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S.1 Section 2: Omitted Proofs

Uniqueness of equilibrium in public case: Lemma S.1 provides the closed-form so-
lution for r = 0, so consider r ∈ (0,∞). Existence of LME has already been established,
so suppose by way of contradiction that there exist multiple LMEs. Then in particular,
there must exist two nonidentical pairs (β3, γ) and (β′3, γ

′) solving the (backward) ODEs
for the respective variables with β1 = 1 − β3 and β′1 = 1 − β′3. It must be that γ0 6= γ′0;
if instead γ0 = γ′0, then since β30 = β′30 = 1/2, by uniqueness of solutions we would have
(β3, γ) = (β′3, γ

′), contradicting multiplicity. Suppose without loss of generality that γ0 > γ′0.
Now γT = γ′T = γo, so let τ := inf{t ∈ (0, T ] : γt = γ′t} ≤ T . Since γ, γ′ are continuous,
we also have τ > 0. There must exist a positive measure set T of times t ∈ (0, τ) such
that β′3t > β3t, otherwise integration of the ODEs for γ, γ′ would imply that γτ > γ′τ , a
contradiction. But for any t ∈ [0, τ), if β3t = β′3t, then the fact that γt > γ′t implies that
β̇3t > β̇′3t, so in [0, τ), β3 can only cross β′3 from below. As β30 = β′30 = 1/2, it must be that
β3t > β′3t for all t ∈ (0, τ), contradicting that T has positive measure. We conclude that
there is a unique LME. �

Omitted steps of proof of Proposition 2: Imposing the first-order condition on the
RHS of the HJB equation and evaluating at a = β0tµ+ β1tm+ β3tθ yields

0 = −4[β0tµ+ β1tm+ β3tθ] + 2θ +
αtγt[v2t + 2mv4t + θv5t]

σ2
Y

+ 2[β0tµ+ µβ1t(1− χt) +mαt].
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Matching coefficients in this equation, we obtain

v2t =
2µσ2

Y [β0t − β1t(1− χt)]
αtγt

, v4t =
−σ2

Y [β3t − β1t(2− χt)]
αtγt

, v5t =
2σ2

Y [2β3t − 1]

αtγt
, (S.1)

provided that αt, γt 6= 0 ∀t, which we will confirm. Setting viT = 0 for i = 2, 4, 5 yields the
terminal conditions stated below. As in the public benchmark, these conditions also yield
the equilibrium coefficients for the case where both players behave myopically.

We evaluate the HJB at a = β0tµ+β1tm+β3tθ, using (S.1) to eliminate (v2t, v4t, v5t, v̇2t, v̇4t, v̇5t)

and in turn using that γ̇t = −α2
tγ

2
t

σ2
Y

and χ̇t =
α2
tγt
σ2
Y

(1−χt) to eliminate γ̇t and χ̇t. The resulting
equation yields a system of ODEs for (v0, v1, v3, β0, β1, β3, γ):

v̇0t = rv0t + α2
tγtχt (S.2)

v̇1t = rv1t − 2µβ3t[β0t − β1t(1− χt)] (S.3)

v̇3t = 1 + rv3t − 2β2
3t (S.4)

β̇0t = − αt
2σ2

Y

{
−rσ2

Y β0t(2− χt) + rσ2
Y (1− χt)− 2γtβ

2
1t(1− χt)

}
(S.5)

β̇1t = − αt
2σ2

Y

{
rσ2

Y − 2β1t[β3tγt + rσ2
Y (2− χt)] + 2β2

1tγt(1− χt)
}

(S.6)

β̇3t = − αt
2σ2

Y

{
rσ2

Y (2− χt) + 2β3t[β1tγt − rσ2
Y (2− χt)]

}
(S.7)

γ̇t = −α
2
tγ

2
t

σ2
Y

(S.8)

subject to the boundary conditions v0T = v1T = v3T = 0, β0T = 1−χT
2(2−χT )

, β1T = 1
2(2−χT )

,
β3T = 1/2 and γ0 = γo, where χ ≡ 1− γ/γo. Equations (S.5)-(S.8) form the boundary value
problem in (β0, β1, β3, γ) referred to in the proof of Proposition 2. As the equations for v0, v1

and v3 are uncoupled from each other and linear in themselves, they have unique solutions
given any solution to the BVP. The α-ODE is

α̇t = −rαt[1− αt(2− χt)]. (S.9)

That α > 0 in any solution to the BVP is shown in the proof in the main text, and that
γ > 0 follows from the fact that α is finite. Hence v2, v4 and v5 are well-defined by way of
(S.1) given any solution to the BVP. �
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S.1.1 Proofs for Comparisons between Public and No-Feedback Cases

To prove Propositions 3 and 4 we rely on two sets of results. Lemmas S.1-S.2 below obtain
closed-form solutions when r = 0. Lemmas S.3-S.4 provide the equilibrium coefficients for
the fully myopic cases and establish uniform convergence of coefficients as r ↗∞.

Lemma S.1 (Closed-form solutions when r = 0). For r = 0, the leadership game has a
unique LME for the public case, and (β0, β1, β3, γ) satisfy β0 ≡ 0, β1 ≡ 1− β3,

γt =
γT
2

+
1

2
γT
− T−t

σ2
Y

, β3t =
1

2− γT (T−t)
2σ2
Y

, and γT =
γoT + 2σ2

Y −
√

(γoT )2 + 4σ4
Y

T
. (S.10)

Proof. Observe that β̇3tγt+β3tγ̇t =
β2
3tγ

2
t

σ2
Y
. Hence, define Πt := β3tγt, which has ODE Π̇t =

Π2
t

σ2
Y

with initial condition Π0 = β30γ
F = γF/2; its solution is Πt =

[
2

γFPub
− t

σ2
Y

]−1

. Substitute

Π into γ̇t = −β2
3tγ

2
t

σ2
Y

to obtain γ̇t = 1
σ2
Y

[
1

2

γFPub
− t

σ2
Y

]2

which implies γt = Cγ + 1
2

γFPub
− t

σ2
Y

. As

γ0 = γFPub, we have Cγ = γFPub/2 and thus

γt =
γFPub

2
+

[
2

γFPub
− t

σ2
Y

]−1

. (S.11)

Moreover, γT = γo =
γFPub

2
+
[

2
γFPub
− T

σ2
Y

]−1

, which is equivalent to the quadratic T
2

(
γFPub

)2−
(γoT + 2σ2

Y ) γFPub+2σ2
Y γ

o = 0. The quadratic on the LHS is convex and evaluates to 2σ2
Y γ

o >

0 at γFPub = 0 and evaluates to − (γo)2 T/2 < 0 at γFPub = γo, so there is a unique solution in
(0, γo) which in the forward system is γT as in the proposition statement. Substituting this
into (S.11) and returning to the forward system by replacing t with T − t yields γt in the
forward system. It is easy to verify that γt > 0 for all t.

Lastly, we have (in the forward system) β3t = Πt/γt = 1

2−
γPub
T

(T−t)
2σ2
Y

and β1t = 1− β3t.

Lemma S.2 (Closed-form solution no-feedback case r = 0). For r = 0, the leadership game
has a unique LME for the no feedback case:

β1t =
γo[(γo + γT )2σ2

Y − (T − t)(γo)2γT ]

(γo + γT )[2σ2
Y (γo + γT )2 − (T − t)(γo)2γT ]

, β3t =
σ2
Y (γo + γT )2

2σ2
Y (γo + γT )2 − (T − t)(γo)2γT

αt =
γo

γo + γT
, γt =

γTσ
2
Y (γo + γT )2

σ2
Y (γo + γT )2 − (T − t) (γo)2 γT

,

for all t ∈ [0, T ], where χt = 1 − γt/γo and γT ∈ (0, γo) is the unique solution in (0, γo) to
the cubic q(γ) := γT (γo)3 + (γ − γo) (γ + γo)2 σ2

Y = 0, and β0 ≡ 1− β1 − β3.
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Proof. We work with the backward system. By reversing time, the α-ODE (S.9) becomes
α̇t = rα[1−αt(2−χt)]; with r = 0, αmust be constant and equal to its initial value α0 = 1

2−χ0
.

Next, recall that by Lemma A.2, χt = 1 − γt
γo
, so χ0 = 1 − γFNF

γo
and thus αt = α = γo

γFNF+γo

for all t ∈ [0, T ]. Next, note that the ODE γ̇t =
α2γ2t
σ2
Y

given an initial value γFNF has solution

γt =
γFNFσ

2
Y

σ2
Y −γ

F
NF

(
γo

γFNF+γo

)2

t

; switching back to the forward system by replacing t with T − t yields

the expression in the original statement. Now the terminal condition γT = γo is equivalent
to the following cubic equation for γFNF:

q(γFNF) := γFNFT (γo)3 +
(
γFNF − γo

) (
γFNF + γo

)2
σ2
Y = 0. (S.12)

Note q
(
γFNF

)
> 0 for γFNF ≥ γo and q

(
γFNF

)
≤ 0 for γFNF ≤ 0, so all real roots must lie in

(0, γo). Now any root to the cubic must satisfy

T (γo)3

γo − γFNF
= σ2

Y

(γFNF + γo)2

γFNF
. (S.13)

The LHS of (S.13) is strictly increasing for γFNF ∈ (0, γo) while the RHS is strictly decreasing
in this interval, so q has a unique real root. Returning to the β1 ODE, using α = β1χ+ β3,
we have β̇1 = αγtβ1t

σ2
Y

(α−β1t). This ODE can be solved by integration after moving β1(α−β1)

to the LHS, and with algebra, one obtains (in the forward system) the expression in the
proposition statement. One then obtains β3t from these using β3t = α− β1tχt.

Lemma S.3 (Closed-form solutions—myopic case). Suppose the leader is myopic. In the
LME for the public case, β3 = 1/2 and γPub

t =
4σ2
Y γ

o

4σ2
Y +γot

. In the LME for the no feedback case,
αt = γo

γ0+γNF
t

, where γNF
t is defined implicitly as the unique solution in (0, γo] of the equation

f(γ/γo) := 2 ln(γNF
t /γo)− γo/γNF

t + γNF
t /γo = −γot

σ2
Y
.

