
Estimation and Prediction of Time-Dependent Origin-

Destination Flows with a Stochastic Mapping to Path Flows

and Link Flows

K. Ashok

Principal

Marketing and Planning Systems

1100 Winter Street, Waltham, MA 02451

Tel: (781) 890-2228 * Fax: (781) 890-6719

E-mail: ashok@mit.edu

M.E. Ben-Akiva

Edmund K. Turner Professor of Civil and Environmental Engineering

Director, Intelligent Transportation Systems Program

Massachusetts Institute of Technology

Room 1-181, 77 Massachusetts Avenue, Cambridge, MA 02139

Tel: (617) 253-5324 * Fax: (617) 253-0082

E-mail: mba@mit.edu

1



Estimation and Prediction of Time-Dependent Origin-

Destination Flows with a Stochastic Mapping to Path Flows

and Link Flows

K. Ashok

Marketing and Planning Systems

1100 Winter Street, Waltham, MA 02451

M.E. Ben-Akiva

Massachusetts Institute of Technology

Room 1-181, 77 Massachusetts Avenue, Cambridge, MA 02139

Abstract

This paper presents a new suite of models for the estimation and prediction of time-

dependent Origin-Destination (O-D) matrices. The key contribution of the proposed

approach is the explicit modeling and estimation of the dynamic mapping (the assign-

ment matrix) between time-dependent O-D 
ows and link volumes. The assignment

matrix depends upon underlying travel times and route choice fractions in the net-

work. Since the travel times and route choice fractions are not known with certainty,

the assignment matrix is prone to error. The proposed approach provides a systematic

way of modeling this uncertainty to address both the o�ine and real-time versions of

the O-D estimation/prediction problem. Preliminary empirical results indicate that

generalized models with a stochastic assignment matrix could provide better results

compared to conventional models with a �xed matrix.
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There is increasing emphasis on Dynamic TraÆc Assignment (DTA) models for

analysis and management of urban and suburban congestion problems (Ben-Akiva

(1985), Ben-Akiva et al.(1994)). A key input to a DTA is a set of time-dependent

Origin-Destination matrices. Since obtaining these matrices directly (for example

from traÆc surveys) is extremely diÆcult and costly, the usual procedure is to esti-

mate these indirectly from the traÆc volumes they induce on the links of the network.

A DTA may be used in real-time within a traÆc management system or as an

o�ine tool for assessment of network performance. Correspondingly, we distinguish

between two types of dynamic O-D 
ow estimation problems { the o�ine estimation

problem and the real-time estimation and prediction problem. The former, as the

name indicates, is carried out o�ine and involves estimation of a set of dynamic O-D

matrices given a time-series of link volumes (and potentially other information such

as travel times, historical O-D 
ows, etc). The latter operates in tandem with a DTA

within a real-time traÆc management system. An additional issue of relevance in

the real-time problem is prediction of future O-D 
ows. Prediction of future 
ows is

important for generation of optimal traÆc control and route-guidance strategies.

Most research on Dynamic O-D Estimation and Prediction to date has focused on

\closed" networks, i.e., where complete information is available on the entry and exit

traÆc counts of the network during each measurement interval (Bell (1991), Chang

and Tao (1996), Chang and Wu (1994), Cremer and Keller (1987), Nihan and Davis

(1987), Van der Zijpp (1996)). These approaches su�er from the limitation that all

entry and exit counts should be known { an unrealistic scenario in a general urban

traÆc network. For general networks, Cascetta et al.(1993) provide an extension of

the static O-D estimation framework for the o�ine problem. An enhanced model with

predictive ability was developed by Inaudi et al.(1994). In this model, the \sequential"

model of Cascetta et al. is used for estimation. Values thus estimated are then used

to generate predictions by a separate \�ltering" approach that combines historical

and estimated O-D information using the concept of \deviations" proposed by Ashok

and Ben-Akiva (1993) (see below). For the real-time problem, a state-space modeling

approach has been suggested by Okutani (1987). The state vector has been taken

to be the vector of unknown O-D 
ows. However, the auto-regressive formulation

of the transition equation is simplistic and only captures temporal interdependencies

between O-D 
ows. Finally, another approach based on state-space modeling with

the state-vector de�ned in terms of O-D 
ow deviations was presented by Ashok and
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Ben-Akiva (1993). This addresses the problem with the auto-regressive speci�cation

in Okutani's work. Kachroo et al. (1995) extended this approach to account for serial

correlation of errors in the autoregressive formulation.

