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Abstract

We give a description of a Taylor expansion of the Riemannian metric in
terms of covariant derivatives of the curvature tensor. After constructing the
appropriate coordinate system, we derive relations from the Gauss lemma that
allow us to explicitly calculate the first few terms in the expansion. This process
is generalized to terms of arbitrary order, although their explicit calculation is
far more computationally intensive than enlightening.
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Chapter 1

Normal Coordinates

The reader is assumed to be familiar with manifolds, tensors, connections, and
covariant differentiation. Throughout this document, all manifolds are assumed
to be smooth, all tensor fields will simply be called tensors, all metrics will be
assumed to be Riemannian, and unless otherwise noted, the Einstein summation
convention is used.

1.1 Metric Connections and
the Levi-Civita Connection

We begin by recalling that there exist on a manifold as many connections as
there are choices of smooth functions Ff‘j. If the manifold is endowed with a
metric, however, there exists a unique canonical connection.

A connection V that satisfies

(Vkg)ij =0, (1.1)

where g is the metric, is called a metric connection and is said to be compatible
with g. An equivalent and useful way of expressing this is

Vzg(X,Y) =g(VzX,Y) + g(X,VzY). (1.2)

We can interpret this as the requirement that if two vector fields are “constant”
on a path, then their inner product should be constant as well. It is, of course,
the connection that allows us to determine whether and how a vector field
changes. We can see this if we covariantly differentiate the inner product of two
vector fields X and Y that are parallel transported along some path.

0 = Vz(9(X,Y))

= ZM((Vieg)(X,Y) + g(ViX,Y) + g(X,V,Y))
= Z°X'YI(Vig)ij



Were we have imposed that the covariant derivatives of X and Y are zero.
For this to hold for all XY, Z would imply 1.1. This places some restrictions
on our choice of connection, but to ensure uniqueness we need to evoke the rule
that the torsion tensor defined as:

T(X,Y)=VxY — Vy X — [X,Y] (1.3)

is zero everywhere. Such a connection is said to be torsion free. In coordinate
bases, the Lie bracket is always zero, and the requirement that the connection
is torsion free is equivalent to:

VxY =VyX.
Defining our connection coefficients as usual way by
9 k
%@ = Veiej = Viej = Fij€k7 (14)

we have that the torsion tensor (with Lie bracket zero) is expressed as
k k k

Thus, we see that when the Lie bracket is zero, the torsion free condition is
equivalent to having a symmetric connection, as below.

k _ 1k
Tk =Tk,

If a metric connection is torsion free, it is referred to as the Levi-Civita con-
nection. We are ensured of the existence and uniqueness of the Levi-Civita
connection on any Riemannian manifold by the fundamental theorem of Rie-
mannian geometry. Throughout the rest of this document, all connections will
be the Levi-Civita connection.

1.2 The Exponential Map

We begin by defining the neighborhood E,, of 0 in T}, M:
E, = {v|3 a geodesic v, s.t. 7,(0) = p, 7,(0) = v, and 7, (1) is defined.}
This allows us to then define the exponential map
exp, : E,—M

v = 3, (1)
we know that this map is well defined in some neighborhood of 0 in 7}, M, and
is even a diffeomorphism if the neighborhood is small enough, [1]. We also have
that given a vector w in the tangent space at p, the path c,(t) = exp,(tw)
has both ¢,(0) = p and ¢, (0) = w. These properties give us a natural way

to define the coordinate chart (U, B o easp;l) for a neighborhood U C M using

the fact that T, M is isomorphic to R” with choice of basis B. We refer to the
coordinates produced by the projection of the basis vectors in the tangent space
by the exponential map as normal coordinates.



1.3 Relations in Normal Coordinates

Specifically choosing an orthonormal basis {bx} of T,,M for the foundation of
our normal coordinates yields the following priceless relations:

gij| = 0ij (1.5)
P
k _
iyl = 0 (1.6)
P
591'3'
=0 (1.7)
ozt |,
We reach 1.5 by noting that
0 0
Gij :<7i s A o >=<b1,b3>=(5”
» ox » oxI »

by our choice of the basis vectors.
To prove 1.6 we recall the geodesic equation:
d2’yk X

az T

dy'dy?
dt dt

(1.8)
~(t)

In our coordinates we have that geodesics are given by 7*(t) = €*t for some
vector €*. The geodesic equation then gives

€lel =0 Ve.
~(t)

k
I

Evaluating this relation at the origin and noting that it must hold true for all
n-tuples gives
ry; = 0.

p

k
+ji
p

From this and the fact that the Levi-Civita connection is symmetric, the connec-
tion coefficients must be zero at the origin p. Using the fact that the Levi-Civita
connection respects the metric,

0 0

ok = gk ) = Vileie)
= (Vkei,e;) + (e, Viej)
= Thg; + Fécjgil- (1.9)

Since the connection coefficients are zero at the origin, we immediately have 1.7.
For further relations in the Taylor expansion, however, we develop new meth-
ods and use the relations derived from the Gauss lemma in the following chapter.



