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S.1 Section 2: Omitted Proofs

Uniqueness of equilibrium in public case: Lemma S.1 provides the closed-form so-
lution for 7 = 0, so consider r € (0,00). Existence of LME has already been established,
so suppose by way of contradiction that there exist multiple LMEs. Then in particular,
there must exist two nonidentical pairs (fs,7) and (5%,7') solving the (backward) ODEs
for the respective variables with 8; = 1 — 5 and 8] = 1 — 5. It must be that vy #
if instead o = 7, then since f39 = f5, = 1/2, by uniqueness of solutions we would have
(Bs3,7) = (B%,7), contradicting multiplicity. Suppose without loss of generality that v > .
Now v = ~f = 72, so let 7 := inf{t € (0,7] : v = v/} < T. Since ,7 are continuous,
we also have 7 > 0. There must exist a positive measure set 7 of times ¢t € (0,7) such
that (5, > [, otherwise integration of the ODEs for 7,+" would imply that v, > +., a
contradiction. But for any t € [0,7), if S5 = [, then the fact that v > 7} implies that
By > Bgt, so in [0,7), B3 can only cross £ from below. As 339 = 55, = 1/2, it must be that
Pse > B4, for all t € (0,7), contradicting that 7 has positive measure. We conclude that
there is a unique LME. O

Omitted steps of proof of Proposition 2: Imposing the first-order condition on the
RHS of the HJB equation and evaluating at a = Sopt + S1ym + P30 yields
e [var + 2muy + Ovs,]

0 = —4[Borp + Frem + Bse0] 4 20 + 2 + 2[Boepe + 1B (1 — x¢) + may].
%




Matching coefficients in this equation, we obtain

" 2002 [Bor — Bre(1 — x2)] oy — —oy[Bs = Pu —x)] | _ 207205 — 1] (S.1)
¢ QY o QY Y Xt | |

provided that ay,y; # 0 Vt, which we will confirm. Setting v;7 = 0 for ¢+ = 2,4,5 yields the
terminal conditions stated below. As in the public benchmark, these conditions also yield
the equilibrium coefficients for the case where both players behave myopically.

We evaluate the HIB at a = Sospu+S1ym—+Ps:0, using (S.1) to eliminate (voy, Vg, Usg, Doy, Var, Ust)
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and in turn using that 4, = — and x; = (1—x¢) to eliminate 4; and x;. The resulting

equation yields a system of ODEs for (vg, v1,vs, 5o, 51, 83, 7):

Gor = To¢ + O Ve X (5.2)
U1 = 101 — 20183 Bor — Bre(1 — X¢)] (5.3)
b3 = 1+ rvg — 2033, (S.4)

(5.5)

. (0%
Boe = =55 { =103 Bu(2 = xe) + 703 (1= x) — 2031 — x)}
Y

: Q
P = _ﬁ {roy = 2B8u[Bary + 103 (2 — xo)] + 2677:(1 — xo) (5.6)

Y
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By = —ﬁ {rov(2 = xu) + 283 [Bry — oy (2 — x0)] } (8.7)
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subject to the boundary conditions vor = vir = v3r = 0, Bor = 2(12?;2)7 Pir = 2(2EXT)’

Bsr = 1/2 and 9 = 7°, where x = 1 —v/~°. Equations (S.5)-(S.8) form the boundary value
problem in (B, 81, B3, ) referred to in the proof of Proposition 2. As the equations for vy, v,
and vz are uncoupled from each other and linear in themselves, they have unique solutions
given any solution to the BVP. The a-ODE is

G = —rag[l — (2 — x¢)). (S.9)

That a > 0 in any solution to the BVP is shown in the proof in the main text, and that
~v > 0 follows from the fact that « is finite. Hence vs, v4 and vs are well-defined by way of
(S.1) given any solution to the BVP. O



S.1.1 Proofs for Comparisons between Public and No-Feedback Cases

To prove Propositions 3 and 4 we rely on two sets of results. Lemmas S.1-S.2 below obtain
closed-form solutions when r = 0. Lemmas S.3-S.4 provide the equilibrium coefficients for

the fully myopic cases and establish uniform convergence of coefficients as r 7 co.

Lemma S.1 (Closed-form solutions when r = 0). For r = 0, the leadership game has a
unique LME for the public case, and (Po, b1, B3,7) satisfy Bo =0, 1 =1 — s,

o o\ 2
o 1 B 1 ; _'yTJrQJ%,— (v°T)” + 4o
%—7+m753t—ma ana yr = T
oo ooy 20%

(S.10)

Proof. Observe that Bgt'ymtﬂgt% -y gtﬂ’?. Hence, define II; := (57, which has ODE f[t = f—;
Y

2
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with initial condition Iy = B30 = ~F/2; its solution is II; = [ 2 %} . Substitute

9 ’YI};‘u,b UY
2 .2
Il into 4, = —25% to obtain 4, = = |—L1—+| which implies 7, = C, + —1—+. As
v 7 ’yllgub B @ 7gub _g
Yo = Vb, we have C,, = ~E, /2 and thus
F -1
v 2 t
= g"” + [T - —2} : (S.11)
TPuw Oy
-1
o . 'yFu 2 T . . . .7 F 2
Moreover, yp = 7% = 5 + [Vgub — E] , which is equivalent to the quadratic 3 (Vpub) —

(v°T + 20%) vk, +203~° = 0. The quadratic on the LHS is convex and evaluates to 203+° >
0 at 45, = 0 and evaluates to — (7°)>T/2 < 0 at y5,, = ~°, so there is a unique solution in
(0,~°) which in the forward system is v as in the proposition statement. Substituting this
into (S.11) and returning to the forward system by replacing ¢ with 7" — ¢ yields 7; in the
forward system. It is easy to verify that v, > 0 for all ¢.

Lastly, we have (in the forward system) f3; = II; /7y, = W and By =1 — B3 O

20%,

Lemma S.2 (Closed-form solution no-feedback case r = 0). For r = 0, the leadership game
has a unique LME for the no feedback case:

(Y + yr)?oy — (T = 1)(v°)*yr] oy (7 +r)?

B = . Bay =

R () = (T ()] T 20E( + w2 — (T - () r
oy = 7 Ye = oy (v + )’

¥+ o3 (v + ) = (T =) () vr

for all t € [0,T], where x; = 1 — /7% and yp € (0,7°) is the unique solution in (0,7°) to
the cubic q(7) =T (7°)> + (v = 7°) (y +79°)° 03 =0, and By = 1 — 1 — Bs.
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Proof. We work with the backward system. By reversing time, the a-ODE (S.9) becomes

ay = rafl—ay(2—x;)]; with r = 0, o must be constant and equal to its initial value ay =

2-xo0"
F o
Next, recall that by Lemma A.2, xy; =1 — 2 50 xo = 1 — 2 and thus oy = o = -—
v . Y YnetY
for all ¢ € [0,T]. Next, note that the ODE 4, = aogt given an initial value vk has solution
F 2
Vi = TNETy - switching back to the forward system by replacing ¢ with T'— ¢ yields

2 F ~°
o3 — t
y ~INF ( B )

the expression in the original statement. Now the terminal condition vy = ~° is equivalent

to the following cubic equation for v4,:

o o o 2
CI('YJI\;F) = 71}\;FT (v )3 + ('YJFVF =7 ) (’Y]FVF+ 7 ) 0}2/ = 0. (S.12)

Note ¢ (vkr) > 0 for v§z > 7° and ¢ (vhp) < 0 for 75, < 0, so all real roots must lie in
(0,7°). Now any root to the cubic must satisfy

