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ABSTRACT

Interval arithmetic has been considered as a step forwar
to counter numerical robustness problem in geometric and sol
modeling. The interval arithmetic boundary representation (B
rep) scheme was developed to tackle this problem. In constru
ing an interval B-rep solid, robust and efficient computation o
intersections between the bounding surfaces of the solid is a cr
ical issue. To address this problem, a marching method based
a validated interval ordinary differential equation (ODE) solver
was proposed, motivated by its potential for the interval B-re
model construction. In this paper, we concentrate on the issu
of error control in model space using the validated ODE solve
and further explain that the validated ODE solver can be used
the construction of an interval B-rep solid model using such a
error control.

INTRODUCTION
Solid modeling is one of the key computational tools aid

ing design and manufacturing, and has been successfully used
computer graphics, CAD/CAM and CAE. In pursuit of a stable
solid modeling environment, which allows us to represent the d
ddress all correspondence to this author. Email: nmp@mit.edu; Te
253-4555; MIT Room 5-428, Cambridge, MA 02139-4307, USA
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sign shape in a topologically valid and consistent manner, several
approaches have been proposed. Especially, the Boundary Rep
resentation (B-rep) is a frequently used technique to represent
such a model. The mathematical theory behind B-rep is well es-
tablished [1,2] but in practice having anideal B-rep solid model
still remains beyond the reach of current computational technol-
ogy primarily due to the inherent limitations present in computer
arithmetic and curve approximations. These limitations, such as
finite precision (round-off error), arise due to the use of finite set
of floating point numbers to represent the infinite set of real num-
bers with limited number of bits. This may cause pathological
behavior of geometric modeling algorithms resulting in signifi-
cant computational errors, leading to break down of geometric
computations and adversely affecting productivity [3].

To mitigate the effects of such limitations, one might use ge-
ometric modeling systems based on non-conventional arithmetic
techniques. Typical examples are integer and rational arithmetic,
and interval and lazy arithmetic [4–12]. Among them, compu-
tation techniques based on interval arithmetic have shown the
potential to remedy robustness issues in numerical computation
[13]. Interval methods can compute bounds in which the cor-
rect answer is guaranteed to be enclosed. For example, solution
methods of an ordinary differential equation (ODE) based on in-
terval arithmetic can take into account three sources of errors in
Copyright c© 2005 by ASME



the numerical computation of the solution; propagation oferror
in initial data, truncation errorcaused by truncating infinite se-
ries after a finite number of terms andround-off errorsinherent
to computation in a floating point environment [14]. As a first
attempt to make the most use of interval arithmetic in the ro-
bust B-rep method, Huet al. [9, 10] developed a data structure
and Boolean operations for manifold and non-manifold interva
boundary models. Later, the use of interval boundary models i
boundary representation was topologically justified by Sakkalis
et al. [15].

Interval arithmetic B-rep relies on efficient evaluation of in-
tersection of surfaces and generation of boxes (validated erro
bounds in 3D model space). Let us assume the existence of
B-rep solid modelM, as a well-defined conceptual object. The
difficulty then is capturing this in an approximated numerical
computational instantiation. An interval boundary representa
tion model is generated from the solidM with face, edge and
vertex boxes[15]. The face boxes cover the interior of the faces
of M, whereas the edge boxes cover the boundary curves an
the vertex boxes corner points of the faces ofM. Note that face
boxes do not intersect edges and vertices [15]. Please see Figu
1. Face boxes can be constructed by evaluating interval poin

Pre-image of 
Face Boxes Pre-image of 

Edge Boxes

Pre-image of 
Intersection Curve

Pre-image of 
Vertex Boxes

Figure 1. Depicts pre-image of face boxes and the pre-image of edge

boxes on the parametric space of a surface P(σ, t). Please not that the

edge boxes cover the boundary curves.