1.4 Curvature and Connection Coefficients

In this section we will use the coordinate basis and the Levi-Civita connection
to compute the components of the curvature tensor, as well as compute the
connection coefficients in terms of the partial derivatives of the metric tensor.
We recall the definition of the curvature tensor as the map:

R(X,Y)Z =VxVyZ —-VyVxZ— V[X’y]Z. (1.10)

To examine the components, we take the inner product with the dual basis
and sum.

R! ik = <dacl7 R(e;, ej)ex)
= <d£€l7 Vjvke,» — Vleei>
ore, are,
= <dacl7 8:17]; ea + ngffaeg — ( &Cjk > Ca — ngl"fae@
8F§m o 1l arék a i
= 9w T Iiila — Dk Iiila-

To better understand the connection coefficients, we first recall that the com-
patibility of the metric with the connection was used to derive the following
relation in 1.9.

9gij l l
ook Ihigiy + Ukjgir- (1.11)

We then use the symmetry of the connection and the metric to derive.

1
R B, 18
= igka {gﬁa (Ffj + Ffl> + 98 (Ffa - Ffﬂ) + 9i3 (Pfa - FZj)}
ko
g
- 7 {(Fggﬁo‘ + F?anﬂ) + (F]Bzgﬁa + Fjﬁagzﬁ) - (Fglggj + nggzﬁ>}

1 0 j o aai 82
_ gka< Yja | Oai _ 9J>. (1.12)

[l )

2 ox? oxJ Oz«



Chapter 2

The Gauss Lemma

2.1 Derivation of the Gauss Lemma

One of the reasons that normal coordinates are so useful in our calculation of
the Taylor expansion is that they lead us to certain relations between the partial
derivatives of g;; . We investigate the geodesic v(¢), which in normal coordinates
is parametrized by the line 4*(t) = ¢*t. We recall the geodesic equation

T 3 0 2

1,j=1

In normal coordinates, the geodesic equation becomes

N
> Th((t)e'ed =0 (2.2)

i,5=1

We may multiply by ¢ on both sides to derive a more general formula at a point
x=(z1...2p)
Z IFaial =0 (2.3)
7,7=1
Now, it is true that we may always parametrize a geodesic y(t) such that the

value % is constant [3]. From Chapter 1 we know that g;; = J;; at the origin.

Therefore N N
dy dy,  ,dy dy,| igis 2
<E’E> = <E’5> ) —”Z:f €0;; = ;(6 )

but it is also true that

d’y dv j
dt dt ]z:lgljf €



Equating the results and multiplying by ¢> on both sides, we get the important

equation
N

> giatal =) (ah)? (2.4)

i,j=1 i=1
for any point locally on the manifold. Using equation 2.3, we substitute in our
expression for Ffj in terms of the first order partials of g;; to get

N
1 (0gir agjk agij ig
Z2<8$j+8xi ok vt =0

ij=1

Permuting the indices ¢ and j , we get

N
0gi 10gi;\ i
> <axj’? 2M§>mﬂo (2.5)

ij=1

Our aim is to take equations 2.3, 2.4 and 2.5 and derive a more general and
useful result for normal coordinates.
Let us introduce the function

N
7’ = Zgaﬁwa (2.6)
a=1

Differentiating by % we get

0 N 9gpa .
AF = 52 +98s (2.7)
ox pt ox

We may use this in conjuction with equation 2.5 to obtain

N N .
oz* | oz ;
0= ],Z_l (ax —%‘) 752 <axk‘%)“‘

_ N A
0T 1 oT
= el B YLb i =k
= oz’ " 2 (i_l ozt T )
N ok N —;
B AP 3 0T i
— QI 2 \ & Ok
N iz
N ozt I\ iz 2T )

j=1
Now, by equations 2.4 and 2.6 we have

N N

N - N o
in*i = Z(ml)Q =0= aik,xj — 2k = Z Llﬂk — zk)xj
i=1

i=1 j=1 j=1



Which implies, for any geodesic (t),

dz" — 2*](v(t)

dt =0

Since, at the base point p, it is obvious that Z¥(p) = 2¥(p), we finally arrive at
the Gauss Lemma

N
zk = ngjxj (2.8)
j=1

2.2 Derivatives of the Gauss Lemma

The beauty of equation 2.8 is that it easily allows us to derive dependencies
of the n'* order partials of gi; at the base point. As we shall see, this will
greatly simplify our attempts to calculate factors in the Taylor expansion of
gij. We set the base point of our normal coordinate system to be x = (0...0).
Differentiating equation 2.8 by %, we get

N

Og1;
b= d 1 g
oz’

j=1
Evaluating at the origin (base point), we get

9ri(0) = O (2.9)

a result that is not terribly impressive, since it was a property of normal coor-
dinates that we have already derived. Let us continue the process by differenti-
ating again, this time by %. We get

N
aQij i, 99k | Ogri

0= :
, 9rioL + +
Jj=1

ox'  Ox!
Again, we evaluate at the base point to get

(ag’” + ag’”) ‘ =0 (2.10)
p

oxt ox!