T(70>3 _ 2 (VJIGF + ’YO>2 913
o__~F T 7Y F . ( . )
Y v INF

The LHS of (S.13) is strictly increasing for v4, € (0,7°) while the RHS is strictly decreasing
in this interval, so ¢ has a unique real root. Returning to the g; ODE, using a = 1y + fs,
we have 3, = %f“(a — 1¢). This ODE can be solved by integration after moving f; (o — /31)
to the LHS, an(; with algebra, one obtains (in the forward system) the expression in the

proposition statement. One then obtains f3; from these using £3; = o — Bi - O

Lemma S.3 (Closed-form solutions—myopic case). Suppose the leader is myopic. In the
LME for the public case, B3 = 1/2 and vF** = 1959°_ In the LME for the no feedback case,

T 4ol 4ot
o = W, where YN is defined implicitly as the unique solution in (0,7°] of the equation

FO /) =2 /%) = 9 o Al e = =2

Proof. We first consider the public benchmark case, where in the myopic solution, 33 = 1/2,

and thus (in the forward system) 4/ = B gt(zt: 0 (75:2}?)2 which implies 7/ = %.
Y Y Y
In the myopic solution to the no feedback case, a; = 2th =1 . 7> Where YV solves
t
the ODE
2 . 2
e G0N 1 .
Y = == | o (5.14)
Oy oy \7’+ V%
. NF . NF . NF
e (S.15)
f)/t (r)/t ) ’y O-Y

By integrating both sides of (S.15) and using that "/ = 4° to pin down the constant of



integration, we obtain that *" solves

o o ] fYOt
2n(y" ) = N = = (S.16)
Y

To verify that 4"*' € (0,7°] is well-defined as such, define f : (0,1] — R by f(y) :=
2In(y) — 1/y + vy, and note that f(y) is strictly increasing as f'(y) = (14 1/y)* > 0, and
moreover, f(1) =0> — = L while lim,, o f(y) = —00 < —Lt. Tt follows that for all ¢t € [0, 77,
M € (0,7°] is uniquely determined by (S.16). O

Lemma S.4 (Uniform Convergence as r — 00). As r — oo, the solutions to the public and

no feedback cases converge uniformly to their corresponding myopic solutions.

Proof. To make the statement precise, fix any 7' > 0 and let {r,}32, be a sequence with
limy, o0 7 = 00. Let {(BPU0", gEubm Apubmyroc and {(aNFn ANFEn (NEmy1e he sequences
of solutions to the BVP indexed when » = r, > 0 in the public and no-feedback cases,
respectively, and let (BP0, GE>° ypubooy and (aNFee A NFeo \NF) denote the equilib-
rium coefficients for a myopic leader. We show that uniformly, (X", gEub" ~pubmy

(ﬁfub,oo’ gUb7OO’,.)/pub,oo) and (aNF,n’,.)/NF,n’XNF,n) _>( NFoo’,yNF,oo’XNF,oo)'

To this end, for arbitrary 7' > 0 and r > 0, let BVP”(r) denote the boundary value
problem for (81, Bs,7), parameterized by r. Likewise, let BVPY(r) denote the boundary
value problem for (a,7,x) defined by (S.8)-(S.9) and the xy-ODE, which we eliminate via
Xt = 1 — v /7°, and the associated boundary conditions.

”szﬂ&ﬁ&>eCRMHﬁ:mzommmﬂmmﬁywaw%BWﬁWﬂ}
= {(a,v,x) € CY([0,T])® : Ir > 0 for which (a7, x) solves BVPY(r)}.

Equicontinuity We show that the families {(Bl, B, 3) = (B, B3, y) € =P} and {(&, ¥, X) :

—Pub and = —=NF

(o, 7, x) € N} are uniformly bounded, and hence = are equicontinuous.

We begin with the public case. Recall that 2% is uniformly bounded, and in particular,

we have (But, Bat, ve) € 0,1/2] x [1/2 1] x [0,7°] for all (B, Bs,v) € P and all t € [0, T].
It follows that || = & Mt < W We now establish a uniform bound on fs. If we define
Y

:=1/2 and BB ﬁg By, we have from the (backward system) f5-ODE
B:{t = B3t = 531&[—27“5;; + B3 (1 — 53t)%/0%/]a
which is linear in ﬁg . Solving this ODE and multiplying through by r, we obtain
t 't
r@=/75*%mﬁﬂ—mww&w
0
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Now |32,(1 — Bss)vs/0%| < gl .= % Moreover, 203, > 1, and thus

¢ ¢
’TB;J;J S EPUb/ reinSt QBgududS S §P“b/ Teir(tis)ds = gPub<1 — efrt) < gPub.
0 0
It follows that

|Bas| = |B4| = |Bas[—2r B, + Bar(1 — Bae) v/ o2 ]|
< | = 2B5] - |rBd| + 82 (1 — Ba)yefod| < 2- G + g™,

which is the desired uniform bound as g is independent of 7. Now since 3, + 33 = 1, | 51t|
is also uniformly bounded above by 3§7%. Hence we have established uniform bounds on
the derivatives (Bl, Bs, ) for (B1, B3,7) € 2P, and thus 2 is equicontinuous.

Next, we turn to the no feedback case, where we recall the uniform bounds a; € [1/(2 —

X0, 1] € [1/2,1], 3 € [0,7°] and x; € [0, 1]. Immediately, we have |4, = |22£| < 92 and
Y

2
Oy

since x =1 —/7°, x| = | — %/7°| < % =: g™, We now uniformly bound d,.

Set o) := 1/(2 — x;) and of := oy — /", and note that &5 = x;/(2 — x¢)%. We have
&f = —roy(2—x1)od — X1/ (2—x1)?, which is linear in of. Solving this ODE and multiplying
through by r yields

t
raf = / re" s Oéu(2—Xu)du[_Xs/(2 _ Xs)g]ds
0

t
= |raf| < / re" JocnGoxduy (o y )2 ds.
0
Now |xs/(2 — xs)?| < |xs| < g™ as noted above, so

t t
|’I“Oé{| < gNF/ Te—rfst Ocu(2—xu)duds < gNF/ T—r(t—s)ds _ QNF(l _ e—rt) < gNF7
0 0

where we have used that o, > 1/(2 — xu) = fst (2 — xu)du > (t — s). We now have

lcu| = | — reu(2 = xi)af | = |raf| - || - |2 = xi| < GV 1-2.

=N
=

Hence (&, ¥, ¥) are uniformly bounded for (o, 7, x) € ZM', so =N is equicontinuous.

Completion of the proof of Lemma S.4: Having established equicontinuity, we now
complete the proof of the lemma. First, note that r, — oo implies that r, = 0 for at most

finitely many n, so there exists N such that r, > 0 for all n > N; it suffices to consider only



such n. In the public benchmark, recall that Bfub’oo = g"b’oo = 1/2. We have 33 > 1/2 > 0,
so the #3-ODE can be rearranged to obtain
( pub,n> (1 . pub n)lypub,n Bpubn

1
pubn - 3t t
3t - 1/2 + rn QBPUbn 2 26pubn

Using 33 > 1/2 and our bound on | 53|, the expression in brackets is uniformly bounded in
absolute value by some constant K7“ (independent of 7, and t). Hence S7**"
pointwise to 1/2 = 5" Since 0" = 1 — ", BP*™ converges pointwise to 1/2 =

Bt As [0,7] is compact and the sequence {(Bp ubn, pub i)V s equicontinuous, we

converges

apply Lemma 39 in Royden (1988, p. 168) and obtain uniform convergence for 5{“* and

§D ub_ Finally, we prove uniform convergence for 4", by proving pointwise convergence

and invoking the same result to obtain uniform convergence. Note that for ¢ € N U {oo},
pubi _ V0o
o abe ), (BR7)ds

constant and converge pointwise to (65“”*°)2, the dominated convergence theorem (Royden,

1988, p. 267, Theorem 16) 1mphes ft (BE“)2ds — ftT( Pub2)2ds and thus for all t € [0, 7]

