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Motivation: IV setup from Hausman (1984).

Definitions:
y : n x 1 vector of observations on dependent variable; y; is i element;
X : n x p matrix of observations on right-hand side variables; X is 5" row;
Z : n x m matrix of observations on instruments; Z, is i row.

Model (or moment restriction):
E[Zig) = 0,8; = y; — X fo.
Two-Stage Least Squares:
B=(X'Z(ZZ)'\Z'X) ' X' Z(Z'Z)" ' Zy.
Sargan (1958) Interptetation:
B =argmin(y — XB)'Z(2'2)7 Z'(y ~ XP).

GMM Interptetation:

= Zi(y: — X.B3) : Vector of moment functions.
= Y g(B)/n: Sample moments.
=1
A = (Z'Z/n)"': Weighting matrix (or distance matrix).

2SLS sets sample moments to be close to their population counterpart of zero:

A

= arg ngns?(ﬂ)’fia(m.



Choice of A: A = (Z'Z/n)~" optimal (asymptotic variance minimizing) under ho-
moskedasticity and no autocorrelation. Something else better under heteroskedasticity

and/or autocorrelation.

~

General Assumptions: [ 2 f, §(8) differentiable near 3, and

Moment convergence : Vng(Bo) 4N (0, £2); €2 nonsingular;
Jacobian convergence : d§(B)/08 2 G, for any f 5 f;
Weighting matrix : AL A

Local identification : G’AG nonsingular.

Can check for IV: With independent observations (no autocorrelation) and E[e?|Z;] =

o? (homoskedasticity), by central limit theorem and law of large numbers.

VngBe) = Z'e/Vn 5 N(0,Ele:Z:2]) = N(0,0°Q); Q = E[Z.2)).
03(3)jop = —z'X/nD -EzX)< G,
A=(2'Z/n)"t B Q7! (for Q nonsingular),

G' AG nonsingular (if rank(G) is p).
Asymptotic Distribution: Define G = 9§(8)/08;

First-order conditions : 0= G'Ag(8).

Expansion of §(8) : 0= G'A{§(B) + 89(B)/08(6 — Bo]}-

(
Solve : /n(8 — Bo) = —[G' A03(B)/08) ' G’ AV/ng (o).
Coefficient convergence : — [G'A0§(6)/08)1G'A L —(G'AG)'G' A.
Moment convergence : /ng{(3) - N(0,).
Slutzky theorem : /n(f3 — ) % —(G'AG)"'G'A- N(0,Q) = N(0,V).
Asymptotic Vartance : V = (G'AG) 'G'AQAG(G'AG) .

Notes: 1) A affects V only through plim(A); 2) If m = p, then V = G~1QG Y, and
A drops out; 3) If A = a- Q7! for a scalar a then V = (G'Q71G) ™.



Asymptotically Efficient Distance Matrix: A = plim(,fl) =a- Q7L

Definitions : L'L=Q, H=(L)"'G, F = (G'AG)'G'AL.
Intermediate results : H'H=GQ'G,FH =1.
Proof of efficiency : (G'AG)IG'AQA'G(G'AG) ™ — (G'1G) ™!
~ FF — (H'H)"'=FF — FH(H'H)"'H'F
— F(I-H(H'H)H)F.

Notes: 1) Actually implied by Gauss-Markov theorem for linear model E[Y]
GG, Var(Y) = Q; 2) Have equality if and only if F” is a linear combination of H, i.e.
LAG(G'AG)™' = (I')7'GC, i.e. AG = Q 'GD for square matrices C, D.

Three IV Cases:

Homoskedasticity, no autocorrelation:

= 0°Q,Q = E[Z,Z]].
A = o*Q' = Q7! is optimal, as for 2SLS.

Heteroskedasticity, no autocorrelation: Hansen (1982), White (1982).

Q = FE[22Z,Z));

A = Q7!is optimal;

Q = iéfZiZi/n is heteroskedasticty consistent for €2;
i=1

A = Qs optimal;

f = (X'zO 2 X)X 2071 7'y,

Heteroskedasticity and/or autocorrelation: Hansen (1982).
Q = E[Sfle7/] + Z E[éfic‘:i,g(ZiZ;_g + Zl_gZ/)]
=1

Q = A0+Zlvf/L+l)](Ag+Al A( Z EEl gZ g/’ﬂlSHAC

=1 i=f+1

A o= (X'zZO'Z X)X 20 2y,



Two-Step Efficient GMM: For consistent estimator Q of €,

~

B = argmin §(8)2§(6).

For IV gives 3 = (X' ZQ 12/ X)1 X' 201 2"y,
Asymptotic Variance Estimation: For G = 9§(5)/88,

V 2V where /a(f — ) % N(0,V). For IV, V = n2(X' 212/ X)L

Small Sample Properties: 1) Bias like 2SLS, grows with number of instruments;
2) Inference less accurate with Q # 622'Z/n.

Overidentification Statistic:

~ ~

N AT A d
T =ng(8)Q7'g(5) = x*(m — p).
For IV, T = &' ZQ17'¢/n,é = y — X 3. Two special cases:
Homoskedasticity, no autocorrelation: For 62 = &é/n, Q = 622'Z/n,
T=¢2(2'2)12¢/6>=n-82(Z2'2)12'¢/é'¢ = nR? from regression of & on Z.
Heteroskedasticity, no autocorrelation: For 7 = [£,2),...,6,Z,], Q = Fr/n, e =
(1,...,1),

P(FF) e =n - 7 (#7) 1 e/e'e = nR? from regression of e on 7.

Asymptotic Distribution:
Definitions : L'L=Q, H = (L) 'G,D=1—HHH)H U = (L)""Vni(5);
Expansions :  v/ng(B8) = v/ng + [0§(8)/08)v/n(B — fo)
= L'DU +0,(1) = O0,(1), Q7 = Q7' 4+ 0,(1) = LY (L) + 0,(1);
Test statistic = T = vng(8)' L' (L))"'v/ng(B) + Op(1)0,(1)0,(1)
= U'D'DU + 0,(1) = U'DU + 0,(1)
Cont map thm : T =U'DU +0,(1) % U'DU,U ~ N(0,1,,)

Gaussian distn  : T -5 U'DU ~ (tr(D)) = x*(m — p).



Nonlinear models: Known function p(y, X, ) with
E[Zlgl] = 07 & = P(yiaXhﬁO)-

Moment Functions: ¢;(8) = Z;p(y:, X:, 8)-
GMM Estimator: For consistent estimator €2 of €2,

3 = arg ngng(ﬁ)'ﬂ—lg(ﬂ).

Homoskedasticity: Q = 62Z'Z/n, estimator is nonlinear 2SLS.

Heteroskedasticity: Q = " 622, 7, /n, é; = p(yi, Xs, B).

Notes: 1) Intuition for consistency like linear case, i.e. choosing ﬁ so moments close
to zero population value; 2) Argument for consistency given in 14.385; 3) Asymptotic
normality follows from general case described above.

Intertemporal CAPM: ¢; consumption at time 7, R; is asset return between 7 and
i + 1, ag is time discount factor, u(c, 7o) utility function, Z; observations on variables

available at time 1;

(vi, Xi) = (cit, R), B= (%04),
p(yi;Xia/B> = R/{ 'a'uc(ci—FlurY)/uC(C’iva) - 17
Elp(y:, Xi,00)|Z:] = 0;First-order conditions for utility maximization,

No autocorrelation.





