
Power Test SolutionsRi
e Mathemati
s Tournament 20001. (a) D4 = 9; D5 = 44(b) This is D7 =1854(
) Dn = (n� 1)(Dn�1 +Dn�2)(d) Dn = n �Dn�1 + (�1)n2. 10 � 9 � 8 give the number of all di�erent 3 letter words. One sixth of these are inalphabeti
al order. 10�9�86 = 120.3. A < B < C. More spe
i�
ally, A = :26; B = :37; C = :56.4. This is just derangements of 23541. D5 =44.5. We want 1� 365 � 364 � 363 : : : (365� n + 1)=365n > 50%. Just guestimating gives theanswer of 23 people.6. Sin
e we want to 
hoose k times from n distin
t elements, this is equivalent to 
hoos-ing where to put n� 1 "dividers" that separate the 
hoi
es. For example, if we wantedto 
hoose 3 s
oops of i
e 
ream from the 
avors 
ho
olate, vanilla, strawberry, and 
o�ee,we 
an represent the 
hoi
e of 2 vanilla and 1 
o�ee by (divider),
hoi
e,
hoi
e,(divider),(divider),
hoi
e.Noti
e that the 
hoi
es of positions for the dividers 
ompletely determines whi
h ele-ments we 
hoose. Therefore, we have n+ k� 1 spa
es to �ll with n� 1 dividers, so thenumber of ways of doing this is �n+k�1n�1 � or �n+k�1k �7. We 
an use the same method as the above argument, ex
ept that we know every elemento

urs at least on
e. So, this is the same as 
hoosing k � n times from the n distin
tobje
ts, so the answer is �k�n�n+1n�1 �, or �k�1n�1� or �k�1k�n�.8. FIX????????? 1� 9711033 = 6210339. Let S be the sum desired. Then 101 � S = 1011 �1000 � + 1012 �1001 � + 1013 �1002 � + : : :+ 101101�100100�. Now, 
onsider a general term in this expression - i.e. 101i+1 �100i �. This is equal to101i+1 � 100!(100�i)!i! = 101�100!(101�(i+1))!i!�(i+1) = 101!(101�(i+1))!i+1! = �101i+1�. So, we 
an simplify the termsto get 101 � S = �1011 � + �1012 � + �1013 � + : : :+ �101100� + �101101�. Thus, 101 � S = 2101 � 1,so S = 2101�1101 .10. �n+m�1m � or �n+m�1n�1 �. This 
an be seen from the fa
t that ea
h distribution 
an bedes
ribed by a 
ombination of letters, where ea
h letter represents a di�erent box. Thenumber of times ea
h letter o

urs in the 
ombination is determined by the number ofballs in the 
orresponding box.11. m![m1!m2!m3!:::mn!℄ . This is also equal to �mm1� �m�m1m2 � �m�m1�m2m3 � : : :12. This is very similiar to 11. A) 7!2!3!2! =210 B)�7!=(3!3!) =-14013. This is the sum of all the distribution numbers in whi
h the numbers m1 : : :mn runthrough all possible sequen
es of n positive integers adding up tom: Pm1+:::mn=mmi>=1 m!m1!m2!:::mn!



14. The boxes 
an be in any order, so we have a fa
tor of 6. Seven 
an be partitioned intothree distin
t parts as 0,1,6; 0,2,5; 0,3,4; or 1,2,4. So, the answer is 6 h 7!0!1!6! + 7!0!2!5! + 7!0!3!4! + 7!1!2!4!i =1008.15. This is partitioning 10 into 3 partitions, 2 of 1 type and one of the other. Thus, theanswer is 10!3!3!4!2! =2100.16. This is equivalent to �nding the number of sequen
es of length 10 
omposed of 0's and1's. (0 in a spot 
orresponds to that spot's number (0-9) not being in the subset.)However, we 
an't have two 
onse
utive 1's. If we try to generalize, let 0 = A, 1 = Band we are doing an n-letter "word" instead of ten. Set wn = number of n-letter words(satisfying the 
onditions); set an = number of words 
ounted by wn that begin with A;set bn = number of words 
ounted by wn that begin with B. wn = an + bn. an = bn�1.bn = wn�1. Combining these we get the re
ursive relationship wn = wn�1+wn�2. Thenwe 
an build up to �nd that w10 = 144.17. T (m;n) = n(T (m � 1; n � 1) + T (m � 1; n)) for 1 < n < m. To prove this,look at T (5; 3) and think of it as the number of 5-letter words from fA;B;Cg with nomissing letters. There are 3 
hoi
es for the �rst letter. After this, the remaining fourletters must be �lled in, and the �rst letter (
all it X) does not have to be used again.There are two 
ases:� If X does not o

ur again, then the word 
an be 
ompleted in T (4; 2) ways.� If X does o

ur again, then the number of ways to 
omplete the word is T (4; 3).As we have n 
hoi
es for the letter X (�rst letter), we get that T (5; 3) = 3 � (T (4; 2) +T (4; 3)), or the above, in general.18. an = an�1+an�2+an�5. Every way to make n 
ents ends in either a 1 
ent, 2 
ents,or 5 
ents (sin
e order matters, there is a distin
t last stamp). There are an�1 ways tomake n 
ents ending in a 1 
ent stamp, sin
e this is the number of ways to make n� 1
ents. Similarly, there are an�2 ways to make n 
ents ending in a 2 
ents stamp, andan�5 ways to make n 
ents ending in a 5 
ents stamp. Sin
e every way to make n 
entsends in one of these stamps, and there is no overlap, the total number of ways to maken 
ents is the sum of these, or an�1 + an�2 + an�5.19. (a) rn = rn�1 + n(b) �n+12 � + 120. First, we will show that a positive integer x is not a di�eren
e of squares if and only ifx � 2 (mod 4).First, suppose x = a2�b2 for some integers a; b, so x = (a� b)(a+ b). Now, if a�b = 1,then a+ b = 2n+ 1 for some integer n, so x = (a� b)(a+ b) = 2n+ 1, and x is odd.Conversely, if x is odd, then x = 2n + 1 for some integer n, so x = 1(2n + 1) =(n+ 1� n)(n + 1 + n) = (n + 1)2 � n2.Now, if a � b = 2, then a + b = 2n + 2 for some integer n, so x = (a� b)(a+ b) =2(2n+ 2) = 4n+ 4Conversely, if x � 0 (mod 4), then x = 4n+4 for some integer n, so x = (n+ 2)2�n2.So, for all other 
ases, a�b � 2. If a�b is even, then we know a�b = 2n for some integern, and a + b = 2n + 2m for some integer m, so x = (a� b)(a + b) = 2n � (2n + 2m) =4nm+ 4n2, so x � 0 (mod 4), and we have already 
overed this 
ase.



If a� b is odd, then we know a� b = 2n+1 for some integer n, and a+ b = 2n+2m+1,where m is some integer, so x = (a� b)(a+ b) = (2n+1) � (2n+2m+1) = 4(n2+nm+n) + 2n+ 2m+ 1 � 1 (mod 4), whi
h is a 
ase that we have already 
overed.Therefore, x is not a di�eren
e of two squares if and only if x � 2 (mod 4). So, the2000th number is 4 � 1999 + 2 =7998.