in the interior of a region bounded by a collection of rectangles
(edge boxes) in the parametric space(σ, t) of the underlying sur-
face sayP(σ, t). On the other hand, edge boxes in general re
sult from the intersection of surfaces which is a complicated an
challenging task. Therefore, computation of intersection is the
key step in achieving the interval-based boundary representatio
Though papers [9,10,16,17] talk about the attempts made to ob
tain intersection along with validated error bounds, the issue o
efficiency in computing these boxes and validity of the boxes
obtained is not addressed. The methods described in the abo
papers [9, 10, 16, 17] rely on theInterval Projected Polyhedron
algorithm(IPP) [18,19]. The IPP algorithm [17], which is based
2
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on subdivision techniques coupled with interval arithmetic, can
find the solution to a nonlinear system of polynomial equations
robustly and has been applied to intersection of surfaces. How-
ever, atopology resolutionof the intersection based on adjacency
information is complicated [17]. In addition, the algorithm tends
to be extremely time consuming in the case of tangential, as well
as higher order intersections. There is also no guarantee that in-
tervals generated do contain a root [16], an inherent problem as-
sociated with any subdivision algorithm. To avoid such problems
of the IPP algorithm for intersection computation, a first attempt
was made to apply validated ODE solvers to surface-to-surface
intersection problems [20]. Because of its robustness and effi-
ciency in solving ODEs, it is shown to be a promising way for
intersection computation. Bothtransversalandtangentialinter-
sections can be formulated as a system of ODEs [21] which are
solved using the validated ODE solver producing enclosures of
the exact solution [20].

In this paper, we demonstrate how to obtain the two esti-
mates of tolerances parametric space (εPSapproxor εPScons) from a
specified model space tolerance (tolMS) using a conservative rela-
tion or an approximate relation. We propose an algorithm to con-
trol the parametric space error bounds obtained from a validated
ODE solver. Then, we provide the properties of the validated
ODE solver which are essential to show that the validated ODE
solver can be used to construct consistent interval B-rep models.
Please refer Figure 2 for a detailed overview of our method.

This paper is structured as follows: First, given a tolerance
in model space, we obtain the corresponding tolerance in param-
eter space. In the next section we use this tolerance in parametric
space, to obtain validated error bounds for the intersection in the
parametric spaces. Based on these error bounds we obtain vali-
dated error bounds in the model space in the subsequent section,
and further suggest a way to reduce these error bounds. We then
discuss the properties of the validated ODE solver necessary to
construct an interval B-rep solid. The example’s section shows
how we employ our methods, and we conclude the paper with a
summary and identification of applications. Appendix A gives a
detailed derivation of our proposed conservative relation for ob-
taining the tolerance in parametric space from the input model
space tolerance.

Preliminaries
Given a very complicated system of space curves, we can

find out surfaces, whose intersection results in the system of
complicated space curves. But if we limit the class of surfaces,
then we are able to predict some characteristics of the intersec-
tion curves. Moreover it is much easier to construct and mod-
ify some special types of surfaces which are extensively used in
the CAD/CAM community like the free-form Rational Polyno-
mial Parametric (RPP) surfaces [21,22]. We assume at this point
that the surfaces we use areRegularandRPP. RPP surfaces are
Copyright c© 2005 by ASME
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Isolate & Evaluate All Starting PointsIsolate & Evaluate All Starting PointsIsolate & Evaluate All Starting PointsIsolate & Evaluate All Starting Points
Accurately Using IPP SolverAccurately Using IPP SolverAccurately Using IPP SolverAccurately Using IPP Solver

Figure 2. Flow chart representing the entire algorithm. The shaded part

illustrates a control mechanism for obtaining error bounds in parametric

space.

C∞ continuous [20]. Tracing the intersection (both tangentia
and transversal) of two RPP surfacesP(σ, t) = Q(u,v) using a
marching method [21] essentially reduces to solving a system
ordinary differential equations (ODEs) which are arc-length(s)
parametrized. This system of ODEs (1) with the initial conditio
represents an initial-value problem (IVP) for ODEs, which ca
be written in vector form as,

y′(s) = f(y(s)), y(s0) = y0, (1)

where, y′(s) =
[

σ′ t ′ u′ v′
]T

& y0 =
[

σ0 t0 u0 v0
]T

.

