
Geometry SolutionsRi
e Mathemati
s Tournament 20001. Consider the board labeled as below, with labels for 
olumns and rows. To 
hoose anyre
tangle on the board, it is suÆ
ient to 
hoose some number (1-8) of adja
ent 
olumns,and some number (1-8) of adja
ent rows, sin
e the re
tangle 
an be 
reated by formingthe interse
tion of the 
olumns and rows. For instan
e, the interse
tion of 
olumns 2,3and rows 3,4,5 is the re
tangle shaded below. So, there are 8 ways to 
hoose 1 adja
ent
olumn, 7 ways to 
hoose 2 adja
ent 
olumns, : : :, 1 way to 
hoose 8 adja
ent 
olumns,so there are 8 + 7 + 6 + 5 + 4 + 3 + 2 + 1 = 36 total ways to 
hoose the 
olumns, and36 ways to 
hoose the rows. Thus, the total number of ways to 
hoose a re
tangle (i.e.the total number of re
tangles) is 362 = 1296.
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2. The maximum o

urs in an equilateral triangle, in whi
h 
ase the sides a = b � 
 aregiven by a2 + b2 + 
2 = 3a2 = 96, so a = 4p2. Thus, the medians are 3 � (ap32 ) =6p6.3. Let s be the side length of ABCD. Sin
e ABCD is a square, we 
an write 2s2 =(PA)2+(PC)2 = (PB)2+(PC)2. So, we 
an substitute in for PA,PC, and PD to getthat PB =24.4. Noti
e that in general, when there is a re
tangle of side length x and y, the area ofthe non-triangle regions (
reated by drawing a line 
onne
ting the midpoint of twoopposite lines and a line 
onne
ting two opposite 
orners - see diagram for examples)is simply 34 of the original area of the box, sin
e the area of the ex
luded triangles are12 � y2 � x2 + 12 � y2 � x2 = 2 � xy2 = xy4 , so the desired area is simply ab� ab4 = 34ab, as desired.So, if we 
onsider the four re
tangles making up the large re
tangle that are dividedthis way (the one with dimensions a4x b3 , et
.), we 
an say that the total shaded area is34 of the total area of the re
tangle - that is, 34ab.5. The area of 4ABF = 12bh = 12 � 3h = 32(3 sin 60 Æ) = 92 sin 60 Æ. The area of 4FCDE =area of 4ABF - area of 4FGC = 92 sin 60 Æ � 12 sin 60 Æ = 4 sin 60 Æ. Therefore, area ofABCDE = area of4ABF+ area of FCDE = 92 sin 60 Æ+4 sin 60 Æ = 172 sin 60 Æ = 17p34 .6. The area of an equilateral triangle with side length s is p34 s2. Therefore, the side lengthis 4p2 and height h = 2p6. Now, if r is the radius of the ins
ribed 
ir
le, then r = h3 ,sin
e we have an equilateral triangle. Thus the area is �r2 =8�3 .7. Let's "resize" the 
oordinates to be x0 = x; y0 = 2y3 . This keeps the origin at (0,0), butturns our ellipse into a 
ir
le of radius 2. Thus now, the triangle is equilateral, and we
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an see it now has area 3p3. On
e we expand ba
k, we 
an see we are just multiplyingthe area by 32 and so the answer is 9p32 .8. By standard formula, we have that the radius of the ins
ibed 
ir
le, r, is r = ab sinA2a+b(iso
eles triangle that is formed by 
utting the pyramid verti
ally in half (
uts the baseinto 2 equal re
tangles)). h2+( b2)2 = a2 gives a = qh2 + b24 . Also sinA = ha . Therefore,r = bh2qh2+ b24 +b . Note that the diameter of the 
ube is the diameter of the sphere. Let lbe the length of the side of the 
ube, so the diameter of the 
ube is lp3 = 2r, so l = 2rp3 .So, the volume of the pyramid is 13b2h and the 
ube volume if l3. So, the ratio is 25p36 .9. A hexagon 
an be formed by removing any vertex, removing all verti
es 
onne
ted tothat vertex, and then removing any edges 
onne
ted to any of the removed verti
es,and these are the only hexagons in the diagram. Thus, sin
e there are 10 verti
es, thereare 10 hexagons in the �gure below.

10. Consider the 
attened version of the situation. Then let O be the 
enter fo the spheres,A be the �rst re
e
tion point, B be the point of C1 su
h that OB is perpendi
ular toOP .Then sin
e OB = 1,OP = p3, 6 PBO = 60 Æ and P;B;A are 
ollinear, 6 BAO = 60 Æimplies that 6 POA = 30 Æ. Therefore, ea
h re
e
tion takes the ray 112 around the 
ir
le,so there are 11 re
e
tions.


