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Figure 15. Separation slope as a function of x along the separation line in Example I:
exact theory (solid line), vorticity-based theory (dashed line).

with the skin-friction field

τ =

(
x2/a2 + y2/b2 − 1

−ycx − yd

)
.

For for d <ac, this flow admits the four skin-friction zeros

p1 =

(−a

0

)
, p2 =

(
a

0

)
,

p3 =

(
−d/c

−b
√

1 − [d/ (ac)]2

)
, p4 =

(
−d/c

b
√

1 − [d/ (ac)]2

)
.

We find that

det ∇xτ ( p1) = 2a(d − ac) < 0, det ∇xτ ( p2) = −2a(d + ac) < 0;

both p1 and p2 are, therefore, saddles and hence cannot be separation or reattachment
points by (4.5)–(4.6).

Because

det ∇xτ ( p3,4) =
2

c

[
1 −

(
d

ac

)2 ]
> 0,

∇x · τ ( p3,4) = − 2d

a2c
< 0, ∂2

z w( p3,4, 0) =
2d

a2c
> 0,

⎫⎪⎪⎬
⎪⎪⎭ (12.7)

p3 and p4 must be separation points by (4.5). A linear stability analysis reveals that
p3 and p4 are stable spirals of the τ field (see figure 16a).

As figure 16(a) reveals, this flow has no nodes or limit cycles, thus it can only
exhibit (S1) separation by the last inequality in (12.7); by the same inequality, no
reattachment lines exist.
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Figure 16. Separation bubble model with a = c = 1, b = 10, d = 0.5, α = 1, β = 0, δ = −1.
(a) Skin-friction trajectories. (b) Exact separation line (solid) and its vorticity-based prediction
(dashed), the ridge of the scalar field ϕ. The contours of ϕ are shown over the region where
(E 4) holds. (c) Linear prediction for the separation surface by our exact theory; also shown
are nearby streamlines.

Separation lines in this example must therefore contain skin-friction trajectories that
are backward-asymptotic to p1 or p2 and forward-asymptotic to p3 or p4. The upper
and lower components of the unstable manifold Wu ( p1) satisfy this requirement,
yielding a single separation line γ connecting the upper and lower spirals through the
saddle p1.

Figure 16(b) compares γ with the prediction of the vorticity-based separation
theory. While the vorticity-based prediction is again correct at skin-friction zeros, it
suggests a separation line radically different from γ . The numerical simulations in
figure 16(c) confirm that γ is the correct separation line, and (10.6) is the correct
separation slope, which we obtained along γ numerically.
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12.6. Example IV: Open separation along a limit cycle

In Appendix D, we derive the model velocity field

u = µxz + yz − x3z + 8z3x/3 − xy2z,

v = −xz + µyz − x2yz − y3z + 8yz3/3,

w = −µz2 + 2z2x2 + 2z2y2 − 4z4/3,

⎫⎬
⎭ (12.8)

with the skin friction field

τ =

(
µx + y − x3 − xy2

−x + µy − yx2 − y3

)
.

In this example, p = (0, 0) is the only skin-friction zero; at this point, we have

det ∇xτ ( p) = µ2 + 1 > 0, ∇x · τ ( p) = 2µ, ∂2
z w( p, 0) = −∇x · τ ( p) = −2µ,

thus, by (4.5)–(4.6), p is a separation point for µ < 0 and a reattachment point for
µ > 0.

As µ is varied from negative to positive values, an attracting limit cycle Γ emerges
at x2 + y2 = µ (figure 17a). This can be verified explicitly by transforming the velocity
field to polar coordinates.

The limit cycle Γ satisfies∫
Γ

ω · ([∇xτ ] ω)

|ω|2
ds = −2µT < 0,

∫
Γ

∂2
z w ds = 4µT > 0, (12.9)

where T is the period of Γ . By (12.9), Γ is non-degenerate (cf. Appendix B) and
coincides with a separation line of (S3)-type. Figure 17(b) shows the dashed separation
line predicted by the vorticity-based separation theory. In this example, the dashed
line is qualitatively correct, but misses the exact location of the limit cycle and is
transverse to skin-friction lines.

In order to compute the separation slope, we observe that ∂2
z u ≡ 0 in the present

example. Thus, by formula (10.6), we have

tan θ (x0) = 0,

thus the separation surface is orthogonal to the z = 0 plane. By (10.7) and (E 6),
the vorticity-based separation theory of Wu et al. (2000) also predicts orthogonal
separation, but along the incorrect dashed curve of figure 17(b).

Figure 17(c) shows numerically computed streamlines and a higher-order
approximation for the separation surface (cf. formula (D 7)), confirming the separation
line and slope predicted by our theory.

12.7. Example V: Model with bifurcating separation patterns

In Appendix D, § D.6, we derive the model flow

u = yz − z3/6,

v = xz + µyz − x2z + xyz + z3/3,

w = − (µ + x) z2/2,

⎫⎬
⎭ (12.10)

with the associated skin-friction field

τ =

(
y

x + µy − x2 + xy

)
.
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Figure 17. Open separation model with µ= 1. (a) Skin-friction trajectories. (b) Exact
separation line (solid) and its vorticity-based prediction (dashed), the ridge of the scalar
field ϕ. The contours of ϕ are shown over the region where (E 4) holds. (c) Higher-order
prediction for the separation surface by our exact theory; also shown are nearby streamlines.

The fixed points of the τ -field are p1 = (0, 0) and p2 = (1, 0 ). Since

det ∇xτ ( p1) = −1, ∂2
z w( p1, 0) = −µ, (12.11)

the point p1 is a saddle-type skin-friction zero and hence is not a separation point.
The point p2 satisfies

det ∇xτ ( p2) = 1 > 0, ∇x · τ ( p2) = µ + 1, ∂2
z w( p2, 0) = − (µ + 1) , (12.12)

thus, by (4.5), p2 is a separation point for µ < −1.
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Figure 18. (S1) separation in the bifurcating flow model for µ= −2. (a) Skin-friction
trajectories. (b) Exact separation line (solid) and its vorticity-based prediction (dashed), the
ridge of the scalar field ϕ. The contours of ϕ are shown over the region where (E 4) holds. (c)
Linear prediction for the separation surface near the wall; also shown are nearby streamlines.

A linear stability analysis shows that p2 is a stable spiral for −3 < µ < −1, and a
stable node for µ < −3. We show the corresponding skin-friction lines in figures 18(a)
and 19(a). By (12.11) and (12.12), the bounded branch of Wu( p1) satisfies the non-
degeneracy conditions for (S1) and (S2) separation for µ < −1. By figure 19(a), Wu( p1)
is also tangent to the direction of weaker decay at the node, as required for (S2)
separation.

For µ > −1, p2 becomes an unstable spiral encircled by a stable limit cycle Γ , which
is connected to the saddle p1 by the bounded branch of the unstable manifold Wu( p1)
(see figure 20a). The non-degeneracy of the limit cycle can be verified numerically:
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Figure 19. (S2) separation in the bifurcating flow model for µ= −4. (a) Skin-friction
trajectories. (b) Exact separation line (solid) and its vorticity-based prediction (dashed),
the ridge of the scalar field ϕ. The contours of ϕ are shown over the region where (E 4)
holds. (c) Linear prediction for the separation surface near the wall; also shown are nearby
streamlines.

for instance, for µ = −0.95, we obtain∫
Γ

ω · ([∇xτ ] ω)

|ω|2
ds = −0.42 < 0,

∫
Γ

∂2
z w ds = 0.42 > 0,

thus conditions (B 8) and (B 9) are satisfied.
Figures 18(b), 19(b) and 20(b) show the dashed separation line predicted by the

vorticity-based theory of Wu et al. (2000). In the first two cases, the vorticity-
based prediction remains close to the exact separation line owing to the small
distance between p1 and p2. In the third case, the vorticity-based prediction fails both
quantitatively and qualitatively: it still suggests a separation line between p1 and p2.