Given initial conditions, we can in principle integrate the
system of ODEs to obtain a series of points in the parame
space of each of the surfaces which represent an approximat
to the intersection curve segment. The bounds on the initial co
dition y0 = [[σ0][t0][u0][v0]]

T 1 represented as intervals, uses
1[a] is the notation for an interval number in interval arithmetic andw([a])
represents the width of the interval[a]. Please refer [23] a detailed treatment of
interval arithmetic
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validated scheme to trace the system of ODEs (1) in the paramet-
ric space of the surfaces. Please refer to the Section onValidated
Error Bounds in Parametric Space.

ESTIMATION OF TOLERANCE IN PARAMETRIC SPACE
The continuous error bounds which we obtain are essentially

the a priori enclosuresin the parametric space of the surfaces
which are further mapped to the model space. The error control
based just on a validated interval arithmetic scheme is applicable
only to the error at certain definitesj s. What we require is to de-
velop a method such that given a tolerance in the model space we
can limit the size of the enclosures obtained by the validated so-
lution scheme. For this the model space tolerance is transformed
into a conservative tolerance in the parametric spaces as shown
by the Figure 3. For this we propose two methods.

Figure 3. Depicts how we want to obtain tolerance in parametric space

from tolerance in model space.

1. A strictly conservative method in the true spirit of interval
arithmetic and,

2. An approximate method, which is adapted from a previous
work on interval solids by Shenet al. [24,25].

The method by Grandine and Klein [26] offers to obtain an esti-
mate of the intersection of two surfaces and an associated error.
Grandine-Klein algorithm however solves the intersection as a
boundary value problem instead of an initial value problem. In
this context [27] proposes an algorithm to obtain the tolerance in
parametric space as an input to the Grandine-Klein algorithm.

Conservative Relation
This relation is called conservative in the sense that, if we

use the relation (2) to obtain the tolerance in parametric space
εPScons, and further input to a validated ODE solver, we obtain
model space bounds definitely smaller than the required toler-
ance in model spacetolMS. For our analysis we consider a bicu-
bic RPP surface namely a bicubic Bézier surfaceP(σ, t) such that
Copyright c© 2005 by ASME



0≤ σ, t ≤ 1. Suppose we find the uncertainty of any one comp
nent (without loss of generality we can assume thex-component
beP(σ, t)). We are to get a bound for width of the intervals gen
erated by the validated ODE solver (w([σ]) or w([t])) such that
the evaluated width of the boxesw(P([σ], [t])) in the 3D model
space of the surface is less than a certain tolerance.

We can obtain a relation based on the expansion of the te
sor product bicubic B́ezier patch and the application of interva
arithmetic identities [23] to obtain the following equation (2)
Appendix A describes the derivation in greater detail.

w([P(σ, t)])≤ 156Rmax(w(σ)+w(t)). (2)

where,Rmax is the size of the boxes in which the surfaces ar
enclosed or the maximum dimension of the control points (co
vex hull). Equation (2) means that if we are given a tolerance
model space i.e.tolMS, we require that:

w([P(σ, t)])≤ 156Rmax(w(σ)+w(t))≤ tolMS.

Thus if we assume that we require same tolerance (εPScons) in the
σ andt domain we can write,

εPScons≤
tolMS

312Rmax
. (3)

Evaluation based on this formula depends on the form in whic
the equation is evaluated and might overestimate the toleran
εPScons. But it is a conservative estimatein the sense that we
obtain a tolerance in the parameter space, which will result
a conservative tolerance in the model space. We note that
tolerance in parametric spaceεPScons also depends on the convex
hull of the surface.

Approximate Relation
This method for estimates a parameter space boundεPSapprox

which would result in a model space bound close to a given to
erance. It is based on a relation obtained by Shenet al. [24, 25].
Let us assume a B́ezier surface of degreesdσ anddt , with each
control point having a constant widthδ0 for each of its compo-
nents (for degenerate surfacesδ0 = 0). Just as in the conservative
relation we obtain the relation for only one component, sayRx is
the average of the absolute value of thex-coordinates of the con-
trol points (Ri). Similar formula fory andz components can be
obtained by replacingRx with Ry andRz respectively. We obtain
the following estimate:

εPSapprox≈
tolMS−δ0

4(dσ +dt)(δ0 +Rmax)
, (4)
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Rmax= norm(Rx,Ry,Rz), is a factor taking into account the con-
vex hull of the surfaces. Thus the coordinates of control points
affect the obtained parametric space tolerance. The width of con-
trol points also affects the tolerance needed. This relation can
account for surfaces of any order.