The most critical issue in O-D matrix estimation { whether static or dynamic {

is the mapping between the observed link 
ows and the unobserved O-D 
ows. This

mapping is accomplished by means of an assignmentmatrix. In the dynamic problem,

the assignment matrix depends on link and path travel times and traveler route-

choice fractions { all of which are time-varying. More importantly, these quantities

are at best imperfectly observed, thereby introducing errors into the O-D estimation

process. As we show later, using these erroneous assignment matrices yields biased

and inconsistent estimates of the O-D 
ows. None of the approaches described above

take explicit cognizance of an erroneous assignment matrix or model the uncertainty

in the underlying dynamics that generate these matrices. Two approaches that have

attempted to do so, but have limitations, are those by Chang and Wu (1994) and Bell

(1991). The former use a stochastic assignment matrix in their Kalman Filter based

approach. They use a starting value for the assignment matrix for the �rst interval

and a random walk transition equation for subsequent intervals. A weakness of the

model is that measurement equations for the assignment fractions are not speci�ed

for subsequent intervals. Moreover, their technique is only valid for closed networks.

Bell (1991) uses \travel time dispersion" parameters to model an assignment matrix

but these parameters are assumed to be constant.

In this paper, we propose di�erent approaches that introduce stochasticity of the

assignment matrix into the formulation. Furthermore, we show how conventional

formulations of the dynamic O-D estimation/prediction problem for both the o�ine

and the real-time case can be modi�ed for general networks. We organize the paper

as follows. Sections 2 and 3 discuss the role of the assignment matrix in more detail.

Section 4 outlines di�erent procedures for explicit modeling of errors in these matrices.

Sections 5 and 6 describe the consequent modi�cations to the conventional o�ine and

real-time formulations. Case studies that evaluate the various models are described

in the following section. We conclude with recommendations for future research.

4



1 Basic Concepts

Consider a period of length T divided into equal intervals of length H. Consider a

network with n
LK

links and n
OD

O-D pairs. It is assumed that n
l
of these links are

equipped with detectors. Denote by x
rh

the number of vehicles between the rth O-D

pair that left their origin in interval h and by x
h
the corresponding (n

OD
� 1) vector.

Further denote by y
lh
the observed traÆc counts crossing detector l during interval

h and by y
h
the corresponding (n

l
� 1) vector.

The fundamental relationship between traÆc counts and O-D 
ows can then be

stated as follows:

y
lh
=

hX
p=h�p0

n
ODX
r=1

arp
lh
xrp + v

lh
(1)

where arp
lh
is the fraction of the rth OD 
ow that departed its origin during interval p

and crossed detector l during interval h. v
lh
is the measurement error while p0 is the

maximum number of time intervals required to travel between any O-D pair of the

network. In matrix form the above equation reduces to:

y
h
= �

h

p=h�p0a
p

h
xp + v

h
(2)

where the matrix a
p

h
is an (n

l
� n

OD
) assignment matrix of contributions of xp to yh

and v
h
is the vector of measurement errors.

The interpretation of the above equation is straightforward. The 
ow across any

detector during interval h is comprised of contributions from O-D 
ow vectors corre-

sponding to departures during h,h-1,...,h-p0. The assignment matrix consists of the

proportions of these O-D 
ows that constitute the link 
ow. The error term re
ects

the possibility of counting errors.

We next examine the assignment matrices a
p

h
in further detail.

2 Parameterizing the Assignment Matrix

Let each O-D pair r be connected by a set of pathsKr . Assume that there exist in total

K paths between the n
OD

O-D pairs in the network i.e. K = kK
1
[K

2
[ :::[KnOD

k.

Each path k = 1; 2; ::; K corresponds to a unique O-D pair. Denote by L
k
the set of

links comprised in path k. Finally, denote by F
k

h
the 
ow along path k departing the
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origin in interval h. Thus during any interval h, the following relationship holds:

x
rh

= �
k2Kr

F
k

h
(3)

Let q
kh

denote the fraction of travelers corresponding to O-D pair r and departure

interval h that choose path k, with �k2Krqkh = 1 8 r; h. We then get the following

relationship between O-D and path 
ows:

F
k

h
= x

rh
q
kh

(4)

Recognizing that the link 
ows are comprised of contributions from many di�erent

path 
ows, Equation (1) can be restated in terms of path 
ows, as shown by Cascetta

et al.(1993):

y
lh
= �

h

p=h�p0�K
k=1�

kp

lh
F

k

p
+ v

lh
(5)

where �
kp

lh
de�nes a mapping between path and link 
ows and is de�ned as the con-

tribution of the kth path 
ow departing the origin during interval p towards the 
ow

across detector l during interval h. Note that in conventional static O-D matrix es-

timation, this would be either one or zero; a matrix of these fractions is the familiar

link-path incidence matrix.