We repeat the same process for the next order to get

2 2 2
(agkm+ 0°gri i 0%gr )‘ —0 (2.11)

Oziox! = Oxlox™ = Ozidx™

We find that if we wish to obtain equations for the n!* order partials of ¢ at
the base point, we must differentiate the Gauss Lemma n + 1 times and then
evaluate at the origin. We introduce the useful notation

3“9@'
Oz ... Oxin

= (Zla7zn|1a])
P




In our notation, equations 2.10 and 2.11 become
(i, k) + (Ui, k) =0 (2.12)

and
(i, 1fm, k) + (1, mli, ) + (m,ill, k) = 0 (2.13)

We have rearranged indices when permissible (using the facts that ¢;; = g;; and
that partial differentials commute) in order to make the pattern apparent. In
order to generate an n'" order Gauss equation, pick n + 2 indices. Fix one of
these indices; this letter will always index an entry of g; that is, this entry will
always stay on the right side of the horizontal bar in our tuple notation. Keep
adding succesive lists, cyclically permuting the other n+1 indices. For example,
a third order Gauss equation would be

(a,b,c|d,e) + (b, c,d|a,e) + (c,d,alb,e) + (d,a,blc,e) =0 (2.14)
Or rather
83gde 83gae 83gbe 83906
= 2.1
(8$“8xb8xc T 9502021 T drcorione T 8xd8xaaxb> » 0 (215

An n'" order Gauss equation is

(il,i%'",in73»in72|in71ain) + (i23i37'~~ain72ain71|i1;in)+~~~
+(in—1; i17 s 7in—47 in—3|iﬂ—23 in) =0 (216)

2.3 Systems of Gauss Equations

Equation 2.13 is not the only second order Gauss equation. We can do a simple
permutation of indices to get

(4, Uk, m) + (I, kli,m) + (k,i|ll,m) =0 (2.17)

We can find the number of distinct Gauss equations that must exist for each
order n. There is one Gauss equation for each index that we choose to be fixed
in our tuple notation. We simply cycle through the other indices to get the n+1
tuples for an equation. Since there are n + 2 indices that we may choose to be
fixed, there are n + 2 independent Gauss equations.

Since, for any order, there are (”:2) distinct tuples (from the n + 2 indices,
we must choose the n that we are partially differentiating by), the number of

dependent partials is
n+ 2 n+2)(n—-1
(") -y - 20D
n 2

Therefore, for any order, the Gauss Lemma will allow us to find n + 2 linear
equations involving the partial derivatives of g at the origin. These equations
can be used to eliminate % partials and simplify calculations involving

the partial derivatives of g.

10



Chapter 3

The Orthonormal Frame

3.1 Motivation

Recall our equation for the Christoffel symbols in normal coordinates (Levi-
Civita connection)

Iy = égk”(aigju +0i9ip — Ougij) (3.1)

The presence of elements of G~! in formula 3.1 introduces unwanted com-
plications. When we examine higher order covariant derivatives of the curva-
ture, we will obtain formulas involving both partial derivatives of G and partial
derivatives of G™!. The Gauss Lemma will not provide us with an easy way
of simplifying these terms. The above formula was derived by considering the
coordinate frame as the bases for our tangent spaces. A natural question arrises:

Is there another frame of bases that will give a more convenient equation for
rk?
J

3.2 Non-coordinate Bases

In the coordinate basis, 7}, M is spanned by {e;} = {8/827}. We introduce the
transformation matrix A = {a,”}. Then

é; =a,"(0/0x") (3.2)

and the set {€;} forms another set of basis vectors at T, M. If we define A as
a function of the coordinates x, then we have a new set of basis vectors locally
for each tangent space on the manifold. We would like our new frame to be
orthonormal at all points. That is,

g9(éi,€5) = gla;"eu,a;"e,) = a;"a;" g = 635 (3.3)

11



This equation can be rearranged
a;" g (a0, =0, & AGAT =T (3.4)

We would like to solve for the matrix A in terms of the metric G. We choose
A to be symmetric (A = AT) to simplify the calculation. We get the matrix
solution A = G~ 2. We can expand this solution in a power series around G = I

! “(-)"-1-3...2n—1) ~
A:G*§ZI+Z( ) n,?f2n(” ) n (3.5)
n=1 :

where G = G — I. In terms of components, the first few terms are

. 1 3 &
aij = 51-]- — §§” + g;@k gkj ek (3'6)

It should be noted that any transformation matrix B may be obtained by multi-
plying our symmetric tranformation matrix A by a suitable orthogonal rotation

C € O(N).