Based on the above equations (3) and (4) we are now in a po-
sition to obtain a tolerance in the parameter spaceεPSapprox which
corresponds to a given tolerance in the model space.

VALIDATED ERROR BOUNDS IN PARAMETRIC SPACE
Since computing intersection of surfaces is formulated as an

IVP of a system of ODEs, it is very important to find the initial
values for accurate solution. In the surface to surface intersec-
tion problem, a set of characteristic points such as border, turn-
ing and singular points of the intersection are identified which
are provided as initial values for tracing intersection curve com-
ponents [19]. This essentially reduces to solving a system of
nonlinear polynomial equations. For details, please refer to [19]
(pp. 149-150). Robust methods to solve a system of polynomial
equations with guaranteed error bounds in the surface to surface
intersection context is dealt with in [18,28]

Standard numerical methods for solving IVPs for ODEs like
the Runge Kutta method or Adam’s Bashforth method attempt to
compute an approximate solution that satisfies a user-specified
tolerance at discrete points. The algorithms to control the step
size are based on controlling just the error alone [20]. The added
advantage of a validated ODE scheme is a robust step size control
which also verifies the existence and uniqueness before predict-
ing the step size can prevent the solution from straying from one
branch to another within that step as shown by [20,29]. The val-
idated interval scheme for ODEs [13, 20] also produces a guar-
anteed error bound on the true solution. Each step in a validated
interval solution scheme for solving IVPs for ODEs can guaran-
tee:

1. The existence of the solution: i.e. if solution exists in that
step within the enclosure.

2. The uniqueness of the solution: i.e. if we have a unique
solution in that step within the enclosure.

Briefly a validated ODE solving scheme is done in two
phases. Algorithm I verifies the existence and uniqueness of
the intersection curve segment, and a successful validation re-
sults in a step size and a correspondinga priori enclosure[
[σ̃] [t̃] [ũ] [ṽ]

]T
. Please refer to Figure 4.Algorithm II now tries

to propagate the solution by finding a tight estimate, but only at
specific value of arc length. This tight estimate also acts as the
initial condition for the next step, and hence helps in marching
along the intersection curve without significant increase of the
error in the evaluation of the intersection curve segment [20].
The result is an intersection curve obtained as a series of con-
nected (gap free)a priori enclosures(boxes) in the parameter
Copyright c© 2005 by ASME



space (Figure 4). This series of boxes encloses the exact cur
of intersection in the parameter space [20]. For more details o
tracing surface intersections using a validated ODE system solv
please refer to [20].

Figure 4. This figure illustrates the series of a priori enclosuresin
parametric spaces which enclose the true intersection curve segment.

Controlling A Priori Enclosure in a Validated ODE
Solver

We improve the step size control mechanism within the val-
idated ODE solver to incorporate an automatic control of erro
in the 3D model space. The proposed control mechanism to con
trol thea priori enclosuresize is obtained using a validated ODE
solver within the above tolerance as depicted in the shaded pa
of Figure 2.

The control mechanism is implemented within a validated
ODE solver. The first step is to obtain the parametric space to
eranceεPS from the control points of the surfaces using either
of equation (3) or (4). This tolerance in parametric space fo
each surface is compared with the width of thea priori enclosure
(RHS of relation (5)) obtained from Algorithm I of the validated
ODE solver.

[
w([σ̃ j ]) w([t̃ j ]) w([ũ j ]) w([ṽ j ])

]T ≤
[

εP
PS εP

PS εQ
PS εQ

PS

]T
, (5)

whereεP
PS andεQ

PS are the tolerance in the parametric space of
surfacesP andQ, respectively.

