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Abstract

Kinetic models have played a pivotal role in the study of ligand-induced endocytosis. However, an analysis that suggests a

systematic way to validate such models is lacking. The current work analyses the base model of ligand-induced endocytosis for three

widely used experimental protocols. In protocol I cells initially devoid of ligand are incubated in ligand solution, whereas protocols

II and III are desorption experiments in which an initial pool of surface or internalized ligand–receptor complexes, respectively, are

released into an elution medium that is initially devoid of ligand. A short-time analysis of protocol I using successive substitutions

yielded a corrected pre-factor for the In/Sur plot introduced by Wiley and Cunningham (Cell 25 (1981) 433). In contrast, neglecting

the variation in receptor numbers yielded an approximation of protocol I that is valid for long times (e.g. tens of minutes). Similarly,

the low cell-concentration limits of protocols II and III are derived by neglecting the concentration of free ligand. The simplicity of

these approximations provides a simple and reliable method for estimating the parameters governing ligand kinetics, while their

definitive nature implies that they can be used to verify the validity of the base model. This analysis also provides insight on the fast

endocytosis and recycling limit of protocol III.

r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Most models of cellular pharmacokinetics are based
on an analogy between receptor and enzyme kinetics
and employ kinetic equations to describe a small
number of rate limiting steps between various cellular
compartments (Levitzki, 1984; Lauffenburger and
Linderman, 1993; Mukherjee et al., 1997; Wiley et al.,
2003). In addition to numerical simulations of these
models, their relative simplicity has prompted the
derivation of simple analytical approximations for
purposes of parameter estimation and model validation
(Wiley and Cunningham, 1981,1982; Zigmond et al.,
1982; Shimizu and Kawashima, 1989). Motivated by the
analogy to enzyme kinetics, Wiley and Cunningham
(1981) employed the quasi-steady-state approximation
to derive a graphical method for parameter estimation.
These authors also introduced the In/Sur plot as a
means of estimating the endocytosis rate constant from
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simple ligand sorption experiments (Wiley and Cunning-
ham, 1982). A major limitation of the In/Sur plot is that
it is only valid for short times such that degradation and
recycling terms are negligible compared to the endocy-
tosis and binding terms.

As the number of parameters in receptor signaling
models increases, numerical techniques for parameter
estimation are increasingly employed (Waters et al.,
1990; Schoeberl et al., 2002; Swameye et al., 2003).
However, this approach has two limitations. First, just
as in enzyme kinetics, the stiffness of these models
implies that only a subset of the parameters can be
estimated simultaneously for a given experiment. This is
because by its very definition stiffness implies the
existence of a hierarchy of time scales (Heinrich et al.,
1977; Schauer and Heinrich, 1979; Roussel and Fraser,
1991). Consequently, most experiments only capture the
slow quasi-steady-state kinetics of stiff systems. In the
absence of a good characterization of the kinetic
equations it is impossible to plan a logical experimental
strategy for parameter fitting and a brute force
numerical approach may require many experimental
permutations. Second, a fully numerical approach of
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Fig. 1. Rate limiting trafficking steps considered in the base model.

Extracellular ligand (&) binds reversibly to free surface receptor ( )

with on rate kf and off rate kr. Ligand–receptor complexes ( ) are

endocytosed with an average rate constant ke. Free receptors are also

internalized, but with a slower constitutive rate constant kt.

Internalized free and ligand-bound receptors meet in the sorting

endosome. A fraction of internalized receptors are pinched off along

with tubular buds of the sorting endosome and recycle back to the

plasma membrane with an average rate constant krec. The remaining

fraction of internalized receptors degrades in the maturing endosome

and eventually in the lysosome. This degradation is assumed to be first

order with an average rate constant kdeg. New receptors are continually

synthesized in the Golgi and brought to the cell surface at a rate Vr.
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simultaneously estimating all the parameters does not
validate the model. This realization has motivated a
renewed effort to derive analytical approximations for
simple enzyme kinetics models (Schnell and Mendoza,
1997, 2000a, 2000b; Schnell and Maini, 2000; Tzafriri
et al., 2002; Tzafriri, 2003; Tzafriri and Edelman, 2004).
Despite their analogy to enzyme kinetics models,
endocytosis models are not as well studied.

In this work, we analyse the base model of ligand-
induced endocytosis (Lauffenburger and Linderman,
1993) for three widely used experimental protocols.
Protocol I is a ligand uptake experiment into cells that
are initially devoid of ligand, whereas Protocols II and
III are desorption experiments from cells that were pre-
loaded with surface and internalized ligand–receptor
complex, respectively. Our analysis of these experiments
relies heavily on the sequence of physical processes
occurring in each of these experimental protocols (Hill,
1942; Buchman and Parnas, 1994). The sequential
nature of these kinetic models is shown to dictate the
sensitivity of each of the experimental protocols to the
various model parameters. In turn, this enabled us to
derive controlled approximate solutions to the base
model for each of these protocols. In this context the
term controlled refers to the existence of a well-defined
criterion for the validity of a given approximation.
This base model only considers the rate limiting steps for growth factor

induced endocytosis and neglects fast processes such as dimerzation of

surface receptors, activation of occupied receptors and binding to

surface proteins, etc. (Lauffenburger and Linderman, 1993; Mukherjee

et al., 1997).
2. The base model

In the current work we shall restrict our discussion to
the base model depicted in Fig. 1. Although an
idealization, this model accounts for all the essential
processes governing cellular pharmacokinetics: ligand
binding to surface receptors, constitutive and ligand
induced endocytosis, receptor recycling and degrada-
tion. Applying the law of mass action to this compart-
mental scheme translates it into the following set of
coupled differential equations:

’L ¼ ð�kf LRs þ krCsÞðn=NavÞ; ð1Þ

’Cs ¼ kf LRs � kr þ keð ÞCs þ 1� f1ð ÞkrecCi; ð2Þ

’Ci ¼ keCs � ðð1� f1Þkrec þ f1kdegÞCi; ð3Þ

’Rs ¼ �kf LRs þ krCs þ Vr � ktRs þ 1� f2ð ÞkrecRi; ð4Þ

’Ri ¼ ktRs � ðð1� f2Þkrec þ f2kdegÞRi; ð5Þ

where over-dots denote temporal differentiation, L

denotes the extracellular concentration of free ligand,
Rs and Ri denote the numbers of unoccupied surface
and intracellular receptors, respectively, Cs and Ci

denote the numbers of ligand-bound surface and
intracellular receptors, respectively, f1 and f2 are,
respectively, the fractions of ligand-bound and unoccu-
pied internalized receptors that are sorted to degrada-
tion, n denotes the cell density (cells/l), Nav is the
Avogadro number and the rate constants are defined in
Fig. 1. We will consider the solution of these equations
under three different initial conditions, corresponding to
each of the three experimental protocols.

Protocol I: Cells are incubated in binding medium at
37�C. Prior to incubation the cells are devoid of ligand.
The initial conditions corresponding to this protocol are
therefore

ðL;Rs;Cs;Ci;RiÞ ¼ ðL0;Rs0; 0; 0;Ri0Þ; t ¼ 0; ð6aÞ

where

Rs0 �
Vr

kt

� �
1þ

1� f2ð Þkrec

f2kdeg

� �
; Ri0 �

Vr

f2kdeg

ð6b; cÞ

are the steady-state pre-incubation receptor numbers.
Protocol II: Cells are equilibrated with labeled ligand

at 4�C. The low temperature prevents the internalization
of ligand–receptor complexes (Lauffenburger and Lin-
derman, 1993). At the end of the incubation period, the
cells are quickly washed with ice-cold salt solution to
remove unbound ligand and are then transferred to a
pre-warmed water bath (37�C) in which they are
incubated for various times. At the end of the timed
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incubations the cell plates are removed from the water
bath and the medium containing the dissociated ligand
is sampled. The initial conditions corresponding to this
protocol are therefore

ðL;Rs;Cs;Ci;RiÞ ¼ ð0;Rs2;Cs2; 0;Ri2Þ; t ¼ 0: ð7Þ

Protocol III: Similar to protocol I except that after
pre-incubation in the warm binding medium cells are
washed in a cold mild acid solution in order to remove
the surface bound ligand (Lauffenburger and Linder-
man, 1993) and are subsequently transferred to a pre-
warmed water bath (37�C) in which they are incubated
for various times and the concentrations are measured
just as in Protocol II. The initial conditions correspond-
ing to this protocol are therefore

ðL;Rs;Cs;Ci;RiÞ ¼ ð0;Rs3; 0;Ci3;Ri3Þ; t ¼ 0: ð8Þ

3. Analysis

In the following sections we derive approximate
solutions for protocols I–III. Fig. 2 is a schematic
representation of the initial conditions corresponding to
each of these protocols. Gray cells depict compartments
initially devoid of ligand, while black cells depict ligand-
pre-loaded compartments. This representation empha-
sizes that all three protocols are relaxation experiments
from a single compartment to its nearest neighbors. This
unifying view will guide our analysis of these protocols.

3.1. Protocol I

Although Eqs. (1)–(6) cannot be solved in closed
form, at least for short times their solution can be
approximated to arbitrary accuracy using the method
of successive substitutions (Lin and Segel, 1988; Hill,
Extracellular

Protocol

Compartment
I II III

Cell Surface

Intracellular

Fig. 2. Initial conditions corresponding to protocols I–III. Gray cells

depict compartments initially devoid of ligand, while black cells depict

ligand-replete compartments. This schematic representation empha-

sizes that in all three protocols the contents of a single compartment

are relaxing into nearest neighbor compartments.
1942). Such an analysis is carried out in Appendix B
where we find that

Ci

Cs

¼
ke

2

� �
t þ Oðt2Þ: ð9Þ

This result is of consequence for the simplest variant of
the In/Sur plot (e.g. Ci=Cs versus time) and shows that
the initial slope in such plots corresponds to ke=2 and
not to ke as is commonly believed (Wiley and Cunning-
ham, 1982; Helin and Beguinot, 1991; Fannon and
Nugent, 1996; Sorkina et al., 2002). Another obvious
limitation of the In/Sur plot is that it is based on a very
short-lived approximation that limits its application to
very short experimental times, and consequently to a
small number of experimental points. This limitation
has prompted the derivation of the refined In/Sur plot
(Opresko and Wiley, 1987). However, the latter refine-
ment is also restricted to short times, before recycling
and degradation have significant impact. Vuk-Pavlovic
and co-workers derived approximate analytical solu-
tions of the base model for protocol I under conditions
of excess ligand concentration (Myers et al., 1987;
Bajzer et al., 1989). Although their derivations are
mathematically sound, they are nevertheless incompa-
tible with an underlying assumption of the base model,
that ligand concentration is sufficiently low not to
saturate the different pathways. This is the justification
for using first-order processes to model the kinetics of
influx and efflux into the various cellular compartments.

3.1.1. Excess receptor concentration

As shown in Appendix A, Eqs. (1)–(5) have a single
steady-state point

ðL;Rs;Cs;Ci;RiÞ ¼ ð0;Rs0; 0; 0;Ri0Þ; ð10Þ

which is also the equilibrium state. Consequently,
protocol I represents a perturbation of the system from
its equilibrium, which subsequently relaxes to the initial
state. When the receptor number is in great excess of the
ligand

d �
L0

Rs0ðn=NavÞ
51; ð11Þ

the perturbation is small and the system is well
characterized by its linear response.