82 A. Surana, O. Grunberg and G. Haller

p1

p2

W u( p1)

(a)

1

0y y

0

0.5

z

0
2

1

0y

x

–1

–2
–2

–1

0

1

2

x
1

–1

1

0

–1

–1 0
x

1–1

10

5

0

–5

–10

–15

(c)

Γ

(b)

Figure 20. (S3) separation in the bifurcating flow model for µ= −0.95. (a) Skin-friction
trajectories. (b) Exact separation line (solid) and its vorticity-based prediction (dashed), the
ridge of the scalar field ϕ. The contours of ϕ are shown over the region where (E 4) holds.
(c) Linear prediction for the separation surface by our exact theory; also shown are nearby
streamlines.

In figure 19(b), the separation line predicted by our theory terminates at the skin-
friction node p2. By contrast, the vorticity-based prediction continues through the
point p2. Beyond the fact that the latter prediction is not a skin-friction line, there is
no unique skin-friction line that could be designated as a separation line beyond p2

(see our related discussion on open separation in § 11.1). Instead, separation beyond
p2 is best characterized by the one-dimensional separation profile emanating from p2.

Figures 18(c), 19(c) and 20(c) show numerical confirmations of the predictions of
our theory, with the separation slope calculated numerically from formula (10.6).
As suggested above, figure 19(f ) shows all streamlines near p2 to converge to the
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one-dimensional separation profile (red curve) based at p2; we computed this profile
up to second order from formulae (4.10) and (4.11).

13. Conclusions
We have developed a mathematically exact theory of three-dimensional steady

separation using nonlinear dynamical systems methods. Our theory covers smooth
compressible flows that are locally mass-preserving along a fixed no-slip boundary.
We have also given an extension to separation near corners formed by transverse
no-slip boundaries.

Our main result is that physically observable separation surfaces are unstable
manifolds for saddle-type zeros or limit cycles of the skin-friction field. We have
derived conditions under which such surfaces are guaranteed to emerge from the wall;
we have also obtained explicit formulae for the leading-order shape of separation
surfaces. For Navier–Stokes flows, our criteria and formulae can all be evaluated
using on-wall measurements of skin-friction and pressure.

A consequence of our results is that only four robust separation patterns admit
uniquely defined separation lines and surfaces. Two of these patterns have been
previously described as closed; the other two – classified as open–closed and open in
this paper – have not been described in previous studies.

We have illustrated our criteria and slope formulae on local flow models derived
from the Navier–Stokes equations through a Perry–Chong-type expansion. Direct
numerical simulations of a cavity and a backward-facing step flow also confirm our
results (Surana et al. 2005).

As we noted in the Introduction, the detachment of fluid from the boundary
may just mark a local separation bubble, but may also signal full boundary-layer
separation. Three-dimensional experiments and simulations leave little doubt that
boundary-layer separation takes place along two-dimensional unstable manifolds.
The only question is whether these manifolds emanate from the wall or from off-wall
saddle-type trajectories.

While a rigorous answer to the above question seems beyond reach, we would
strongly argue for wall-based unstable manifolds. Such manifolds have footprints
in the skin-friction field that are routinely observed in numerical and laboratory
experiments on three-dimensional boundary-layer separation (see, e.g. Tobak & Peake
1982; Simpson 1996; Délery 2001). These footprints may, in principle, be far from
where the boundary layer actually breaks away, but the two-dimensional asymptotic
calculations of Sychev (1972) suggest otherwise (see also Smith 1978 for related initial
work in three dimensions). Based on all this, we propose that the criteria developed
here are necessary conditions for steady boundary-layer separation.

The work presented here is the first in a three-part study of three-dimensional
separation. In a follow-up paper, we show how the Lagrangian approach developed
here extends to unsteady flows with a well-defined steady mean component (Surana
et al. 2006). In such flows, separation surfaces become time-dependent, but the
underlying separation lines remain fixed, just as separation points do in unsteady
two-dimensional oscillatory flows (Haller 2004; Kilic, Haller & Neishtadt 2005).

In a second follow-up paper, we extend the present approach to unsteady flows
with a time-varying mean component (Surana & Haller 2006). If the time scale of the
mean component is sufficiently far from that of the oscillatory component, the flow
displays moving separation. Moving separation turns out to occur along finite-time
unstable manifolds; we locate such manifolds by extending the analysis of Haller
(2004) and Kilic et al. (2005) to three dimensions.
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Steady flows with moving no-slip boundaries cannot be treated by the methods
described here. Instead, on passing to a frame co-moving with the boundary, one
obtains an unsteady velocity field that can be analysed by the methods of Parts 2 and
3 of this study (Surana et al. 2006; Surana & Haller 2006). Under certain conditions,
however, the separation points or lines may lie off the moving boundary, and hence
are not amenable to our boundary-based invariant manifold approach. Such off-wall
separation is discussed by Sears & Tellionis (1975) and Elliott, Smith & Cowley (1983)
for the two-dimensional boundary-layer equation with an infinite moving boundary.

We benefited from useful discussions with Gustaav Jacobs and Tom Peacock. We are
also thankful for the suggestions of J. Z. Wu, and for the insightful comments of the
anonymous referees. This work was supported by AFOSR Grant F49620-03-1-0200
and NSF Grant DMS-04-04845.

Appendix A. Proof of separation-line criterion
We first identify S-type and R-type strong hyperbolicity by analysing the

linearization of the scaled flow (2.10) along skin-friction trajectories. We then use
invariant manifold theory to deduce the emergence of a robust separation or
reattachment surface from strongly hyperbolic trajectories.

A.1. Linearized scaled flow along a skin-friction trajectory

The linearized scaled flow (2.10) along a skin-friction trajectory x(s, x0) satisfies(
ξ ′

η′

)
=

(
∇x A(x(s, x0), 0) ∂z A(x(s, x0), 0)

0 C(x(s, x0), 0)

)(
ξ

η

)
. (A 1)

This linear system immediately yields the solution component

η(s) = η0 exp

(∫ s

0

C(x(r; x0), 0) dr

)
, (A 2)

which enables us to re-write the ξ -component of (A 1) as

ξ ′ = ∇x A(x(s; x0), 0)ξ + η0∂z A(x(s; x0), 0) exp

(∫ s

0

C(x(r; x0), 0) dr

)
, (A 3)

a two-dimensional inhomogeneous system of linear ODEs.
Observing that A(x(s; x0), 0) is a solution of the homogeneous part of (A 3), we

introduce the change of coordinates

ξ = T (s)ρ, T (s) =

[
A(x(s; x0), 0)

|A(x(s; x0), 0)| ,
A⊥(x(s; x0), 0)

|A⊥(x(s; x0), 0)|

]
,

A⊥(x(s; x0), 0) = JA(x(s; x0), J =

(
0 −1
1 0

)
.

This coordinate change transforms (A 3) to the form

ρ ′ = R(s)ρ + η0T T (s)∂z A(x(s; x0), 0) exp

(∫ s

0

C(x(r; x0), 0) dr

)
, (A 4)
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where, as found by Haller & Iacono (2003) in a similar calculation, we have

R(s) =

(
S||(s) a(s)

0 S⊥(s)

)
, a(s) =

A · ([∇x A]A⊥ − [∇x A⊥]A)

|A|2

∣∣∣∣∣
x=x(s,x0),z=0

, (A 5a)

S‖(s) =
A · ([∇x A]A)

|A|2

∣∣∣∣
x=x(s,x0),z=0

, S⊥(s) =
A⊥ · ([∇x A]A⊥)

|A⊥|2

∣∣∣∣
x=x(s,x0),z=0

. (A 5b)

Because R(s) is upper diagonal, we can solve (A 4) explicitly to obtain

ρ(s) = Ψ (s, 0)ρ0 + η0

∫ s

s0

Ψ (s, q)T T (q)∂z A(x(q; x0), 0) exp

(∫ q

0

C(x(r; x0), 0) dr

)
dq,

with the matrix

Ψ (s, s0) =

⎛
⎜⎜⎜⎝

exp

(∫ s

s0

S‖(r) dr

) ∫ s

s0

exp

(∫ s

q

S‖(r) dr +

∫ q

s0

S⊥(r) dr

)
a(q) dq

0 exp

(∫ s

0

S⊥(r) dr

)
⎞
⎟⎟⎟⎠ .