3.3 The Lie Bracket and Christoffel Symbols

Recall the definition of the Lie Bracket of two vector fields in coordinates
(X,Y] = (X*0,Y" - Y 0,X")e, (3.7)

and that the Lie bracket of two coordinate basis vectors is zero. This, however,
is not the case in the orthonormal frame. Indeed, a simple computation will
show that for two basis vectors €;,é; € T, M

=a, (a;"8ua;" — a;"8,0;") () &y (3.8)
P

We define the Christoffel symbols as before, with respect to a connection
Viéj = Va6 = Thié (3.9)

If we take the inner product of both sides of this equation with ég, it is apparent
that R
% = g(Viej, ex) (3.10)

3.4 Torsion, Curvature, and the Levi-Civita Con-
nection
3.4.1 Torsion and Curvature

We introduce the dual basis {#} defined by (8%, ¢;) = d;.

12



Recall the definitions of the torsion tensor T' and curvature tensor R given
in chapter 1
T(X,Y)=VxY —-VyX — [X|Y] (3.11)

and
R(XV7 Y)Z =VxVyZ -VyVxZ— V[X’y}Z (3.12)

Once again, in components

and

R (0, VeVié; — ViViéj — Vie, e1€5)
= (0", Vi(I'f;éc) — Vi(Tf ec) — ¢y Veé;)
= oL} — oL}, + 4,0 — Ti,Th. — ¢l (3.14)

€j

3.4.2 The Levi-Civita Connection

The Levi-Civita connection is defined as respecting the metric and being torsion
free. Referring back to equation 3.13 and 3.14 we see that the torsion free
condition requires

o =T — T} = [6i,¢5] = Vig; — Ve, (3.15)
and
R jpy = 0Ly — Oy + Tk = TiyTle — (T =TT (3.16)

Also recall from chapter 1 that a metric connection demands
0 = (Vig)(),éx) = 0ig(é5,éx) — Tlig(éu, k) — Tl g(é5, )
= 0i9(éj,ex) = g(Viéj, ex) + g(éj, Viéx) (3.17)

It is straightforward to permute indices twice on the above equation, add, and
determine

~ o 1 o o o
Ly = g(Viéj, éx) = 5[31‘9(63'7 éx) + 0jg(éi, éx) — Okg(és, €5) +
g([éi, 5], éx) — g([é;, €k, é:) + g([éx, €], é5)]

However, since 0;g(é;,ér) = ;0,1 = 0,

I} = %{9([@‘» &l éx) — g([é), éxl, &) + g([éx. &), éj)} (3.18)

13



3.4.3 The Christoffel Symbols Computed

If we write é, = av”eu equation 3.8 becomes
[€:, €] = (ai”(?uaj" — ajﬂﬁ'uai”) I (3.19)

Plugging into equation 3.18, we get

o= o) g({éj,ék],éi)+g([ék,é4,éj)}
= {g( S Opa” —a;"0ua,") ey, a’e,)
—9((a j“ﬁ ay’ —a,l'0,0;") ey, a;¢,)
+9( (a” Y —a;"0,a,") e,,,ajpep)} (3.20)

We use the linearity of g to derive an equation that will be of crucial importance
to us

EN 1
k v v
I = §{aiuakp (auaj ) Gvp — ajuakp (0na;") gup
,ajltaip (aﬂaku)gup + ak#aip (aﬂaju) Gup
a0, (0u0:") gup — 0,0, Dua ) gup b (3:21)

14



Chapter 4

Low-Order Terms of the
Expansion

We can expand the components of G in a Taylor series around the origin, p, as

+ Ok gij
P

1
Gij = Jij abat 4 éamalakgij ahale™ 40 (4.1)

1
zF + ialakgij
P p

p

In normal coordinates, an explicit computation of the low-order terms is both
interesting and feasible. From earlier

gij| = 0ij (4.2)
P
dgij| 2 = 0 (4.3)
P
We will show
L N A S
010kgi5| ="z = Rirji| ="x (4.4)
2 P 3 P
1 1
—~0m 010k g3 zFrlam = — =V Rirji zFata™. (4.5)
6 P 6 P

The computations follow a pattern whose generalizations we will explore in the
final episode of this epic.

4.1 The Second-Order Term

To derive 4.4 we follow a soon-to-be-familiar scheme. We first examine the
components of the curvature tensor at the origin and write them in terms of
the Christoffel symbols at the origin. We then use nice properties of the a,’

15



to write the Christoffel symbols at the origin in terms of partial derivatives
of g at the origin. Putting everything together, we look at the right-hand
side of 4.4 and combine terms to write, for each particular choice of k£ and [,
the coeffecient of 2*2! as a linear combination of partial derivatives of g (all
evaluated at the origin). Finally, a derivative of the Gauss Lemma shows how
the afforementioned linear combination can be rewritten as a multiple of a single
partial derivative of g;;.