However, the equations describing the system’s linear
response are still rather complicated and unilluminating
(see Appendix A). In this section, we therefore limit our
analysis to non-recycling receptors, f1 ¼ f2 ¼ 1; in which
case (as derived in Appendix A) the linear response of
Eqs. (1)–(5) is given by

’LEð�kaL þ krcsÞ; ð12Þ

’csEkaL � ðkr þ keÞcs; ð13Þ

’ci ¼ kecs � kdegci; ð14Þ
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Fig. 3. (A–C) Protocol I in the absence of recycling. Approximations

(20)–(22) (dashes) versus numerical solution of Eqs. (1)–(3) (solid lines)

for L0=0.1 nM and the parameter values listed in Table 1, except

f1 ¼ f2 ¼ 1 ðRs0 ¼ 4; 333; Ri0 ¼ 59; 091Þ: Color scheme: (gray) n ¼
1:0� 109 cell=l; d ¼ 137 (black) n ¼ 1:0� 1010 cell=l; d ¼ 13:7:
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’rsE� kaL þ krcs � ktrs; ð15Þ

’ri ¼ ktrs � kdegri; ð16Þ

where we introduced the simplifying notations

ka � kf Rs0ðn=NavÞ: ð17Þ

cs � Csðn=NavÞ; ci � Ciðn=NavÞ; ð18a;bÞ

rs � ðRs � Rs0Þðn=NavÞ; ri � ðRi � Ri0Þðn=NavÞ:

ð18c;dÞ

These definitions imply the following initial conditions:

ðL; cs; ci; rs; riÞ ¼ ð0; 0; 0; 0; 0Þ; t ¼ 0: ð19Þ

Solving Eqs. (12)–(16) subject to initial conditions (19)
we find

LE
L0

lþ � l�

� �
ððlþ þ ke þ krÞelþt

� ðl� þ ke þ krÞel�tÞ; ð20Þ

csE
kaL0

lþ � l�

� �
ðelþt � el�tÞ; ð21Þ

ciEkee
�kdegt

Z t

0

cse
kdegs ds

¼
kekaL0

lþ � l�

� �
elþt � e�kdegt

kdeg þ lþ
�

el�t � e�kdegt

kdeg þ l�

� �
; ð22Þ

rsE
kaL0

lþ � l�

� �
l� þ ke

l� þ kt

� �
ðel�t � e�kttÞ

�

�
lþ þ ke

lþ þ kt

� �
ðelþt � e�kttÞ

�
; ð23Þ

ri ¼ kt

Z t

0

rse
kdegðs�tÞ ds; ð24Þ

where l7 are the roots of the quadratic equation

l2 þ ka þ kr þ keð Þlþ kake ¼ 0: ð25Þ

Figs. 3 and 4 illustrate the quality of the approximations
for two cases that differ only in the recycling fractions.
Fig. 3 considers the parameter values shown in Table 1
except for f1 ¼ f2 ¼ 1:0 and consequently Eq. (6b,c)
implies that Rs0 ¼ 4; 333 and Ri0 ¼ 59; 091: Since d is
inversely proportional to the cell concentration the cases
n ¼ 1:0� 109 and 1:0� 1010 cells=l correspond to d ¼
137 and 13.7, respectively. In both cases the approxima-
tion is very good for short times, but begins to deteriorate
after Cs attains its maximum. In light of the high d values
considered in Fig. 3, the approximations are surprisingly
good. Fig. 4 considers a similar case, but with recycling
(the parameter values shown in Table 1 except for f1 ¼
1:0Þ: In this case the cell concentrations n ¼ 1:0� 109 and
n ¼ 1:0� 1010 cells=l correspond to d ¼ 5:0 and 0.5,
respectively. Eqs. (20)–(22) are very good approximations
during the surface binding phase for both cell concentra-
tions, however, in the low-density case ðd ¼ 5:0Þ the
quality of the approximation eventually deteriorates due
to the deviation of Rs from its initial value (not shown).
Nevertheless, the overall fit is still very good for d ¼ 5:0;
which stems from the fact that the importance of the
kf LRs term in Eqs. (1), (2) and (4) diminishes as the
extracellular ligand concentration decreases with time.
Thus, the approximations derived in this section under
the assumption that d51; seem to be of a much wider
validity. Eqs. (20)–(22) were obtained by neglecting
recycling effects. Nevertheless, these equations are better
approximations for the case considered in Fig. 4, which
does include recycling. Thus, at least for the parameter
values considered in Table 1 ligand kinetics depend more
strongly on d than on the kinetics of the free (surface and
internalized) receptors.

3.2. Protocol II

Instead of solving Eqs. (1)–(5), we shall consider the
initial transient approximation (ITA) of these equations.
The latter is derived by noting that at sufficiently short
times initial conditions (7) imply that all terms propor-
tional to L can be safely neglected so that the system is
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Fig. 4. (A–C) Protocol I in the presence of recycling. Approximations

(20)–(22) (dashes) versus numerical solution of Eqs. (1)–(3) (solid lines)

for L0=0.1 nM and the parameter values listed in Table 1, except

f1 ¼ 1 ðRs0 ¼ 118; 575; Ri0 ¼ 118; 182Þ: Color scheme: (gray) n ¼
1:0� 109 cell=l; d ¼ 5:0 (black) n ¼ 1:0� 1010 cell=l; d ¼ 0:5:

Table 1

Base line parameter values

Parameter Process Value

kr Ligand desorption 0.34min�1

kf Ligand adsorption 7.2� 107M�1min�1

kt Constitutive internalization 0.030min�1

ke Endocytosis 0.165min�1

kdeg Receptor degradation 0.0022min�1

krec Receptor recycling 0.058min�1

Vr Receptor synthesis 130 receptors/cell min�1

f1 Endosomal sorting 0.5

f2 Endosomal sorting 0.5

Parameter values are average estimates from Lauffenburger and

Linderman (1993, p. 95). Substituting these values into Eq. (6) yields

Rs0¼ 118; 575 and Rj0¼ 118; 182:
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well approximated by the following linear system:

’LE krCsð Þ n=Nav

� �
; ð26Þ

’CsE� kr þ keð ÞCs þ 1� f1ð ÞkrecCi; ð27Þ
’Ci ¼ keCs � 1� f1ð Þkrec þ f1kdeg

� �
Ci; ð28Þ

’RsEkrCs þ Vr � ktRs þ 1� f2ð ÞkrecRi; ð29Þ

’Ri ¼ ktRs � 1� f2ð Þkrec þ f2kdeg

� �
Ri: ð30Þ

Inspection of Eq. (1) reveals that a sufficient condition
for the validity of this approximation is

kf LRs5krCs ) KDCs=RsbL; ð31Þ

where KD ¼ kr=kf is the ligand-surface receptor binding
affinity. On the other hand, initial conditions (7) imply
that in protocol II all the free extracellular ligand is due
to the dissociation of surface complex and consequently,

LpCs2 n=Nav

� �
: ð32Þ

Combining Eqs. (31) and (32) we obtain the following
sufficient condition for the validity of the approximation
up to time t

CsðtÞ=Cs2b Rs0=KD

� �
n=Nav

� �
: ð33Þ

Noting that Eqs. (27) and (28) are an autonomous linear
system we obtain

CsE
Cs2

pþ � p�
pþ þ K1ð Þepþt � p� þ K1ð Þep�t
� �

; ð34Þ

CiE
keCs2

pþ � p�
ðepþt � ep�tÞ; ð35Þ

where p7 are the roots of the quadratic equation

p2 þ K1 þ kr þ keð Þp þ krK1 þ f1kdegke ¼ 0 ð36Þ

and

K1 � ð1� f1Þkrec þ f1kdeg: ð37Þ

Using results (34) and (35) one can proceed to integrate
Eqs. (26), (29) and (30).

Fig. 5 illustrates the quality of the approximations for
two cell concentrations, n ¼ 1:0� 108 and n ¼ 1:0�
109 cells=l: As can be seen, results (34) and (35) are the
low cell concentration limits implied by Eqs. (2) and (3).
In fact, for the cell concentration n ¼ 1:0� 107 cells=l;
numerical solutions are indistinguishable from the
corresponding approximations (not shown). Moreover,
whereas Cs decreases significantly before cell concentra-
tion effects become apparent, the dependence of Ci on
cell concentration is rather pronounced. This behavior is
consistent with Eq. (33), which implies that the approx-
imation leading to Eqs. (34) and (35) will begin to break
down as the number of surface-bound ligand molecules
decreases below a threshold level that scales linearly
with the cell concentration, n:

3.2.1. Non-recycling receptors

In the case of non-recycling receptors, f1 ¼ 1; so that
pþ ¼ �kdeg and p� ¼ �ðke þ krÞ: Thus, for non-recy-
cling receptors Eqs. (34) and (35) take on the simple
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Fig. 5. (A, B) By protocol II: Approximations (34) and (35) (circles)

versus numerical solution of Eqs. (2) and (3) (solid lines) using the

parameter values listed in Table 1 and the initial conditions Cs2 ¼
Rs2 ¼ 0:5Rs0: Color scheme: (black) n ¼ 1:0� 109 cell=l; (gray) n ¼
1:0� 108 cell=l:
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Fig. 6. (A, B) Protocol III. Approximations (40) and (41) (circles)

versus numerical solution of Eqs. (2) and (3) (solid lines) using the

parameter values listed in Table 1 and the initial conditions Rs3 ¼
Rs0;Ci3 ¼ 0:2Rs0: Color scheme: (black) n ¼ 1:0� 109 cell=l; (gray)

n ¼ 1:0� 108 cell=l:
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form

CsECs2e
�ðkrþkeÞt; ð38Þ

CiE
keCs2

kr þ ke � kdeg

ðe�kdegt � e�ðkrþkeÞtÞ: ð39Þ

These results were previously derived by Shimizu and
Kawashima (1989). However, these authors did not
consider the case of recycling receptors, nor did they
derive a criterion for the validity of their approximation.

3.3. Protocol III

Anticipating that the free extracellular ligand con-
centration is negligible we consider Eqs. (26)–(30) once
more. Solving the autonomous pair (27)–(28) subject to
initial conditions (8) we obtain

CiE
Ci3

pþ � p�
ððpþ þ ke þ krÞepþt

� ðp� þ ke þ krÞep�tÞ; ð40Þ

CsE
ð1� f1ÞkrecCi3

pþ � p�
ðepþt � ep�tÞ; ð41Þ

where p7 are defined by Eq. (36). In contrast to protocol
II Ci is non-zero initially. Consequently, Eq. (31) is no
longer the sole criterion for neglecting the extracellular
ligand concentration in Eqs. (2) and (3) and must be
augmented by an additional requirement that

kf LRs5ð1� f1ÞkrecCi; ð42Þ

since this ensures that the term kf LRs0 can be neglected
in Eq. (2). On the other hand, initial conditions (8) imply
that

LpCi3ðn=NavÞ: ð43Þ

Consequently, the criterion for the validity of the
approximation up to time t is

CiðtÞ
Ci3

b
Rs0 n=Nav

� �
krecð1� f1Þ=kf

: ð44Þ

Fig. 6 illustrates the quality of the approximations for
two cell concentrations, n ¼ 1:0� 108 � 1:0�
109 cells=l: As can be seen, results (40) and (41) are
the low cell concentration limits implied by Eqs. (2) and
(3). In fact, for a cell concentration of n ¼ 1:0�
107 cells=l the numerical solutions are indistinguishable
from the approximations (not shown). Moreover,
whereas Ci decreases significantly before cell concentra-
tion effects become apparent, the dependence of Cs on
cell concentration is rather pronounced. This behavior is
consistent with Eq. (44), which implies that the approx-
imation leading to Eqs. (40) and (41) will begin to break
down as the number of intracellular ligand molecules
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decreases below a threshold level that scales linearly
with the cell concentration, n.