Proof. We first consider the public benchmark case, where in the myopic solution, β3t = 1/2,
and thus (in the forward system) γ̇Pub

t = −β2
3t(γ

Pub
t )2

σ2
Y

= − (γPub
t )2

4σ2
Y

which implies γPub
t =

4σ2
Y γ

o

4σ2
Y +γot

.

In the myopic solution to the no feedback case, αt = 1
2−χt = 1

1+γNF
t /γo

, where γNF
t solves

the ODE

γ̇NF
t = −

α2
t

(
γNF
t

)2

σ2
Y

= − 1

σ2
Y

(
γoγNF

t

γo + γNF
t

)2

(S.14)

=⇒ 2
γ̇NF
t

γNF
t

+ γo
γ̇NF
t

(γNF
t )

2 +
γ̇NF
t

γo
= − γ

o

σ2
Y

. (S.15)

By integrating both sides of (S.15) and using that γNF
0 = γo to pin down the constant of
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integration, we obtain that γNF
t solves

2 ln(γNF
t /γo)− γo/γNF

t + γNF
t /γo = −γ

ot

σ2
Y

. (S.16)

To verify that γNF
t ∈ (0, γ0] is well-defined as such, define f : (0, 1] → R by f(y) :=

2 ln(y) − 1/y + y, and note that f(y) is strictly increasing as f ′(y) = (1 + 1/y)2 > 0, and
moreover, f(1) = 0 ≥ −γot

σ2
Y
while limy→0 f(y) = −∞ < −γot

σ2
Y
. It follows that for all t ∈ [0, T ],

γNF
t ∈ (0, γo] is uniquely determined by (S.16).

Lemma S.4 (Uniform Convergence as r →∞). As r →∞, the solutions to the public and
no feedback cases converge uniformly to their corresponding myopic solutions.

Proof. To make the statement precise, fix any T > 0 and let {rn}∞n=1 be a sequence with
limn→∞ rn =∞. Let {(βpub,n1 , βpub,n3 , γpub,n)}∞n=1 and {(αNF,n, γNF,n, χNF,n)}∞n=1 be sequences
of solutions to the BVP indexed when r = rn > 0 in the public and no-feedback cases,
respectively, and let (βpub,∞1 , βpub,∞3 , γpub,∞) and (αNF,∞, γNF,∞, χNF,∞) denote the equilib-
rium coefficients for a myopic leader. We show that uniformly, (βpub,n1 , βpub,n3 , γpub,n) →
(βpub,∞1 , βpub,∞3 , γpub,∞) and (αNF,n, γNF,n, χNF,n)→ (αNF,∞, γNF,∞, χNF,∞).

To this end, for arbitrary T > 0 and r ≥ 0, let BVPPub(r) denote the boundary value
problem for (β1, β3, γ), parameterized by r. Likewise, let BVPNF(r) denote the boundary
value problem for (α, γ, χ) defined by (S.8)-(S.9) and the χ-ODE, which we eliminate via
χt = 1− γt/γo, and the associated boundary conditions.

ΞPub := {(β1, β3, γ) ∈ C1([0, T ])3 : ∃r ≥ 0 for which (β1, β3, γ) solves BVPPub(r)}

ΞNF := {(α, γ, χ) ∈ C1([0, T ])3 : ∃r ≥ 0 for which (α, γ, χ) solves BVPNF(r)}.

Equicontinuity We show that the families {(β̇1, β̇3, γ̇) : (β1, β3, γ) ∈ ΞPub} and {(α̇, γ̇, χ̇) :

(α, γ, χ) ∈ ΞNF} are uniformly bounded, and hence ΞPub and ΞNF are equicontinuous.
We begin with the public case. Recall that ΞPub is uniformly bounded, and in particular,

we have (β1t, β3t, γt) ∈ [0, 1/2] × [1/2, 1] × [0, γo] for all (β1, β3, γ) ∈ ΞPub and all t ∈ [0, T ].
It follows that |γ̇t| =

β2
3tγ

2
t

σ2
Y
≤ (γo)2

σ2
Y

. We now establish a uniform bound on β̇3. If we define

βm3 := 1/2 and βf3 = β3 − βm3 , we have from the (backward system) β3-ODE

β̇f3t = β̇3t = β3t[−2rβf3t + β3t(1− β3t)γt/σ
2
Y ],

which is linear in βf3 . Solving this ODE and multiplying through by r, we obtain

rβf3t =

ˆ t

0

re−r
´ t
s 2β3uduβ2

3s(1− β3s)γs/σ
2
Y ds.
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Now |β2
3s(1− β3s)γs/σ

2
Y | ≤ ḡPub := γo

σ2
Y
. Moreover, 2β3u ≥ 1, and thus

|rβf3t| ≤ ḡPub
ˆ t

0

re−r
´ t
s 2β3ududs ≤ ḡPub

ˆ t

0

re−r(t−s)ds = ḡPub(1− e−rt) < ḡPub.

It follows that

|β̇3t| = |β̇f3t| = |β3t[−2rβf3t + β3t(1− β3t)γt/σ
2
Y ]|

≤ | − 2β3t| · |rβf3t|+ |β2
3t(1− β3t)γt/σ

2
Y | ≤ 2 · ḡPub + ḡPub,

which is the desired uniform bound as ḡPub is independent of r. Now since β1 + β3 ≡ 1, |β̇1t|
is also uniformly bounded above by 3ḡPub. Hence we have established uniform bounds on
the derivatives (β̇1, β̇3, γ̇) for (β1, β3, γ) ∈ ΞPub, and thus ΞPub is equicontinuous.

Next, we turn to the no feedback case, where we recall the uniform bounds αt ∈ [1/(2−
χt), 1] ⊆ [1/2, 1], γt ∈ [0, γo] and χt ∈ [0, 1]. Immediately, we have |γ̇t| = |α

2
tγ

2
t

σ2
Y
| ≤ (γo)2

σ2
Y

, and
since χ ≡ 1− γ/γo, |χ̇t| = | − γ̇t/γo| ≤ γo

σ2
Y

=: ḡNF. We now uniformly bound α̇t.

Set αmt := 1/(2 − χt) and αft := αt − αmt , and note that α̇mt = χ̇t/(2 − χt)2. We have
α̇ft = −rαt(2−χt)αft − χ̇t/(2−χt)2, which is linear in αf . Solving this ODE and multiplying
through by r yields

rαft =

ˆ t

0

re−r
´ t
s αu(2−χu)du[−χ̇s/(2− χs)2]ds

=⇒ |rαft | ≤
ˆ t

0

re−r
´ t
s αu(2−χu)du|χ̇s/(2− χs)2|ds.

Now |χ̇s/(2− χs)2| ≤ |χ̇s| ≤ ḡNF as noted above, so

|rαft | ≤ ḡNF
ˆ t

0

re−r
´ t
s αu(2−χu)duds ≤ ḡNF

ˆ t

0

r−r(t−s)ds = ḡNF(1− e−rt) < ḡNF,

where we have used that αu ≥ 1/(2− χu) =⇒
´ t
s
αu(2− χu)du ≥ (t− s). We now have

|α̇t| = | − rαt(2− χt)αft | = |rα
f
t | · |αt| · |2− χt| ≤ ḡNF · 1 · 2.

Hence (α̇, γ̇, χ̇) are uniformly bounded for (α, γ, χ) ∈ ΞNF, so ΞNF is equicontinuous.

Completion of the proof of Lemma S.4: Having established equicontinuity, we now
complete the proof of the lemma. First, note that rn → ∞ implies that rn = 0 for at most
finitely many n, so there exists N such that rn > 0 for all n ≥ N ; it suffices to consider only
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such n. In the public benchmark, recall that βpub,∞1 = βpub,∞3 = 1/2. We have β3 ≥ 1/2 > 0,
so the β3-ODE can be rearranged to obtain

βpub,n3t = 1/2 +
1

rn

[
(βpub,n3t )2(1− βpub,n3t )γpub,nt

2βpub,n3t σ2
Y

− β̇pub,n3t

2βpub,n3t

]
.

Using β3 ≥ 1/2 and our bound on |β̇3|, the expression in brackets is uniformly bounded in
absolute value by some constant KPub (independent of rn and t). Hence βpub,n3 converges
pointwise to 1/2 = βpub,∞3 . Since βpub,n1 ≡ 1 − βpub,n3 , βpub,n1 converges pointwise to 1/2 =

βpub,∞1 . As [0, T ] is compact and the sequence {(βpub,n1 , βpub,n3 )}∞n=1 is equicontinuous, we
apply Lemma 39 in Royden (1988, p. 168) and obtain uniform convergence for βPub

1 and
βPub

3 . Finally, we prove uniform convergence for γPub, by proving pointwise convergence
and invoking the same result to obtain uniform convergence. Note that for i ∈ N ∪ {∞},
γpub,it =

γoσ2
Y

σ2
Y +γo

´ T
t (βpub,i3s )2ds

. Since for n ∈ N, the functions (βpub,n3s )2 are bounded uniformly by a

constant and converge pointwise to (βpub,∞3 )2, the dominated convergence theorem (Royden,
1988, p. 267, Theorem 16) implies

´ T
t

(βpub,n3s )2ds→
´ T
t

(βpub,∞3s )2ds and thus for all t ∈ [0, T ]

pointwise, γpub,nt → γoσ2
Y

σ2
Y +γo

´ T
t (βpub,∞3s )2ds

= γpub,∞t . Since the sequence of γpub,n is equicontinuous,

Royden (1988, p. 168, Lemma 39) gives uniform convergence to γpub,∞.
Next, consider the no feedback case. By Royden (1988, p. 169, Theorem 40), there exists

a subsequence of {(αNF,n, γNF,n, χNF,n)}∞n=1 indexed by {k(n)}∞n=1 which converges uniformly
on [0, T ] to some limit (α∗, γ∗, χ∗). We argue that (α∗, γ∗, χ∗) = (αNF,∞, γNF,∞, χNF,∞), and
thus the original sequence converges uniformly to (αNF,∞, γNF,∞, χNF,∞).