If the width of
[
[σ̃] [t̃] [ũ] [ṽ]

]T
is larger than the tolerance

at any step, we use the tolerance as the width of the newa priori
enclosureand find the corresponding new step sizeh∗j for which
the validity criterion is satisfied. This condition is depicted in
the Figure 5. If the width of

[
[σ̃] [t̃] [ũ] [ṽ]

]T
is smaller than the

tolerance, we proceed to the next step. For further verificatio
we might map the obtained enclosure right away to model spac
and check if the width of the boxes in the model space is les
than the given tolerancetolMS.
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Figure 5. Mechanism to control the size of the a priori enclosurein a

validated ODE solver. y represents any of the parameters σ, t,u or v.

VALIDATED ERROR BOUNDS IN 3D MODEL SPACE
Using a validated ODE solver we obtain a series ofa priori

enclosuresin the parametric spaces of the surfaces as shown in
the Figure 4. This bound in parametric space is continuous be-
cause the intersection curve segment is a continuous trajectory in
the parametric space. For each of the parametersσ− t andu−v
corresponding to each surface, the pre-image of the curve of in-
tersection is enclosed in the union of the boxes corresponding to
a priori enclosures[20]. The series ofa priori enclosuresin the
σ− t andu−v parametric space of each surface is mapped to the
model space as illustrated in Figure 6. According to Mukundan
et al. [20], the union of the bounds in the 3D model space guar-
antees to contain the true curve of intersection. This is again jus-
tified based on our previous assumption of intersecting surfaces
being RPP. This enable us to realize the goal of a continuous gap-
free bound on the curve of intersection in the model space, given
continuous bounds on its pre-image. At this point we have two
series of boxes in the model space each of which enclose the true
curve of intersection in the model space. Note that Mukundanet
al. [20] talks about interval surfaces, but RPP surfaces could be
written as interval surfaces with degenerate control points.

Model Space Error Bound Reduction The union of
the boxes obtained in model space by mapping the enclosures of
the pre-image of the curve of intersection bounds the true curve
of intersection. The series of boxes obtained from each of the
parametric spacesσ− t andu− v contain the true intersection
curve segment. We may further show that the true intersection
curve segment actually lies in the region obtained by the inter-
section of the two separate bounds.

Let [cP(s)] and[cQ(s)] be the bounds on the curves of inter-
section in the model space obtained by mapping the pre-images
of the bounds to the intersection curve from each of the surface
patches. Also let us assume thatcf(s) is the actual curve of in-
tersection of the two surfaces. Thencf(s) lies in the region in the
Copyright c© 2005 by ASME



Figure 6. Mapping of the pre-image of the intersection curve segment from the parameter space to the model space. Note that the boxes obtained in the

parameter space of each of the surface is continuous, gap free and ordered. Also observe that the two sets of boxes corresponding to mapping using each

of the surfaces P and Q
.

-

e

model space obtained by the intersection of[cP(s)] and[cQ(s)].
This is obtained from the definition of interval arithmetic as,

cf(s) ∈ [cP(s)] and cf(s) ∈ [cQ(s)].

Hence we say,

cf(s) ∈ [cP(s)], andcf(s) ∈ [cQ(s)],
or, cf(s) ∈ ([cP(s)]) ∩ [cQ(s)]).

This result implies that, if we obtain the two bounds on the
intersection curve from each of the surfaces and intersect tho
bounds, we are able to reduce the model space error. The red
tion in error bound usually depends on the relative orientatio
of the surfaces close to intersection as well as the relative siz
of the model space bounds obtained from each of the surface
Thus if the bounds from the surfaces are relatively of the sam
size, then the reduction is significant for a transversal intersectio
case compared to a tangential intersection case.

APPLICATION TO INTERVAL BOUNDARY REPRESEN-
TATION

In [15], it is shown that an interval B-rep solid can be con-
structed by using an ISI algorithm with a sufficiently tight reso-
lution. In this section, we explain that the properties of the vali
dated ODE solver, which are essential to the mathematical pro
that the validated ODE solver can be used for the construction
an interval B-rep solid.