In a series of studies Maxfield and co-workers used
protocol III to follow the total number of cell-associated
ligand molecules (Dunn et al., 1989; Ghosh et al., 1994;
Hao and Maxfield, 2000). Summing Eqs. (40) and (41)
yields the following simple approximation for the latter
quantity:

Cs þ CiE
Ci3

pþ � p�
ððpþ þ ke þ kr þ %krecÞepþt

� ðp� þ ke þ kr þ %krecÞep�tÞ; ð45aÞ

where we introduced the simplifying notation

%krec ¼ ð1� f1Þkrec: ð45bÞ

Hao and Maxfield (2000) used protocol III to study the
kinetics of the fluorescent lipid marker C6-NBD-SM in
CHO cells and fit their experimental results to a double
exponential decay with a non-zero plateau. Since they
introduced this approximation in an ad hoc manner,
they were unable to directly correlate between their
fitting parameters and the kinetic process, as is done in
Eqs. (40) and (41). Moreover, their assumption of a
non-zero plateau is inconsistent with Eq. (45a), and
indeed with the base model itself since the latter is a
network with an irreversible sink. Thus, the experiments
of Hao and Maxfield (2000) could imply that inter-
nalized C6-NBD-SM is sequestered in CHO cells.
Alternatively, saturation of the post-endocytotic traf-
ficking (French et al., 1994) may result in a very low
degradation rate and consequently in an apparent
plateau.

3.3.1. Non-recycling receptors

In the case of non-recycling receptors f1 ¼ 1; pþ ¼
�kdeg and p� ¼ �ðke þ krÞ; so that Eqs. (40) and (41)
take on the simple form

CiECi3e
�kdegt; ð46Þ

CsE0: ð47Þ

Thus, negligible numbers of surface complexes in
protocol III directly imply that the cells are non-
recycling. Furthermore, these results imply that for
non-recycling receptors the total number of cell-
associated ligand molecules decays exponentially.

3.3.2. Fast recycling and endocytosis

As we shall proceed to demonstrate, the total number
of cell-associated ligand molecules also decays exponen-
tially whenever endocytosis and or recycling are fast
compared to ligand desorption from surface receptors
and intracellular degradation of internalized ligand–
receptor complexes,

kr þ f1kdeg5 %krec þ ke: ð48aÞ
To see this, we note that the latter inequality implies that

krK1 þ f1kdegke5 K1 þ ke þ krð Þ2: ð48bÞ

Recalling that p7 are the roots of Eq. (36) we have

p7 ¼
K1 þ kr þ keð Þ

2
17

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4ðkrK1 þ f1kdegkeÞ

ðK1 þ kr þ keÞ
2

s !
:

ð49Þ

Consequently, inequality (48a) implies that we can
use the binomial expansion of the square root in
Eq. (49),

ffiffiffiffiffiffiffiffiffiffiffi
1� x

p
E1� x=2; to obtain the following

approximations:

pþE�
krK1 þ f1kdegke

K1 þ ke þ kr

E
kr

%krec þ f1kdegke

%krec þ ke

; ð50aÞ

p�E� ðK1 þ ke þ krÞE� ð %krec þ ke þ krÞ: ð50bÞ

Moreover, Eq. (48b) implies that pþ=p�51: Substitut-
ing Eqs. (50a,b) into Eq. (45a) we arrive at the final
result

Cs þ Ci

Ci3
E

pþ þ ke þ kr þ %krec

pþ � p�

� �
epþtEepþt; ð51Þ

where pþ is given by Eq. (50a).
Taken together, the results of the last two subsections

imply that a monoexponential decay of the total number
of cell-associated ligands is not a unique hallmark of a
single process. In the case of non-recycling receptors,
this apparent rate constant corresponds to the degrada-
tion rate constant kdeg, whereas in the case of slow
degradation and desorption it corresponds to an
effective recycling rate constant defined in Eq. (50a).
Inequalities (48a) and (48b) imply that the latter is much
smaller than the true recycling rate constant, krec: The
practice of estimating the recycling rate constant as the
monoexponential decay constant in protocol III (Ghosh
et al., 1994) can therefore lead to significant errors.
4. Parameter estimation and model validation

Each of the approximate solutions derived in the
previous section was found to depend on different
subsets of model parameters. Obviously, protocols I–III
are only sensitive to parameters appearing in the
corresponding approximations. Whenever this depen-
dence is explicit, not only is the protocol sensitive to the
parameter, it also provides a direct and unambiguous
way of estimating the parameter. As we shall now argue,
combining the different protocols results in improved
parameter estimation.