Using a similar dominated convergence argument to before, we have that pointwise
γ
NF,k(n)
t → γoσ2

Y

σ2
Y +γo

´ T
t (α∗)2ds

, so γ∗t =
γoσ2

Y

σ2
Y +γo

´ T
t (α∗)2ds

and χNF,k(n)
t → 1−γ∗t /γo. Since χNF,k(n) →

χ∗ uniformly, we have χ∗ = 1− γ∗/γo.
Let αm,nt := 1/(2 − χNF,nt ). Since αNF,nt > 0 for all n, the α ODE can be rearranged

to obtain αNF,nt − αm,nt = 1
rn

[
− α̇NF,nt

αNF,nt (2−χNF,nt )

]
. Since 2 − χNF,nt > 1 and αNF,nt > 1/2,

the expression in brackets is uniformly bounded in absolute value by some constant KNF

(independent of rn and t), and thus |αNF,nt −αm,nt | → 0 pointwise. It follows that pointwise,
and by familiar arguments uniformly, αm,k(n) → α∗. But αm,k(n) = 1/(2−χNF,n)→ 1/(2−χ∗),
so α∗ = 1/(2− χ∗) = 1/(1 + γ∗/γo).

By differentiating the equation γ∗t =
γoσ2

Y

σ2
Y +γo

´ T
t (α∗)2ds

, we obtain γ̇∗t =
(α∗t γ

∗
t )2

σ2
Y

=
(γ∗t )2

σ2
Y [1+γ∗t /γ

o]2
,

subject to initial condition γ∗T = γo. This equation has a unique solution which is γNF,∞

as obtained in the proof of Lemma S.3, from which α∗ = αNF,∞ and χ∗ = χNF,∞. This
establishes that all convergent subsequences have the same limit, and hence the original
sequences converges to that limit.
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Proof of Proposition 3

We first prove the learning comparison in (i). Recall that γNF
T is the unique positive root of

the cubic equation q(γ) = 0 defined in Lemma S.2. At γNF
T , it is easy to deduce that q must

cross 0 from below, and hence to prove the claim, it suffices to show that q(γPub
T ) > 0. By

direct calculation, we have

q(γPub
T ) = +

σ2
Y

T 3

(
2σ2

Y −
√

(Tγo)2 + 4σ4
Y

)(
2Tγo + 2σ2

Y −
√

(Tγo)2 + 4σ4
Y

)2

+ (γo)3

(
Tγo + 2σ2

Y −
√

(Tγo)2 + 4σ4
Y

)
= (γo)4Tq2(S), where

q2(S) := 1 + 2S −
√

1 + 4S2 + S
(

2S −
√

1 + 4S2
)(

2 + 2S −
√

1 + 4S2
)2

and S :=
σ2
Y

Tγo
.

We now show that q2(S) > 0 for all S > 0 (observe that q2(0) = 0). Let R(S) = 1 + 2S −√
1 + 4S2; it is straightforward to verify that R(0) = 0 and that for all S ≥ 0, R′(S) > 0

and R(S) < 1. Moreover, the inverse of R is the function S : [0, 1) → [0,∞) characterized
by S(R) := R(2−R)

4(1−R)
. Hence, by change of variables, q2(S) > 0 for all S > 0 iff q3(R) > 0,

where q3(R) := R − S(R)(1 − R)(R + 1)2. Now for R ∈ [0, 1), q3(R) > 0 if and only if
S(R) = R(2−R)

4(1−R)
< R

(1−R)(R+1)2
, if and only q4(R) := (2−R)(R+ 1)2 < 4. It is straightforward

to verify that over the interval [0, 1], q4(R) attains its maximum value of 4 at R = 1, and
tracing our steps backwards this implies that q(γPub

T ) > 0.
Now we establish the ranking of signaling coefficients at time zero, i.e., that βPub

30 > αNF.
Using the associated expressions from Lemmas S.1 and S.2, this is equivalent to

1

2− γPub
T T

2σ2
Y

>
γo

γo + γNF
T

⇐⇒ γ̂ := γo
(

1− γPub
T T

2σ2
Y

)
< γNF

T .

It suffices to show that q(γ̂) = T γ̂(γo)3 + (γ̂ − γo)(γ̂ + γo)2σ2
Y < 0. Using the expression for

γPub
T from Lemma S.1, one can show that

q(γ̂) = −T (γo)4

2σ4
Y

[
(Tγo)2 + 2σ4

Y − Tγo
√

(Tγo)2 + 4σ4
Y

]
.

The expression in square brackets can be written as x+y
2
−√xy > 0 where x = (Tγo)2 > 0

and y = (Tγo)2 + 4σ4
Y > 0, and thus q(γ̂) < 0, concluding the proof.

Finally, to prove (ii), observe first that γPub
t > γNF

t for all t ∈ (0, T ] in the fully myopic
case. Indeed, since γNF

0 = γPub
0 = γo, solving the ODEs for γPub and γNF by integration

and using that αt ≥ β3t = 1/2 with strict inequality for all t > 0 delivers the result. This
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implies that for any δ ∈ (0, T ), 0 < γ̄ := mint∈[T−δ,T ](γ
Pub,∞
t − γNF,∞t ), where we use γx,r

to denote the solution for the case x ∈ {Pub,NF} and r is the discount rate. By Lemma
S.4, γPub,r − γNF,r converges uniformly to γPub,∞ − γNF,∞ as r → ∞, and thus for any
ε ∈ (0, γ̄), there exists r̄ > 0 such that for all r > r̄ and all t ∈ [T − δ, T ], we have
γPub,rt − γNF,rt > γPub,∞t − γNF,∞t − ε ≥ γ̄ − ε > 0, as desired.

Figure 1 suggests that the learning result of Proposition 3 extends to all r ∈ (0,∞).

0 1 2 3 4 5
r

0.30

0.35

0.40

0.45

γT NF

γT Public

Figure 1: Terminal values of γPub and γNF, Parameter values: γo = σY = 1, and T = 4.

Proof of Proposition 4

We begin by calculating the leader’s ex ante flow payoffs in both cases.

Lemma S.5. The leader’s ex ante flow payoffs in the public and no-feedback cases are
γPub
t [(1− β3t)

2 + β2
3t] and (1− αt)2γo + α2

tγ
NF
t , respectively.

Proof. Ex ante flows are given Ê0 [(θ − at)2 + (at − ât)2], where Ê0 is the leader’s ex ante
expectation operator. In the public case, at = (1− β3t)Mt + β3tθ and ât = Mt, so we have

Ê0

[
(θ − at)2 + (at − ât)2

]
= Ê0

[
(θ −Mt)

2
(
[1− β3t]

2 + β2
3t

)]
= γPub

t [(1− β3t)
2 + β2

3t],

where in the last step we have used the law of iterated expectations and the fact that the
variance is deterministic: Ê0 [(θ −Mt)

2] = Ê0

[
Êt[(θ −Mt)

2]
]

= γPub
t .

In the no-feedback case, we have at = (1− αt)µ+ αtθ and ât = (1− αt)µ+ αtM̂t, so

Ê0

[
(θ − at)2 + (at − ât)2

]
= (1− αt)2Ê0

[
(θ − µ)2

]
+ α2

t Ê0

[
(θ − M̂t)

2
]

= (1− αt)2γo + α2
tγ

NF
t ,

where we have used the definition of γo and Ê0

[
(θ − M̂t)

2
]

= Ê0

[
Êt[(θ − M̂t)

2]
]

= γNF
t .

For part (ii) of the proposition, observe that from the second terms of the expressions
in Lemma S.5, the undiscounted coordination losses for i ∈ {Pub,NF} are

´ T
0

(xit)
2γit dt,

9



where xPub = βPub
3 and xNF = αNF. Since γ̇it = −(xitγ

i
t)

2/σ2
Y , such losses are

´ T
0
−σ2

Y
γ̇it
γit
dt =

−σ2
Y ln(γit)|T0 = σ2

Y ln(γo/γiT ).
Turning to part (i) of the proposition, for i ∈ {Pub,NF}, let V i denote the long-run

player’s ex ante expected payoff and define T̃ i :=
TγiT
σ2
Y
. Define ρ := γNF

T /γo. We begin by prov-

ing that for r = 0, V Pub = −σ2
Y

{
T̃Pub/2− ln

[
16−8T̃Pub

(4−T̃Pub)2

]}
and V NF = −σ2

Y {ρ(1− ρ)− ln ρ} .
First consider the public benchmark, where from Lemma S.5,

V Pub = E0

(ˆ T

0

[
−(θ − at)2 − (at − ât)2

]
dt

)
= −
ˆ T

0

[
γt
(
[1− β3t]

2 + β2
3t

)]
dt.

Using the closed-form expressions for γt and β3t, the integrand simplifies to

γt
(
[1− β3t]

2 + β2
3t

)
=
γPub
T

2

[
1 +

2tγPub
T σ2

Y

(2σ2
Y − tγPub

T )(4σ2
Y − tγPub

T )

]
=
γPub
T

2

[
1 +

2t̃Pub

(2− t̃Pub)(4− t̃Pub)

]
,

where t̃Pub := tγPub
T /σ2

Y . Using that the function g : x 7→ x
(2−x)(4−x)

has antiderivative

ln
(

(4−x)2

2−x

)
and integrating the second term w.r.t. t̃Pub over

[
0, T̃Pub

]
and rescaling by

σ2
Y /γ

Pub
T , we obtain

V Pub = −T γ
Pub
T

2
− σ2

Y

(
ln

[
(4− T̃Pub)2

2− T̃Pub

]
− ln 8

)
= −σ2

Y

{
T̃Pub/2− ln

[
16− 8T̃Pub

(4− T̃Pub)2

]}
.

Next, consider the no feedback case, where by Lemma S.5,

V NF = E0

ˆ T

0

[
−(θ − at)2 − (at − ât)2

]
dt = −

ˆ T

0

(1− α)2γodt−
ˆ T

0

α2γNF
t dt. (S.17)

Consider the first term on the RHS of (S.17), which reduces to −T (1 − α)2γo. From

Lemma S.2 we have −T (1 − α)2γo = −Tγo
(

ρ
1+ρ

)2

= −σ2
Y ρ(1 − ρ), where the last equality

is simply a rearrangement of the equation q(γNF
T ) = 0 using γNF

T ≡ ργo.
The second term on the RHS of (S.17) can be rewritten as

ˆ T

0

σ2
Y

γ̇NF
t

γNF
t

dt = σ2
Y (ln γT − ln γ0) = σ2

Y ln
γNF
T

γo
= σ2

Y ln ρ,

and hence (S.17) is equivalent to −σ2
Y {ρ(1− ρ)− ln ρ}, as desired.