. Since for n € N, the functions (35“*")? are bounded uniformly by a

3s s
pub,n ~° JY

pointwise, v; TRESE
Uy+'Y ft ) ds
Royden (1988, p. 168, Lemma 39) gives uniform convergence to P>,

Next, consider the no feedback case. By Royden (1988, p. 169, Theorem 40), there exists
NFn

Pubee Gince the sequence of AP0 is equicontinuous
t )

,ANER A NEn)Lee indexed by {k(n)}°2, which converges uniformly

(O[NF,oo’ ,YNF,oo’ XNF,oo)

NF7oo).

a subsequence of {(«

on [0, 7] to some limit (a*,v*, x*). We argue that (a*,v*, x*) = . and

NF,00 A NF,co
)

thus the original sequence converges uniformly to (o> ~ X

Using a similar dominated convergence argument to before, we have that pointwise

NF,k(n) V%03 * V%03 NFk(n) NF,k(n)
————— 507 = ————— and '
Ve o2 0 T (ar)2ds’ Nt = 2+7 I7 (a)2ds Xt

X* uniformly, we have X" =1—~*/~°.
Let " = 1/(2 — x7™™). Since a; ©" > 0 for all n, the @ ODE can be rearranged

— 1=~ /~°. Since x —

NFn
. NF NF, NF,
to obtain a; " — o = rl —W Since 2 — x; " > 1 and o " > 1/2,
n

the expression in brackets is uniformly bounded in absolute value by some constant K™

(independent of ,, and t), and thus |a; ™" — a]*"| — 0 pointwise It follows that pointwise,
and by familiar arguments uniformly, a™*™ — o*. But o™ =1/2— M) — 1/(2—x7),
so " =1/(2—x") =1/(1+7"/7°). . .
By differentiating the equation ~; = #, we obtain 4} = (O‘%t) = U%[l(:;; T
subject to initial condition v4 = 4°. This equation has a unique solution which is N>
as obtained in the proof of Lemma S.3, from which o* = o¥F** and y* = V>, This

establishes that all convergent subsequences have the same limit, and hence the original

sequences converges to that limit. O



Proof of Proposition 3

We first prove the learning comparison in (i). Recall that ¥ is the unique positive root of
the cubic equation g(y) = 0 defined in Lemma S.2. At 4N7 it is easy to deduce that ¢ must
cross 0 from below, and hence to prove the claim, it suffices to show that q(4£**) > 0. By

direct calculation, we have

2

2
) =435 (203 = \fiTro 0] ) (20 4203 = (0790 + 20 )

+(%)? (T'YO + 207 — 1/ (T7°)? + 40%) = (v°)*Tq(S), where

2

2
©(S) = 1+25 = VI+457+ 5 (28 - VI+457) (2429 - VI+457) and §:= ;;”

We now show that ¢2(S) > 0 for all S > 0 (observe that ¢,(0) = 0). Let R(S) =1+ 25 —
V1 +452; it is straightforward to verify that R(0) = 0 and that for all S > 0, R'(S) > 0
and R(S) < 1. Moreover, the inverse of R is the function S : [0,1) — [0, 00) characterized
by S(R) := %. Hence, by change of variables, ¢2(S) > 0 for all S > 0 iff ¢g5(R) > 0,
where ¢3(R) := R — S(R)(1 — R)(R + 1)?. Now for R € [0,1), ¢g3(R) > 0 if and only if
S(R) = f((f:g’)) < (I_R)I(%RH)Q, if and only g4(R) := (2— R)(R+ 1)? < 4. It is straightforward
to verify that over the interval [0, 1], ¢4(R) attains its maximum value of 4 at R = 1, and

tracing our steps backwards this implies that g(y£*) > 0.
Now we establish the ranking of signaling coefficients at time zero, i.e., that 85* > o'

Using the associated expressions from Lemmas S.1 and S.2, this is equivalent to

1 v’ N ”Y;ubT NF
> = F4:=~°(1- < )
2oL Tt T T ( 2% )7
Ty

It suffices to show that ¢(%) = TH(7°)® + (¥ — v°) (¥ +71°)?¢% < 0. Using the expression for

A& from Lemma S.1, one can show that

()"
20

q(9) = - (T9°)* + 20y — Ty [(Ty°)? + 40?‘/} :
The expression in square brackets can be written as x—;y — /2y > 0 where z = (T7°)? > 0
and y = (Ty°)? + 405 > 0, and thus ¢(¥) < 0, concluding the proof.

Finally, to prove (ii), observe first that v/“* > vM" for all t € (0, T] in the fully myopic
case. Indeed, since V¥ = " = ~° solving the ODEs for 47 and v by integration

and using that oy > (3, = 1/2 with strict inequality for all ¢ > 0 delivers the result. This



implies that for any 6 € (0,7), 0 < ¥ := mingep_s7 (yFuboe A NES) “yhere we use 4*"

to denote the solution for the case x € {Pub, NF} and r is the discount rate. By Lemma
S.4, yPubr — ANEr converges uniformly to ~Pubo0 — N0
e € (0,7%), there exists 7 > 0 such that for all » > 7 and all t € [T — 0,7], we have

Pub,r NF,r Pub,c0 NF,00
Tt N > Mt — M

as r — oo, and thus for any

—e>7~—¢€>0, as desired.

Figure 1 suggests that the learning result of Proposition 3 extends to all r € (0, c0).

045

0401 — yrNF
J
yr Public

r

Pub

Figure 1: Terminal values of 4y7* and 4"¥', Parameter values: 7° = oy = 1, and T = 4.

Proof of Proposition 4

We begin by calculating the leader’s ex ante flow payoffs in both cases.

Lemma S.5. The leader’s ex ante flow payoffs in the public and no-feedback cases are
AP — Bse)? + B2] and (1 — ap)®y° + a2, respectively.

Proof. Ex ante flows are given Eq [(0 — a;)? + (a; — 4;)%], where Eq is the leader’s ex ante

expectation operator. In the public case, a; = (1 — f3;) M, + 53,0 and a; = M;, so we have

~

Eo [(9 - at)Q + (ay — dt)Q] = IA[‘-‘jo [(9 - Mt)2 ([1 - 3315]2 + 5:%5)} = %tPUb[(l - 531&)2 + 53?1:],

where in the last step we have used the law of iterated expectations and the fact that the
variance is deterministic: B [(0 — M,)?] = E, [E[(G - Mt)ﬂ = yfub,
In the no-feedback case, we have a; = (1 — o) + 0 and a; = (1 — o) + M, so

Bo [(0— a0)? + (a = @)?] = (1= a)*Bo [(0 — p)*] + affo [ (0 — ML)2| = (1= )™” + af),

where we have used the definition of 4° and K, [(9 — ]\7[,5)2] =, [E[(G — Mt)ﬂ =~N. O

For part (ii) of the proposition, observe that from the second terms of the expressions

in Lemma S.5, the undiscounted coordination losses for ¢ € {Pub, NF} are fOT(xi)Q%i dt,



where z”* = g and «™ = oM. Since 4} = —(z}})? /0%, such losses are [ —oy2tdt =
t

ot In(y;)§ = 0% n(v°/7%)-
Turning to part (i) of the proposition, for i € {Pub, NF}, let V' denote the long-run
player’s ex ante expected payoff and define 7% := % Define p := 4 /~°. We begin by prov-
Y

ing that for r = 0, VF* = —¢2 {TP“b/Q —1In [%] } and VM = —62 {p(1 — p) — Inp}.