As reviewed by Lauffenburger and Linderman (1993)
the binding parameters, Rs0; kf ; and kr can be estimated
from ligand-binding experiments at low temperatures
such that endocytosis is inhibited. Such an a
priori estimate is important for designing protocol I
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Fig. 7. Dual-protocol In/Sur plot. The ratio of internalized ligand–

receptor complexes in protocol II to surface ligand–receptor complexes

in protocol III, Ci;II=Cs;III; as a function of cell concentration is plotted

against time. Numerical simulations are shown for n ¼ 1:0� 109 cell=l
(gray dashes), n ¼ 1:0� 108 cell=l (black dashes) and n ¼
1:0� 107 cell=l (circles). The latter is well approximated by the

constant value predicted by Eq. (52) (solid black). These results were

obtained using the parameter values listed in Table 1 and the initial

conditions Rs2 ¼ Rs3 ¼ Rs0; Ci2 ¼ Ci3 ¼ 0:5Rs0:
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experiments under excess receptor conditions as defined
by Eq. (11). In the latter case Eqs. (20)–(25) can be used
to study slowly recycling receptors. The structure of
Eqs. (20) and (21) implies that l7 can be estimated
directly as the exponential decay rates. Consequently,
fitting the extracellular ligand concentration to Eq. (20)
yields a direct estimate of ke þ kr; whereas fitting the
concentration of surface-bound ligand to Eq. (21) yields
a direct estimate of kf Rs0 (ka). Noting that Eq. (25)
implies that lþl� ¼ kake we can combine the estimates
of ka, lþ; l�; ke þ kr to obtain an indirect estimate of
ke ¼ lþl�=ka and kr: Thus, protocol I can be used
under excess receptor conditions to sequentially estimate
the extracellular parameters kf Rs0; kr and ke for slowly
recycling receptors.

In order to estimate intracellular parameters of the
base model one has to resort to protocols II and III.
Thus, our analysis of protocol II implies that whenever
the base model is valid, fitting the concentration of
surface-bound ligand to Eq. (34) yields a direct estimate
of K1 � ð1� f1Þkrec þ f1kdeg; whereas fitting the concen-
tration of internalized ligand to Eq. (35) yields a direct
estimate of ke. Similarly, our analysis of protocol III
implies that whenever the base model is valid, fitting the
concentration of internalized ligand to Eq. (40) yields a
direct estimate of kr þ ke; whereas fitting the concentra-
tion of surface-bound ligand to Eq. (41) yields a direct
estimate of ð1� f1Þkrec: Combining these estimates with
the estimate of K1 and ke by protocol II yields an
indirect estimate of f1kdeg and kr. Moreover, the fact that
kr þ ke is directly estimated by protocols I and III allows
a self-consistency check of the model.

The simple relationships between rate constants and
ligand numbers implied by Eqs. (35) and (41) not only
suggest a simple means of estimating ke and %krec �
ð1� f1Þkrec; but are also definitive predictions that are
useful for model validation. Furthermore, the finding
that the apparent rate constants for protocols II and III
are the same, but different from the rate constants of
the same system under protocol I is a definitive result
that can be used to assess the model’s validity for a
given biological system. The most striking manifestation
of this result is obtained by dividing Eq. (35) by Eq. (41)
to find

ðCi;II=Cs2Þ
ðCs;III=Ci3Þ

E
ke

%krec

; ð52Þ

where the subscripts II and III denote the corresponding
experimental protocol. Namely, our analysis predicts
that at the low cell concentration limit, the ratio of the
number of internalized ligand molecules measured with
protocol II to the number of surface-bound ligand
molecules measured for protocol III is approximately
constant. Fig. 7 illustrates the validity of this prediction
for the baseline parameters listed in Table 1. Different
pre-loading conditions such as temperature of the
binding medium and duration of the loading phase will
result in different values of Cs2 and Ci3: Since ke and
%krec � ð1� f1Þkrec may vary with media conditions, care
should be taken in applying Eq. (52) only to data pooled
from protocols II and III that were conducted in similar
media conditions (temperature, pH, etc.).
5. Discussion

The current analysis of the base model of endocytosis
and receptor recycling has yielded several unexpected
results that are hard to obtain by exhaustive simulation.
The finding that for protocol I the system responds
linearly over a very wide range of ligand concentrations
was obtained by neglecting the variation in the number
of free surface receptors in Eqs. (1) and (2) and therefore
implies that ligand kinetics are effectively decoupled

from receptor kinetics in these cases. Thus, ligand
kinetics depend on free receptor recycling only implicitly

since the latter determines the number of free surface-
receptors at homeostasis as in Eq. (6b,c), thereby
affecting ka (see Eq. (17)). The analysis of protocols
II–III yielded the striking prediction that the ratio
of the number of internalized ligand molecules
measured with protocol II to the number of surface-
bound ligand molecules measured for protocol III is
approximately constant. Such definitive predictions are
potentially useful for model validation. The need for
better methods of model validation and parameter
estimation is illustrated by the recent finding that direct
measurements of receptor recycling could yield much
higher recycling rates than previously estimated (Hao
and Maxfield, 2000). Our analysis of protocol III
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suggests that this discrepancy stems from the fact that
fast endocytosis and fast recycling may be wrongly
interpreted by graphical methods as slow apparent

endocytosis and slow apparent recycling.
An attractive feature of the present analysis is that it