Next, we prove that V NF < V Pub for all T, γo, σ2
Y > 0. Substituting in the expressions

for γPub
F , using T̃ := Tγo

σ2
Y

and ρ :=
γNF
T

γo
and that the equation q(γNF

T ) = 0 is equivalent to

10



T̃ = (1−ρ)(1+ρ)2

ρ
, and simplifying, we obtain

V NF − V Pub = σ2
Y

{
ρ(ρ− 1) + ln ρ+ 1 + T̃ /2−

√
4 + T̃ 2

2

− ln

[
8

(
−T̃ +

√
4 + (T̃ )2

)]
+ 2 ln

[
2− T̃ +

√
4 + (T̃ )2

]}
=
σ2
Y

2ρ
f(ρ),

where f(x) := A1(x) + 2x ln
(
A2(x)2

A3(x)

)
, for A1(x) := x3 − 3x2 + 3x + 1 − z(x), A2(x) :=

x3 +x2 +x−1+z(x), A3(x) := 8[x3 +x2−x−1+z(x)] and z(x) :=
√

4x2 + (1− x)2(1 + x)4.
We now show that f(x) < 0 for all x ∈ (0, 1), so that in particular f(ρ) < 0, from which

the desired result follows. We begin by showing that A2(x) > 0 and A3(x) > 0 for all x > 0.
By inspection, for all x > 0, we have A2(x) > A3(x)/8, and

A3(x)/8 = (x− 1)(x+ 1)2 +
√

4x2 + (1− x)2(1 + x)4 > (x+ 1)2
[
x− 1 +

√
(1− x)2

]
≥ 0.

Next, we apply the inequality ln(y) ≤ 2
(
y

1
2 − 1

)
for y > 0 using y = A2(x)2

A3(x)
> 0 to obtain

f(x) ≤ A1(x) + 4x

(
A2(x)√
A3(x)

− 1

)
. (S.18)

For x > 0, the RHS of (S.18) is negative if and only if

A2(x)/
√
A3(x) < −A1/(4x) + 1. (S.19)

For x ∈ (0, 1), the RHS of (S.19) is strictly positive:

−A1

4x
+ 1 =

1

4x

[√
4x2 + (1− x)2(1 + x)4 − x3 + 3x2 + x− 1

]
>

1

4x

[
(1− x)(1 + x)2 − x3 + 3x2 + x− 1

]
=

1

2
[1 + x(1− x)] > 0.

Hence, for x ∈ (0, 1), (S.19) is equivalent to

0 > A2(x)2 − A3(x)

(
−A1

4x
+ 1

)2

=
2

x2

[
(1− x)2A4(x) + A5(x)z(x)

]
(S.20)

where A4(x) = x6 − 4x4 − x3 + 4x2 + 3x+ 1 and A5(x) = x5 − 3x4 + x3 + 2x2 − 1. Now by
Descartes’ rule of signs, A5 has 3 sign changes and at most 3 positive real roots, counting
multiplicity. It is easy to verify that there is a double root at x = 1, that A5(2) = −1 < 0,
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and that limx→+∞A5(x) = +∞, so there is a positive root at some x > 2. This implies there
are no roots in (0, 1). Since A5(0) = −1 < 0, it follows that A5(x) < 0 for all x ∈ (0, 1).
Thus, without signing A4(x), it suffices to show that (1 − x)2|A4(x)| < −A5(x)z(x), or
equivalently (since A5(x) < 0)

0 > (1− x)4A4(x)2 − z(x)2A5(x)2 = 4(1− x)4x5(x4 − 2x2 − 3x− 1). (S.21)

Now for x ∈ (0, 1), we have in (S.21) x4 − 2x2 − 3x− 1 < −2x2 − 3x < 0. Since the outside
factor is positive, we have shown that f(x) < 0 for x ∈ (0, 1), and thus V NF < V Pub. �

S.2 Section 4: Omitted Proofs

Lemma S.6. The process L is the belief about θ held by an outsider who observes only X.

Moreover,

(
θ

M̂t

)
|FXt ∼ N (M out

t , γoutt ) where M out
t =

(
Lt

Lt

)
and γoutt =

(
γ1t

1−χt
γ1tχt
1−χt

γ1tχt
1−χt

γ1tχt
1−χt

)
.

Proof. The outsider jointly filters the state vt = (θ, M̂t)
′. For the evolution of the state and

the signal, we adopt notation from Section 12.3 in Liptser and Shiryaev (1977). From the
outsider’s perspective, both players (and in particular player 2) are on the equilibrium path,
and thus the outsider believes that vt evolves as

dvt = a1(t,Xout)vtdt+ b1(t,X)dW1(t) + b2(t,X)dW2(t),

where a1(t,Xout) :=

(
0 0

zt −zt

)
for zt := (να3t)2γ1t

σ2
X

+α2
3tγ1t, b1(t,X) :=

(
0 0

0 α3tγ1t
σY

)
, b2(t,X) :=(

0
να3tγ1t
σX

)
, W1(t) :=

(
W11(t)

ZY
t

)
and W2(t) := ZX

t , where W11(t) is a standard Brownian mo-

tion and W11(t), ZY
t and ZX

t are mutually independent. The signal is

dXout
t := dXt − [δ0t + δ2tLt + ν(α0t + α2tLt)]dt = A1(t,X)vt +B1(t,X)W1(t) +B2(t,X)W2(t),

where A1(t,X) :=
(
να3t δ1t

)
, B1(t,X) :=

(
0 0

)
and B2(t,X) = σX .

Hence, denoting M out
t =

(
M out

t,1

M out
t,2

)
and γoutt =

(
γoutt,11 γoutt,12

γoutt,21 γoutt,22

)
and imposing γoutt,21 = γoutt,12,

we have from the standard filtering equations of Liptser and Shiryaev (1977, Theorem 12.7)
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that

(
θ

M̂t

)
|FXt ∼ N (M out

t , γoutt ), where M out and γout are the unique solutions to

dM out
t = a1(t,X)M out

t +
1

σ2
X

[(
0

να3tγ1t

)
+ γoutt

(
να3t

δ1t

)]
× · · ·

· · · ×
{
dXout

t − (να3tM
out
t,1 + δ1tM

out
t,2 )dt

}
(S.22)

γ̇outt = a1(t,X)γoutt + γoutt a∗1 +
1

σ2
X

[(
0

να3tγ1t

)
+ γoutt

(
να3t

δ1t

)][(
0

να3tγ1t

)
+ γoutt

(
να3t

δ1t

)]∗

with initial conditions M out
0 =

(
µ

µ

)
and γout0 =

(
γo 0

0 0

)
.

Recall that γ1 and χ satisfy γ̇1t = −α2
3t

σ2
Y
γ2

1t and χ̇t =
γ1tα2

3t(1−χt)
σ2
Y

− γ1tδ21tχ
2
t

σ2
X

with initial

conditions γ10 = γo and χ0 = 0. It is straightforward to verify that γoutt =

(
γ1t

1−χt
γ1tχt
1−χt

γ1tχt
1−χt

γ1tχt
1−χt

)
satisfies the γout-ODE above along with given initial condition. Moreover, γoutt is positive
semidefinite as its leading principal minors are positive multiples of 1 and χ− χ2 > 0.

Next, substitute given the solution γoutt into (S.22) and subtract the equation for the
second component from its first to obtain the following SDE for M̄ := M out

1 −M out
2 : dM̄t =

−ΣM̄tα
2
3tγ1t with initial condition M̄0 = 0. Now if M̄t > 0, then dM̄t < 0, giving us a

contradiction; likewise for the case M̄t < 0. It follows that M̄t = 0, and thus M out
t,1 = M out

t,2 ,
for all t ≥ 0. Substituting this back into (S.22), we have

dM out
t,1 =

γ1t(να3t + δ1tχt)

σ2
X(1− χt)

(dXout
t − (να3t + δ1t)M

out
t,1 dt)

=
γ1t(να3t + δ1tχt)

σ2
X(1− χt)

[dXt − (να0t + δ0t +M out
1,t (να3t + δ1t) + Lt(να2t + δ2t))dt] (S.23)

On the other hand, we have

dLt =
Lt[µ̂1t + µ̂2t + µ̂3t]dt+ µ̂0tdt+ B̂tdXt

1− χt

=
γ1t(να3t + δ1tχt)

σ2
X(1− χt)

[dXt − (δ0t + να0t + Lt[ν(α2t + α3t) + δ1t + δ2t])dt] (S.24)

Hence L̄t := M out
t,1 − Lt satisfies dL̄t = −γ1t(να3t+δ1tχt)

σ2
X(1−χt) L̄t(να3t + δ1t) with initial condition

L̄0 = µ− µ = 0. We conclude that L̄t = 0, and thus Lt = M out
t,1 = M out

t,2 , for all t ≥ 0.
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Proof of Lemma 4: We first derive a candidate mapping for the general case of a drift
ât + νat, ν ∈ [0, 1], in X. Suppose δ1 = ûaâα3. The χ-ODE for ν ∈ [0, 1] boils down to

χ̇t = γtα
2
3t

([
ν2

σ2
X

+
1

σ2
Y

]
(1− χt)−

(ν + ûaâχt)
2

σ2
X

)
=: −γtα2

3tQ(χt).

If f : [0, χ̄) → [0, γo], some χ̄ ∈ (0, 1], is differentiable and f(χt) = γt for all t ≥ 0, then
f ′(χt)χ̇t = γ̇t. When α3t 6= 0, f ′(χt)

f(χt)
= Σ

Q(χt)
. Hence, we solve the ODE f ′(χ)

f(χ)
= Σ

Q(χ)
for

χ ∈ (0, χ̄) where f(0) = γo.