First consider the public benchmark, where from Lemma S.5,

P, (/OT (0 — a))? — (4 — @)?] dt) =— /OT (e ([1 = Bae)® + B3,)] dt

Using the closed-form expressions for 7; and (3, the integrand simplifies to

Pub

2t’}/PUb ,yPub 2t~Pub
1— 2 2\ _ T 1 _Jr
e ([ 5315] + 63t) 2 + (20_Y t'yPUb) (40Y t,.YPub) 2

where t7% := tyFu /52 Using that the function g : = — has antiderivative

(2—:v)az4—m)

In < 4_2) ) and integrating the second term w.r.t. 7 over [O,T P “b] and rescaling by

2
—1n8> =0l {Tpub/z—l }

o2 /vEu we obtain
16 — 8T
Next, consider the no feedback case, where by Lemma S.5,
T T T
VAE = ]EO/ [—(0 — ar)* — (ar — a,)?] dt = —/ (1 — a)*y°dt — / o?yNdt.  (S.17)
0 0 0

(4 _ TPub)Q

Pub _ 71]3% 2
V =T 5 Oy In

Consider the first term on the RHS of (S.17), which reduces to —T(1 — a)?y°. From

2
Lemma S.2 we have —T(1 — a)?*y° = —T»° <1+p) = —02p(1 — p), where the last equality

is simply a rearrangement of the equation q(y2) = 0 using V' = py°.

The second term on the RHS of (S.17) can be rewritten as

T

20 gy g2 (In~yp —1 g2

Y _NF y Unoyr n’YO)—UYn,y = Oy P,
0 t

and hence (S.17) is equivalent to —o%-{p(1 — p) — In p}, as desired.
Next, we prove that VM < VP for all T,4°, 02 > 0. Substituting in the expressions

Pub oo TY° _ h - NFY _ () : :
for 4", using T' := - and p = 5 and that the equation ¢(v3") = 0 is equivalent to
Y

10

(2 _ fPub) (4 _ gPub)

|\



T — w, and simplifying, we obtain

Va+T?
2

VNE _yPub — 52 {p(p—1)+lnp+1+f’/2—
—In {8 (—T+ \/4+(T)2)] +21In {2—T+ \/4+(T)2]} = % (p),

where f(z) = A;(z) + 2z1n (AQW ) for Ay(x) = 2% — 322 + 3z + 1 — 2(x), As(z) =
P4’ +r—1+2(x), As(z) =82+ 2 —x — 1+ 2(x)] and 2(z) := /422 + (1 — 2)2(1 + x)™.

We now show that f(z) < 0 for all x € (0, 1), so that in partlcular f(p) <0, from which
the desired result follows. We begin by showing that Ay(z) > 0 and Az(z) > 0 for all x > 0.
By inspection, for all x > 0, we have As(x) > As(x)/8, and

As(2)/8 = (z — 1)(z + 1) + /422 + (L — 2)2(1 + 2) > (2 + 1)? [:zc—l—kx/l—x}

Next, we apply the inequality In(y) < 2 (y% — 1) for y > 0 using y = (( )) > ( to obtain
A
flz) < Ay(z) + 4z (1) ) (S.18)
As()

For z > 0, the RHS of (S.18) is negative if and only if

x)/\As(x) < —A;/(4z) + 1. (S.19)

For z € (0, 1), the RHS of (S.19) is strictly positive:

A1

I [\/43:2 (1—2) (1+x)4—$3—|—3x2—|—x—1}
v

>$[(1—x)(1+x> — 2%+ 32% + 2 — 1] :%[l+x(1—x)]>0.

Hence, for x € (0,1), (S.19) is equivalent to

0> Ay(z)? — As(x) (—A— + 1) = % (1 — 2)*As(z) + As(x)2(2)] (S.20)

4x T

where Ay(z) = 2% — 42% — 2% + 422 + 32 + 1 and A5(z) = 2° — 32* + 23 + 22° — 1. Now by
Descartes’ rule of signs, As has 3 sign changes and at most 3 positive real roots, counting

multiplicity. It is easy to verify that there is a double root at x = 1, that A5(2) = —1 < 0,
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and that lim,_, ., As(x) = +00, so there is a positive root at some x > 2. This implies there
are no roots in (0,1). Since A5(0) = —1 < 0, it follows that As(z) < 0 for all z € (0,1).
Thus, without signing A,(x), it suffices to show that (1 — x)?|A4(z)] < —As(x)z(x), or
equivalently (since As(x) < 0)

0> (1 —a)*Ay(z)? — 2(2)*A5(2)* = 4(1 — 2)*2°(2* — 22° — 30 — 1). (S.21)

Now for z € (0, 1), we have in (S.21) 2* — 22% — 3z — 1 < —22% — 3z < 0. Since the outside
factor is positive, we have shown that f(x) < 0 for z € (0, 1), and thus VN < VFub, O

S.2 Section 4: Omitted Proofs

Lemma S.6. The process L is the belief about 6 held by an outsider who observes only X.

0 X out . out out Ly out 111;@ 11—22

Moreover, | . | |F;* ~ N(M™, ~2*) where M = and y" = :
M, L JieXt o YieXt
t t I-x¢  1=xt

Proof. The outsider jointly filters the state v; = (), Mt)’ . For the evolution of the state and
the signal, we adopt notation from Section 12.3 in Liptser and Shiryaev (1977). From the
outsider’s perspective, both players (and in particular player 2) are on the equilibrium path,

and thus the outsider believes that v; evolves as

dvy = ay (t, X Yvedt + by (t, X)dWi(t) + ba(t, X )dWs(t),

0 0 2 0 0
where ay (t, X)) := for z; == %—Fa%t%t, bi(t, X) := o, |2 02(6X)
&t TRt X 0 oy

vostYie Y
ox Zt

tion and Wy (¢), ZY and ZX are mutually independent. The signal is

0 Wi (t
( ), Wi(t) := u(?) and Wy(t) := ZX, where Wi (t) is a standard Brownian mo-

dX;mt = dXt — [(50t + 5215[/15 + I/(OéOt + OéQtLt)]dt = Al (t, X)’Ut -+ B1 (t, X)Wl (t) -+ B2<t7 X)Wg(t),

where A1<t, X) = (Vozgt 5175)7 Bl(t,X) = (O 0) and Bg(t, X) =0x.
Mout out out

Hence, denoting Mt = Zit and " = %oi: Py';if
Mt,2 Y21 Vi22

we have from the standard filtering equations of Liptser and Shiryaev (1977, Theorem 12.7)

out out

> and imposing Vi21 = Vii2
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0
that (M) | FX ~ N (Mo ~out) | where MU and v°“* are the unique solutions to
t

0 26"
Rl B B I
Vo 01t

ox fdXpt — (v MY + 51tMt‘j§‘t)dt} (S.22)

0 vo 0 vo '
e T
Va3t 01t Vo 01t

0
with initial conditions MJ** = ('u> and 1§ = <7 )
1

0 0
Recall that v, and y satisfy 4y, = —z—%iﬁt and x; = ned (1oxe) Vltjgtxg with initial
Y

Ty X

1
dMP™ = ay (8, X)MP™ + =

Ox

L ou ou out * 1
Y= an(t, X" el + =
ox

YieXt  Y1tXt
1—xt 1—xt

satisfies the 7°“*-ODE above along with given initial condition. Moreover, v?* is positive

Y1t Y1t Xt
conditions y;9 = 7% and xo = 0. It is straightforward to verify that v = <1Xf 1’“)

semidefinite as its leading principal minors are positive multiples of 1 and y — x? > 0.

Next, substitute given the solution 7" into (S.22) and subtract the equation for the
second component from its first to obtain the following SDE for M := M — Mg“: dM,; =
—EMtOégt%t with initial condition My, = 0. Now if M, > 0, then dM, < 0, giving us a
contradiction; likewise for the case M, < 0. It follows that M, = 0, and thus M} = My,
for all t > 0. Substituting this back into (S.22), we have

Y (vasy + 016 Xe)

dMPY = (dX7" — (vory + 01,) MY dt)

0% (1 —xt)
vog + 0
— fyltgg((?:)lt — Xit)xt> [dXt - (VOZOt + 5(),5 + ij;t(yag,t —I— 5175) + Lt<l/OéQt + 52t))dt] (823)

On the other hand, we have

Ly[fune + fior + fige)dt + fropdt + BdX,

dL; =
t I—x:
vog + 0
- 7”572 (T Xlt)Xt) [dX; — (bor + vy + Ly[v(oo + ) + 014 + O] )dt] (S.24)
x\L = Xt
Hence L, := My* — Ly satisties dL; = _%Et@agt + d1¢) with initial condition
) O,X .