(A 6)

Thus, by (A 2) and (A 6), the solution of (A 1) takes the following form in the (ρ, η)
coordinates: (

ρ(s)
η(s)

)
= Φ(s)

(
ρ0

η0

)
, (A 7)

with

Φ(s) =

⎛
⎜⎜⎜⎜⎜⎜⎝

exp

(∫ s

0

S‖(r) dr

) ∫ s

0

exp

(∫ s

q

S‖(r) dr +

∫ q

0

S⊥(r) dr

)
a(q) dq d1(s)

0 exp

(∫ s

0

S⊥(r) dr

)
d2(s)

0 0 exp

(∫ s

0

C(x(r; x0), 0)

)
dr

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(
d1(s)
d2(s)

)
=

∫ s

0

Ψ (s, q)T T (q)∂z A(x(q; x0), 0) exp

(∫ q

0

C(x(r; x0), 0) dr

)
dq. (A 8)

For later use, we compute d2(s) to find

d2(s) =

∫ s

0

exp

(∫ s

q

S⊥(r) dr +

∫ q

0

C(x(r; x0), 0

)
dr

∂2
z w · ω
2|ω|

∣∣∣∣
x=x(q,x0),z=0

dq. (A 9)

A.2. Strong S-hyperbolicity of skin-friction trajectories

Here we give a precise mathematical definition of strong S-hyperbolicity. Strong R-
hyperbolicity can be defined similarly by reversing the direction of the rescaled time s.

Consider a skin-friction line γ , and let x(s; x0) be the skin-friction trajectory starting
from x0 ∈ γ at s = 0. We say that γ is strongly S-hyperbolic with the stable subbundle
{η = 0} and with an unstable subbundle off the {η =0} plane, if the following hold:

(1) For any x0 and for any solution (ρ1(s), ρ2(s), 0) of (A 1) that is initially
orthogonal to γ , the solution component ρ2(s) decays to zero exponentially as s → ∞,
and grows exponentially as s → −∞.
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Figure 21. Properties of the subspace family Nu( · ).

(2) For any x0, there exists a unique one-dimensional subspace

Nu(x0) =
{
k ·

(
0, ρ0

2 , η
0
)∣∣k ∈ �, η0 > 0,

∣∣(0, ρ0
2 , η

0
)∣∣ = 1

}
,

such that for any solution (ρ(s), η(s)) with (ρ(0), η(0)) ∈ Nu(x0), the orthogonal
projection Πs [(ρ(s), η(s))] of (ρ(s), η(s)) onto the {ρ1 = 0} plane decays to zero
exponentially as s → −∞ and grows exponentially as s → +∞.

(3) The subspace family span{Nu( · ), (1, 0, 0)} is invariant under the linearized
scaled flow, i.e., Πs [Φ(s)Nu(x0)] ⊂ Nu (x (s; x0)) for any s ∈ �. Furthermore, the
angle θ (x (s; x0)) between Nu (x (s; x0)) and the normal of the {η = 0} plane is
uniformly bounded for any s (i.e. Nu (x (s; x0)) does not approach the z = 0 boundary
asymptotically).

We show the geometry of properties (2) and (3) in figure 21.

A.3. Growth and decay rates along skin-friction trajectories

We now compute all growth and decay rates needed to identify strong S-hyperbolicity.
First, we note that by (A 7) and (A 8), property (1) above is equivalent to

lim sup
s→∞

1

s

∫ s

0

S⊥(r) dr < 0, lim sup
s→−∞

1

s

∫ s

0

S⊥(r) dr < 0. (A 10)

To examine properties (2)–(3), consider a unit vector

r0(x0) =

⎛
⎜⎝

0

ρ0
2

η0

⎞
⎟⎠ =

⎛
⎜⎝

0

sin θ(x0)

cos θ(x0)

⎞
⎟⎠, cos θ(x0) > 0,

in the {ρ1 = 0} plane. Noting that

Φ(s)r0(x0) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

sin θ(x0)

∫ s

0

exp

(∫ s

q

S‖(r) dr +

∫ q

0

S⊥(r) dr

)
a(q) dq + cos θ(x0)d1(s)

sin θ(x0) exp

(∫ s

0

S⊥(r) dr

)
+ cos θ(x0)d2(s)

cos θ(x0) exp

(∫ s

0

C(x(r; x0), 0)

)
dr

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

(A 11)
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we express property (3) as[
sin θ(x0) exp

(∫ s

0

S⊥(r) dr

)
+ cos θ(x0)d2(s)

]

= tan θ (x(s; x0))

[
cos θ(x0) exp

(∫ s

0

C(x(r; x0), 0) dr

)]
,

lim sup
s∈�

|tan θ (x(s; x0))| < ∞.

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(A 12)

The orthogonal projection of Φ(s)r0(x0) onto the {ρ1 = 0} has length√[
sin θ (x0) exp

(∫ s

0

S⊥(r) dr

)
+ cos θ (x0)d2(s)

]2

+

[
cos θ (x0) exp

(∫ s

0

C(x(r; x0), 0) dr

)]2

=

∣∣∣∣
√

1 + tan2 θ (x(s; x0)) cos θ (x0) exp

(∫ s

0

C(x(r; x0), 0) dr

)∣∣∣∣ . (A 13)

Based on (A 7), (A 8), (A 12) and (A 13), properties (2) and (3) can be expressed as

lim sup
s→−∞

1

s
log

[
cos θ(x0) exp

(∫ s

0

C(x(r; x0), 0) dr

)]
> 0,

lim sup
s→−∞

1

s
log

[√
1 + tan2 θ (x(s; x0)) cos θ(x0) exp

(∫ s

0

C(x(r; x0), 0) dr

)]
> 0

lim sup
s→∞

1

s
log

[
cos θ(x0) exp

(∫ s

0

C(x(r; x0), 0) dr

)]
> 0,

lim sup
s∈�

|tan θ (x(s; x0))| < ∞,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(A 14)

which is in turn equivalent to the set of conditions

lim sup
s→−∞

1

s

∫ s

0

C(x(r; x0), 0) dr > 0,

lim sup
s→∞

1

s

∫ s

0

C(x(r; x0), 0) dr > 0,

lim sup
x0∈γ

|tan θ (x0)| < ∞.

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(A 15)

A.4. Separation slope

We shall now argue that the third condition in (A 15) already follows from (A 10) and
from the remaining two conditions in (A 15). As a side result, we obtain an expression
for the angle between the separation surface and the local wall normal.

Recall that under conditions (A 15), the second component of Φ(s)r0(x0) decays
exponentially to zero as s → −∞:

lim sup
s→−∞

1

s
log

∣∣∣∣sin θ(x0) exp

(∫ s

0

S⊥(r) dr

)
+ cos θ(x0)d2(s)

∣∣∣∣ > 0. (A 16)

Equivalently, for all s < 0 with large enough |s|, we have

0 < K1 �
1

s
log

∣∣∣∣sin θ(x0) exp

(∫ s

0

S⊥(r) dr

)
+ cos θ(x0)d2(s)

∣∣∣∣ , (A 17)
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where the constant K1 > 0 can be selected arbitrarily small. For s < 0, we can rewrite
(A 17) as

expK1s

exp

(∫ s

0

S⊥(r) dr

) �

∣∣∣∣∣∣∣∣
sin θ(x0) + cos θ(x0)

d2(s)

exp

(∫ s

0

S⊥(r) dr

)
∣∣∣∣∣∣∣∣
.

