implies, the learning effect should
be negligible in the hedging component of the agent’s portfolio for our model. Our results imply
parameter uncertainty, not learning, drives the changes in the portfolio composition in comparison

to the portfolio model under perfect observability of all processes.!’

5 Conclusion

We study the incomplete markets consumption and portfolio choice optimization problem under
partially observable parameters. Under suitable assumption of the number of securities in the
market as well as which parameters are unobservable, we can transform the problem into one where
the market is observationally complete after estimating unobservable parameters and accounting for
parameter uncertainty. Obtaining an observationally complete market, allows us to solve exactly
the investor’s optimization problem and obtain exact consumption and portfolio rules. We consider
a example for which the assumption of parameter uncertainty is sensible: the mean reverting Sharpe
ratio model. For both examples, we show how the separation theorem of Simon (1956) as extended
to continuous time by Detemple (1986), Dothan and Feldman (1986), and Gennotte (1986) and
the Cox-Huang (1989) method allow us to solve the model and find parametrization for both the
consumption and portfolio strategy.

We apply the methodology of the paper to the consumption and portfolio choice problem under

mean reverting returns, when the current value for the Sharpe ratio, our proxy for the investment

'"We run the same diagnostic test on the longetivity of learning for the Xia (2001) model where the predictive
relation is unobservable but assumed to be a constant. In this setting, the reduction of the variance of the estimation
error is indeed slower. Therefore, our assumption of steady-state learning might not be adequate for Xia’s model.

Still, with 80 years of data, the posterior variance for the estimation error is not very far from 0.
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opportunity set, is not observable. We calibrate the results to a similar model by Campbell and
Viceira (1999) and compare the investor’s policies under parameter uncertainty to those of an
investor with complete information as modeled by Wachter (2002). We find significant quantitative
changes in the demand for the risky asset when parameter uncertainty is considered. Yet, the
qualitative portfolio choice implications of the model are not different from those of Barberis (2000)
and Wachter. We complete our analysis with a study of the longevity of learning to validate our
assumption regarding steady-state in the learning process.

The methodology of this paper could be extended to consider stochastic volatility and the role
of derivatives in strategic asset allocation. Our model would allow us to find exact consumption and
portfolio policies when volatility follows a central tendency model similar to the one we have used in
this paper to describe interest rate dynamics. Our result would complement those of Liu and Pan
(2002). The focus of their papers is the disentanglement of volatility and jump risk in an investor’s
portfolio through the use of derivative securities in the dynamic asset allocation strategy. Our
paper would allow for a similar risk disentanglement (between market and volatility risk) and also
provide us with normative exact consumption rules under the assumption of stochastic volatility.

The methods of this paper can also be applied to derivative pricing in incomplete markets.
For example, we can consider the unobservable mean reverting Sharpe ratio model to price equity
options under the risk neutral pricing, and find the replicating strategy utilizing the estimated
processes for the underlying securities. Since our model yields an observationally complete market,
not only can we price the option, we can also find the replication strategy with only the stock
and the bond as the underlying securities. This would allow us to extend the results of Lo and
Wang (1995) and study the replication strategy in the estimated economy when prices have a mean

reverting component.
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TABLE 1

Continuous Time Parameter Values

From Campbell, Rodriguez, Viceira (2002) VAR

Model:
% =rdt
dTS: = (r+osn;) dt + 05dZs,

d/ﬁt = Ry (9,7 — /ﬁt) dt + €5ndZ5,
ES,,] = Vgg + pS’l]O-n7
Vss 1 0 = —2Kpv5s + 0% — [vss + psngn]g

Parameter values at quarterly frequency:
r = 0.0818 % 1072,

o5 = 7.8958 % 1072,
Koy = 4.3875 % 1072,

6, = 0.1667,
oy = 0.0727,
p = —0.9626,
Vs = 0.0589,
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Percentage Allocation

Portfolio Allocation: Myopic Demand and Hedging Demand
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Figure 3: Portfolio Allocation for an investor with v =5 and 7" = 30 years.
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of the investor.
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