First, the validated ODE solver generates boxes in 3D spac
which guarantee to contain the exact solution. The intersectio
of two surfaces is formulated as a system of nonlinear ODE wit
6
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bounds on the starting points [20]. This property ensures that the
exact intersection solution is contained in the boxes produced by
the validated ODE solver. One of the reasons that the ISI algo-
rithm can be used in the construction of an interval solid is its
capability of controlling the size of boxes containing the exact
intersection values. The validated ODE solver is also provided
with such a mechanism realized by the method of this paper.
Namely, a user can control the size of boxes in 3D space ob-
tained by the validated ODE solver without compromising the
first property above. Therefore, we can make the validated ODE
solver produce sufficiently tight boxes.

Using these two properties of the validated ODE solver, we
can prove that the validated ODE solver can be used for the con
struction of an interval B-rep solid by following the similar steps
given in [15].

In summary, based on the results of [15] what we would like
to emphasize here is that under a tight error bound which can be
controlled by our procedure, we can construct an interval solid
using face, and edge and vertex boxes that are obtained from th
validated ODE solver which has more advantages over the ISI
algorithm, and such an interval solid is approximately equal to
the exact underlying solid.

EXAMPLE
Let us say our aim is to generate a solid model which looks

similar to an hour-glass shape as shown in the Figure 7, using
the boundary representation. Generation of the solid requires the
intersection of a hyperbolic surfaceP1(σ, t) andQ1(u,v) a plane
and subsequent intersections by two mutually parallel planesR1
andR2 and finally trimming the dangling surfaces to obtain the
solid. We are specifically interested in the intersection ofP1 with
Q1 as this offers significant computational challenges as we ob-
serve. The control points of the hyperbolic surfaceP1 are given
Copyright c© 2005 by ASME



below.

Control points for

P1(σ, t) =

 (−50,0,0) (0,0,100) (50,0,0)
(−50,100,0) (0,100,0) (50,100,0)
(−50,200,0) (0,200,100) (50,200,0)


The first step would be to obtain the allowed parametric spac
tolerancesεP

PS andεQ
PS giventolMS. We can use either of the for-

mulae (3) or (4) for this purpose. We tabulate the comparison o
the two methods in Table 1. As was shown in this paper, the par
metric space tolerancesεP

PS andεQ
PS are used to restrict the size

of enclosures in the parametric space, which in turn maintain
the size of boxes in the model space within the given toleranc
Note that the conservative relation produces smaller tolerance
parametric space than the approximate relation. This is becaus
if we input a smaller tolerance to the validated ODE solver, we
get much smaller error bounds and such error bounds hence o
tained, when mapped to model space are definitely smaller tha
input tolerance in model space.

Case IThe planeQ1 is arranged such that it touches the hy-
perbolic point of the surfaceP1. When this happens the normals
to the surfaces are perfectly aligned there is a singular point in th
surface intersection curve segment as we can see from the F
ure 7. Tracing the intersection now involves separately tracin
the four intersection curve segments and obtaining the bound
on them, given appropriate starting points. Thus we obtain th
edge boxes for the intersection ofP1 andQ1 in the model space
within a tolerancetolMS. The error bounds on each of the four
starting points are obtained and are listed below.

[
[σ0] [t0] [u0] [v0]

]T =
[
[0.85355339,0.85355340] [0,0] [0.85355339,0.85355340] [0,0]

]T
,[

[σ0] [t0] [u0] [v0]
]T =

[
[0.14644660,0.14644661] [1,1] [0.14644660,0.14644661] [1,1]

]T
,[

[σ0] [t0] [u0] [v0]
]T =

[
[0.14644660,0.14644661] [0,0] [0.14644660,0.14644661] [0,0]

]T
,[

[σ0] [t0] [u0] [v0]
]T =

[
[0.85355339,0.85355340] [1,1] [0.85355339,0.85355340] [1,1]

]T
.

The model hence formed comprises of two separate parts joine
at a point. This does not represent a manifold solid as its bound
ary is not a 2-manifold surface.

Case II (a) Now consider the case when, the planeQ1 is
moved along the common normal near the hyperbolic point o
P1 by a small amount. The intersection curve has a completel
different behavior. Based on the direction of the perturbation
(z-direction) this behavior changes. A positive perturbation in z
direction will lead to the branching of the curve which will lead
to a case where we actually have two separate solids generat
Refer Figure 8 (a).