To this end, let c2 :=

√
b2+4(ûaâ)2/[σXσY ]2−b

2(ûaâ/σX)2
and −c1 :=

−
√
b2+4(ûaâ)2/[σXσY ]2−b

2(ûaâ/σX)2
, where b :=

[ν2/σ2
X + 1/σ2

Y ] + 2νûaâ/σ
2
X , be the roots of the convex quadratic Q above.

Clearly, −c1 < 0 < c2. Also, c2 ≤ 1 as Q(1) ≥ 0; and when ûaâ 6= −ν (which
specializes to ûaâ 6= 0, as in the lemma statement that uses ν = 0), we have c2 < 1.
Thus, Σ

Q(χ)
= − σ2

XΣ

(ûaâ)2(c1+c2)

[
1

χ+c1
− 1

χ−c2

]
is well defined (and negative) over [0, c2) with

1/(χ + c1) > 0 and −1/(χ − c2) > 0 over the same domain. We can then set χ̄ = c2 and
solve

´ χ
0

f ′(s)
f(s)

ds = − σ2
XΣ

(ûaâ)2(c1+c2)
log
(
χ+c1
c2−χ

c2
c1

)
, which yields the decreasing function f(χ) =

f(0)
(
c1
c2

)1/d (
c2−χ
χ+c1

)1/d

, where 1/d = σ2
XΣ/[(ûaâ)

2(c1 + c2)] > 0. Imposing f(0) = γo and
inverting yields χ(γ) = f−1(γ) as given in the lemma. Note that χ(γo) = 0 and χ(0) = c2.

We now verify, for ν = 0, that χ(γ) satisfies the χ-ODE (even when α3 = 0). We have

d(χ(γt))

dt
=

α2
3tγt

σ2
Y [c1 + c2(γ/γo)d]2

c1c2d[c1 + c2]

(
γt
γo

)d
.

By construction, moreover, c1c2 = c1 − c2 =
σ2
X

σ2
Y (ûaâ)2

, which follows from equating the first-
and zero-order coefficients in Q(χ) = û2

aâχ
2/σ2

X + χ/σ2
Y − 1/σ2

Y = û2
aâ(χ − c2)(χ + c1)/σ2

X .
Thus, dc1c2 = c1 + c2. On the other hand,

[ûaâχ(γ)]2

σ2
X

=
û2
aâ

σ2
X

[
c1c2

1− (γ/γo)d

c1 + c2(γ/γo]d

]2

=
c2

1(1− c2)

σ2
Y

[
1− (γ/γo)d

c1 + c2(γ/γo)d

]2

where we used that c2
1c

2
2/σ

2
X = c2

1(1−c2)/σ2
Y follows from û2

aâc
2
2/σ

2
X = (1−c2)/σ2

Y by definition
of c2. Thus, the right-hand side of the χ-ODE evaluated at our candidate χ(γ) satisfies

γ1α
2
3

(
1− χ
σ2
Y

− (ûaâχ)2

σ2
X

) ∣∣∣∣∣
χ=χ(γ)

=
α2

3γ1

σ2
Y

(
1− χ− c2

1(1− c2)

[
1− (γ/γo)d

c1 + c2(γ/γo)d

]2
)
.

14



Thus, using that c1c2d = c1 + c2 in our expression for d(χ(γt))/dt, it suffices to show that

[c1 + c2]2
(
γt
γo

)d
= (1− χ)[c1 + c2(γ/γo)d]2 − c2

1(1− c2)[1− (γ/γo)d]2.

Using that χ[c1 + c2(γ/γo)d] = 1− (γ/γo), it is easy to conclude that this equality reduces to
three equations 0 = c2

1 − c2
1c2 − c2

1 + c2
1c2, (c1 + c2)2 = 2c1c2 − c1c2(c2 − c1) + 2c2

1(1− c2) and
0 = c2

2 + c1c
2
2 − c2

1(1 − c2), capturing the conditions on the constant, (γ/γo)d and (γ/γo)2d,
respectively. The first condition is trivially satisfied. As for the third, by the definition of c1

and c2 we have that c2
2/(1−c2) = σ2

X/(ûaâσY )2 = c2
1/(1+c1). Thus, c1

1(1−c2) = c2
2(1+c1), and

the result follows. By canceling common terms, the second condition is also a rearrangement
of this identity. Thus, χ(γ) as postulated satisfies the χ-ODE; by uniqueness, χ = χ(γ).

Finally, when ûaâ = 0, we have that δ1 ≡ 0, and the χ-ODE reduces to χ̇ = α2
3tγt(1 −

χt)/σ
2
Y , χ0 = 0. It is then easy to verify that χ(γ) = 1 − γt/γo satisfy the ODE, and we

conclude again by uniqueness.

S.2.1 Proof of Theorem 1

It is convenient to change variables using ṽi := γvi for i = 6, 8:

˙̃v6t = γt

{
−β2

2t − 2β1tβ2t(1− χt) + β2
1t(1− χt)2 + ṽ6tα

2
t

[
1

σ2
Y

− 2χt
σ2
X(1− χt)

]}
(S.25)

˙̃v8t = γt

{
2β2t + 2(1− 2αt)β1t(1− χt) + 4β2

1tχt(1− χt) + ṽ8tα
2
t

[
1

σ2
Y

− χt
σ2
X(1− χt)

]}
(S.26)

β̇1t =
αtγt

2σ2
Xσ

2
Y (1− χt)

{
−2σ2

X(αt − β1t)β1t(1− χt)

+2σ2
Y αtχt(β2t[1 + 2β1tχt]− β1t[1− χt]) + α2

tβ1tχtṽ8t

} (S.27)

β̇2t =
αtγt

2σ2
Xσ

2
Y (1− χt)

{
−2σ2

Xβ
2
1t(1− χt)2 − 2σ2

Y αtβ2tχ
2
t (1− 2β2t)

+α2
tχt(2ṽ6t + β2tṽ8t)

} (S.28)

β̇3t =
αtγt

2σ2
Xσ

2
Y (1− χt)

{
2σ2

Xβ1t(1− χt)β3t − 2σ2
Y αtβ2tχ

2
t (1− 2β3t) + α2

tβ3tχtṽ8t

}
(S.29)

γ̇t =
γ2
t α

2
t

σ2
Y

(S.30)

with initial values ṽ60 = ṽ80 = 0, β10 = 1
2(2−χ0)

, β20 = 1−χ0

2(2−χ0)
, β30 = 1

2
and γ0 = γF , and

where χt = χ(γt), with χ(·) defined in Lemma 4. From that lemma, this function takes
values in (−c1, c2], with c2 < 1, when γ ∈ [0,+∞), and so the denominators in System 1 are
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well defined; we use χ̄ := c2 in what follows. Also, the right hand sides above are C1 over
{(ṽ6, ṽ8, β1, β2, β3, γ) ∈ R5 ×R+}, and hence, if a solution exists over [0, T ], it is unique. We
will show that there exists γF ∈ (0, γo) such that a (unique) solution to System 1 exists and
it satisfies γT (γF ) = γo, with the properties stated in the theorem. For such γF , since γ is
nondecreasing going back in time, we have γ > 0 and can recover v6 = ṽ6/γ and v8 = ṽ8/γ.

It is easy to verify that α = β3 + β1χ satisfies α̇t =
α3
tγtχt

2σ2
Xσ

2
Y (1−χt) {4σ

2
Y β2χt + αtṽ8t} with

initial condition α0 = 1
2−χ(γF )

> 0. By our comparison theorem applied to α and 0, we

have α > 0. The functions ṽcand
6 :=

σ2
Y [−1+2β1(1−χ)+α]

α
− ṽ8

2
and βcand

2 := 1 − β1 − β3 are
then well defined, and it can be checked that if (ṽ6, ṽ8, β1, β2, β3, γ) is a solution to System
1, then (ṽcand

6 , ṽ8, β1, β
cand
2 , β3, γ) is also a solution. Hence, by uniqueness, ṽ6 = ṽcand

6 and
β2 = βcand

2 , and so doing the corresponding replacements in the (ṽ8, β1, β3, γ) ODEs we
obtain the reduced IVP (“System 2”)

˙̃v8t = γt
{

2βcand
2t + 2(1− 2αt)β1t(1− χt) + 4β2

1tχt(1− χt)

+ṽ8tα
2
t

[
1/σ2

Y − χt/(σ2
X [1− χt])

]} (S.31)

β̇1t =
αtγt

2σ2
Xσ

2
Y (1− χt)

{
−2σ2

X(αt − β1t)β1t(1− χt)

+2σ2
Y αtχt(β

cand
2t [1 + 2β1tχt]− β1t[1− χt]) + α2

tβ1tχtṽ8t

} (S.32)

β̇3t =
αtγt

2σ2
Xσ

2
Y (1− χt)

{
2σ2

Xβ1t(1− χt)β3t − 2σ2
Y αtβ

cand
2t χ2

t (1− 2β3t)

+α2
tβ3tχtṽ8t

}
,

(S.33)

along with (S.30), and initial conditions ṽ80 = 0, β10 = 1
2(2−χ(γF ))

, β30 = 1
2
and γ0 = γF .

Note that if γF = 0, System 2 has the (unique) solution χ = χ̄, β1 = 1
2(2−χ̄)

, β3 = 1
2

(so that α = 1
2−χ̄) and γ = 0, with ṽ8 obtained from integration of its ODE. (This does not

correspond to a solution to the BVP, since γT (0) = 0 < γo.) Next, define

γ̄ := sup{γ̃F > 0 | a solution to System 2 exists over [0, T ] for all γF ∈ (0, γ̃F )}.

Since the right-hand side of the equations that comprise System 2 are of class C1, the
solution is unique when it exists, and there is continuous dependence of the solution on the
initial conditions; in particular, the terminal value γT is continuous in γF (see Theorem on
page 397 in Hirsch et al. (2004)). Hence if there exists γF ∈ (0, γ̄) such that γT (γF ) ≥ γo, by
the intermediate value theorem there exists a γF ∈ (0, γ̄) such that γT (γF ) = γo, allowing
us to construct a solution to System 1.