Taking the limit s → −∞ on both sides of this last inequality, using the second
inequality in (A 10), and selecting

0 < K1 < − lim sup
s→−∞

1

s

∫ s

0

S⊥(r) dr,

we obtain tan θ(x0) = − lims → −∞
[
d2(s)/ exp

∫ s

0
S⊥(r) dr

]
, i.e.

tan θ(x0) =

∫ 0

−∞
exp

(∫ s

0

[C(x(r; x0), 0) − S⊥(r)] dr

)
∂2

z u · ω
2|ω|

∣∣∣∣
x=x(s,x0), z=0

ds. (A 18)

Now, by the boundedness of x(s, x0), the second factor in the integrand in (A 18) is
uniformly bounded. Also, by the second inequality in (A 10) and by the first inequality
in (A 15), the first factor in the integrand in (A 18) decays exponentially in q with an
exponent that is uniformly bounded in x0.

From the above, we conclude that (A 18) always gives a tan θ(x0) value that is
well-defined and uniformly bounded in x0 whenever the second inequality in (A 10)
and the first inequality in (A 15) hold. Selecting the θ(x0) defined by (A 18) and
proceeding backward through the steps leading from (A 16) to (A 18), we find that the
second component of Φ(s)r0(x0) always decays exponentially to zero if the second
inequality in (A 10) and the first inequality in (A 15) hold. Thus, the third condition
in (A 15) is superfluous.

A.5. Quantitative separation and reattachment criteria

The discussion above implies that the strong S-hyperbolicity conditions in (A 10) and
(A 15) can be summarized as

lim sup
s→+∞

1

s

∫ s

0

S⊥(r) dr < 0, lim sup
s→−∞

1

s

∫ s

0

S⊥(r) dr < 0,

lim sup
s→+∞

1

s

∫ s

0

C(x(r; x0), 0) dr > 0, lim sup
s→−∞

1

s

∫ s

0

C(x(r; x0), 0) dr > 0.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(A 19)

With the constants

n+ = lim sup
s→+∞

1

s

∫ s

0

S⊥(r) dr, n− = lim sup
s→−∞

1

s

∫ s

0

S⊥(r) dr,

w+ = lim sup
s→+∞

1

s

∫ s

0

C(x(r; x0), 0) dr, w− = lim sup
s→−∞

1

s

∫ s

0

C(x(r; x0), 0) dr,

⎫⎪⎪⎬
⎪⎪⎭



Exact theory of three-dimensional flow separation. Part 1 89

the separation conditions (A 19) take the simple form

n± < 0, w± > 0. (A 20)

For reattachment lines, we obtain an analogous criterion by reversing time in all our
arguments; this leads to the reattachment conditions

n± > 0, w± < 0. (A 21)

A.6. Qualitative separation and reattachment criteria

A.6.1. Robust separation and reattachment lines

We recall that the α-limit set of a skin-friction trajectory x (s; x0) is the set of
points visited arbitrarily closely by x (s; x0) as s → −∞. The α-limit set is always
invariant, i.e. consists of a set of full trajectories. If γ is bounded, then its α-limit
set is guaranteed to be non-empty, closed and connected (see, e.g. Guckenheimer &
Holmes 1983).

We also recall that the ω-limit set of x (s; x0) is defined as the α-limit set of
x (−s; x0), i.e. the set of points visited arbitrarily closely by x (s; x0) as s → + ∞.The
properties of ω-limit sets are identical to those listed above for α-limit sets. By the
Poincaré–Bendixson theory, the α- and ω-limit set of a bounded planar trajectory is
either a fixed point or a set of fixed points connected by skin-friction trajectories or
a limit cycle (see, e.g. Guckenheimer & Holmes 1983).

As a consequence, the α-limit set for a strongly S-hyperbolic skin-friction trajectory
x (s; x0) cannot be a stable invariant set because x (s; x0) approaches the α-limit set
in backward time. Furthermore, the α-limit set cannot be an unstable node, unstable
spiral, or unstable limit cycle distinct from x (s; x0); in each such case, x (s; x0) would
attract nearby skin-friction trajectories as s → −∞.

Therefore, the only possible α-limit set for a bounded strongly S-hyperbolic skin-
friction trajectory x (s; x0) is a saddle-type skin-friction zero or an unstable limit cycle
coinciding with x (s; x0). Both the saddle and the limit cycle must be structurally stable,
i.e. robust under small perturbations to the flow (see property (iv) in our requirements
for separation in § 3). Saddles and limit cycles are known to be structurally stable if
they are non-degenerate, i.e. attract nearby skin-friction trajectories at an exponential
rate as s → −∞.

The ω-limit set of a bounded strongly S-hyperbolic skin-friction trajectory x (s; x0)
can only be a stable node, a stable spiral, an attracting limit cycle, or an attracting
curve of fixed points with skin-friction trajectories connecting them. For any other
ω-limit set, x (s; x0) would not attract all infinitesimally close trajectories of (2.10) in
the z = 0 plane.

The last two of the above ω-limit sets – sets of zeros and zeros connected by
trajectories – are structurally unstable, i.e. can be dramatically altered by arbitrary
small perturbations to the flow. For this reason, we have to exclude them as possible
ω-limit sets for a separation line by the robustness requirement (iv) of § 3.

The requirement of robustness also implies the following: if the ω-limit set of a skin-
friction trajectory x (s; x0) in a separation line is a stable node, then the node must
have unequal negative eigenvalues and x (s; x0) must be tangent to the eigenvector
corresponding to the larger eigenvalue. Figure 22 shows how equal eigenvalues and
tangency to the eigenvector with the smaller eigenvalue leads to a structurally unstable
separation line.
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γ γ

γ γ

Figure 22. The effect of small perturbations on skin-friction lines asymptotic to a degenerate
stable node (improper node). Also, the effect of small perturbations on a skin-friction line
tangent to the weaker eigenvector of a non-degenerate node (proper node).

The remaining two possible ω-limit sets – stable spirals and stable limit cycles – are
structurally stable, as long as they are non-degenerate, i.e. attract nearby skin-friction
trajectories at an exponential rate as s → ∞.

Based on the above discussion, the only possible separation lines are those listed in
(S1)–(S4) of § 6. Reversing the direction of time in our arguments, we obtain that the
only possible reattachment lines are those listed in (R1)–(R4) of § 6.

A.6.2. Separation and reattachment surfaces

Having identified the only possible candidates for separation and reattachment
lines, we now give additional conditions under which such candidates are actual
separation or reattachment lines, i.e. are contained in separation or reattachment
surfaces emanating from the wall.

Conditions on α-limit sets

Assume that the α-limit set of a strongly S-hyperbolic skin-friction trajectory
x(s; x0) is a non-degenerate saddle-type skin-friction zero p. Then p is a saddle-type
fixed point for the rescaled flow (2.10) with two eigenvectors in the z =0 plane. The
trajectory x(s; x0) is tangent to the eigenvector corresponding to a positive eigenvalue;
the other eigenvector of p – corresponding to a negative eigenvalue – is transverse to
γ in the z = 0 plane.

