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Problem Set 6

Problem 1: Consider the following hypothesis testing problem. There are
k i.i.d. observations, Xi, Xs,..., Xi. The hypotheses are

H; : X; ~N(0,0%), fori=1,2,...,k
Ho : Xi ~N(0,03), fori =1,2,... k,

where o1 > 09 > 0 are constants.
(a) Find the likelihood ratio A(x), for x £ (21, 29, ..., 2.

(b) Assume the threshold is . Thus, the likelihood ratio test is of the form

Show that a sufficient statistic for a true hypothesis is {( X7, Xo, ..., Xi) =
S X

(c) Compute the threshold 7 for the test

H,
I(x) 2 7.
Hy

in terms of 0, 0y, and o7;.

(d) Find expressions for probability of false alarm, Pg, and probability of

miss, Pyp.

(e) What is the threshold for the minimax criterion when the costs are
001 = Cl[} =1 and COO = 011 =07



Problem 2: LetY = ZZ]\LI X; denote an observation, which is a sum of N
random variables. Here, X;’s are statistically independent random variables,
each with a Gaussian density A(0,0?), for some constant o. The number
of variables in the sum is itself a random variable, independent of random

variables X;’s, with a Poisson distribution
A"
P{N:n}:—‘e , n=0,1,2,....
n!

Again, A is a known constant.
Find the likelihood ratio test for deciding the two hypotheses,

H1: N§1
Hoi N > 1.

Problem 3: Let N; ~ N(0,0?) be i.i.d. Gaussian random variables, for
t=1,...,n. Consider a hypothesis testing problem, with two hypotheses,

Hoi XZ:N,L
Hli Xi:cH—NZ-,

where a > 0 is a constant.
(a) Design the likelihood ratio test with threshold 7.
(b) Given that Z—z = 0.5, find the minimum number of samples n to have

Pr 0.05
Py, > 0.0.

IN

Problem 4: A binary hypothesis testing is made on the basis of the

following observed statistics

xXr 172
Hoi fX(Z"Ho):;eXp{—ﬁ}U(l')
H, : Fx(z|Hy) = %exp{—x 2;“ }10 (i—f) Ulz).



where « and o are known, U(+) is a unit step function, and I,(-) is a Bessel

function of imaginary order.
(a) Specify the likelihood ratio test if P{H = Ho} =P{H =H;} = 1.
(b) Write an expression for the probability of false alarm, Pg.
(c) Write an expression for the probability of detection, Pp.
(d) Write an expression for the probability of missed detection, Py.
(e) Write an expression for the probability of error, Pg.

Problem 5: The probability density of X, Xs,...,X,, on the two hy-

potheses is

1 x; —mg)?
in|H($i|Hk)=\/%a eXP{—(sz)},
k k

for k € {0,1}. Assume that the observations are independent.

(a) Find the likelihood ratio, A(zy,...,z,). Express the test in terms of

the following quantities

n

la = Z.’L’Z
i=1
n

lﬁ = Zl‘?
=1

(b) Consider a special case when

’I’I’LO:O
m1:0

2 2 2
o) =0, +0,

00 = On,
where oy, 0, are known. Find the decision regions.
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Problem 6: The observation X is a Gaussian random variable with one

of these five densities:

Here, —co <z < o0, 1 < k <5, and

m; = —2m
meo = —M
ms = 0

my = M
ms = 2m

The hypotheses are equally likely to occur, and the criterion is the minimum

error probability Pg.
(a) Draw the decision regions on the real axis.

(b) Compute the error probability.