Suppose then that for all γF ∈ (0, γ̄), γT (γF ) < γo. In particular, because γt is non-
decreasing in the backward system for any initial condition, we have that γt ∈ (0, γo) and
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by Lemma 4, χt ∈ (0, χ̄) for all t ∈ [0, T ] when γF ∈ (0, γ̄). To reach a contradiction, it
suffices to show that the solution to System 2 can be bounded uniformly over γF ∈ (0, γ̄)

for times T as in the theorem. Indeed, given uniform bounds, we first claim that a so-
lution to System 2 for γF = γ̄ must exist over [0, T ]. To see this, let [0, T̃ ) denote the
maximal interval of existence, and suppose by way of contradiction that T̃ ∈ (0, T ]. Thus,
there must be some function x(·, γ̄) which explodes at T̃ , and so, for t̃ ∈ (0, T̃ ) sufficiently
close to T̃ , we have x(t̃, γ̄) /∈ [−Kx, K

x
], with [−Kx, K

x
] the interval that uniformly bounds

x(t, γF ) over (t, γF ) ∈ [0, T ] × (0, γ̄). But for any sequence (γFn )n∈N taking values in (0, γ̄)

such that γFn ↑ γ̄, by continuity of solutions with respect to initial conditions, we have
x(t̃, γ̄) = limn→∞ x(t̃, γFn ) ∈ [−Kx, K

x
], a contradiction. We conclude that a solution to

System 2 for γF = γ̄ must exist over [0, T ], and hence, by the extensibility of the solu-
tions (Theorem on page 397 in Hirsch et al. (2004)), that a solution must also exist for all
γF ∈ [γ̄, γ̄ + ε), some ε > 0, thereby violating the definition of γ̄ as a supremum.

To obtain cleaner expression for the uniform bounds, let us analyze a “centered” system
that arises from decomposing β1 and β3 as sums of forward-looking and myopic components,
and show that both of these components are uniformly bounded. Specifically, define βm1t :=

1
2(2−χt) , β

m
3t = 1

2
and βfit := βit−βmit for all t ∈ [0, T ], i = 1, 3; since ṽ8 starts (going backwards)

at zero, it coincides with its own forward-looking component by definition. Observe that for
γF ∈ (0, γ̄), βm1t is uniformly bounded by [1/4, 1/2] ⊂ [0, 1], as χt = χ(γt) ∈ [0, 1] for all
t ∈ [0, T ], and trivially βm3t ∈ [0, 1]. Thus, it suffices to show that the solutions (ṽ8, β

f
1 , β

f
3 )

are uniformly bounded by some [−K,K]3. (Recall that γ is already bounded by [0, γo].)
Hence, we define one final IVP (“System 3") in (ṽ8, β

f
1 , β

f
3 , γ) to be (S.30), (S.31), and

β̇f1t = − χ̇t
2(2− χt)2

+
αtγt

2σ2
Xσ

2
Y (1− χt)

{
−2σ2

X(αt − [βf1t + βm1t ])[β
f
1t + βm1t ](1− χt)

+2σ2
Y αtχt

(
[1− (βf1t + βm1t)− (βf3t + βm3t)][1 + 2(βf1t + βm1t)χt]

)
−2σ2

Y αtχt(β
f
1t + βm1t)(1− χt) + α2

t (β
f
1t + βm1t)χtṽ8t

}
,

(S.34)

=: hβ
f
1 (βf1t, β

m
1t , β

f
3t, β

m
3t , ṽ8t, γt)

β̇f3t =
αtγt

2σ2
Xσ

2
Y (1− χt)

{
2σ2

X(βf1t + βm1t)(1− χt)(β
f
3t + βm3t) + α2

t (β
f
3t + βm3t)χtṽ8t

+4σ2
Y αtβ

f
3tχ

2
t [1− (βf1t + βm1t)− (βf3t + βm3t)]

} (S.35)

=: hβ
f
3 (βf1t, β

m
1t , β

f
3t, β

m
3t , ṽ8t, γt)

subject to initial conditions ṽ80 = 0, βf10 = 0, βf30 = 0 and γ0 = γF ∈ (0, γ̄), where αt =

[βf3t+β
m
3t ]+[βf1t+β

m
1t ]χt. Define hṽ8(βf1t, βm1t , β

f
3t, β

m
3t , ṽ8t, γt) as the RHS of (S.31) with βfit+βmit
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substituted for βit, i = 1, 3.
Define ᾱ = (K + 1)χ̄ + (K + 1), where we suppress dependence on K. Next, for x ∈

{ṽ8, β
f
1 , β

f
3 } define h̄x : R2

++ → R++ as follows:

h̄ṽ8(γo;K) := γo {2[1 + 2(K + 1)] + 2(1 + 2ᾱ)(K + 1)

+4(K + 1)2χ̄+Kᾱ2
[
1/σ2

Y + χ̄/(σ2
X [1− χ̄])

]} (S.36)

h̄β
f
1 (γo;K) :=

ᾱ2γo [1/σ2
Y + χ̄/(σ2

X [1− χ̄])]

2(2− χ̄)2
+

ᾱγo

2σ2
Xσ

2
Y (1− χ̄)

{
2σ2

X [ᾱ +K + 1](K + 1)

+2σ2
Y ᾱχ̄([1 + 2(K + 1)][1 + 2(K + 1)χ̄] +K + 1) + ᾱ2K(K + 1)χ̄

}
(S.37)

h̄β
f
3 (γo;K) :=

ᾱγo

2σ2
Xσ

2
Y (1− χ̄)

{
2σ2

X(K + 1)2 + ᾱ2χ̄K(K + 1)

+4σ2
Y ᾱχ̄

2K[1 + 2(K + 1)]
}
,

(S.38)

Define
T (γo) := max

K′≥0
min

x∈{ṽ8,βf1 ,β
f
3 }

K ′

h̄x(γo;K ′)
∈ (0,∞),

and let K ∈ (0,∞) denote the arg max.1 It is clear that given T < T (γo), (ṽ8, β
f
1 , β

f
3 ) are

uniformly bounded by [−K,K]3. Indeed, suppose otherwise, and define τ = inf{t > 0 :

(ṽ8t, β
f
1t, β

f
3t) /∈ [−K,K]3}; by supposition and continuity of the solutions, τ ∈ (0, T ) and

|xτ | = K, some x ∈ {ṽ8, β
f
1 , β

f
3 }. Now, by construction of h̄x(γo;K), for all t ∈ [0, τ ] and for

each x ∈ {ṽ8, β
f
1 , β

f
3 } we have |ẋt| = |hx(βf1t, βm1t , β

f
3t, β

m
3t , ṽ8t, γt)| < h̄x(γo;K), and thus by

the triangle inequality, |xτ | < 0 + τ · h̄x(γo;K) < T (γo)h̄x(γo;K) ≤ K, a contradiction.
We conclude that the solutions (ṽ8, β

f
1 , β

f
3 , γ) to System 3 are uniformly bounded by

[−K,K]3×[0, γo], and by another application of the triangle inequality the solutions (ṽ8, β1, β3, γ)

to System 2 are uniformly bounded by [−K,K] × [−K,K + 1]2 × [0, γo]. This gives us the
desired contradiction of the definition of γ̄ from before, so we conclude that for T < T (γo),
there exists γF ∈ (0, γ̄) such that the solution to System 2 satisfies γT (γF ) = γo. (Note that
any such γF lies in (0, γo), as γ is nondecreasing in the backward system.) In turn, there
exists a solution to System 1 by setting ṽ6 = ṽcand

6 and β2 = βcand
2 .

Assume now that T < T (γo) and consider any such γF as above and its induced solution
to System 1 with γT (γF ) = γo. To conclude the proof, we must characterize β0 and the
remaining value function coefficients. Since this step is the special case ûâa = 1, ûâθ = 0 of
an analogous step in the proof of Theorem 2, we refer the reader to that proof.

1Corner solutions are ruled out since the bounds h̄x are strictly positive and grow faster than linearly in
their second argument.
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S.2.2 Remaining ODEs from Proof of Theorem 2

The arguments in the conclusion of the proof refer to the following ODEs:

β̇0t = − γtχt
2σ2

Xσ
2
Y (1− χt)(1 + ûâθχt)

{
4û2

âθσ
2
Y β0tβ̃2t(1− χt)χt + 2α2

t [ûâaûâθv3tγt(1 + ûâθχt)]

+ûâaα
3
t

[
(1− χt)β0t(2[1− ûâa]σ2

X + ûâaṽ8t) + ûâav3tγt(1 + ûâθχt)
]

+ûâθαt

[
ûâθv3tγt(1 + ûâθχt) + β0t(1− χt)(−2ûâθσ

2
X + ûâθṽ8t + 8ûâaσ

2
Y β̃2tχt)

]
+2α2

tβ0t(1− χt)
(

[1− 2ûâa]ûâθσ
2
X + ûâa[ûâθṽ8t + 2ûâaσ

2
Y β̃2tχt]

)}
, β0T = 0,

v̇0t = β2
0t + (ûâθ + ûâaαt)

2γtχt

{
1 +

χt
σ2
X

[
−ṽ6t + σ2

Y (ûâθ + ûâaαt − 2β̃2t)/αt

]}
, v0T = 0,

v̇1t = −2β0t, v1T = 0,

v̇3t = 2β0t(β1t + β̃2t)(1− χt) +
v3t(ûâθ + ûâaαt)

2γtχt
σ2
X(1− χt)

, v3T = 0, and

v̇4t = 1− 2β2
3t, v4T = 0.

S.3 Section 5: Omitted Proofs

S.3.1 Proof of Proposition 5, Part (i)

We analyze the public and no-feedback cases, and then we compare learning and payoffs.

Public Case

We look for an equilibrium of the form at = β0t + β1tMt + β3tθ, where Mt = M̂t is publicly
known, with value function V (θ,m, t) = v0t + v1tθ + v2tm+ v3tθ

2 + v4tm
2 + v5tθm.

The core (backward) system of ODEs is

(β̇0t, β̇1t, β̇3t, γ̇t) = (0,−β1tβ
2
3tγ

2
t /σ

2
Y , β1tβ

2
3tγ

2
t /σ

2
Y , β

2
3tγ

2
t /σ

2
Y ).

with initial conditions β00 = 0, β10 = −ψγ0
σ2
Y
≤ 0, β30 = 1 and γ0 = γF ∈ (0, γo).