Finally, as shown by Cascetta et al.(1993), a simple manipulation of equations

(1), (4) and (5) yields the following expression for the assignment matrix:

arp
lh
= �k:k2Kr�

kp

lh
q
kp

(6)

Analytical expressions for the link-path incidence fractions can be obtained using

information about link travel times. In addition to these travel times however, an

assumption about movement of vehicles through the network is required. For exam-

ple, Cascetta et al. derive expressions based on the assumption that vehicles within

a group (k; p) (henceforth referred to as a packet) are uniformly comprised within the

departure duration T and stay within this interval as they move across the network.

In other words, vehicles within a packet are uniformly distributed between the leader

and the last follower over a span of time T . This assumption can be easily relaxed

to permit the e�ects of \stretching" and \squeezing" of packets as they traverse the

network. Such e�ects could be signi�cant for example, if trip durations are relatively
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large or travel time variations across successive time-intervals are signi�cant. Follow-

ing this relaxation, the link-path incidence fractions would be given by the following

expression:

�
kp

lh
= 1 if (h� 1)T < �

kp

1l
< �

kp

2l
< hT

= (hT � �
kp

1l
)=(�

kp

2l
� �

kp

1l
) if (h� 1)T < �

kp

1l
< hT < �

kp

2l

= T=(�
kp

2l
� �

kp

1l
) if �

kp

1l
< (h� 1)T < hT < �

kp

2l
(7)

= (�
kp

2l
� (h� 1)T )=(�

kp

2l
� �

kp

1l
) if �

kp

1l
< (h� 1)T < �

kp

2l
< hT

= 0 otherwise

where �
kp

1l
and �

kp

2l
represent the crossing times of the �rst and last vehicle in the

packet (k; p) at detector l. To use the above relationship, one would in addition have

to know the departure times of the �rst and last vehicles. A convenient assumption

might be to have the �rst depart at the beginning of a departure interval and the last

at the end.

Travel times (or more typically, speeds) can be obtained either from a traÆc

surveillance system (e.g. sensors on the roadway, video cameras, probe vehicles) or a

DTA model. In addition to link and path travel times, information about the path

choice fractions q
kh

is required in order to apply equation (6). One way of obtaining

these is by using discrete choice models that utilize information about generalized

costs along di�erent paths during each interval. An example of such a model is

provided by Cascetta et al.(1996).

To summarize, computation of the assignment matrix is highly complicated. More-

over, the estimates obtained from application of equations (6) and (7) may su�er from

errors on several fronts

� Travel times obtained from the surveillance system are subject to measurement

error due to, for example, sensor malfunction.

� The assumption of uniform distribution of vehicles within a packet might be

invalid under certain situations, e.g., an incident.

� Choice fractions obtained from route choice models might be erroneous because

of inaccuracies either in the model coeÆcients or in the data.

� True departure times of �rst and last vehicles within a packet are unknown.
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Finally, there could be scenarios in which some (or all) travel times might be entirely

unobserved (are endogenous). These are explored in greater detail next.

3 Endogeneity in the Assignment Matrix

We turn our attention now to the case of erroneous travel times and/or route choice

fractions that result in an imperfect assignment matrix. In such a case, we can write:

ap
�

h
= a

p

h
+ �p

h
(8)

where ap
�

h
denotes the erroneous assignment matrix and �p

h
a random error. Equation

(2) becomes

y
h

= �
h

p=h�p0a
p�

h
xp � �

h

p=h�p0�p
h
x
h
+ v

h
(9)

y
h

= �
h

p=h�p0a
p�

h
xp + ~v

h
(10)

where the new error term ~v
h
= �

h

p=h�p0v
h
� �p

h
x
h
. Clearly, ap

�

h
and ~v

h
are correlated

because of Equation (8). This constitutes a standard error-in-variables problem in

econometrics (See for example, Greene (1993)). Application of a least squares based

estimator (such as a Kalman Filter) to (10) in this situation, yields biased and in-

consistent estimates for x
h
. Depending on the level of uncertainty in the assignment

matrix, the extent of bias might be signi�cant.