Case II (b) Now consider the case (Please refer Figure 8
(b)) when, one of the surfaces, the planeQ1 perturbed in the
negative z-direction which leads to a different branching of the
intersection curve. This will lead to a case where we have onl
7
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Parallel Plane 2

Parallel Plane 2

Parallel Plane 2

Parallel Plane 2

Figure 7. Development of a solid model which resembles an hour glass.

Transversal intersection of a hyperbolic surface (shown as the red boxes

in model space) and a plane involves tracing four separate intersection

curve segments.

Figure 8. Our approach of a validated solution scheme for surface inter-

section is able to obtain validated boxes even for critical scenarios. Figure

(a) shows the plane (Q1) perturbed along the positive z-direction, the in-

tersection curve segment is correctly traced by the validated ODE solver.

Figure (b) in a similar way illustrates how the validated ODE solver suc-

cessfully trace the correct intersection curve segment when the perturba-

tion is in the negative z-direction.

one valid solid. We have shown that our scheme for obtaining
validated bounds for surface intersection can resolve such cases.
Copyright c© 2005 by ASME



Test No. tolMS εPScons εPSapprox

1 10−2 3.125×10−6 1.60256×10−7

2 10−4 3.125×10−8 1.60256×10−9

3 10−6 3.125×10−10 1.60256×10−11

4 10−8 3.125×10−12 1.60256×10−13

Table 1. The tolerance in parametric space of surface P1 obtained from

the given tolerance in model space.

CONCLUSIONS
Geometric modeling systems used in variety of design a

pect in engineering, analysis and development requires a so
modeling environment. Typical environments for solid mode
ing is based on boundary representation which require valida
surface intersection techniques. This paper presents a metho
address this problem in the context of numerical inconsisten
issues in geometric modeling community.

An algorithm based on a validated surface intersectio
scheme has been proposed. By using the validated ODE sol
we can improve efficiency of finding intersections (eliminatin
the problems of the IPP), resulting in improvement in B-re
model construction. This method has advantages over availa
IPP method in speed, automation, validity and further ease
use. Using the error control capability in the model space, w
can impose a user provided tolerance in creating a model c
forming to the tolerance. Success has been achieved in devis
a way to reduce this error bounds in 3D model space.

Under conditions where the resolution of the intersection
not necessarily easy for other methods, our method is shown
work well. The integration of this validated error bounds on edg
boxes to interval solid modeling is further demonstrated.

Future directions for research involve increased automati
and the development of a solid modeling system which can
used in industry context.
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Appendix A: Derivation of Conservative Relationship
Consider an interval bi-cubic B́ezier surface[P](σ, t) such

that 0≤ σ, t ≤ 1. Suppose we find the uncertainty of any on
9
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-

.

,

-

-

component (without loss of generality we can assume thex-
component beP(σ, t)). We are to get a bound forw([σ]) or w([t])
such that,w([P]([σ], [t]))≤ g(w([σ]),w([t])).

For a bi-cubic B́ezier patch we can write:

P(σ, t) =


(1−σ)3

3σ(1−σ)2

3σ2(1−σ)
σ3


T 

b11 b12 b13 b14
b21 b21 b23 b24
b31 b31 b33 b34
b41 b41 b43 b44




(1− t)3

3t(1− t)2

3t2(1− t)
t3

 , (6)

wherebi j ’s are the control points of thex-component. For the
simplicity of analysis we assume that the control points are de-
generate intervals (real numbers). We expand the above relation
as,

P(σ, t) =
[

β1 β2 β3 β4
]

(1− t)3

3t(1− t)2

3t2(1− t)
t3

 , (7)

where,

 β1
β2
β3
β4

 =


b11(1−σ)3 +3b21σ(1−σ)2 +3b31σ2(1−σ)+b41σ3

b12(1−σ)3 +3b22σ(1−σ)2 +3b32σ2(1−σ)+b42σ3

b13(1−σ)3 +3b23σ(1−σ)2 +3b33σ2(1−σ)+b43σ3

b14(1−σ)3 +3b24σ(1−σ)2 +3b34σ2(1−σ)+b44σ3

 . (8)

