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12th Annual Harvard-MIT Mathematics Tournament
Saturday 21 February 2009

Individual Round: Algebra Test

. [8] If @ and b are positive integers such that a® — b* = 2009, find a + b.

. [3] Let S be the sum of all the real coeflicients of the expansion of (1 + ix 2009 What is log,(S5)?
2

[4] If tanz + tany = 4 and cot z + coty = 5, compute tan(z + y).

[4] Suppose a, b and c are integers such that the greatest common divisor of 22 +ax +b and 22+ bz + ¢
is x + 1 (in the set of polynomials in = with integer coefficients), and the least common multiple of
22 +ar+band 2? +bx +cis2® — 422 + 2 +6. Finda +b+c.

[4] Let a, b, and ¢ be the 3 roots of 2 —z + 1 = 0. Find ﬁ—&—b%—f— Cil.

5] Let  and y be positive real numbers and 6 an angle such that § # Zn for any integer n. Suppose
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Compute £ + g,

[5] Simplify the product
100 100 nbmoy gntmd2 4 g 20+l | p2metd

H H : x2n +2In+m +I2m

m=1n=1

Express your answer in terms of x.

[7] If a,b,z and y are real numbers such that ax + by = 3, az? + by? = 7, az® + by® = 16, and
ax* 4+ by* = 42, find ax® + by°.

[7] Let f(x) = 2* + 1423 + 5222 4 562 + 16. Let 21, 29, 23, 24 be the four roots of f. Find the smallest
possible value of |z,2p + z.24| where {a,b,c,d} = {1,2,3,4}.

[8] Let f(z) = 23 — 2z. For what positive values of a do there exist distinct b, ¢, d such that (a, f(a)),
(b, £ (b)), (¢, f(c)), (d, f(d)) is a rectangle?