Because the trajectory x(s; x0) is strongly S-hyperbolic, we know that

w− = lim sup
s→−∞

1

s

∫ s

0

C(x(r; x0), 0) dr > 0 (A 22)

must hold by (A 20). Since x(s; x0) tends to p exponentially fast in s, we have

w− = sign C( p, 0) = sign ∂2
z w( p, 0),

which, by (A 22), implies

∂2
z w( p, 0) > 0. (A 23)

Assume now that the α-limit set of a strongly S-hyperbolic x(s; x0) is a non-
degenerate unstable limit cycle that coincides with x(s; x0). If T denotes the period
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of the limit cycle, then the strong S-hyperbolicity condition (A 22) implies

w− = lim sup
s→−∞

1

s

∫ s

0

C(x(r; x0), 0) dr

= lim sup
n→−∞

1

nT

[
n

∫ T

0

C(x(r; x0), 0) dr

]

=
1

2T

∫ T

0

∂2
z w(x(s; x0), 0) ds > 0,

or, equivalently, ∫
Γ

∂2
z w ds > 0. (A 24)

Conditions on ω-limit sets

Assume that the ω-limit set of a strongly S-hyperbolic skin-friction trajectory
x(s; x0) is a non-degenerate spiral-type or node-type skin-friction zero q. Then
repeating the argument leading to condition (A 23), we find that w+ > 0 implies

∂2
z w(q, 0) > 0.

Assume now that the ω-limit set of a strongly S-hyperbolic x(s; x0) is a non-
degenerate stable limit cycle Γ . Again, repeating the argument leading to (A 24), we
find that w+ > 0 implies ∫

Γ

∂2
z w ds > 0.

Existence of a separation surface

Assume that the α-limit set of a strongly S-hyperbolic skin-friction trajectory
x(s; x0) is a non-degenerate saddle-type skin-friction zero p. We have seen that p
must satisfy condition (A 23), which means that the linearized rescaled flow must have
a second positive eigenvalue with the corresponding eigenvector off the z =0 plane.

By the stable manifold theorem (see, e.g. Guckenheimer & Holmes 1983), the
scaled flow (2.10) has a unique continuously differentiable two-dimensional unstable
manifold Wu ( p), containing trajectories of (2.10) that are backward-asymptotic to p.
Wu ( p) is also known to be tangent to the plane Eu ( p) spanned by the eigenvectors
corresponding to the two positive eigenvalues of the saddle p, see figure 23. Now
x(s; x0) is backward-asymptotic to p, hence x(s; x0) is contained in Wu ( p). But
x(s; x0) is also contained in the invariant plane z = 0, thus Wu ( p) must intersect the
z = 0 plane all along x(s; x0).

Along the intersection, Wu ( p) remains transverse to the z = 0 plane. Indeed, the
linearized flow map of (A 8) is a diffeomorphism, and hence cannot map linearly
independent vectors into linearly dependent vectors along x(s; x0). Also, under the
action of the linearized scaled flow (A 1), off-wall vectors tangent to Wu ( p) along
x(s; x0) will converge to the off-plane unstable eigenvector of p, and hence remain
bounded away from the z = 0 plane. Thus, the angle between Wu ( p) and the wall
normal at x0 is precisely θ (x0), as computed in (A 18). We conclude that S =Wu ( p)
satisfies properties (i)–(iv) of a separation surface with slope (A 18).
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Eu( p)

W u( p)

p
x(s; x0)

Figure 23. The construction of the separation surface as the two-dimensional unstable
manifold of the saddle p.

Assume now that the α-limit set of a strongly S-hyperbolic skin-friction trajectory
x(s; x0) is a non-degenerate unstable limit cycle Γ that coincides with x(s; x0). Then
condition (A 24) and the formula for (A 8) imply that Φ (T ), the linearized period-T
map (Poincaré map) along Γ for the scaled flow, has an eigenvector off the z = 0
plane with eigenvalue

exp

(
1

2

∫
Γ

∂2
z w ds

)
> 1.

Since Γ is a non-degenerate stable limit cycle in the z = 0 plane, Φ (T ) must also have
an eigenvalue of modulus less than one with the corresponding eigenvector transverse
to Γ in the z = 0 plane.

The stable manifold theorem for maps (see, e.g. Guckenheimer & Holmes 1983)
then implies the existence of a unique and continuously differentiable one-dimensional
unstable manifold for Φ (T ), which means a two-dimensional unstable manifold
Wu (Γ ) for Γ . Again, only vectors tangent to Wu (Γ ) along Γ remain bounded away
from z = 0 plane in backward time under the linearized flow (A 1). Consequently, the
angle between Wu (Γ ) and the wall normal at x0 is precisely θ (x0), as computed in
(A 18). We conclude that the surface S =Wu (Γ ) satisfies all properties (i)–(iv) of a
separation surface with slope (A 18).

The separation criteria (S1)–(S4) of § 6 simply summarize the results of this
appendix. Reversing the direction of the scaled time s, we obtain the reattachment
criteria (R1)–(R4) of § 6.

A.7. Tangential separation is not robust

The existence of a tangential separation profile is equivalent to the unboundedness
of (10.8 a). Since the wall-pressure gradient is uniformly bounded in a regular steady
Navier–Stokes flow, the first expression in (10.8) can only be unbounded if the matrix

−2∇xτ ( p) + ∇x · τ ( p)I (A 25)

becomes singular. That is the case if and only if ∇x · τ ( p)/2 is a multiplicity-two
eigenvalue of the wall-shear Jacobian ∇xτ ( p).

Out of all possible wall-shear zeros that can generate separation, only
non-hyperbolic fixed points and improper stable nodes can have repeated
eigenvalues. Non-hyperbolic fixed points, however, will disappear under generic small
perturbations. Improper stable nodes do not disappear, but become proper nodes or
spirals under small perturbations. As a result, all robust separation profiles must be
transverse to the boundary.
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The existence of a tangential separation surface is equivalent to the unboundedness
of the improper integral in (10.8 b). Note, however, that the first factor in this improper
integral decays exponentially, and the second factor is uniformly bounded whenever
the separation line is bounded. Tangential separation, therefore, could only occur
if the separation line started from a non-hyperbolic fixed point or a non-hyperbolic
limit cycle of the wall-shear field. Again, such objects are not robust under
perturbations.

Appendix B. Non-Degeneracy of separation and reattachment lines
The qualitative conditions (S1)–(S4) and (R1)–(R4) determine four possible

separation and four possible reattachment patterns. To identify such patterns in
applications, we must also verify the inequalities (A 20) and (A 21), which represent
non-degeneracy conditions for the saddles, nodes, spirals, and limit cycles to which
the separation lines asymptote. For completeness, we now list the corresponding
non-degeneracy conditions for all cases.

We shall use the characteristic equation

λ2 − ∇x · τ (x̄)λ + det ∇xτ (x̄) = 0 (B 1)

associated with the skin-friction Jacobian ∇xτ (x̄). We shall also use skin-friction
trajectories x(s) that solve the ODE x ′ = τ (x)/ (ρν). For simplicity, we assume that
ρν =const; if that is not the case, τ should be replaced with τ/ (ρν) in all non-
degeneracy conditions listed below.

(S1) x(s) originates from a saddle p and ends in a stable spiral q.
(a) n+ < 0: q attracts nearby skin-friction trajectories at an asymptotic exponential
rate if the Jacobian ∇xτ ( p) has eigenvalues with negative real parts, i.e. (B 1) has
roots with Re λi < 0 for x̄ = q . That is precisely the case if

∇x · τ (q) < 0, [∇x · τ (q)]2 < 4 det ∇xτ (q). (B 2)

(b) w+ > 0: this condition simplifies to C (q, 0) > 0, which requires

∂2
z w (q, 0) > 0. (B 3)

(c) n− < 0: this condition holds if p is a non-degenerate saddle, i.e., by (B 1),

det ∇xτ ( p) < 0. (B 4)

(d) w− > 0: this condition simplifies to C ( p, 0) > 0, which requires

∂2
z w ( p, 0) > 0. (B 5)

(S2) x(s) originates from a saddle p and ends in a stable node q.