Lo = pu— p=0. We conclude that L, = 0, and thus L, = MY = Mpyt, for all t > 0. ]
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Proof of Lemma 4: We first derive a candidate mapping for the general case of a drift
a; + vag, v € [0,1], in X. Suppose §; = tgza3. The x-ODE for v € [0, 1] boils down to

- 21 v+ TaaXt)?
Xt = Qs ({—2 + —2] (I —xs) — %) = —703,Q(xx)-
0x Oy Ox
If f:1[0,x) — [0,7°], some x € (0,1], is differentiable and f(x;) = v for all t > 0, then
f'(xe)xe = . When ag 75 0, th)) = % Hence, we solve the ODE % = %
X € (0, %) where f(0) =
. L \/b2+4(ﬂa@)2/[axay}2—b — /02 +4(i145)? /[ox 0y |2—b

To this end, let ¢y := T CVEE CVEE
[V2/0% + 1/0%] + 2144/ 0%, be the roots of the convex quadratic @ above.

Clearly, —¢; < 0 < ¢3. Also, ¢o < 1 as Q(1) > 0; and when 4, # —v (which

specializes to U, # 0, as in the lemma statement that uses v = 0), we have ¢y < 1.

for

and —c; = , Where b :=

Thus, % = —(ﬂa&;g(f o [Xiq — X_ch is well defined (and negative) over [0,cy) with
1/(x +¢1) > 0and —1/(x — ¢c2) > 0 over the same domain. We can then set Y = ¢y and
solve [* J} ©) gs = @ ;723(221 o log (i‘ﬁ;i—f), which yields the decreasing function f(y) =

f(0) <C_1> l/d (cg—x>1/d, where 1/d = 0%%/[(ti4a)*(c1 + c2)] > 0. Imposing f(0) = 7° and

c2 x+c1

inverting yields x(v) = f~!(7) as given in the lemma. Note that x(7°) = 0 and x(0) = c».
We now verify, for v = 0, that x(v) satisfies the x-ODE (even when a3 = 0). We have

d(x(1)) a3 (%)d
= cicedic) + co) | —
d e+ eyttt G
By construction, moreover, cicy = ¢y — co = %, which follows from equating the first-
Y aa

and zero-order coefficients in Q(x) = W2,x*/c% + x/0% — 1/} = 42, (x — c2)(x + ¢1)/0%.

Thus, dcica = ¢1 + ¢o. On the other hand,

o _ g [, A=) 0 e [ 1

o% o% | e+ eoy/re)d o2 |+ oa(v/40)

where we used that ¢?c3 /0% = ¢i(1—cy) /0% follows from 42,3 /0% = (1—cq) /0% by definition
of ¢o. Thus, the right-hand side of the xy-ODE evaluated at our candidate () satisfies

(1 i) O ==}

Yy Ox

x=x(7)
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Thus, using that c¢jced = ¢; + ¢2 in our expression for d(x(v;))/dt, it suffices to show that

[e1 + e (%) = (1= x)[er + c2(7/7) ] = (1 = e2)[1 = (v/7°)

Using that x[c; +ca(7/7°)] = 1 — (7/7°), it is easy to conclude that this equality reduces to
three equations 0 = ¢} — ¢icy — ¢} + ciea, (014 2)? = 2c109 — c1e2(c2 — 1) + 2¢3(1 — ¢3) and
0= 2+ cic2 — (1 — ), capturing the conditions on the constant, (v/7°)¢ and (v/~°)*
respectively. The first condition is trivially satisfied. As for the third, by the definition of ¢,
and ¢, we have that c2/(1—cy) = 0% /(tiaaoy)? = & /(14c1). Thus, ci(1—cy) = c2(14¢), and
the result follows. By canceling common terms, the second condition is also a rearrangement
of this identity. Thus, x(7) as postulated satisfies the x-ODE; by uniqueness, x = x(7).
Finally, when ,; = 0, we have that §; = 0, and the y-ODE reduces to x = a2,7:(1 —
Xt)/0%, xo = 0. It is then easy to verify that x(y) = 1 — 7;/7° satisfy the ODE, and we

conclude again by uniqueness.

S.2.1 Proof of Theorem 1

It is convenient to change variables using v; := yv; for i = 6, 8:

- . 1 2
Vet = "Vt {_5; — 26182 (1 = x¢) + 81, (1 = x4)* + Terar} {g - Jg((l—x—txt)} } (S.25)
- . 1
Ust = "Vt {25% +2(1 = 200) B1s(1 = xe) + 487X (1 — o) + Tse [E - ﬁ} }
(S.26)
: Qe
= 2
B 20202(1 — x1) { ox (o — Bre) Bre(1 = xe) (5.27)
+2‘712/06tXt(ﬁ2t[1 + 2B1exit] — Bull — xe]) + Oé?ﬁltXt’fJSt}
; QY 2 2 2 2 2
= -2 1- —2 1-2
Pa 20%0%(1 — x1) { o5 B Xt) oyt o X ( Bat) (5.28)
+O‘?Xt(27~)6t + 52t?78t)}
. a 5
Pat = 55— il {203(5125(1 — Xt)Bst — 205y Bauxi (1 — 2Bs) + Oét253tXt08t} (S.29)
20507 (1 = xt)
' 2,2
jy = 11 (S.30)

Oy

with initial values vgy = 059 = 0, [19 = %0 2 oL Bog = Toox) 2 XO L B30 = % and v, = 7, and
where x; = x(7), with x(-) defined in Lemma 4. From that lemma, this function takes

values in (—cq, ¢o], with ¢ < 1, when v € [0, +00), and so the denominators in System 1 are
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well defined; we use ¥ := ¢, in what follows. Also, the right hand sides above are C' over
{(g, Vs, B, Ba, B3,7) € R® x R}, and hence, if a solution exists over [0, 7], it is unique. We
will show that there exists v € (0,7°) such that a (unique) solution to System 1 exists and
it satisfies v (7)) = +°, with the properties stated in the theorem. For such v, since v is
nondecreasing going back in time, we have v > 0 and can recover vg = /7y and vy = Ug/7.

It is easy to verify that o = 33 + (1) satisfies &y = % {402 Boxt + Vg } with
X Y

initial condition oy = #M > 0. By our comparison theorem applied to a and 0, we
27 _ ~
have o > 0. The functions 95" = oy 1+2ﬁ;(1 xta] % and psmd =1 — B — B3 are

then well defined, and it can be checked that if (g, Us, 51, B2, 53,7) is a solution to System
1, then (9¢™4, 0g, B1, 85", B3,7) is also a solution. Hence, by uniqueness, 76 = 9 and

By = B4 and so doing the corresponding replacements in the (os, 41, 33,7) ODEs we
obtain the reduced IVP (“System 27)

Vst = W {Qand +2(1 — 20) Bre(1 — xz) + 487X (1 — xe)

) ) (S.31)
o [1/0% = xe/(0%[1 = xi])] }
; Qe 2
= —20% (o — 1-—
e a1y U Al o) S32)
+205 axi( Cand[l +2B1x¢) — B[l — xi]) + a?ﬂltXt@Bt}
- a
Pat = 55— il {QUXﬂlt (1 = x¢)Bar — 205 B X3 (1 — 233,)
2050y (1 — (.33)
+05?53tXt'U8t} )
along with (S.30), and initial conditions @5 = 0, B0 = 3557y x 7o B30 = + and 7o =%

Note that if 4" = 0, System 2 has the (unique) solutlon X =Y, ﬁl = m, B3 = %
(so that a = ﬁ) and v = 0, with 03 obtained from integration of its ODE. (This does not

correspond to a solution to the BVP, since y7(0) = 0 < 7°.) Next, define
7 = sup{7" > 0| a solution to System 2 exists over [0,7] for all v* € (0,7")}.

