11" Annual Harvard-MIT Mathematics Tournament
Saturday 23 February 2008

Team Round: A Division
Lattice Walks [90]

1. [20] Determine the number of ways of walking from (0, 0) to (5,5) using only up and right unit
steps such that the path does not pass through any of the following points: (1,1), (1,4),(4,1), (4,4).

Answer:

Solution: In the following figure, each lattice point (with the bottom-left-most point (0, 0))
is labeled with the number of ways of reaching there from (0,0). With the exception of the
forbidden points, the labels satisfy the recursion formula f(z,y) = f(x — 1,y) + f(x,y — 1).
We see from the diagram that there are 34 ways to reach (5,5).
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2. [20] Let n > 2 be a positive integer. Prove that there are %(n —2)(n+ 1) ways to walk from
(0,0) to (n,2) using only up and right unit steps such that the walk never visits the line y = x

after it leaves the origin.

Solution: The first two steps can only go to the right. Then we need to compute the
number of ways of walking from (2,0) to (n,2) which does not pass through the point (2, 2).
There are (g) ways to walk from (2,0) to (n,2), and exactly one of those paths passes through
the point (2,2). So the number of valid paths is (§) — 1= sn(n—1) — 1= 1(n—2)(n + 1).

Remark: We used the well-known fact that there are (“:b) ways to walk from (0,0) to (a,b)
using only up and right unit steps. This is true because there are a + b steps, and we need to
choose a of them to be right steps, and the rest up steps.

3. [20] Let n > 4 be a positive integer. Determine the number of ways to walk from (0,0) to
(n,2) using only up and right unit steps such that the path does not meet the lines y = = or
y =z —n+ 2 except at the start and at the end.



Answer: | 3(n%—5n+2) ‘

Solution: It is easy to see the the first two steps and the last two steps must all be right
steps. So we need to compute the number of walks from (2,0) to (n —2,0) that does not pass
through (2,2) and (n — 2,0). There are ("52) paths from (2,0) to (n —2,0), and exactly two
of them are invalid. So the answer is (";2) —2=1(n-2)(n-3)—2=1(n?—-5n+2).

4. [30] Let n > 6 be a positive integer. Determine the number of ways to walk from (0,0) to
(n,3) using only up and right unit steps such that the path does not meet the lines y = x or
y =1z —n + 3 except at the start and at the end.

Answer: | £(n—6)(n—1)(n+1)| Consider the first point of the path that lies on = = 3.

There are two possibilities for this point: (3,0) and (3,1), and there is exactly one valid way
of getting to each point from the origin. Similarly, consider the last point of the path that
lies on x = n — 3. There are two possibilities: (n — 3,2) and (n — 3,3), and there is exactly
one valid way of getting to the destination from each of the two points. Now we count the
number of valid paths from each of (3,0) and (3,1), to each of (n — 3,2) and (n — 3,3), and
the answer will be the sum.

e From (3,1) to (n —3,2): there are no forbidden points along the way, so there are n —5
ways.

e From (3,0) to (n —3,2): the path must not pass through (n — 3,0), and there is exactly

one invalid path. So there are (n;4) — 1 ways.

e From (3,1) to (n—3,3): the path must not pass through (3, 3), and there is exactly one

invalid path. So there are (”;4) — 1 ways.

e From (3,0) to (n— 3, 3): the path must not pass through (n —3,0) and (3, 3), and there

are exactly two invalid paths. So there are ("53) — 2 ways.

Summing, we obtain the answer:

n_5+(n;4>_1+<n;4)_1+<n;3>_2: n3—6n26—n+6 _ (n—6)(ngl)(n+1)‘

Lattice and Centroids [130]

A d-dimensional lattice point is a point of the form (z1,x9, ..., zq) where x1, za, ..., x4 are all inte-
gers. For a set of d-dimensional points, their centroid is the point found by taking the coordinate-
wise average of the given set of points.

Let f(n,d) denote the minimal number f such that any set of f lattice points in the d-dimensional
Euclidean space contains a subset of size n whose centroid is also a lattice point.