(a) n+ < 0: ∇xτ (q) must have unequal negative eigenvalues, i.e. by (B 1), we must
have

∇x · τ (q) < 0, [∇x · τ (q)]2 > 4 det ∇xτ (q). (B 6)

(b) w+ > 0: same as (B 3).
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(c) The eigenvector corresponding to the smaller eigenvalue of ∇xτ (q) is

e(q) = (−2∂yτx(q), 2∂xτy(q) − ∇x · τ (q) +
√

[∇x · τ (q)]2 − 4 det ∇xτ (q)).

As we discussed earlier (cf. figure 22), x(s) cannot be tangent to e(q), thus we
must have

e(q) × lim
s→∞

τ (x(s))

|τ (x(s))| �= 0. (B 7)

(d) n− < 0: same as (B 4).
(e) w− > 0: same as (B 5).

(S3) x(s) originates from a saddle p and spirals onto a stable limit cycle Γ .

(a) n+ < 0: the limit cycle must attract nearby skin-friction trajectories at an
exponential rate. That is the case if the average normal strain rate along Γ is
negative, i.e.

∫
Γ

S⊥(s) ds < 0. Using the definition of S⊥(s), we therefore obtain∫
Γ

ω · (∇x [τ/ (ρν)] ω)

|ω|2
ds < 0. (B 8)

(b) w+ > 0: the limit cycle should be of saddle-type, i.e. must repel nearby off-wall
trajectories of the scaled flow (2.10) at an exponential rate. That is the case if the
average of C (x, 0) > 0 along Γ is positive, i.e.∫

Γ

∂2
z w ds > 0. (B 9)

(c) n− < 0: same as (B 4).
(d) w− > 0: same as (B 5).

(S4) x(s) is a stable limit cycle Γ .
(a) n+ < 0: same a (B 8).
(b) w+ > 0: same as (B 9).
(c) n− < 0: holds whenever (B 8) is satisfied (n− = n+).
(d) w− > 0: holds whenever (B 9) is satisfied (w− = w+).

The corresponding non-degeneracy conditions for reattachment patterns are
obtained from identical arguments in backward time. We only list the results:

(R1) x(s) originates from an unstable spiral p and ends in a saddle q.

(a) n− > 0: equivalent to

∇x · τ (q) > 0, [∇x · τ (q)]2 < 4 det ∇xτ (q). (B 10)

(b) w− < 0: equivalent to

∂2
z w ( p, 0) < 0. (B 11)

(c) n+ > 0: equivalent to

det ∇xτ (q) < 0. (B 12)

(d) w+ < 0: equivalent to

∂2
z w (q, 0) < 0. (B 13)
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(R2) x(s) originates from an unstable node p and ends in a saddle q.

(a) n− > 0: equivalent to

∇x · τ (q) > 0, [∇x · τ (q)]2 > 4 det ∇xτ (q). (B 14)

(b) w− < 0: same as (B 11).
(c) With the vector

e( p) = (−2∂yτx( p) , 2∂xτy( p) − ∇x · τ ( p) −
√

[∇x · τ ( p)]2 − 4 det ∇xτ ( p)),

we must have

e( p) × lim
s→−∞

τ (x(s))

|τ (x(s))| �= 0. (B 15)

(d) n+ > 0: same as (B 12).
(e) w+ > 0 : same a (B 13).

(R3) x(s) spirals off an unstable limit cycle Γ and ends in a saddle q.

(a) n− > 0: equivalent to ∫
Γ

ω · (∇x [τ/ (ρν)] ω)

|ω|2
ds > 0. (B 16)

(b) w− < 0: equivalent to ∫
Γ

∂2
z w ds < 0. (B 17)

(c) n+ > 0: same as (B 12).
(d) w+ > 0 : same a (B 13).

(R4) x(s) is an unstable limit cycle Γ .

(a) n− > 0: same as (B 16).
(b) w− < 0: same as (B 17).
(c) n+ > 0: holds whenever (B 16) is satisfied.
(d) w+ > 0 : holds whenever (B 17) is satisfied.

Appendix C. Separation slope on curved boundaries
Let F: (x, z) �→ (x,z − f (x)) denote the map describing the coordinate change

(x, z) �→ (x,z̃). Vectors based at (x0, f (x0)) are then carried forward by the derivative
map

∇F0=

(
I 0

−∇xf (x0) 1

)
to their transformed versions based at (x0, 0). Specifically, vectors in the tangent space
T(x0,f (x0))S of the original separation surface S at (x0, f (x0)) are mapped by ∇F0

into vectors in the tangent space T(x0,0)S̃ of the transformed separation surface S̃ at
(x0, 0) (see figure 24).
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Figure 24. Local geometry near a point (x0, f (x0)) of the separation line γ on the curved
surface z = f (x).

If tan θ̃ (x0) is the separation slope computed from formula (7.1) in the (x̃, z)
coordinates, then the vectors

ξ̃ 1 =

(
τ (x0)

0

)
, ξ̃ 2 =

(
ω (x0) tan θ̃ (x0)

|ω (x0)|

)
,

are contained in the tangent space T(x0,0)S̃. Therefore, their preimages under ∇F0,

ξ 1 =

(
τ (x0)

∇xf (x0) · τ (x0)

)
, ξ 2 =

(
ω tan θ̃ (x0)

1 + tan θ̃ (x0) ∇xf (x0) · ω

)
,

are contained in the tangent space T(x0,f (x0))S.
The intersection of the normal plane N(x0,f (x0))γ of the separation line and the

tangent space T(x0,f (x0))S is a vector ρ(x0) that lies in the span of ξ 1 and ξ 2, and is
orthogonal to ξ 1. Such a vector is given by

ρ(x0) = − (ξ 1 · ξ 2) ξ 1 + ξ 2.

Then the tangent of the true separation angle θ (x0) enclosed by ρ(x0) and the local
normal

n (x0) =

(
−∇xf (x0)

1

)
to S is given by

tan θ (x0) =
sin θ (x0)

cos θ (x0)
=

[(n (x0) × ρ(x0)) · τ (x0)/ |τ (x0)|]/[|n (x0)| |ρ(x0)|]
n (x0) · ρ(x0)/[|n (x0)| |ρ(x0)|]

=
[n (x0) × ρ(x0)] · τ (x0)

|τ (x0)| [n (x0) · ρ(x0)]
.

Appendix D. Flow models
D.1. The Perry–Chong procedure

We seek the velocity field u(x) = (u1 (x) , u2 (x) , u3 (x)), with x ≡ (x1, x2,x3), x3 > 0,
as a Taylor expansion at the boundary point x =0:

ui = Ai +

3∑
j=1

Aijxj +

3∑
j,k=1

Aijkxjxk +

3∑
j,k,l=1

Aijklxjxkxl +

3∑
j,k,l,m=1

Aijklmxjxkxlxm + . . . ,

(D 1)
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with dots referring to terms of higher order. Ai , Aij , Aijk , and Aijkl are symmetric
tensors in all their indices except for the first one. The total number of independent
coefficients is 105.

Perry & Chong (1986) find relations among Aij... by forcing (D 1) to satisfy the
continuity equation (2.3), the no-slip boundary conditions on the boundary x3 = 0,
and the vorticity transport equations up to cubic order in xi . For ρ = 1 kg m−1, this
procedure yields

A1233 = A2133, A1333 = −2A1113 − A1223 − A2123,

A2333 = −A2113 − A1123 − 2A2223, A11233 = A21133,

A11333 = −2A11113 − A11223 − A21123, A12233 = A21233

A12333 = −2A11123 − A12223 − A21223,

A11133 = −A223A13

24ν
− A23A123

12ν
− A13A113

24ν
− A21233 + A12233 + A13333

2
,

A22333 = −A21123 − 2A22223 − A11223, A21333 = −A21113 − 2A21223 − A11123,

A22233 = −A113A23

24ν
+

A13A213

12ν
+

A23A223

24ν
− A21133 + A11233 + A23333

2
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(D 2)

The above relations – combined with the continuity equations and the no-slip
condition on the wall – reduce the total number of unknown coefficients to 29.
These remaining coefficients can be determined by prescribing local features of the
skin-friction field

τ1(x1, x2) = a1 + b1x1 + c1x2 + d1x
2
1 + e1x1x2 + f1x

2
2 + g1x

3
1 + h1x

2
1x2 + i1x1x

2
2 + j1x

3
2

τ2(x1, x2) = a2 + b2x1 + c2x2 + d2x
2
1 + e2x1x2 + f2x

2
2 + g2x

3
1 + h2x

2
1x2 + i2x1x

2
2 + j2x

3
2 .