4.1.1 The Curvature Tensor at the Origin

From Chapter 3, we have
Ri kjl == @f;k — al]/.—‘\;k —|— f;kfée _ f;kfh _ C;zfik

and in normal coordinates, the Christoffel symbols are

= 1
k
L = 5{‘%‘”%’7 (8uajy) Gvp — ajuakp (Oua;”) gup
—a;"a;” (Ouar”) guvp + @' a;” (8ua;") gup
+a;a;’ (0pa;") gup — a;"a;” (8Mak”)g,,p}. (4.6)

Now taking a partial derivative of 3.6 gives
1 3
dra;? = —55’@']’ + 3 1; ((9eGik) Grj + ik (OeGrz) ) — - -

All of the g,, are zero at the origin, so the above reduces to

J
815 ;

1
= —5@92‘]‘
p

1.
= _iatgij
p

p

since G = G — I. But our computation in Chapter 1 showed each 0:;g;;| =0,

P
so we have for all 7, j, k
Tl =0
P
and hence
R kjl| = ajrik - alré‘k

P P P

Finally, since G is the identity at the origin, we have
Rikj gia| R%j1| = R0
P P P P
= oTi| —ali, (4.7)
P P

16



4.1.2 First-Order Partials of the Christoffel Symbols

The above reduces the components of R to derivatives of Christoffel symbols;
we compute these now. Though a derivative of the symbols would involve much
painful application of the product rule, we can ignore this when evaluating at
the origin since, as computed above,

J
815047;

=0.
p

1
= _éatgij
P

Recalling that the matrices G and A are both the identity at the origin, we use
3.21 to write ﬁlFfj at the origin as

- 1 v v
ol = 5{6.40.0 (9a0;") bup — 0,16, (D) b0
p

_53'“51' g (8uaku) dup + ‘51@”51 P (auajy) dup
+(5k”5j” (Ona;”) 6up — 5i“5jp (Opay”) 0up}

which simplifies to

= Q0ra;” — 910;a;". (4.8)
p

Tk
oT,

Returning again to 3.6, we differentiate twice to find a relationship between
0,0ka;’ and 9,0,g;; at the origin. Differentiating twice could be unpleasant,
but remembering that the first partials of g (and hence a) are zero at p, we can
skip straight to evaluating at the origin and find

; 1
alakaij = —ié)lakgij (4.9)
P p
Hence 4.8 can be written in tuple notation as
=~ 1 .. g
At = =2 (L ki, 9) — (0, jli, ). (4.10)

4.1.3 Applying the Gauss Lemma

2Fz! to be
P

From 4.7, we find the coefficient of 2%z in Ry j;

Rikji| + Raje| = (@‘ffk - 3lf§'k) + (‘93'% - akfé‘l)
p p
1, .. ) ) 1 o .
= _5((‘%2”7]{) - (ja k|l,l)) + 5((laZ|J,k) - (Za k|j,2))
1, .. ) ) 1 o .
+§((j,z\k,l) - (j,l\k,z)) - 5((k,l|j,l) — (k,l|j,z))

17



which simplifies to

1 . ) , . ,
Rkilj = _5{20{77[7‘%’]) - ((]7k|lal)+(]7l|kal))

—((@, kL, 5) + (i, Uk, ) + 23, jlk, D)} (4.11)

Finally, the second-order Gauss Lemma yields the following equations:

+ Riinj
P

P

(g, k|l,3) + (L, jlk,3) + (K, U]7,4) = 0 (4.12)
(i, k[l 5) + (Lilk, ) + (k,1]i,5) = 0 (4.13)
(4,4l k) + (L, dlg, k) + (G, Ui k) = 0 (4.14)
(4, 41k, 1) + (k,ilg, 1) + (4, kli, 1) = 0 (4.15)
Subtracting 4.12 and 4.13 from the sum of 4.14 and 4.15 shows that
2(i, j|k, 1) = 2(k, 14, j) (4.16)

Applying 4.12 and 4.13 to the second and third terms of 4.11, respectively,
together with 4.16 gives

Ryirj + Riikg = —3(k, 1], 5)

which shows that equation 4.4 holds term by term.

4.2 The Third-Order Term

In computing the third-order term, 4.5, we follow a program similar to that
for the second-order term, noting with relief that the derivatives of a and the
Christoffel symbols remain relatively simple (at the origin) since the first partials
of g are zero at the origin. We begin by examining the first covariant derivative
of R at the origin.

4.2.1 The First Covariant Derivative of the Curvature Ten-
sor

We calculate the covariant derivative of the curvature tensor evaluated at our
base point p.