Since the right-hand side of the equations that comprise System 2 are of class C*, the
solution is unique when it exists, and there is continuous dependence of the solution on the
initial conditions; in particular, the terminal value y7 is continuous in v (see Theorem on
page 397 in Hirsch et al. (2004)). Hence if there exists v € (0,%) such that vy (y") > ~°, by
the intermediate value theorem there exists a v € (0,%) such that y7(y¥) = ~°, allowing
us to construct a solution to System 1.

F
)

Suppose then that for all v € (0,%), yr(vF) < 4°. In particular, because 7; is non-

decreasing in the backward system for any initial condition, we have that ~, € (0,~°) and
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by Lemma 4, y; € (0,%) for all t € [0,T] when v* € (0,7%). To reach a contradiction, it
suffices to show that the solution to System 2 can be bounded uniformly over " € (0,7)
for times T as in the theorem. Indeed, given uniform bounds, we first claim that a so-
lution to System 2 for v¥ = 7 must exist over [0,7]. To see this, let [0,7) denote the
maximal interval of existence, and suppose by way of contradiction that 7" € (0,7]. Thus,
there must be some function z(-,7) which explodes at 7', and so, for £ € (0,7 sufficiently
close to T', we have z(f,7) ¢ [-K®, K], with [-K?, K| the interval that uniformly bounds
z(t,yF) over (t,7F) € [0,T] x (0,7). But for any sequence (v'),en taking values in (0,7)
such that v!" 1 4, by continuity of solutions with respect to initial conditions, we have
z(t,7) = limy_o0 z(£,7F) € [-K* K], a contradiction. We conclude that a solution to
System 2 for 4" = 4 must exist over [0,7], and hence, by the extensibility of the solu-
tions (Theorem on page 397 in Hirsch et al. (2004)), that a solution must also exist for all
v € [, + ¢€), some € > 0, thereby violating the definition of 4 as a supremum.

To obtain cleaner expression for the uniform bounds, let us analyze a “centered” system
that arises from decomposing 3, and (3 as sums of forward-looking and myopic components,
and show that both of these components are uniformly bounded. Specifically, define 87} :=
m, By = % and BZ]; = B — O forall t € [0,T], 1 = 1, 3; since 0y starts (going backwards)
at zero, it coincides with its own forward-looking component by definition. Observe that for
v e (0,%), B is uniformly bounded by [1/4,1/2] C [0,1], as x; = x(v) € [0,1] for all
t € [0,7], and trivially 82 € [0,1]. Thus, it suffices to show that the solutions (s, 5{, 87)
are uniformly bounded by some [—K, K|®. (Recall that v is already bounded by [0,7°].)
Hence, we define one final IVP (“System 3") in (3s, 57, 8],7) to be (S.30), (S.31), and

e = 22 ft;@? * Qgg(ggt&t_ ) {—20@(% — (B, + BEDIBY, + B (L — x0)
+20% Xy ([1 — (Bl + B1) — (Bl + BN+ 2(8, + ﬂmxt]) (S.34)

208 anxa(Bh, + B1)(1 = x0) + a2 (B, + Bt |
f m mo~
= hﬁl (6{1&7 611& ) ﬁi{ta ﬁ?;t , Ust, Vt)
Qe

BI{t = 20%02(1 — x2) {2(7?((5{; + 871 — Xt)(ﬂ?{t + B3) + O‘?(ﬂ:{t + B ) Xt Vs

+od oSl — (B + 83) — (5 + B3]}

f ~
= hﬁ3 (B{ta ﬂ{?? ﬁi{ta Bg; Vg, ’yt)

(S.35)

subject to initial conditions gy = 0, 5{0 =0, Bgo = 0 and v = v € (0,7), where a; =
184, + B+ 81,4 B xi. Define h% (B, B2, B4, B2, Uss, v:) as the RHS of (S.31) with 8,4 g7
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substituted for §;, i = 1, 3.
Define & = (K 4+ 1)x + (K + 1), where we suppress dependence on K. Next, for z €
{vs, B, I} define h* : R?, — R,y as follows:

R (7% K) = 4° {2[1 + 2(K + 1)] + 2(1 + 2a)(K + 1)

(S.36)
+4(K +1)°y + Ka* [1/oy + x/(o%[1 = X])] }

R (0 ) = 2 L Dw;gfg;}([l —x)] 20%(02; 3 {20% @+ K +1](K +1)
+2ovax(1+2(K + D)1+ 2(K +1)y] + K +1) + &*K(K + 1)x}

(S.37)

785 0. o ay’ 2 2, ~2

h% (4% K = R T— {205 (K + 1) + &*YK (K + 1) 5.38)
+4oyax K1+ 2(K + 1)},

Define K

T(7°) :==max min ———— € (0,00),

K'>0 pe g0 513 h* (7 K)

and let K € (0,00) denote the argmax.! It is clear that given T < T'(v°), (0s, 81, 8]) are
uniformly bounded by [—-K, K]3. Indeed, suppose otherwise, and define 7 = inf{t > 0 :
(6gt,ﬁ{t,ﬁ3{t) ¢ [—K,K]*}; by supposition and continuity of the solutions, 7 € (0,7) and
|z,| = K, some x € {t, 5/, 8]}. Now, by construction of h*(y°; K), for all ¢ € [0, 7] and for
each = € {0s, 8], 5]} we have || = |h* (8], B77, 8L, B2 s, )| < B*(7°; K), and thus by
the triangle inequality, |z,| < 0+ 7 - h*(7°; K) < T(7°)h*(7°; K) < K, a contradiction.

We conclude that the solutions (178,5{ , ﬁ?{ ,7) to System 3 are uniformly bounded by
[— K, K]?x[0,~°], and by another application of the triangle inequality the solutions (g, 81, 33,7)
to System 2 are uniformly bounded by [~ K, K| x [-K, K + 1]? x [0,~°]. This gives us the
desired contradiction of the definition of 4 from before, so we conclude that for T" < T'(v°),
there exists v € (0,79) such that the solution to System 2 satisfies y7 (%) = 7°. (Note that
any such 7" lies in (0,7°), as v is nondecreasing in the backward system.) In turn, there
exists a solution to System 1 by setting 7 = ¢ and 3, = 350

Assume now that 7' < T'(7°) and consider any such v as above and its induced solution
to System 1 with v7(y%) = ~°. To conclude the proof, we must characterize 3y and the
remaining value function coefficients. Since this step is the special case gz, = 1, g9 = 0 of

an analogous step in the proof of Theorem 2, we refer the reader to that proof.

!Corner solutions are ruled out since the bounds h* are strictly positive and grow faster than linearly in
their second argument.

18



S.2.2 Remaining ODEs from Proof of Theorem 2

The arguments in the conclusion of the proof refer to the following ODEs:

Bop = — VXt
203{‘712/(1 — xt)(1 + Tagxe)

+ﬂ&aa? [(]— - Xt)BOt(Q[l - ada]ag( + a&a68t> + ﬂ&av?)t’yt(]- + ad@Xt)}

{47129032/501&521&(1 — Xe)Xt + 207 [aa@agvarye (1 + Tapx:)]

+lap0n [ﬁaev:at%(l + @apXe) + Bot(1 — xe)(—20ap0% + UapTs + 811&&%320@)}
+20 Bor(1 = xt) ([1 — 2040) a0 % + Uaa[laoTst + 2'&&(10-)2/627&)@})} , Bor =0,

. R R X . N N ~

bor = By + (ag + Gaacu)*Vexe {1 + U—Qt [_Uﬁt + 03 (Uap + Tgacvy — 25215)/0%} } , vor =0,

X
U1 = =280, vir =0,
vt (g + ftaaOét)2%Xt
0% (1= x¢)

Ugr = 2801 (e + th)(l —xt) + , v37 = 0, and

by = 1 — 263, vap = 0.

