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.y = a3 — 32?4+ 62 42000, so 3y’ = 322 — 62 +6 and y”’ = 62 — 6, so the point of inflection

is the solution to 6z —6 = 0, or z = 1. At x = 1, the slope is f'|__, = 3(1)*—=6(1) +6 =
3.

. The change in Karen’s position is  — 23. The optimal length to climb is at a critical

V3

point. The only realistic critical point is at the solution to 1 — 322 =0 or & = =

1

. JoTsinz + C = 0, from the statement of the problem. So, [— cosz + C:r]|0% = 0. Thus,

cos T +5C+1=0. So, —§+§C’+1 = 0, and solving for C', we find that C = N;ﬂ.

. Let y = tanz. So, we want to find the minimum of y + é, where 0 < y < oo. Taking the

derivative and minimizing, we find that the minimum occurs at y = 1, so the minimum
of the given function occurs at arctan1 = 7.

Cf@) =2, 2 So, f'(r) = XXy a' = 7. Thus, f(z) = —In(1 — ).

. Assume the pipe barely fits around the corner (i.e. it is in contact with the corner).

The lower corner is at (0,0) and the upper corner is at (6,6v/5). Call z, the point on
the lower wall it hits at the tightest spot. Given an x;, the longest a pipe could be with

one end at 7 and leaning against the (6, 6+/5) corner is \/xﬁ + (6v/5 + iﬁ—‘_/g)Q We want
the minimum of all of these "longest pipes”, because the pipe needs to fit at all angles
around the corner. Taking the derivative (without the square root for simplicity) and
setting it equal to 0, we need to solve x§ — 622 + 3629 — 1296 = 0. We can quickly find
that 2o = 12 is the only good solution, so the maximum length is 12+/6.

. Using the hint, take g—z. Set this equal to 0 and solve for = relative to zy. Plug this in

for xy in the given family of lines to obtain the envelope y = @« + i, x > 0.

. Let I denote the given integral. Under the transformation § — 7 — @, I transforms to

JZ In(cos(6))dh. So,

9T = [;7 In(sin 0 cos 0)df
= [; (In(sin 20) — In 2)d(20)/2

= “omz T sy sin(a)da giving I = —ZIn2.
= -8 -In2+ [y sin(a)da
=-B.-In2+171
. Note first that ([f(z)]? —x)2 = f(x), so if f(a) = 4, then (16 — a)Q — 4, 50 a = 14.
1 @)
Now, f'(z) = —§{8=", so f'(14) =57

Solution: Throughout this solution we will use the fact that when light bounces off a
mirror, the angle of incidence is equal to the angle of reflection. First the beam hits
the point (8,-1), then (6,1), (4,-1), (2,1), and then is travelling along the line y = = — 1.

Thus the beam hits the parabola at the point (1 + 1’2‘/‘?’, 1’2‘/‘?’). To estimate v/5, notice

that 222 = 484 and 232 = 529, 50 v/5 = Y0 =22, ... Thus 155 = —6.. ., so the light




hits the parabola at approximately (.4,-.6). The slope of the tangent to the parabola
at this point is Z'(.4)!/2, which is about -.8, so we need to find the slope of the beam
after it reflects off of this tangent. For purposes of finding this slope, change coordinates
so that the point of intersection is the origin. The beam is coming in along y = x, and
y = 1.2x is perpendicular to the tangent. The diagram below should clarify the setup.

perpendicular to
tangent

We will find the new path of the light by finding the reflection about the line y = 1.2x
of a point on its incoming path. We know the point (1,1.2) is on the line y = 1.2z, so a
perpendicular through this point is y — 1.2 = —.8(x — 1), which intersects y = z at the
point (1.1,1.1). Thus the new path goes through the point (.9,1.3), so it has slope 1.4
(all values rounded to one decimal place). Going back to our original coordinate system,
the light is now travelling along the line y + .6 = 1.4(x — .4), so it next hits the mirror
at (1.5,1). After that the x coordinate increases by 2/1.4 = 1.4 between bounces, so it
hits (2.9,-1), (4.3,1), (5.7,-1), (7.1,1), (8.5,-1), and finally (9.9,1). A closer examination
of the approximations made (e.g. by refining them to two decimal places) reveals that
the last bounce is actually further to the left (at (9.21,1), to be more precise), so indeed
the light does bounce 12 times.