VinRijie = VR i = (0 Vi ViVié; = Vi ViViés = Vi Vie, e16)
= <él, vak(/\fjée) = Vi Vil ée) — iy Veé;)

Now, if we evaluate this expression at p where x = 0, all of the Christoffel
symbols and ¢’s are zero. Therefore, in the above equation, we may only concern
ourselves with terms that contain no I'’s or ¢’s
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Vo Rijk = (0", Vi Vi(T5;60) — Vi Vi(T5 )

_ i
p

p p

(07, (901 T5;)ec — (OmOiTs,; )ee)

p
= OOkl — 0mOTy,
p

p

= OnRiju (4.17)

p

4.2.2 Second-Order Partials of the Christoffel Symbols

Because the terms ffj involve products of the form a,"a,” (8#(1].”) Gup, it is

relatively easy to compute second-order partial derivatives of the ffj evaluated
at the origin. Recalling 4.9
t 1 t
040ra,"| = —iaqargs
P

P

we have

0Ll = 0,000, — 0,000,

p p

1 . .
= —5{(m,l,k,|z,])—(m,l,]|2,k)}

The simplicity of this result depends crucially on having relatively few deriva-
tives to apply to the several products in the l"fj, so that the product rule for dif-
ferentiation does not complicate things. The situation changes severely though
when we consider higher order derivatives of the Ffj.

4.2.3 Applying the Gauss Lemma (again)

At the origin we have

vaikjl = am,Rikjl = amajf;k - amalf;k (418)

[t

= —=((m,4,il,k) — (m,j,k|l,1)) (4.19)

=N

+7((mvlvi|ja k) — (m,l,k|j,i)) (4.20)

[\

To show equation 4.5, we combine terms and consider the coeffecient of
xFzlz™ for a particular choice of k, 1, and m. This coeffecient is

1
6 {vaikjl + VmRiljk + VlRikjm + V[Rimjk + VkRiljm + kaimjl} (4-21)
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Using 4.18, the above simplifies to

1 . o . .
— {00 Lkl g) = 2((m L jlk) + (kL) + (L k. lm, )
— 2((m,Lilk, j) + (m, &, i[l, §) + (I K, i[m, j))
+ 2((ma gl K) + (1l ) + (s, 11, m) 4.22)

and we can use the third-order Gauss Lemma to reduce each of the lines above
to a single multiple of (m, [, k|7, j) as follows. For third-order, the Gauss Lemma
yeilds five independent equations. They are

(4, k, lim, i) + (k, 1, mlj, i) + (I, m, 5]k, i) + (m, 7, kll,i) = 0 (4.23)
(I, k,ilm, j) + (kyi,m|l, 5) + (i, m, Uk, 5) + (m, k,li,5) = 0 (4.24)
(m, 1,45, k) + (1,4, 5|m, k) + (¢, 4, m|l, k) + (4, m,l|i,k) = 0 (4.25)
(m, k,i7,0) + (k,i,7|m, 1) + (i, 5, m|k, 1) + (§,m, k|i,]) = 0 (4.26)
(2,7, k|l,m) + (4, k,l|i,m) + (k, 1, i|5,m) + (1,4, j|k,m) 0 (4.27)

We can immediately apply 4.23 and 4.24 to the second and third terms of 4.22,

respectively. Subtracting 4.23 and 4.24 from the sum of 4.25, 4.26, and 4.27

shows how the last term of 4.22 reduces to a single multiple of (m, [, k|i,j). So

in the end we have the coeffecient 4.22 as —(m, [, k|7, j), and hence equation 4.5.
So for x in a neighborhood of p, then, we have

1
913 (%) = dij — 3 Rinjt ah ! V Rigjr| a*ala™ +-
p p

4.3 Difficulties in Calculating the Fourth-Order
Term

There are several factors which preclude the fourth-order term from being cal-
culated simply. For the third-order term, we had that V., Rijkilp = OmRijkilp
which was a function of the second partials of I’s. It is no longer true that
Vo ViRijiilp = 0rOmRijii|p and the formula for 0,0, Rijki|, involves terms
that are not only the third order partials of the f’s, but also products of second
and first order partials of the I'’s. To say the least, this complicates calculation.

In addition, analytic expressions for the third order partials of the I'’'s become
increasingly complicated. Recall

~ 1 ,
Ffj = 5{“1‘#“1@[) (au )glm aj#akp (0na;") Gup

—aj“ai (8ua}c )gup + ak“ai P (auajy) Gup

+ak#ajp (0n0;") gup — ai“ajp (6ﬂak”)gyp} (4.28)

Each term in the expression for ffj products of two a’s, one g and one partial
derivative of a. In our previous calculation we needed the second partial of ffj
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When we twice differentiated each term, because aiajk = 0g,r = 0, the only
terms that survived from the product rule were those that placed two partial
derivatives on the a with a partial already on it. For a calculation of the fourth-
order term, we must differentiate Fi—“j three times. Because the second partials of
a and g are not zero, many more terms survive the product rule. Indeed, before
simplification, the expression for the third partial of I‘fj contains the sum of 60
terms. That’s not all.

