10.

10" Annual Harvard-MIT Mathematics Tournament
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Individual Round: Algebra Test

. [3] Compute

2007! 4 2004!
2006! + 2005! |

(Note that |z| denotes the greatest integer less than or equal to x.)
[8] Two reals x and y are such that x — y = 4 and 23 — 3® = 28. Compute xy.

[4] Three real numbers z, y, and z are such that (z+4)/2 = (y+9)/(z—3) = (x+5)/(z—5). Determine
the value of z/y.

[4] Compute
22 -1 3 -1 43-1 53-1 63-1
2241 3F+1 43+1 5341 6341
[5] A convex quadrilateral is determined by the points of intersection of the curves z# + y* = 100 and

xy = 4; determine its area.

[5] Consider the polynomial P(x) = 23 + 2? — x + 2. Determine all real numbers r for which there
exists a complex number z not in the reals such that P(z) = r.

[5] An infinite sequence of positive real numbers is defined by ap = 1 and a,4+2 = 6a, — a,4+1 for
n=0,1,2,--- Find the possible value(s) of aspo7.

[6] Let A :=Q\ {0,1} denote the set of all rationals other than 0 and 1. A function f : A — R has
the property that for all x € A,

1
Fa) s (1) =toglal.
Compute the value of f(2007).

[7] The complex numbers oy, s, a3, and ay are the four distinct roots of the equation 422342 =0.
Determine the unordered set

{onas + azou, arog + apas, o + asast.

[8] The polynomial f(z) = 2907 +1722°96 41 has distinct zeroes 71, . . ., rogo7. A polynomial P of degree
2007 has the property that P (7“]- + %) =0 for j =1,...,2007. Determine the value of P(1)/P(—1).



