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1 Introduction

Problem: estimation in the presence of nuisance parameters

Consider the following problem: we transmit a sequence a of N data symbols, belonging to a constellation
Q (for instance Q@ = {—1,+1}) over a channel. The symbols are drawn iid and uniformly from . At the
receiver we have the following observation

r=ha+n

where h is a channel gain, h € R, and n is a vector of N iid normal RVs, zero-mean, variance o2. Our goal
is to detect the data sequence a.

Solution - attempt 1

The optimal way to proceed (as we know from detection theory) is to determine the MAP estimate of a
amap = argmaxp(alr)
= arg max/p (a,h|r)dh
a

= argmax/p(r|a,h)P(a)p(h)dh
N

= argmax/Hp(?"Hak;h)p(h)dh
Y k=1

and at this point we are stuck, since this integral is generally very hard, and p () is perhaps not known.



Solution - attempt 2

A common way receivers are designed is as follows: we first estimate / (leading to %), and then determine
a, assuming h to be known:

a = argmaxp (a| r,ﬁ)

= argmaxp | r|a, h)
a

N
= argmax Hp (rk\ ak,iz>

k=1
N

= argmaxg logp(rk|ak,fz)
a
k=1

so that R
4 = arg max logp (rk| ak,h> )
aR €N

So how do we find h? Suppose & has a zero-mean Gaussian prior (which may or may not be known). Then

hayrap = argm&xgp(ﬂaa h)p(h)

and R
harp = arg max ;P (rla,h)

As this summation is over |Q|" sequences, it is again very hard to compute.

2 The EM algorithm

The Expectation-Maximization (EM) algorithm is a technique that solves ML and MAP problems iteratively.
To obtain an estimate of a parameter 6, the EM algorithm generates a sequence of estimate #(1) §(?) ..,

staring from a well-chose initial estimate §(°). Many variations exist. We will focus on the most common
ones.

2.1 MAP version

The MAP estimate of a parameter ¢ from an observation = is obtained by maximizing the a posteriori
distribution:

Opap = argmgtxp(ﬁ\x)

argmax p (z]6) p (6)
When the solution is hard to obtain, we can introduce so-called missing or unobserved data (say =), in such
a way that if z were known, the estimation problem would be easier to solve (p (9| z, z) is easy to maximize

w.r.t. §). Once we have introduced the missing data, we can execute the EM algorithm. Starting from an
initial estimate of 6, 0(°), the EM algorithm iterates between the E-step and the M-step:

E-step:

Qnap (9| 9(”)) = /p (zlw,é(")) logp (z,,0) dz. 1)



M-step:

Hn) _ j(n)
0 al"gméiXQ]V[Ap (9|9 )

Hence, the EM algorithm generates a sequence of estimates, (®), §(!) .. .. When this sequence converges,
we name §(+°°) a solution of the EM algorithm. The missing data z should be chosen such that the E-step is
easy to compute.

Convergence

e Under some regularity conditions, one can show that the EM algorithm converges to an extremum or
a saddle point of the a posteriori distribution p (8] z)

e The a posteriori probability of successive estimates is non-decreasing:

logp (é(7”+1) ‘ :zc) > logp (é(") :I:) . (2)

2.2 ML version

The ML estimate of a parameter § from an observation z is obtained by maximizing the likelihood function:
Org = argmeaxp (z|6)

The ML version is very similar, but uses a slightly different ()-function.

E-step:
Qurs (016) :/p(z|z,é<“>)logp<z,x|9> dz. 3)
M-step:
j(n) — , j(n)
0 argm@aXQML (9\9 )
Convergence

Similar convergence properties: extremum of likelihood, non-decreasing likelihood of successive estimates.

2.3 Relation between MAP and ML version

Since p (z,z,0) = p(z,z|0)p (0), we can re-write (1) as
Qrap (0| é(”)) = /p (z| LQA(")) log (p(z,2|0)p(0))dz
= /p (z| x7é(”)> log (p(z,z|0))dz+ /p <z| x,é(”)) log (p (0)) d=z

= QumrL (9\ é(n)) +log (p (9))

3 Example

As we will see, it is important to simplify the E-step as much as possible. This includes removing terms
and factors that do not depend on 6. For this reason we will often (ab)use the notation ‘oc’. We will assume
h ~ N (0,0%). This distribution may or may not be known to the receiver.