Unlike in previous terms, the fourth partials of a are not directly proportional

to the fourth order partials of g. Recall

: 1 3 o

a;? = 0ij — 55@‘ +t3 Zﬁikﬁkj — ...
k=1

which implies

0a0p0:0q0a,;”

1
- iaaabacadgij

p

g
+ 3 Z 0aObGik 0cO0dGk;

k=1

0a0cGik Op0qg;

+
| w

+
ool W

0a0agik OcObGi;j

0.04 gzk 0a0p gkj

004Gk 0aOcGr;

+
ool W

+
oo w
M= 1= I0= T1= T

+
ool w

Oy0cGik 0a0dJi; (4.29)

x>
Il
—

Ugly indeed.

These three factors render calculating the fourth order term a daunting
task. Fortunately, explicit computation of the fourth order term is of little
consequence. We have developed a sound method for calculating terms in the
Taylor expansion, assuming that term in the Taylor expansion may be writ-
ten as a function of the curvature and covariant derivatives of the curvature.
Computing higher order terms in the expansion would be a bothersome, but
finite, task. This all assumes, however, that we can ‘back-calculate’-reducing
a covariant derivative of R to a single partial derivative of g. We now seek an
inductive proof that will show that it is indeed possible to write the nt term in
the Taylor expansion of the Riemannian metric in terms of covariant derivatives
of the curvature.
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Chapter 5

The nt® Order Term

We give an inductive proof that, Vn > 2,

3kn s akl gijxk" s xkl = C(an s vk3Rik2jk1 (5.1)

a polynomial in lower order) K ko

covariant derivatives of R

where C' is a scalar constant.

Chapter 4 showed that the above is valid for our base step n = 2, and for
n = 3. For our proof, we assume the statement is true for all integers less than
n and show that it is true for n.

We accomplish this by showing

C

a polynomial in 10wer> S

1
Vi * - Vig Rikgjky @ -2 C (a’% -+ Ok, 95 (5.2)

order partials of g

Using the inductive hypothesis, we write “a polynomial in lower order partials of
g” as “a polynomial in lower order covariant derivatives of R”. By subtracting
these terms from both sides we get 5.1. We refer the reader to Appendix A for
details of the inductive argument.

5.1 The nt" Covariant Derivative of the Curva-
ture Tensor

We begin by searching for the highest-order partials of g appearing in (Vi,, - - - Vi, Rik,y jky )-
Using 3.14, we have

Vi VigRikgjin| = (0, Vi, Vi,V Vi éx,)
p p
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_<éi7 an c vk3vk1vjék2>

p

(0", Vi, Viy (€5, Vebry))

p

= OO0l ka| = Ok Oy Oy T,y

P P
a polynomial in the lower (5.3)
order partials of the I's '
Recalling equation 3.21, we get
T 1 i
Ok, ks Ol k| = 5{5kn < O 00k, ay,
P
— Ok, + Oy 03Oy )
~Oh, - Oy 00k, 0, ™
+0k, Oy 05050,
+0k, -+ Oy 05050,
_akn ... 3kaaj8k1ai k2 }
P
a polynomial in lower
order partials of a
= O, Oy 00k, 05,
P
0k, Oy 0j0s,"
P
a polynomial in lower (5.4)

order partials of a

since A is symmetric. Therefore

Vi, VigRikyje, | = —0k, - Ok,0;0k,az,

p p

+Ok, Oy 05050,

+0k, ** Oy Oy Oy €]

p

O -

n

k

aks 8k1 8iaj 2
p
a polynomial in lower

order partials of a’s
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Now recalling 3.6, we have

; 1 a polynomial in lower
Ony - Oy | = <26kn"‘8klgij + APy . > (5.6)
» order partials of g »
Hence
1
Vi, o+ Vig Riksyjk, 5 Ok Oy 00k, i
P
=0k, *** Ok 0;0i Gk, ky
—Ok,, =+ Oky Ok, Ok 9ig
+0k,, ** * Oy Oy 0i ks )
p
a polynomia.l in lower (5.7)
order partials of g
Converting to tuple notation, this becomes
1 . .
Vk” '~'V}c3Rik2jk1 = 5((kn,...,k3,j,k2|k1,l)
P
_(kna ey k3,ja i|k17 k2)
_(kru B k37 kla k2|7’7j)
+(kn7 RN kS, klv Z|J7 kQ))
a polynomial in lower (5.8)

order partials of g

5.2 The nt® Order Coefficient

We now combine terms on the left-hand side of 5.2 and examine the coeffecient

of zF» ... 2% for a particular choice of indices ki, ..., ky,. It is
kaaw) Vg ay Rk 2801y (5.9)
o p
with the summation over all o € S,,. This coeffecient becomes
1 . = . o
_§{n|(kna7kl|l7.]) - (n—1)!;(1@”,...,kl,...7k1,j|kl,l)
n .
= (=D (ks kKl )
1=1
n lo—1
+ 2m-2y) Z(km...ngl,...,kb,...,khj,z‘\kb,kll)}
l2:1 l1:1
a polynomial in lower (5.10)

order partials of g
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where hatted indices are omitted.
The term