Define ψ̃ := ψγo/σ2
Y and T̃ := Tγo/σ2

Y . It is easy to verify that the system has a solution
for each root ρPub ∈ (0, 1) of the cubic gPub(ρ) := −T̃ ψ̃ρ2(1− ρ) + ρ(1 + T̃ )− 1 = 0, where
(β0t, β1t, β3t) = (0, β10γ

F/γt, 1+β10(1−γF/γt) where γt =
γF [σ4

Y +tψ(γF )2]

σ4
Y −tγF (−γFψ+σ2

Y )
and γF = ρPubγo.

Such a root always exists since gPub(0) < 0 < gPub(1), and hence an LME exists. Now the
quadratic gPub′(ρ) has roots only if ψ̃ ≥ 3(1 + T̃ )/T̃ > 3. Hence, when ψ < σ2

Y /γ
o (i.e.,

ψ̃ < 1), gPub is strictly increasing, and the root, and hence the LME, is unique.
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No Feedback Case

We look for an equilibrium with at = β0µ + β1Mt + β3θ, where Mt = E1
t [M̂t], with value

function V (t, θ,m) = v0t + v1tθ + v2tm+ v3tθ
2 + v4tm

2 + v5tθml. The backward system is

(β̇0t, β̇1t, β̇3t, γ̇t) =
(
0,−αtβ1t[β3tγt − β1tγt(1− χt)]/σ2

Y , αtβ1tβ3tγt/σ
2
Y , α

2
tγ

2
t /σ

2
Y

)
with initial conditions β00 = 0, β10 = − ψγ0

σ2
Y +ψγ0χ(γ0)

, β30 = 1, and γ0 = γF , where χ(γ) :=

1− γ/γo. Note that α̇t = 0, so α = α0 =
σ2
Y

σ2
Y +ψγ0χ(γ0)

, and it suffices to solve the γ-ODE.
By standard bounding arguments, the system has a solution. With algebra, one can show

that there is one solution for each root ρNF ∈ (0, 1) of the quintic gNF(ρ) := T̃ ρ− (1− ρ)[1 +

ψ̃ρ(1− ρ)]2, with γt =
γF σ2

Y

σ2
Y −γF ᾱ2t

, where γF = ρNFγo, and with α = ᾱ = α0 being a constant
as above. Such a root always exists since gNF(0) < 0 < gNF(1), and hence an LME exists.
When ψ < σ2

Y /γ
o, it can be verified that gNF is strictly increasing when it crosses zero in

(0, 1); hence its root, and the LME, is unique.

Learning and Payoff Comparisons

Lemma S.7. If ψ̃ ∈ (0, 1], then there is more learning in the public case for all T > 0.

Proof. Let ρx = γxT/γ
o ∈ (0, 1), where γxT is the terminal value of γ in the BVP of case

x ∈ {public, no feedback}. When ψ̃ ∈ (0, 1], these values are the unique roots of

0 = gNF(ρ) := ρT̃ − (1− ρ)[1 + ψ̃ρ(1− ρ)]2 = ρ(1 + T̃ )− 1− ψ̃ρ(1− ρ)2[2 + ψ̃ρ(1− ρ)]

0 = gPub(ρ) := ρ(1 + T̃ )− 1− ψ̃T̃ ρ2(1− ρ),

respectively. In particular, observe that ρx > 1/(1 + T̃ ), x ∈ {public, no feedback}. Our
goal is to show ρPub < ρNF.

Now, using that ρPub(1 + T̃ )− 1 = ψ̃T̃ (ρPub)2(1− ρPub), we get that

gNF(ρPub) =
ψ̃(1− ρPub)

T̃

{
T̃ 2(ρPub)2 − (1− ρPub)[2ρPubT̃ + ρPub(1 + T̃ )− 1]

}
.

where ψ̃(1−ρPub)

T̃
> 0. Thus, letting

Q(ρ) := T̃ 2ρ2 − (1− ρ)[2ρT̃ + ρ(1 + T̃ )− 1] = ρ2(T̃ 2 + 3T̃ + 1)− ρ(3T̃ + 2) + 1,

it suffices to show that Q(ρPub) < 0, as gNF(ρ) < 0 if and only if ρ < ρNF.
Observe that the roots of Q are given by ρ− := (3−

√
5)T̃+2

2(T̃ 2+3T̃+1)
and ρ+ := (3+

√
5)T̃+2

2(T̃ 2+3T̃+1)
, and
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that ρ− < 1
1+T̃

< ρ+. Consequently, it suffices to show that gPub(ρ+) > 0: this ensures that
ρPub < ρ+, and since ρPub > 1

1+T̃
> ρ−, this implies that Q(ρPub) < 0.

Straightforward algebraic manipulation yields that gPub(ρ+) > 0 if and only if

g̃(T̃ , ψ̃) := 4(1 + T̃ )[(3 +
√

5)T̃ + 2][T̃ 2 + 3T̃ + 1]2 − 8[T̃ 2 + 3T̃ + 1]3

−ψ̃T̃ 2[(3 +
√

5)T̃ + 2]2[2T̃ + (3−
√

5)] > 0.

The constraint is tightest when ψ̃ = 1, and g̃(T̃ , 1) can be written as T̃
5∑
i=0

aiT̃
i where all

the ai > 0. Hence, g̃(T̃ , ψ̃) > 0 whenever T̃ > 0 and ψ̃ ∈ (0, 1], concluding the proof.

Let V x denote the ex ante payoff to player 1 in the case x ∈ {Pub,NF}. First,

V Pub = E0

[
−
ˆ T

0

(at − θ)2dt− ψM2
T

]
= −
ˆ T

0

E0

[
(β1tMt + [β3t − 1]θ)2

]
dt− ψ(µ2 + γo − γT )

= −
ˆ T

0

[
(β3t − 1)2γo + β2

1t(γ
o − γt) + 2β1t(β3t − 1)(γo − γt)

]
dt− ψ̃σ2

Y (1− ρPub).

Using the solutions for the coefficients and γt in terms of γF and carrying out the simplifi-
cations, we obtain V Pub = V Pub(ρPub), where

V Pub(ρ) := σ2
Y

{
−ψ̃(1− ρ) + T̃ ψ̃ρ2[−ψ̃(1− ρ) + 1] + ln

(
1− ρ
T̃ ρ

)}
.

In the no feedback case, note that E0[M2
t ] = E0[(χtθ + (1 − χt)µ)2] = E0[χ2

t θ
2] = χ2

tγ
o.

Hence, E0[M̂2
t ] = E0[(M̂t −Mt)

2] + E0[M2
t ] = γ2t + χ2

tγ
o = χtγt + χ2

tγ
o.

Using at = β0t + β1tMt + β3tθ = āθ, we now calculate

V NF = E0

[
−
ˆ T

0

(at − θ)2dt− ψ(χTγT + χ2
Tγ

o)

]
= −(1− ᾱ)2γoT − ψχT (γT + χTγ

o).

Expressing χT = 1− γT/γo, γT and ᾱ in terms of γF = γT , we have V NF = V NF(ρNF), where
V NF(ρ) := σ2

Y

{
−ψ̃2ρ(1− ρ)3 − ψ̃(1− ρ)

}
.

Lemma S.8. For ψ̃ ∈ (0, 1], the long-run player is better off in the no feedback case than in
the public case for all T > 0.

Proof. We show that for such ψ̃, (i) V Pub(ρPub) < V NF(ρPub) and (ii) V NF(ρ) is increasing
for ρ ≥ ρPub, so that V Pub(ρPub) < V NF(ρNF).
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Toward establishing (i), define Ṽ (ρ) := V Pub(ρ)− V NF(ρ); we have

Ṽ (ρ) = σ2
Y

{
T̃ ψ̃ρ2[−ψ̃(1− ρ) + 1] + ln

(
1− ρ
T̃ ρ

)
+ ψ̃2ρ(1− ρ)3

}
,

and our first goal is to show Ṽ (ρPub) < 0. Since ln(x) < x− 1 for x > 0, we have

Ṽ (ρ) < σ2
Y

{
T̃ ψ̃ρ2[−ψ̃(1− ρ) + 1] +

[
1− ρ
T̃ ρ

− 1

]
+ ψ̃2ρ(1− ρ)3

}
=
σ2
Y

T̃ ρ
Ṽ2(ρ),

where Ṽ2(ρ) := T̃ 2ψ̃ρ3[1 − ψ̃(1 − ρ)] + 1 − ρ(1 + T̃ ) + T̃ ψ̃2ρ2(1 − ρ)3, and so it suffices to
show Ṽ2(ρPub) < 0. Now the equation gPub(ρPub) = 0 is equivalent to ψ̃ = −1−(1+T̃ )ρ

T̃ ρ2(1−ρ)
|ρ=ρPub ;

using this to eliminate ψ̃ and simplifying, we obtain Ṽ2(ρPub) = − [ρ(1+T̃ )−1]3

T̃ ρ2
|ρ=ρPub , which is

strictly negative as ρPub > 1
1+T̃

, establishing claim (i).
Toward claim (ii), differentiate

d

dρ
V NF(ρ) = σ2

Y

{
−ψ̃2[−3ρ(1− ρ)2 + (1− ρ)3] + ψ̃

}
= σ2

Y ψ̃
{
−ψ̃(1− ρ)2(1− 4ρ) + 1

}
.

The expression in braces is positive iff h(ρ) := (1− ρ)2(1− 4ρ) < 1
ψ̃
. Now for ρ ∈ [0, 1], h(ρ)

attains its maximum value of 1 at ρ = 0. Hence, if ψ̃ ≤ 1, the expression is positive for all
ρ ∈ (0, 1) and we conclude that V NF(ρ) is increasing for all ρ ≥ ρPub.

Combining parts (i) and (ii) yields V Pub(ρPub) < V NF(ρPub) < V NF(ρNF) as desired.

S.3.2 Proof of Proposition 5, Part (ii)

Since the proof follows the same steps as that of Theorem 2, we only point out the differences
owing to the presence of γT in the terminal conditions.