3.1 Method1

Let us return to our example. We set a <> 0 and h < 2. Since a is uniformly distributed over OV, we can
use the ML-version of the EM algorithm:

QumrL <a| é(")) = /p (h|r,é(”)) logp (h,r|a)dh

E-step
Since a and h are independent, p (h,r|a) = p(r| h,a) p (h)m so that

QmrL (a| ﬁ(")) = /p <h| r,é(")) logp (r| h,a)dh
+ /p (h| r,é<">) logp (h) dh
As the latter term is independent of a, it will not affect the M-step, so it can be dropped. This gives us
Qui (ala™) = /p(mr,a(n>) log p (x| h, a) dh. @)

Let us first focus on log p (r| h, a). Since the noise is iid Gaussian,
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Now, we look into p (1| r,a™). Using Bayes’ rule, we know that

p(h,r|é(")) = p(h|r,é(”))p(r|é("))
and
= p(xlha™)p(na™)
= p(rlna™)pm)
so that
D (h|r,é(")) =Cp (r\ h,é(”))p(h)

where C'is a constant (independent of h). Taking into account (5), it is clear that we only require the first
and second order moments of p (1| r, (™) to evaluate Qs (a|a(™). We find that p (h|r,a™) is Gaussian
with mean M and variance 2. Let us find M and Y2:
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o2

which implies that p (h|r,a™) is a Gaussian distribution with variance £2 = 1/ <<

o W2 h (%2
p(h|r,a( )) = C'Nexp (-222 + ﬁ (OQrTa( ))>

from which we see that the mean of p (h|r,a(™) is given by
2
M = E—I‘Té(")

= — b Ty
am || o2 + o2

Note that when 07 — +o0, then M — rTa(™/ Hé(”) 2, as we would expect. We find that

/p(h|r,é(”))hdh - M

and

/p(hlr,é(”))thh = M?+3¥?

Using M and ¥? to compute (4):
N — ~
Qmr (a‘ é(n)) = — Z (hQCLi — 2h’l"k0,k.) .
=1
M-step
To maximize this function w.r.t. a, we find that the k-th component is given by

&](i,nﬂ) = arg max (2fm€ak — ﬁai)
ac

Comments

s

+ 012> > so that
h

e We see that this approach requires knowledge of p (|, 4(™). When p (h) is known, this distribution

can be found. When p (h) is Gaussian, the EM algorithm leads to an elegant solution.

e When Q = {—1,+1}, we see that Qy1, (a]a™) = Sy (ﬁrkak>, in which case the M-step becomes

ML detection of ag, given a channel estimate h = h.

3.2 Method 2

As we mentioned earlier, it is sometimes more convenient to estimate h, considering a as a nuisance pa-
rameter. We set a «<» z and h < 0. We now have a choice to perform MAP estimation or ML estimation,
depending on whether or not we know p (h). We focus on MAP. By replacing the prior with a constant (or

letting 07 — oc), we find ML.



E-step

Quuar (™) = [ (alr. i) logp (a1 dz ©
Now, p (a,r,h) = p(r|a,h)p(a)p(h), so that
1, )
logp(a,r,h) _Eh —2—2||r—ha|\

= —g —7}122 k+ thkak

We see that to evaluate (6), we require the first and second order moments of the marginals p (ak| r, ”)>
“ 1
(n) - 2 Q) _ (n)
Qnrap <h|h ) - 20;5 -5 {h > /akp alr, )dak 2h§ jrk/akp alr, h )dak}
{h2 g /akp ag|r, b )) day, — 2h g rk/akp ak|r, h(")) dak}
1 1 al
_ 2 2 2 _ i _ _ 7 ()
= 2U}%h 202{h g g a xp(akfa|r, ) 2h§ rkg axp(ak7a|r,h )}

k=1a€Q k=1 acQ)
= Lo ey 2wy nay
203 202 k
k k
So we need to determine p (ak| r, h(")
P (n) 1 7 (n)
p (ak| r,h ) = ——— 7P <T| a, h )p(ak)
P (rl h“”)

1
= Cexp (—%‘2 (re — hak)2>

for some constant C. This constant can be found by determining f (ax = a) = exp (—ﬁ (re — ha)2),
Va € Q,sothatC =1/ . [ (ar = a).

M-step

We now need to maximize

Quiar (BIA™) = —2;%112 = # {h2 S al - 2thkdk}
k

o B
= h’a—2hp3
w.r.t. b, giving
h(nJrl) o ﬁ
Dk TkOk
Do ap + =



Comments

e When p (h) is unknown, we find the ML-version of the EM algorithm by simply letting 07 — 4o00:

Q]V[L (h| }AL(”)) = —h2ZaA%+ Zthkdk
k k

and ~
B(n-{-l) _ Zk ria/’k.
>0k
e When Q = {—1,+1}, a} = 1 so that
. 1 1
(n) - - p2_ = 27T ~
Quiap (h|h ) 307"~ 32 {h N 2hzk:rkak}
Bt 2ok TROk
N+Z
h
and
Qur (WA™) = RN 421" rid
k
jn+l) 2k Tkk
N

o After a few iterations (say K), we can make final decisions w.r.t. the data symbols

G = argmaxp (ak =al r,ﬁ(K))
a€e)