S.3 Section 5: Omitted Proofs

S.3.1 Proof of Proposition 5, Part (i)

We analyze the public and no-feedback cases, and then we compare learning and payoffs.

Public Case

We look for an equilibrium of the form a; = Bo; + S1:M; + P30, where M; = Mt is publicly
known, with value function V (6, m,t) = vo; + v1:0 + voym + v3,6% + vym? + vs0m.
The core (backward) system of ODEs is

(BOtaBltyB?)ta V) = (Oa —51t5§t%2/012u 51t532,t7t2/012fa 532,t7t2/‘7§2/)-

with initial conditions Syy = 0, S19 = —% < 0,83 =1 and v =" € (0,7°).
- N Y
Define ¢ := 97° /0% and T := T°/o%. It is easy to verify that the system has a solution
for each root p* € (0,1) of the cubic g”*(p) := —Tp*(1 — p) + p(1+T) — 1 = 0, where
— F 1 1— F h _ ’YF[U%/‘HH/)(’YFF] d F __ _Pub.o
(Bot: Bres Bar) = (0, Brov™ /e, 14+ Bro(L =" /) where v, = =T agzy and 77 = p*7y”.
Such a root always exists since g”**(0) < 0 < ¢g”*(1), and hence an LME exists. Now the
quadratic g™ (p) has roots only if 1» > 3(1 + T)/T > 3. Hence, when ¢ < o2/ (i.e.,
)< 1), g7 is strictly increasing, and the root, and hence the LME, is unique.
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No Feedback Case

We look for an equilibrium with a; = Bop + 51 M; + B30, where M; = E; [Mt], with value

function V (t,0,m) = v + v1:0 + voym + v3:0% + vyym? + vsml. The backward system is

(Bom Blta B3t, Vi) = (0, —o BBy — Brye(l — Xt)]/U%f, Oftﬁltﬁsﬁt/Uy; Oét% /Uy)

with initial conditions ﬁoo = O, ﬁlO = ﬁm ﬁgo = 1 and Yo = ’)/ y where X(’7>

1 —~/~°. Note that ¢, =0, so & = ag = W, and it suffices to solve the v-ODE.
By standard bounding arguments, the system has a solution. With algebra, one can show
that there is one solution for each root p' € (0,1) of the quintic g"(p) :== Tp— (1 — p)[1 +
Up(1 — p)]2, with », = %, where 71" = pMFy° and with o = & = aq being a constant
as above. Such a root always exists since ¢™(0) < 0 < ¢™(1), and hence an LME exists.
When v < 0% /7°, it can be verified that g™ is strictly increasing when it crosses zero in

(0,1); hence its root, and the LME, is unique.

Learning and Payoff Comparisons

Lemma S.7. If ¢ € (0, 1], then there is more learning in the public case for all T > 0.

Proof. Let p* = ~%/~° € (0,1), where ~7 is the terminal value of v in the BVP of case
z € {public, no feedback}. When v € (0, 1], these values are the unique roots of

0=g""(p) := pT = (1= p)[L+¢p(1 = p)I* = p(1 +T) = 1 = Pp(1 = p)*[2+ ¥p(1 = p)]
0=g""p):=p(1+T)=1=¢Tp*(1 - p),
respectively. In particular, observe that p* > 1/(1 + T), z € {public, no feedback}. Our
goal is to show pf® < pNF'

Now, using that p”*(1 4+ T) — 1 = T (p"*)2(1 — pP), we get that

gVF(pPub) = w {TQ(pPub)Q — (1= PP 2pPT 4 pPO(1 4 T — 1]} '

where M > (. Thus, letting
Qlp) :=Tp* — (1= p)2pT + p(A + T) — 1] = pX(T* + 3T + 1) — p(3T +2) + 1,

it suffices to show that Q(p™*) < 0, as ¢™(p) < 0 if and only if p < pNF

(3—VB)T+2

3+v5)T+2
- _ (B3+VBH)T+ and
2(T243T+1)

Observe that the roots of ) are given by p_ := = X

and p
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that p_ < HLT < pg. Consequently, it suffices to show that ¢”“*(p,) > 0: this ensures that

pPe < p. . and since pP > Lo 1+T > p_, this implies that Q(p"*) < 0.

Pub(

Straightforward algebraic manipulation yields that g"*(py) > 0 if and only if

G(T,) =40 +T)[(3+V5)T +2)[T? + 3T + 1> — 8T + 3T + 1°
—pT2[(34 v5)T + 2]2[2T + (3 — V/5)] > 0.

~ ~ ~ 5 ~ .
The constraint is tightest when ¢» = 1, and g(7', 1) can be written as 7' > a;7" where all
i=0
the a; > 0. Hence, §(7T',%) > 0 whenever T > 0 and ¢ € (0, 1], concluding the proof. O]

Let V* denote the ex ante payoff to player 1 in the case x € { Pub,NF'}. First,

T
Vi = R, [— / (a; — 0)2dt — p M2
0
T
—— [ Eo(Bui-+ (B~ 0P dt = (s +9° = 2r)
T
= _/0 [(5315 - 1)270 + 5%&(70 =)+ 2Bu(Bs — 1)(v — %)} ZZJCTy( PUb)

Using the solutions for the coefficients and +, in terms of v and carrying out the simplifi-

cations, we obtain VI = VFPub(pPub) “where
. . N 1
VI(p) = 0} {001 = p) + U000 - )+ )41 (L22) ]
p

In the no feedback case, note that Eo[M?] = Eo[(x:0 + (1 — x¢)u)?] = Eo[x260?] = x?1°.
Hence, Eo[M?] = Bo[(M; — My)?] + Eo[MZ] = va + X37° = xeve + Xi7°
Using a; = Bor + B1: My + P30 = abl, we now calculate

T
V=, {— / (a: — 0)*dt — ¢ (xryr + X%VO)} = —(1 = a)*°T — xr(yr + x17°)-
0
Expressing xr = 1 —y7/7°, y7 and @ in terms of v = vp, we have V' = VN (pN) where
VA (p) = a3 { ~02p(1 = p)* = $(1 - p) }

Lemma S.8. For ¢ € (0,1], the long-run player is better off in the no feedback case than in
the public case for all'T > 0.

Proof. We show that for such ¢, (i) V7*(p"") < VNF(pP") and (ii) VN¥(p) is increasing
for 0 > pPub’ g0 that VPub(pPub) < VNF(,ONF)
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Toward establishing (i), define V(p) := V"% (p) — V¥F(p); we have

. 1—
Vio) = ap { Tt = )+ 1)+ (S22 + 00— |
and our first goal is to show V (pF*?) < 0. Since In(z) <  — 1 for z > 0, we have

Vo) < o3 { U100 - )+ 11+ [lT—pp —1| - = )

where Vy(p) = T?Pp?[1 — (1 — p)] + 1 — p(1 + T) + Tp?*p*(1 — p)?, and so it suffices to

show V4(pP™) < 0. Now the equation ¢g7**(p"*?) = 0 is equivalent to ¢ = Tp(1(+T 8| pppub
using this to eliminate v and simplifying, we obtain V5(p"**) = [(1%] p—prus, Which is
strictly negative as pr* > - 1+ 7, establishing claim (i).

Toward claim (ii), differentiate

d 5 s P
i,V ) = { =P 3p( = o 4 (L= 0} = {00 - 0~ o) 41

The expression in braces is positive iff h(p) := (1 — p)*(1 —4p) < % Now for p € [0, 1], h(p)
attains its maximum value of 1 at p = 0. Hence, if ¥ < 1, the expression is positive for all
p € (0,1) and we conclude that V¥(p) is increasing for all p > pFu.