Equating ∂x3
(u1, u2) |x3 = 0, with (τ1, τ2), we obtain

A13 = a1, A113 =
b1

2
, A123 =

c1

2
,

A1113 =
d1

3
, A1123 =

e1

6
, A1223 =

f1

3
,

A11113 =
g1

4
, A11123 =

h1

12
, A11223 =

i1

12
, A12223 =

j1

4
,

A23 = a2, A213 =
b2

2
, A223 =

c2

2
,

A2113 =
d2

3
, A2123 =

e2

6
, A2223 =

f2

3
,

A21113 =
g2

4
, A21123 =

h2

12
, A21223 =

i2

12
, A22223 =

j2

4
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(D 3)

This leaves nine free coefficients: A133, A233, A2133 A1133, A2233, A13333, A21133, A21233

and A23333. By choosing these parameters appropriately, we can create various flow
patterns near the boundary.

D.2. Model with linear skin-friction field

Consider a linear skin-friction field

τ1(x1, x2) = a1 + b1x1 + c1x2,

τ2(x1, x2) = a2 + b2x1 + c2x2,
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which has a unique zero if b1c2 − b2c1 �= 0. By (D 2) and (D 3), we obtain the
corresponding velocity field

u1 = a1x3 + b1x1x3 + c1x2x3 + x2
3 [A133 + A1133x1 + A1233x2] ,

u2 = a2x3 + b2x1x3 + c2x2x3 + x2
3 [A233 + A1233x1 + A2233x2] ,

u3 = −b1 + c2

2
x2

3 − A1133 + A2233

3
x3

3 ,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(D 4)

with nine free parameters. For simplicity, we take a1 = a2 = 0, which places the skin-
friction zero at the origin. In addition, we let A133 = α, A233 = β , A1133 = A2233 = δ and
A1233 = 0. The parameters α, β , and δ then determine the type and the direction of
the separation or reattachment at the point x1 = x2 = 0.

D.3. Model with unbounded separatrix in the skin-friction field

Consider the skin friction field

τ1(x1, x2) = ax1,

τ2(x1, x2) = −bx2 + cx2
1 .

For a, b > 0, this skin-friction field has a unique saddle-type zero at the origin. The
unstable manifold of the saddle is the x2-axis; the stable manifold of the saddle has
an unbounded parabola-type shape.

We set A133, A2133,A233, A2233, A13333, A21133, A21233 and A23333 equal to zero and
let A1133 = −d . Then (D 2)–(D 3) give the velocity field (12.3) with all the remaining
coefficients obtained from the equations (D 2)–(D 3).

D.4. Model with separation bubble

We now consider a quadratic skin-friction field

τ1(x1, x2) = (x1/a)2 + (x2/b)2 − 1,

τ2(x1, x2) = − (cx1 + d) x2,

which has a pair of zeros symmetric to the x1-axis, and another pair symmetric to
the x2-axis. The first pair of zeros are saddles, whereas the second pair are typically
spirals. Such a zero distribution is the typical on-wall signature of a separation bubble.

Using (D 2)–(D 3) and letting A133 = α, A233 = β , A1133 =A2233 = δ and A1233 = 0, we
obtain the corresponding velocity field (12.6).

D.5. Model with stable limit cycle in the skin-friction field

Consider the skin friction field

τ1(x1, x2) = µx1 + x2 − x3
1 − x1x

2
2 ,

τ2(x1, x2) = −x1 + µx2 − x2x
2
1 − x3

2 .

Passing to polar coordinates reveals that for µ > 0, this skin-friction field has an
attracting limit cycle at x2

1 + x2
2 = µ, which encircles an unstable spiral at the origin.

The limit cycle is created in a supercritical Hopf bifurcation as µ is varied from
negative to positive values. For simplicity, we choose all remaining free coefficients in
(D 2)–(D 3) to be zero, which yields the velocity field (12.8).

As we show in § 12.6, the above example exhibits open separation along the limit
cycle, with a separation surface that is orthogonal to the z = 0 plane. Exploiting the
cylindrical symmetry of the model, we can also find a higher-order approximation to
the separation surface as follows.
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We transform the velocity field (12.8) to cylindrical coordinates to obtain the
rescaled equations of motion

ṙ = µr − r3 + 8
3
z2, θ̇ = −1, ż = −µz + 2zr2 − 4

3
z3. (D 5)

Due to rotational symmetry in θ , the (r, z) subsystem

ṙ = µr − r3 + 8
3
z2, ż = −µz + 2zr2 − 4

3
z3, (D 6)

decouples from the full scaled flow and can be analysed separately.
The limit cycle Γ appears in (D 6) as a saddle-type fixed point (r̄ , z̄) = (

√
µ, 0). The

separation surface emanating from Γ is then the unstable manifold of (r̄ , z̄), which
we seek in the form

r = f (z) =
√

µ + az2 + O(z3). (D 7)

Using the invariance of the unstable manifold, we differentiate both sides of (D 7) in
time and use (D 6) to obtain

f (z) =
√

µ +
8

3(7 − 3µ)
z2,

which gives

x2 + y2 −
16

√
µ

3(7 − 3µ)
z2 = µ + O(z4), (D 8)

a quadratic approximation for the separation surface.

D.6. Model with homoclinic bifurcation in the skin-friction field

The quadratic skin-friction field

τ1(x1, x2) = x2,

τ2(x1, x2) = x1 + µx2 − x2
1 − x1x2,

is one of the simplest possible vector fields that admit a homoclinic bifurcation as
the parameter µ is varied through zero (see Khalil 2002). The homoclinic bifurcation
involves the creation and destruction of an orbit that connects a saddle point at
(x1, x2) = (0, 0) to itself.

The τ -field also admits another fixed point (x1, x2) = (0, 1), which undergoes a
supercritical Hopf bifurcation as µ is varied through zero. For a range of parameters,
the attracting limit cycle created by the Hopf bifurcation also attracts the unstable
manifold of the saddle point, creating a connection between the saddle and the limit
cycle. For simplicity, we again choose all remaining free coefficients in (D 2)–(D 3) to
be zero, which yields the velocity field (12.10).

Appendix E. Vorticity-based separation theory
Here we summarize the vorticity-based incompressible separation theory of Wu

et al. (2000). We express their results in our notation for comparison with our theory.
Let x⊥(s; x0) be a trajectory of the wall-vorticity field ω(x). Let e(s) and n(s) be

the unit tangent and the unit normal to x⊥(s) so that

e(s) =
A⊥(x⊥(s; x0), 0)

|A⊥(x⊥(s; x0), 0)|
, n(s) =

A(x⊥(s; x0), 0)

|A(x⊥(s; x0), 0)| .

The curvature κ2(s) of x⊥(s; x0) satisfies

e′ = κ2n, (E 1)
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thus,

κ2(s) =

(
d

ds

A⊥
√

A · A

)
· n =

(
(∇x A⊥)A⊥

√
A · A

− d/ds A · A
√

A · A
3

A⊥

)
· A

|A(x⊥(s), 0)|

=
A · ([∇x A⊥]A⊥)

√
A · A

3
=

A · ([∇x JA] A⊥)
√

A · A
3

= − A⊥ · ([∇x A] A⊥)

|A⊥|3
.