provides direct and transparent information on the
sensitivity of three accepted protocols to the various
model parameters. The alternative of obtaining this
information from a numerical sensitivity analysis is less
informative as it is restricted to a narrow region of
parameter space (Waters et al., 1990). Moreover,
numerical sensitivity analysis does not explain why a
given experimental protocol is sensitive to certain
parameters while insensitive to others. Such information
is inherent to the derivation of our approximations and
is transparent in the final approximations. Knowing the
sensitivity of a given protocol to different model
parameters is important not only for parameter estima-
tion, but also for mechanism identification. Thus, for
example, the recent controversy regarding the role of
dynamin in ligand-induced endocytosis was the result of
using an inconclusive protocol to pin down a mechan-
ism. Namely, Damke et al. (1994) measured the
concentration of internalized EGF in protocol I experi-
ments with cells that expressed wild type dynamin and
mutant dynamin. They observed that internalization
was down regulated in cells that over express the mutant
dynamin and inferred from this that endocytosis is down
regulated by mutant dynamin. However, Ringerike et al.
(1998) recently found that over expression of mutant
dynamin results in reduced EGF binding onto EGF
receptors and postulated that this could explain the
findings of Damke et al. (1994). That both effects can
explain the observed down regulation in ligand inter-
nalization is clearly seen in Eq. (22), since according to
this result internalized ligand concentration is propor-
tional to the product ðkf Rs0Þke: However, our analysis
goes beyond just demonstrating the source of this
controversy. In fact, it points to a possible resolution.
That is, our analysis of protocol II yielded Eq. (35),
which implies that the concentration of internalized
ligand is proportional only to ke: In turn, this implies
that protocol II is highly sensitive to variations in the
endocytosis rate constant.

Protocols I–III are not directly sensitive to the
degradation rate constant, kdeg. However, the combined
analysis of protocols II and III provided a simple in situ
method for estimating kdeg. The prevailing approach of
estimating kdeg from the kinetics of extracellular
degradation products is restrictive and may lead to
wrong interpretations regarding the time lag that is
often associated with intracellular degradation (Lauf-
fenburger and Linderman, 1993). This is important not
only for improving the estimate of the intracellular
degradation rate constant, but also for validating the
modeling of intracellular degradation. For example,
Mullick and Katzenellenbogen (1986) showed that the
lag time in the regulation of progesterone receptor
profile could be explained by a new kinetic model that
included a ‘‘precursor step’’ before the degradation of
progesterone receptor.

Our analysis of the base model is easily extended to
include first-order extracellular degradation of ligand in
Eq. (1). Moreover, an inclusion of a ligand-induced
receptor synthesis term of the form ksynCs in Eq. (4)
(Fallon and Lauffenburger, 2000) would not affect our
analysis at all. Such a nonlinear term would not affect
the linear stability analysis of protocol I. Similarly, our
analysis of protocols II and III was based on a
decoupling of ligand kinetics from free receptor kinetics
and would consequently be unaffected. Thus, ligand-
induced receptor synthesis does not significantly alter
ligand kinetics and its existence can only be validated by
a closer analysis of free receptor kinetics.

However, the analysis of protocols II and III relies
heavily on the assumption of first order kinetics under-
lying the base model. Namely, neglection of extracel-
lular ligand concentration in Eqs. (2) and (4) renders
these equations linear, thereby allowing the derivation
of simple bi-exponential approximations. This approach
can also be used to analyse the base model’s response to
a variant of protocol III in which the surface-bound
ligand is not removed prior to the temperature jump
(Wang et al., 2002). However, this also implies that our
analysis of protocols II and III will not be applicable
whenever the assumption of non-saturable first-order
mass transfer kinetics between intracellular compart-
ments breaks down. As already mentioned, the apparent
plateau in intracellular ligand concentration observed by
Hao and Maxfield (2000) cannot be explained by the
base model and may require the inclusion of a saturable
post-endocytotic trafficking term as proposed by French
et al. (1994).

The base model is only relevant for ligands, which like
EGF remain associated with their receptors during
sorting (Lauffenburger and Linderman, 1993). How-
ever, dissociation of the receptor–ligand complex is pH
dependent for certain ligands, such as TGF (Ebner and
Dernyck, 1991; French et al., 1995). To capture this
effect the base model must be augmented by a
compartment of free intracellular ligand that can
reversibly bind to intracellular receptors, the addition
of a mass balance equation for the concentration of free
intracellular ligand, Li; and of terms in Eqs. (3)–(5) to
describe binding and dissociation of the form kf RiLi

and k0
rCi; respectively (Starbuck and Lauffenburger,

1992). This does not affect the leading order approx-
imations of protocol I that lead to Eq. (9), nor results
(12) and (13) obtained for protocol I on cells without
receptor recycling. According to Starbuck and Lauffen-
burger (1992) the pH drop between the extracellular and
endosomal compartments can result in a 10-fold
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increase in the binding off-rate of the ligand–receptor
complex, (e.g., k0

r ¼ 10krÞ: Such pH effects will lower the
number of intracellular complexes per cell predicted by
the base model for protocols I–II since both these
protocols start with no intracellular complex. In the
absence of recycling, pH effects will not affect the base
model prediction of the number of surface complexes
per cell, Eq. (38). For cells with receptor recycling, pH
effects result in an overestimation of complex recycling
by the base model and a corresponding overestimation
of the number of surface complexes per cell and the
concentration of free extracellular ligand. Protocol III
should be the most sensitive to pH effects as in this case
a sizable fraction of the pre-loaded drug is free and the
pool of pre-loaded intracellular complex is relatively
short-lived because of the high binding off-rate. Conse-
quently, the base model overestimates the numbers of
surface and intracellular complexes. Thus, pH effects
can lead to significant deviations from the base model
estimates of Ci;II and Cs;III and to the consequent
invalidation of result (52). This is but one example of the
usefulness of internal-consistency checks such as
Eq. (52) in validating or refuting a model.
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Appendix A. Linear stability analysis

Setting the right-hand sides of Eqs. (1)–(5) to zero we
find that as long as f1kdeg > 0 the base model has a
single-steady state