Combining parts (i) and (ii) yields VP (pPub) < VNF(pFPuby < VNF(pNF) a5 desired. [

S.3.2 Proof of Proposition 5, Part (ii)

Since the proof follows the same steps as that of Theorem 2, we only point out the differences

owing to the presence of 7 in the terminal conditions.

After a change of variables g = a 6;7:)2, Ugy = % and By = 15_ 2;(
problem fOI‘ (667 687 Bla 5% /637 e X) is

: 3 5 ~ Oét2 2Xx¢

Vst = Vi § Bot(261 + Por) + Ve + (S.39)
UY UX

L v

Vgt = Yt { 2614(1 — Bt) — 25% + f;Xt} (S.40)

X
: Yt 2 5 2 ~
Bu = 952 {QUXO‘tﬁlt(O‘t Bii) — 20y Xe[202:(1 + Brexe) + Bisxe] — UStOétﬁltXt} (S.41)
0%0%y
Bay = zt 205, (B3, + Oétﬁ%) — X+ (206 + U8t62t)
20

N (S.42)
+20yﬁ2tXt[1 — (B + 2527:)Xt]}
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Bt = —QUZtUQ {_2U§(Qtﬁlt53t + 209X} <2ﬁ~2t + ﬁlt) (1= B3) — 778t06t53tXt} (S.43)
X0y
2 2
. Tt O
= — S.44
Mt 0_12/ ( )
. (1—xaf  x;
_ _ S.45
Xt Yt { 0_12/ O_g{ ) ( )

with boundary conditions (ver, vsr, S, Bor, Bsr) = <O 0, —%,O 1) and (7o, x0) =
(7°,0). We define z, Z, F and F as in the proof of Theorem 2, but now we define B : R? — R°
by B(7, x) = (o,o, 2.0, 1) Define s, € R® by s = B(1°,0) = (0,0, —¢7°/02,0,1).
For all s € S,(s0), deﬁne IVP-s as in the proof of Theorem 2.

A solution to IVP-s solves the BVP if and only if Zr(s) = B(vyr(s), xz(s)), which is
satisfied if and only if s is a fixed point of the function ¢ : S,(sg) — R® defined by g(s) :=
B(yr(s), xr(s)) = J, F(z(s))dt

Step 2 of the earlier proof then proceeds as it did before. They key difference lies in Step
3. We have g(s) — so = fo ))dt, where

A(s) := B(r(s), xr(s)) — B(7%,0)

B B Pr(s) Py’ )
- (0’0’ 2+ rrts) T oz’

We now must bound As(s). For arbitrary p, K € R2 | define 51(7°, p, K) := p—l—K—l—%,
— _ _ Y
ﬁ3<707p7 K) =1+ p+ K and 65(707:07 ) = 5 ( TP )X + 63 which bound ’61’7 |ﬁ3‘
and |a/|, respectively. Define Az(7%;p, K) = g & [@/JUY’Y >+ a?0% (0% + 1°)], where the

dependence on p, K is through a. By the fundamental theorem of calculus, we have Ag(s) =
foT %Bi’m(%(s)a Xt(8))dt, where

d U [voyyrxi + afok(oy + (1 — Xtm
dth(%( s),xi(s)) = 0% 0y (05 + Vyxe)?

By construction, [£B3(7v:(s), x¢(s))| < A3(v°; p, K), and thus |A(s)| < TA3(v%; p, K). Note
that As(7°; p, K) is proportional to 7°. For completeness, define the vector A(y°; p, K) by
specifying A;(7%; p, K) = 0 for i € {1,2,4,5}, and observe that A;(s) = TA;(°;p, K) =0
for i € {1,2,4,5}. The threshold T'(7°; p, K') can now be defined as in the proof of Theorem
2, and the remaining steps of the proof proceed analogously.

Using the solution to the BVP and the facts above, we solve for the rest of the equilibrium

coefficients as outlined in Section B.3. We conclude that a linear Markov equilibrium exists.
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S.3.3 Proof of Proposition 6

The proof is by contradiction; suppose that a linear Markov equilibrium exists in which the
long-run player plays a; = 8o + B¢ My + Por Ly + P30, where the [3; are differentiable. Define
agy := Loty Q2 = Por + B1(1 — x¢) and agy = B3 + Prexe- We derive a collection of necessary
conditions for equilibrium and show that there is no real value of agy for which they can be
satisfied.

From the long-run player’s perspective, given an action profile (a;);>¢, the state variables
M; and L; evolve according to dL; = py(as)dt + opdZX and dM; = py(a)dt + oydZiX,

where o, = 29X 0y = Byoy, By = M) 5y — G b py(a) = Pfa+E(m—1) -
t o5 0% oy Xt
apr — (o + age)l], and ppr(a) = Sagy [a — agr — agll — agym], and where
Vi = _%20‘;2 (8-46)
Xt = ’Vtagtz(l - Xt) - (a3t + 5Xt)Bt- (8-47)

In any conjectured LME, for (6, My, L;,t) = (6, m,,t), the long-run player’s value func-
tion is of the form V(0,m,1,t) = vor + v140 + voym + val + v40% + vsym? + vgel? + vy +
vg0l + voyml. Using 1t6’s lemma, for ¢ € [0,7T'), this must satisfy the HJB equation

1 1
0 = sup {(9 —Lya+Vi+ pp(a)Vy + pp(a) Vi, + 5012\4me + 50%\/55 + O'LO'Mng} ,

and by linearity in a, existence of an LME requires the indifference condition

A

B
0=(0-1)+1 LV, + ag 12V, (S.48)

— Xt

Since (S.48) must hold for all values of , m and [, we match coefficients to obtain:

constant : 0 ="y | Bvgag + M (S.49)
o% (1 —xt)
0 . = 1 + Z’Uﬁagt’%ﬁ + ’USt'Y;(a/Z%t + SXt) (S50)
o% (1 —xt)
vor (st + Ext)
: 0= 2y _ S.51
m Ve [ UstQize + o2 (1= x1) } (5.51)
2
l: 0=—1+4 Xvgaziy + UGtZt(CY?)t + €Xt). (S.52)
o% (1 —xt)

Note that 79 = 7° > 0, and since xo = 0, (S.50) (or (S.52)) implies agg # 0. Hence, for

24



sufficiently small ¢, we can solve (S.51)-(S.52) to obtain

2
vy = — OQ-YUQt(;‘Bt +&Xt) (S.53)
[02(052/ - (Ug( + 012/)?1915043{%5](1 - Xt)

208 vi( Qs + Exe)

(S.54)

Vet =

Differentiate vs;, use (S.47) to replace x; and evaluate at time ¢t = 0 to obtain

e — ~ v9030(€ + a30)70 + 05090 (5.55)
% 2(0% +0%) ' '

On the other hand, the indifference condition reduces the HJB equation to

1 1
0=Vi4+ pu(0)V, + pa(0)V,, + 50?\4me + 50]2;‘/[@ + 0100 Vim. (S.56)

Now (S.56) must hold for all §,m and [, and by matching coefficients, we obtain a set
of 10 equations. In particular, the coefficients on m? and ml at ¢ = 0 must vanish; using
(S.53), (S.54) and (S.55) to eliminate vs, vg and 05, and solving for g, we obtain

(O'g( + 20'32/)1}90(130(5 + 0130)’70 (0'3( + 20'}2/)1)900430(5 + Oégg)’}/g

1'190: 5 9 andbgoz—£+ 2 9 5
0x0y 0x0y

which gives us the desired contradiction. (Note that if vgg # 0, equality (of the form +oo =
+00) between the right hand sides is achieved if agy = +00, supporting the interpretation

that the long-run player would trade away all information in the first instant.) 0
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