After a change of variables ṽ6t = v6tγt
(1−χt)2 , ṽ8t = v8tγt

1−χt and β̃2t = β2t
1−χt the boundary value

problem for (ṽ6, ṽ8, β1, β̃2, β3, γ, χ) is

˙̃v6t = γt

{
β̃2t(2β1t + β̃2t) + ṽ6t

(
α2
t

σ2
Y

+
2χt
σ2
X

)}
(S.39)

˙̃v8t = γt

{
−2β1t(1− β3t)− 2β̃2t +

ṽ8tχt
σ2
X

}
(S.40)

β̇1t =
γt

2σ2
Xσ

2
Y

{
2σ2

Xαtβ1t(αt − β1t)− 2σ2
Y χt[2β̃2t(1 + β1tχt) + β2

1tχt]− ṽ8tαtβ1tχt

}
(S.41)

˙̃β2t =
γt

2σ2
Xσ

2
Y

{
2σ2

Xαt(β
2
1t + αtβ̃2t)− αtχt(2ṽ6t + ṽ8tβ̃2t)

+2σ2
Y β̃2tχt[1− (β1t + 2β̃2t)χt]

} (S.42)
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β̇3t =
γt

2σ2
Xσ

2
Y

{
−2σ2

Xαtβ1tβ3t + 2σ2
Y χ

2
t

(
2β̃2t + β1t

)
(1− β3t)− ṽ8tαtβ3tχt

}
(S.43)

γ̇t = −γ
2
t α

2
t

σ2
Y

(S.44)

χ̇t = γt

{
(1− χt)α2

t

σ2
Y

− χ2
t

σ2
X

}
, (S.45)

with boundary conditions (v6T , v8T , β1T , β2T , β3T ) =
(

0, 0,− ψγT
σ2
Y +ψγTχT

, 0, 1
)

and (γ0, χ0) =

(γo, 0). We define z, z̃, F and F̃ as in the proof of Theorem 2, but now we define B : R2
+ → R5

by B(γ, χ) =
(

0, 0,− ψγ
σ2
Y +ψγχ

, 0, 1
)
. Define s0 ∈ R5 by s0 = B(γo, 0) = (0, 0,−ψγo/σ2

Y , 0, 1).
For all s ∈ Sρ(s0), define IVP-s as in the proof of Theorem 2.

A solution to IVP-s solves the BVP if and only if z̃T (s) = B(γT (s), χT (s)), which is
satisfied if and only if s is a fixed point of the function g : Sρ(s0) → R5 defined by g(s) :=

B(γT (s), χT (s))−
´ T

0
F̃ (zt(s))dt.

Step 2 of the earlier proof then proceeds as it did before. They key difference lies in Step
3. We have g(s)− s0 = ∆(s)−

´ T
0
F̃ (zt(s))dt, where

∆(s) := B(γT (s), χT (s))−B(γo, 0)

=

(
0, 0,− ψγT (s)

σ2
Y + ψγT (s)χT (s)

+
ψγo

σ2
Y

, 0, 0

)
.

We now must bound ∆3(s). For arbitrary ρ,K ∈ R2
++, define β̄1(γo, ρ,K) := ρ+K+ ψγo

σ2
Y
,

β̄3(γo, ρ,K) := 1 + ρ + K and ᾱ(γo, ρ,K) := β̄1(γo, ρ,K)χ̄ + β̄3 which bound |β1|, |β3|
and |α|, respectively. Define ∆̄3(γo; ρ,K) = ψ(γo)2

σ2
Xσ

6
Y

[ψσ2
Y γ

oχ̄2 + ᾱ2σ2
X(σ2

Y + ψγo)] , where the
dependence on ρ,K is through ᾱ. By the fundamental theorem of calculus, we have ∆3(s) =´ T

0
d
dt
B3(γt(s), χt(s))dt, where

d

dt
B3(γt(s), χt(s)) =

ψγ2
t [−ψσ2

Y γTχ
2
t + α2

tσ
2
X(σ2

Y + ψγt(1− χt))]
σ2
Xσ

2
Y (σ2

Y + ψγtχt)2
.

By construction, | d
dt
B3(γt(s), χt(s))| ≤ ∆̄3(γo; ρ,K), and thus |∆3(s)| ≤ T ∆̄3(γo; ρ,K). Note

that ∆̄3(γo; ρ,K) is proportional to γo. For completeness, define the vector ∆̄(γo; ρ,K) by
specifying ∆̄i(γ

o; ρ,K) = 0 for i ∈ {1, 2, 4, 5}, and observe that ∆i(s) = T ∆̄i(γ
o; ρ,K) = 0

for i ∈ {1, 2, 4, 5}. The threshold T (γo; ρ,K) can now be defined as in the proof of Theorem
2, and the remaining steps of the proof proceed analogously.

Using the solution to the BVP and the facts above, we solve for the rest of the equilibrium
coefficients as outlined in Section B.3. We conclude that a linear Markov equilibrium exists.
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S.3.3 Proof of Proposition 6

The proof is by contradiction; suppose that a linear Markov equilibrium exists in which the
long-run player plays at = β0t + β1tMt + β2tLt + β3tθ, where the βi are differentiable. Define
α0t := β0t, α2t := β2t + β1t(1− χt) and α3t = β3t + β1tχt. We derive a collection of necessary
conditions for equilibrium and show that there is no real value of α30 for which they can be
satisfied.

From the long-run player’s perspective, given an action profile (at)t≥0, the state variables
Mt and Lt evolve according to dLt = µL(at)dt + σLdZ

X
t and dMt = µM(at)dt + σMdZ

X
t ,

where σL = B̂tσX
1−χt , σM = B̂tσX , B̂t = γt(α3t+ξχt)

σ2
X

, Σ = 1
σ2
X

+ 1
σ2
Y
, µL(a) = B̂t

1−χt [a + ξ(m − l) −
α0t − (α2t + α3t)l], and µM(a) = Σα3tγt [a− α0t − α2tl − α3tm], and where

γ̇t = −γ2
t α

2
3tΣ (S.46)

χ̇t = γtα
2
3tΣ(1− χt)− (α3t + ξχt)B̂t. (S.47)

In any conjectured LME, for (θ,Mt, Lt, t) = (θ,m, l, t), the long-run player’s value func-
tion is of the form V (θ,m, l, t) = v0t + v1tθ + v2tm + v3tl + v4tθ

2 + v5tm
2 + v6tl

2 + v7tθm +

v8tθl + v9tml. Using Itô’s lemma, for t ∈ [0, T ), this must satisfy the HJB equation

0 = sup
a

{
(θ − L)a+ Vt + µL(a)V` + µM(a)Vm +

1

2
σ2
MVmm +

1

2
σ2
LV`` + σLσMV`m

}
,

and by linearity in a, existence of an LME requires the indifference condition

0 = (θ − l) +
B̂t

1− χt
V` + α3tγtΣVm. (S.48)

Since (S.48) must hold for all values of θ,m and l, we match coefficients to obtain:

constant : 0 = γt

[
Σv2tα3t +

v3t(α3t + ξχt)

σ2
X(1− χt)

]
(S.49)

θ : 0 = 1 + Σv7tα3tγt +
v8tγt(α3t + ξχt)

σ2
X(1− χt)

(S.50)

m : 0 = γt

[
2Σv5tα3t +

v9t(α3t + ξχt)

σ2
X(1− χt)

]
(S.51)

l : 0 = −1 + Σv9tα3tγt +
2v6tγt(α3t + ξχt)

σ2
X(1− χt)

. (S.52)

Note that γ0 = γo > 0, and since χ0 = 0, (S.50) (or (S.52)) implies α30 6= 0. Hence, for
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sufficiently small t, we can solve (S.51)-(S.52) to obtain

v5t = − σ2
Y v9t(α3t + ξχt)

2(σ2
X + σ2

Y )α3t(1− χt)
(S.53)

v6t =
[σ2
Xσ

2
Y − (σ2

X + σ2
Y )v9tα3tγt](1− χt)

2σ2
Y γt(α3t + ξχt)

. (S.54)

Differentiate v5t, use (S.47) to replace χ̇t and evaluate at time t = 0 to obtain

v̇50 = −v90α30(ξ + α30)γ0 + σ2
Y v̇90

2(σ2
X + σ2

Y )
. (S.55)

On the other hand, the indifference condition reduces the HJB equation to

0 = Vt + µL(0)V` + µM(0)Vm +
1

2
σ2
MVmm +

1

2
σ2
LV`` + σLσMV`m. (S.56)

Now (S.56) must hold for all θ,m and l, and by matching coefficients, we obtain a set
of 10 equations. In particular, the coefficients on m2 and ml at t = 0 must vanish; using
(S.53), (S.54) and (S.55) to eliminate v5, v6 and v̇5, and solving for v̇90, we obtain

v̇90 =
(σ2

X + 2σ2
Y )v90α30(ξ + α30)γ0

σ2
Xσ

2
Y

and v̇90 = −ξ +
(σ2

X + 2σ2
Y )v90α30(ξ + α30)γ0

σ2
Xσ

2
Y

,

which gives us the desired contradiction. (Note that if v90 6= 0, equality (of the form +∞ =

+∞) between the right hand sides is achieved if α30 = +∞, supporting the interpretation
that the long-run player would trade away all information in the first instant.) �

References

Hirsch, M. W., S. Smale, and R. L. Devaney (2004): Differential equations, dynamical
systems, and an introduction to chaos, Academic press.

Keller, H. B. (1968): Numerical Methods for Two-Point Boundary-Value Problems, Blais-
dell Publishing Co.

Liptser, r. S. and A. Shiryaev (1977): Statistics of Random Processes 1, 2, Springer-
Verlag, New York.

Royden, H. L. (1988): Real analysis, Macmillan.

25


	Section 2: Omitted Proofs
	Proofs for Comparisons between Public and No-Feedback Cases

	Section 4: Omitted Proofs
	Proof of Theorem 1
	Remaining ODEs from Proof of Theorem 2

	Section 5: Omitted Proofs
	Proof of Proposition 5, Part (i)
	Proof of Proposition 5, Part (ii)
	Proof of Proposition 6