(ks ki ) = Y (ko(n), - ko (3), ko (2), ko (1)]i, ), (5.11)
og€eS,

is from the third term of 5.8, since partial derivatives commute.
Similarly,

n

(=D (ks ki, gl ) (5.12)
=1

appears from the first term of 5.8. This is because for each [ there are (n—1)! ele-

ments of S, which fix [ and hence (n—1)! terms of the form (k, ..., ki, ..., k1, jlki, )
in the summation.
In the same way,

(n_1)!Z(k’ﬂ7'"7fcla-~'ak17i|klaj) (513)

=1

is from the fourth term of 5.8.
The second term of 5.8 yields

n lz*l

2(TL* 2)' Z Z(kna”-viflu"'?klza'"aklvjai‘klzakh)' (514)

lo=1011=1

This is slightly more complicated, but is still derived by counting permutations.
For a particular I; and I3, there are (n — 2)! permutations of S, which fix both,
and (n — 2)! permutations which transpose them. Hence there are 2(n — 2)!
terms of the form (k,,..., I%ll, e 1%12, ooy k1, 7,4k, ki), recalling that partial
derivatives commute and the tuples are symmetric in the last two indices.

5.3 Applying the n'® Order Gauss Lemma

We use the n'"-order Gauss Lemma to condense the nt® order partials of 5.10
to a single multiple of (ky,...,k1|i,7). The process we follow is similar to that
used at the end of sections 4.1.3 and 4.2.3. Terms 5.12 and 5.13 can be dealt
with directly by two of the n!"-order Gauss Lemma equations:

(kn)"'ak37k2?j|k17i) + (kn—l"'7k27j7k1|k7l7i)+"'
+(j7k17kn;~~-7k47k3|k2ai) = _(k17kn7~">k3ak2|j>i) (515)

and

(kn;---ak37k27i|k1aj) + (kn—l"'akQai7k1|knaj)+"'
—l—(i,k’l,kn, .. .,k47k3|k2,j) = —(kl,krm .. ks, k‘2|l,j) (516)

25



Simplification of term 5.14 is more involved, but straightforward. The reader

can check that the sum of all (”;2) tuples is zero. Subtracting 5.15 and 5.16

from this sum shows that the sum of all terms that have both ¢ and j to the
left of “|” is equal to the term having neither ¢ nor j to the left of “|”. That is,

SO ek kiR ik ) = (B Ralis ). (5.17)

All together this gives that 5.10 is equal to

a polynomial in lower

1
—=n!'4+2(n— D!+ 2(n—2)(kn,..., k1|1, 5.18
2[n +2(n = D200 = 2 (kn, .. Ralis ) + order partials of g (5.18)
This is equivalent to 5.2 and the inductive proof is complete.
o— —2n/!
n!+2(n—D+2(n—2)!
kn e kl_

where the n! in the numerator comes from the summation over x T

5.4 Reflections

We have derived that

by —2n!
Sl 2n— D! +2(n —2)!
a polynomial in lower order> & ks
n...q

O, - Oy gig & - (vkn 0 Vigg Rikyjky

covariant derivatives of R

As a consequence, the curvature determines the metric since the Taylor ex-
pansion of the metric may be written entirely in terms of the curvature and
covariant derivatives of the curvature.
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Appendix A

Inductive Details

Specifically, our inductive hypothesis is that for any {l1,...,0.} C {k1,...,kn},
and any 1, j,

alr “oe allgij .,I:lr . .xll =
Z (a polynomial in lower order)xlr g (A1)

. covariant derivatives of R
1yeeeslr

Thus for any lower order partial of g,
o, O, Gij,
with {l1,...,0-} C {k1,...,kn}, we write
{my,...,ms} ={k1,.. ., knt —{l1,. .., ln}

and have, by rearranging terms,

E al, e allglj xk” e xkl = E (817 e al1glj a’:ll . ./L'lT):L-nLl e :L""LS
K1 o

M1,...,Mg

where summation over lq,...,l. on the right hand side is implicit, as in A.1.
We apply A.1 to the above and have

Z Oy oo Oy ges ot = Z a polynomial in lower order ok gk
L 1 covariant derivatives of R
1yeeesfom

ki,....kn

Hence

Z a polynomial in lower) L
X B n —
L order partials of ¢

1y--5hn

<a polynomial in lower order) & &

covariant derivatives of R
kiyeokn
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