5. [10] Let S be a set of 5 points in the 2-dimensional lattice. Show that we can always choose
a pair of points in S whose midpoint is also a lattice point.

Solution: Consider the parities of the coordinates. There are four possibilities: (odd, odd),
(odd, even), (even, odd), (even, even). By the pigeonhole principle, two of the points must
have the same parity in both coordinates (i.e., they are congruent in mod 2). Then, the
midpoint of these two points must be a lattice point.



6. [10] Construct a set of 2¢ d-dimensional lattice points so that for any two chosen points A, B,
the line segment AB does not pass through any other lattice point.

Solution: The simplest example is the set of 2¢ points of the form (ay,as,...,aq), where
ar, € {0,1} for each k. This is the set of vertices of a d-dimensional cube.

7. [35] Show that for positive integers n and d,

(n—1224+1< f(n,d) < (n—1)n? 4 1.

Solution: Note that taking the set of points to be a multiset does not affect f(n,d) as
adding multiples of n to any of the coordinate values does not change the result. The lower
bound is obtained by considering the multiset consisting of n — 1 copies of each of the 2¢
0, 1-vectors of length d, as it contains no submultiset of size n whose centroid is also a lattice
point. By the pigeonhole principle, any multiset of (n — 1)nd + 1 lattice points must contain
n points whose coordinates are congruent modulo n. The centroid of these n points is also a
lattice point, thus proving the upper bound.

8. [40] Show that for positive integers ni, n2 and d,

f(ning,d) < f(ni,d) +n1 (f(n2,d) —1).

Solution:  Given a multiset of f(ni,d) + ni (f(n2,d) — 1) lattice points, we may select
I = f(n2,d) pairwise disjoint submultisets Si, Ss, ..., S, each consisting of ny points, whose
centroid is a lattice point. Let ¢ map each multiset S; to its centroid g;. By the definition of
f(nga,d), there exists a submultiset T C {g1, 92, ..., } satisfying |T'| = ny whose centroid is
a lattice point. Then ;e ¢ '(g;) is a multiset of niny lattice points whose centroid is also
a lattice point.

9. [35] Determine, with proof, a simple closed-form expression for f(2¢,d).

Answer: |[(2¢—1)2¢ +1

Solution: From Problem ?7, f(2%,d) > (2 — 1)2¢ + 1. We prove by induction on a that
f(2%,d) < (2¢ —1)2? + 1. When a = 1, Problem ?? shows that f(2,d) < 2?+ 1. Fix a > 1
and suppose that the assertion holds for smaller values of a. Using Problem 77,

f(2avd) < f(27d) +2 (f(2a_l7d> - 1)
<2t 41422071 —1)2¢
=20 -1)2¢ + 1.

Thus f(2¢,d) = (2¢ — 1)2% + 1.

Incircles [180]

In the following problems, ABC' is a triangle with incenter I. Let D, E, F' denote the points where
the incircle of ABC touches sides BC, C A, AB, respectively.
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At the end of this section you can find some terminology and theorems that may be helpful to you.

10. On the circumcircle of ABC, let A’ be the midpoint of arc BC' (not containing A).

(a) [10] Show that A, I, A’ are collinear.
(b) [20] Show that A’ is the circumcenter of BIC.

Solution:

(a) Since A’ bisectors the arc BC, the two arcs A’'B and A'C' are equal, and so ZBAA" =
/CAA’. Thus, A’ lies on the angle bisector of BAC. Since I also lies on the angle
bisector of BAC, we see that A, I, A" are collinear.

(b) We have
LCTA = ZAAC + LICA = ZAAB + ZICB = ZA'CB + ZICB = ZICA'.
Therefore, A’ = A’C. By similar arguments, A’ = A’B. So, A’ is equidistant from
B, I,C, and thus is its circumcenter.

11. [30] Let lines BI and EF meet at K. Show that I, K, E,C, D are concyclic.