ðL;Rs;Cs;Ci;RiÞ ¼ ð0;Rs0; 0; 0;Ri0Þ; ðA:1Þ

where Rs0 and Ri0 are both defined in Eq. (6).
Introducing the simplifying notations

ka ¼ kf Rs0ðn=NavÞ; ðA:2Þ

cs ¼ Csðn=NavÞ; ci ¼ Ciðn=NavÞ;

rs ¼ ðRs � Rs0Þðn=NavÞ; ri ¼ ðRi � Ri0Þðn=NavÞ ðA:3Þ

and linearizing the system around this steady-state we
find

’L ¼ ð�kaL þ krcsÞ; ðA:4Þ

’cs ¼ kaL � ðkr þ keÞcs þ ð1� f1Þkrecci; ðA:5Þ
’ci ¼ kecs � ðð1� f1Þkrec þ f1kdegÞci; ðA:6Þ

’rs ¼ �kaL þ krcs � ktrs þ ð1� f2Þkrecri; ðA:7Þ

’ri ¼ ktrs � ðð1� f2Þkrec þ f2kdegÞri: ðA:8Þ

Note that this set of five linear equations partitions into
two autonomous sets, the first three equations describ-
ing the relaxation of the ligand concentration in the
vicinity of the steady state and the last two linearized
equations describing the relaxation of free receptor
number in the vicinity of the steady state. Rewriting
Eqs. (A.4)–(A.8) in matrix form

’L

’cs

’ci

0
B@

1
CA

¼

�ka kr 0

ka �ðkr þ keÞ ð1� f1Þkrec

0 ke �ðð1� f1Þkrec þ f1kdegÞ

0
B@

1
CA

�

L

cs

ci

0
B@

1
CA; ðA:9Þ

it is easy to verify that the determinant of the matrix is
�kakef1kdeg: Consequently, the determinant is negative
whenever f1kdeg > 0: Noting that the determinant is
equal to the product of the eigenvalues and that the
trace of the matrix is also negative, we conclude that the
real parts of all three eigenvalues are negative and
consequently, that the steady-state point is linearly
stable. The vanishing of the determinant for f1kdeg ¼
0 ðf1 ¼ 0Þ is a reflection of the fact that in this case total
ligand concentration is conserved, so that

ci ¼ L0 � L � cs; f1 ¼ 0: ðA:10Þ
Appendix B. Leading order approximations for protocol I

Although Eqs. (1)–(6) cannot be solved in closed form
they can be approximated using the method of
successive substitutions (Lin and Segel, 1988; Hill,
1942). This iterative process of approximation begins
by using the initial conditions as the lowest order
approximations, which are then used to obtain first-
order approximations and so on. Using subscripts
to denote the order of the approximation (iteration)
we find the following equations for the first-order
approximations:

’L1 ¼ ð�kf L0Rs0Þðn=NavÞ; ðB:1Þ

’Cs1 ¼ kf L0Rs0; ðB:2Þ

’Ci1 ¼ 0; ðB:3Þ
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’Rs1 ¼ �kf L0Rs0 þ Vr � ktRs0 þ ð1� f2ÞkrecRi0

¼ �kf L0Rs0; ðB:4Þ

’Ri1 ¼ ktRs0 � ðð1� f2Þkrec þ f2kdegÞRi0 ¼ 0: ðB:5Þ

Integrating these equations subject to initial conditions
(6) we find

L1 ¼ L0 � kat; ðB:6Þ

Cs1 ¼ ðkf L0Rs0Þt; ðB:7Þ

Ci1 ¼ 0; ðB:8Þ

Rs1 ¼ Rs0 � ðkf L0Rs0Þt; ðB:9Þ

Ri1 ¼ Ri0: ðB:10Þ

The next order of the approximation is defined by the
following system of equations:

’L2 ¼ ð�kf L1Rs1 þ krCs1Þðn=NavÞ; ðB:11Þ

’Cs2 ¼ kf L1Rs1 � ðkr þ keÞCs1; ðB:12Þ

’Ci2 ¼ keCs1 ¼ keðkf L0Rs0Þt; ðB:13Þ

’Rs2 ¼ � kf L1Rs1 þ krCs1 þ Vr � ktRs1

þ ð1� f2ÞkrecRi1; ðB:14Þ

’Ri2 ¼ ðktRs0 � ðð1� f2Þkrec þ f2kdegÞRi0Þ

� ktðkf L0Rs0Þt ¼ �ktðkf L0Rs0Þt: ðB:15Þ

Substituting the first-order approximation on the right-
hand sides of Eqs. (B.11)–(B.15) and integrating these
equations subject to initial conditions (6) we find

L2 ¼ L1 þ 1
2

kaðkf L0 þ ka þ krÞt2 � 1
3

kf k2
at3; ðB:16Þ

Cs2 ¼Cs1 � 1
2

kf Rs0ðL0ðkr þ keÞ þ ka þ kf L2
0Þt

2

þ 1
3

kf ðkf L0Rs0Þkat3; ðB:17Þ

Ci2 ¼ 1
2

keðkf L0Rs0Þt2; ðB:18Þ

Rs2 ¼Rs1 þ 1
2

kf Rs0ðka þ kf L2
0 þ L0ðkt þ krÞÞt2

� 1
3

kf ðkf L0Rs0Þkat3; ðB:19Þ

Ri2 ¼ Ri0 � 1
2

ktðkf L0Rs0Þt2: ðB:20Þ

Clearly, this iterative procedure yields the leading terms
in the Taylor expansion of all the variables. Two results
are of special interest. First, we note that Vr does not
appear explicitly in these approximations, nor will it
appear in higher order terms since it cancels out in the
first order term. Second, Eqs. (B.7), (B.17) and (B.18)
imply that

Ci

Cs

¼
ke

2

� �
t þ 1

4
keðkr þ ke þ kf Rs0ðn=NavÞ

þ kf L0Þt2 þ Oðt3Þ: ðB:21Þ
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