Thus we can writeP(σ, t) in a formα1 +α2 +α3 +α4.
We are interested in finding the maximum widthw([P(σ, t)])

within which the evaluated width would lie. We use interval
arithmetic relation,w(a+ b) = w(a) + w(b) wherea andb are
any two intervals. Applying this formula we obtain,

w([P(σ, t)]) = w(α1)+w(α2)+w(α3)+w(α4). (9)

The RHS represents the thickness of the interval surface. Further
using the interval inequalities,

w(a.b) ≤ ‖a‖w(b)+‖b‖w(a), and

‖abc‖ = ‖a‖‖b‖‖c‖ . (10)

We can evaluate the widths ofαis as:

w(α1) = w((1− t)3β1)≤ w((1− t)3)‖β1‖+w(β1)
∥∥(1− t)3

∥∥ ,

w(α2) = w(3t(1− t)2β2)≤ w(3t(1− t)2)‖β2‖+w(β2)
∥∥(3t(1− t)2

∥∥ ,

w(α3) = w(3t2(1− t)β3)≤ w(3t2(1− t))‖β3‖+w(β3)
∥∥3t2(1− t)

∥∥ ,

w(α4) = w(t3β4)≤ w(t3)‖β4‖+w(β4)
∥∥t3

∥∥ . (11)

We can also assume that 0≤σ, t ≤ 1. After further simplification
we can obtain the inequalities2:

‖(1− t)‖ ≤ 1,
Copyright c© 2005 by ASME



∥∥∥(1− t)3
∥∥∥ ≤ 1,∥∥∥t3
∥∥∥ ≤ 1,∥∥∥3t(1− t)2
∥∥∥ ≤ 4

9
,∥∥∥3t2(1− t)

∥∥∥ ≤ 4
9
,

w(1− t) = w(1)+w(t) = w(t),

w((1− t)3) ≤ 12w(t),

w(t3) ≤ 3w(t),

w(3t(1− t)2) ≤ 24w(t),

w(3t2(1− t)) ≤ 15w(t). (12)

Based on the assumption that the surfaces are represented by
degenerate intervals i.e.w(bi j ) = 0, we can write

w(β1) ≤ w(σ)(12‖b11‖+24‖b21‖+15‖b31‖+3‖b41‖) ,
w(β2) ≤ w(σ)(12‖b12‖+24‖b22‖+15‖b32‖+3‖b42‖) ,
w(β3) ≤ w(σ)(12‖b13‖+24‖b23‖+15‖b33‖+3‖b43‖) ,
w(β4) ≤ w(σ)(12‖b14‖+24‖b24‖+15‖b34‖+3‖b44‖) . (13)

To obtain‖βi‖s we use the triangular inequality,

‖a+b‖ ≤ ‖a‖+‖b‖ . (14)

We obtain‖βi‖s as:

‖β1‖ ≤ ‖b11‖+
4
9
‖b21‖+

4
9
‖b31‖+‖b41‖ ,

‖β2‖ ≤ ‖b12‖+
4
9
‖b22‖+

4
9
‖b32‖+‖b42‖ ,

‖β3‖ ≤ ‖b13‖+
4
9
‖b23‖+

4
9
‖b33‖+‖b43‖ ,

‖β4‖ ≤ ‖b14‖+
4
9
‖b24‖+

4
9
‖b34‖+‖b44‖ . (15)

If we assume that
∥∥bi j

∥∥ ≤ Rmax, i.e. the size of the boxes in
which the surfaces are enclosed or the maximum dimension of
the control points(convex hull), we can write,

‖β1‖= ‖β2‖= ‖β3‖= ‖β4‖ ≤
26
9

Rmax. (16)

Substituting into equation (13) and using the inequalities (12) we
obtain,

w(β1) ≤ w(σ)54Rmax,

w(β2) ≤ w(σ)54Rmax,

w(β3) ≤ w(σ)54Rmax,

w(β4) ≤ w(σ)54Rmax. (17)

Applying the above relations to equation (9) we finally obtain
the relationship,

w([P(σ, t)])≤ 156Rmax(w(σ)+w(t)). (18)
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