We conclude that at any point x0,

κ2 = −S⊥/ |A| . (E 2)

Furthermore, along a skin-friction trajectory x(s; x0), we have

η1(s) =
d

ds
log |A (x(s; x0), 0)| =

1

|A|
2d/ds A · A

2
√

A · A

=
A · ([∇x A] A)

|A|3
,

thus at any point x0, we have

η1 = S||/ |A| . (E 3)

Wu et al. (2000) require that in a separation zone, skin-friction trajectories should
converge and the flow should develop an upwelling. They find that these two
requirements are equivalent to

κ2 > 0, κ2 (κ2 − η1) > 0,

which, by (E 2) and (E 3), can be rewritten as

S⊥ < 0, S⊥ + S|| < 0. (E 4)

For reattachment lines, the analogous criteria are

S⊥ > 0, S⊥ + S|| > 0.

Wu et al. (2000) also propose that in addition to satisfying (E 2)–(E 3), a separation
line must also be a local maximizing curve (ridge) for the scalar field

ϕ = κ2(κ2 − η1) = S⊥(S⊥ + S||)/ |A|2 = S⊥(S⊥ + S||)/ |ω|2 ,

which is the product of the τ -line curvature and the strength of the wall-normal
upwelling normalized by the wall-vorticity. Thus, Wu et al. propose that the separation
line must be a portion of a skin-friction line satisfying

∇xϕ · ω = 0, ωT
[
∇2

xϕ
]
ω < 0. (E 5)

Wu et al. also state that (E 4)–(E 5) may be satisfied over an entire skin-friction line
(closed separation) or on part of a skin-friction trajectory (open separation).

Note, however, that unless the ϕ-field is degenerate, (E 5) defines ridges that are
not skin-friction lines. Indeed, along any skin-friction trajectory x(s; x0),

d

ds
{∇xϕ (x(s; x0)) · ω (x(s; x0))} =

1

ρν

{
ωT

[
∇2

xϕ
]
+ (∇xϕ)T [∇xω]

}
· τ |x(s;x0) �= 0,
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unless τ (x(s; x0)) ≡ 0 or τ (x) is linear, in which case ∇2
xϕ ≡ 0 and ∇xω ≡ 0. Thus,

away from skin-friction zeros, the trajectories of a non-degenerate skin-friction field
do not coincide with the ridges of ϕ.

We conclude that (E 5) fails to capture either open or closed separation lines unless
the τ -field is degenerate. Indeed, the vorticity-based separation theory fails to identify
the correct separation line in all of our examples of § 12, even though it provides
a close approximation near skin-friction zeros. Citing numerical difficulties, Wu et
al. (2000) were unable to validate (E 5) in their example involving a flow past a
prolate spheroid. Nevertheless, their example appears to admit a large near-linear
domain for the τ -field, thus an exact numerical evaluation of (E 5) may give a good
approximation for the separation line.

Finally, Wu et al. (2000) propose that for incompressible Navier–Stokes flows, the
separation angle defined in figure 8 satisfies

tan θω (x0) =
∂2p

|τ | (3κ2 − η1)

∣∣∣∣
x=x0, z=0

, (E 6)

where ∂2 denotes the derivative in the direction of ω and p denotes the pressure.
Noting that

∂2p =
(∇xp, ω)

|ω| ,

and using (E 2)–(E 3), we rewrite (E 6) to obtain

tan θω (x0) =
∇xp · ω

|τ | (−3S⊥ − S||)

∣∣∣∣
x=x0,z=0

= − 1

ρν

∇xp · ω
|ω| (3S⊥ + S||)

∣∣∣∣
x=x0,z=0

. (E 7)

To see the connection between this vorticity-based slope-approximation and the
true separation slope tan θ (x0) obtained in (10.8), assume that x(s, x0) ≡ x0 holds,
i.e. x0 is a zero of the skin-friction field. Then the exact slope formula (10.8) can be
evaluated as

tan θ (x0) =
1

νρ

∫ 0

−∞
exp

(
−1

2
[3S⊥(x0) + S||(x0)]s

)
∇xp(x0, 0) · ω (x0)

2|ω (x0) | ds

= − 1

ρν

∇xp · ω
|ω| (3S⊥ + S||)

∣∣∣∣
x=x0,z=0

= tan θω (x0) . (E 8)

Thus, tan θ (x0) and tan θω (x0) are equal at skin-friction zeros, but differ at other
points in non-degenerate fluid flows. Indeed, (10.8) and (E 7) only agree throughout
γ if the skin-friction field is linear and ∇xp · ω/|ω| in constant along γ .
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Prandtl, L. 1904 Über Flüssigkeitsbewegung bei sehr kleiner Reibung. In Verh. III, Int. Math.
Kongr., Heidelberg, 484–491.

Sears, W. R. & Tellionis, D. P. 1975 Boundary-layer separation in unsteady flow. SIAM J. Appl.
Maths 23, 215–234.

Shen, S. F. 1978 Unsteady separation according to the boundary layer equations. Adv. Appl. Mech.
13, 177–220.

Simpson, R. L. 1996 Aspects of turbulent boundary layer separation. Prog. Aerospace Sci. 32,
457–521.

Smith, F. T. 1978 Three-dimensional viscous and inviscid separation of a vortex sheet from a smooth
non-slender body. RAE Tech. Rep. 78095.

Surana, A., Jacobs, G. & Haller, G. 2005 Extraction of separation and reattachment surfaces
from 3D steady shear flows. AIAA J. (submitted).

Surana, A., Jacobs, G., Grunberg, O. & Haller, G. 2006 Exact theory of three-dimensional
flow-separation. Part 2. Fixed unsteady separation. J. Fluid Mech. (to be submitted).

Surana, A. & Haller, G. 2006 Exact theory of three-dimensional flow-separation. Part 3. Moving
unsteady separation. Preprint.

Sychev, V. V. 1978 On laminar separation. Izv. Akad. Nauk. USSR, Mekh. Zidk. Gaza 3, 47–59.

Tobak, M. & Peake D. J. 1982 Topology of three-dimensional separated flows. Annu. Rev. Fluid
Mech. 14, 61–85.

Van Dommelen, L. L. & Cowley, S. J. 1990 On the Lagrangian description of unsteady boundary
layer separation. Part 1. General theory. J. Fluid Mech. 210, 593–626.

Van Dommelen, L. L. & Shen, S. F. 1980 The spontaneous generation of the singularity in a
separating laminar boundary layer. J. Comput. Phys. 38, 125–140.

Wang, K. C. 1972 Separation patterns of boundary layer over an inclined body of revolution. AIAA
J. 10, 1044–1050.

Wang, K. C. 1974 Boundary layer over a blunt body at high incidence with an open-type separation.
Proc. R. Soc. Lond A 340, 33–55.



Exact theory of three-dimensional flow separation. Part 1 103

Wang, K. C. 1983 On the dispute about open separation. AIAA Paper 83-0296.

Wetzel, T. G., Simpson, R. L. & Chesnakas, S. J. 1998 Measurement of three-dimensional cross-
flow separation. AIAA J. 36, 557–564.

Wu, J. Z., Gu, J. W. & Wu, J. M. 1987 Steady three-dimensional fluid particle separation from
arbitrary smooth surface and formation of free vortex layers. AIAA Paper 87-2348.

Wu, J. Z., Ma, H. Y. & Zhou, M. D. 2005 Vorticity and Vortex Dynamics. Springer.

Wu, J. Z., Tramel, R. W., Zhu, F. L. & Yin, X. Y. 2000 A vorticity dynamics theory of three-
dimensional flow separation. Phys. Fluids A 12, 1932–1954.

Yates, L. A. & Chapman, G. T. 1992 Streamlines, vorticity lines, and vortices around three-
dimensional bodies. AIAA J. 30, 1819–1826.