Solution:  First, note that there are two possible configurations, as K could lie inside
segment FF', or on its extension. The following proof works for both cases. We have

A




12.

13.

LKIC = /ZIBC + ZICB = %LABC + éAACB =90° — %ABAC = /AFEF.

It follows that I, K, E/, C' are concyclic. The point D also lies on this circle because ZIDC =
ZIEC = 90°. Thus, all five points are concyclic.

[40] Let K be as in the previous problem. Let M be the midpoint of BC and N the midpoint
of AC. Show that K lies on line M N.

Solution: Since I, K, E,C are concyclic, we have ZIKC = ZIEC = 90°. Let C’ be the
reflection of C' across BI, then C’ must lie on AB. Then, K is the midpoint of CC’. Consider
a dilation centered at C with factor % Since C’ lies on AB, it follows that K lies on M N.

[40] Let M be the midpoint of BC, and T diametrically opposite to D on the incircle of
ABC'. Show that DT, AM, EF are concurrent.

Solution: If AB = AC, then the result is clear as AM and DT coincide. So, assume that
AB # AC.

Let lines DT and EF meet at Z. Construct a line through Z parallel to BC, and let it
meet AB and AC at X and Y, respectively. We have /X ZI = 90°, and Z/XFI = 90°.
Therefore, F, Z, I, X are concyclic, and thus LZIXZ = ZIFZ. By similar arguments, we also
have /1Y Z = /ZIEZ. Thus, triangles IFFE and IXY are similar. Since [E = I F', we must
also have I X = IY. Since IZ is an altitude of the isosceles triangle /XY, Z is the midpoint
of XY.



Since XY and BC are parallel, there is a dilation centered at A that sends XY to BC. So
it must send the midpoint Z to the midpoint M. Therefore, A, Z, M are collinear. It follows
that DT, AM, EF are concurrent.

14. [40] Let P be a point inside the incircle of ABC. Let lines DP, EP, F P meet the incircle
again at D', E', F'. Show that AD', BE',CF’ are concurrent.

Solution: Using the trigonometric version of Ceva’s theorem, it suffices to prove that

sin /ZBAD' sinZCBE' sin ZACF'

. . =1.
sin/D'AC sin/ZE'BA sin/ZF'CB ()
A
Using sine law, we have
) FD' | FD' |
sin /BAD' = T St LAFD = 1y Sin /FDD'
Let r be the inradius of ABC. Using the extended sine law, we have F'D’ = 2rsin /FDD’.

Therefore,
-sin? ZFDD'.

2r
in/BAD' =
sin 1

D/

Do this for all the factors in (}), and we get

sin /BAD' sin Z/CBE' sinéACF’_ sin /ZFDD' sin /DEE' sin /EFF'\?
sin/D'AC sin/E'BA sin/F'CB \sin/D'DE sin/E'EF sin/F'FD

Since DD', EE', FF' are concurrent, the above expression equals to 1 by using trig Ceva on
triangle DEF. The result follows.

Remark: This result is known as Steinbart Theorem. Beware that its converse is not com-
pletely true. For more information and discussion, see Darij Grinberg’s paper “Variations of
the Steinbart Theorem” at http://de.geocities.com/darij_grinberg/.

Glossary and some possibly useful facts

e A set of points is collinear if they lie on a common line. A set of lines is concurrent if they
pass through a common point. A set of points are concyclic if they lie on a common circle.



e Given ABC a triangle, the three angle bisectors are concurrent at the incenter of the triangle.
The incenter is the center of the incircle, which is the unique circle inscribed in ABC', tangent
to all three sides.

o (eva’s theorem states that given ABC a triangle, and points X,Y, Z on sides BC,CA, AB,
respectively, the lines AX, BY, CZ are concurrent if and only if

BX CY AZ
XB YA ZB

o “Trig” Ceva states that given ABC' a triangle, and points X, Y, Z inside the triangle, the
lines AX, BY,CZ are concurrent if and only if

sin/BAX sinZCBY sin/ZACZ

Sn/XAC sm/YBA snZZCB -