The impact of this inconsistency could be even more severe if the O-D 
ows and

assignment matrix were to be obtained by an iterative scheme. This could be the case,

for example, if the travel times were entirely unobserved and the assignment fractions

were obtained by applying the following series of steps: (a) Load a preliminary set of

O-D 
ows to a traÆc simulator. (b) Use the observed assignment matrix to recompute

the O-D 
ows. (c) Repeat (a) using updated O-D 
ows. In such a situation, the

assignment fractions are endogenous and indirectly depend on the O-D 
ows. To

see this dependence, we �rst notice that link travel times depend directly upon link


ows. The latter is related to path 
ows (since a link 
ow is essentially a weighted

combination of several path 
ows using that link). Finally, the path 
ows are related

to the O-D 
ows through equation (4). Thus, equation (2) could be expressed as:

y
h
= �

h

p=h�p0a
p

h
(x

h
;x

h�1
; :::;x

h�p0
)xp + v

h
(11)
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In this situation, even if convergence in O-D 
ows and assignment fractions were to

be attained (which in itself is far from guaranteed), the �nal estimates could be highly

biased since errors in the assignment matrix are not explicitly accounted for, during

each iteration. It is likely, of course, that these iterations may reduce the error in the

assignment matrix.

This brings us to the central theme of this paper. In the following sections, we

describe two approaches that explicitly take into account the stochasticity of the

assignment matrix and accordingly modify the formulations developed in previous

research.

4 Modeling a Stochastic Assignment Matrix

In the �rst approach, we envisage adding randomness to the assignment matrix by

means of additional equations of the following form:

�(ap
�

h
) = �(a

p

h
) + up

h
(12)

In the above equations, ap
�

h
is the value of the assignment matrix computed from

the equations (6) and (7) that use measured or estimated travel times and route choice

fractions. �(:) is an operator that re-arranges the elements of a (m �n) matrix into a

(mn � 1) vector. The error term up
h
re
ects the fact that the estimate ap

�

h
is subject

to error. As mentioned earlier, this error could arise from two sources { (a) because

of imperfect measurements/estimates of travel times and route-choice fractions and

(b) because of incorrectness of assumptions involved in equations (7).

Equation (12) represents a straightforward approach of incorporating stochasticity

in the assignment matrix. The disadvantage of this method is the additional com-

putational load imposed by adding a large number of decision variables. In practical

applications therefore, it may be necessary to prune the number of assignment frac-

tions considered random in order to make the technique computationally tractable.

For example, one might wish to add additional equations (12) only for assignment

fractions corresponding to O-D pairs with high 
ows.

Deeper examination of the assignment matrix and its dependence on travel times

and route-choice fractions as given by equations (6) and (7) suggests an alternative
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approach. De�ne the assignment matrix a
p

h
by the following relationship:

a
p

h
= a(t

h
; t

h�1
; :::; t

h�p0
;qp) (13)

where t
h
denotes a (n

LK
� 1) vector of travel times for interval h, qp a (K � 1) vector

of route choice fractions for departure time-interval p and the function a(:) de�ned

by equations (6) and (7). The above equation can be compactly represented as:

a
p

h
= a(T

h
;qp) (14)

where T
h
denotes the augmented vector [t

h
t
h�1

:::t
h�p0

]'. Note that a(:) could also in

general be a function of future travel times. This dependence comes from equation (7)

as well as the fact that the q's could depend on future travel times. Our formulation

captures errors in future travel times through the stochasticity of the q's (see below),

and of course, the a's.

If we assume that equation (14) is exact, the only remaining sources of errors in

the assignment matrix are those in T
h
and qp. This provides the motivation for the

second approach. Instead of directly dealing with the assignment matrix fractions as

in the earlier approach, we work with the underlying travel times and route-choice

fractions in the second. We therefore add additional equations of the following form:

T�

h
= T

h
+ �

h
(15)

q�
p

= qp +  p (16)

where T�

h
and q�

p
denote the measured/estimated values of T

h
and qp and �h and  p

represent vectors of random error terms.

Again for computational reasons, one might wish to treat some or all of the route

choice fractions as �xed. Also note that if the route choice fractions qp can be explic-

itly represented as a function of travel times tp (for example using a logit formulation

that uses additive link travel times to compute path travel times), this relationship

could be substituted into equation (14) and equations (16) are rendered unnecessary.

This technique was used in the case study (Section 7).

Both the approaches presented above have advantages and shortcomings. While

the �rst approach is likely to be more computation intensive (due to the size of the

assignment matrix), it could be useful in modeling situations where the assumptions
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behind equations (7) break down. For example, the assumption that vehicles within a

packet stay uniformly distributed between a leader and follower might be violated on

urban networks with traÆc control signals. On the other hand, the second approach

is more eÆcient because it bene�ts from the information contained in equation (14).

It could be used in freeways or on moderately congested arterials. It could also be

more useful when speci�c information is available on sensor errors, for example, when

it is known that a particular sensor systematically overestimates or underestimates

say travel speeds.

We again recognize that either method involves the addition of a large number of

additional parameters to be estimated. While this is the unavoidable cost of greater

model generality, it raises two important issues. The �rst pertains to the notion of

\system observability" or identi�ability of the parameters (A detailed discussion of

the observability of models with a �xed assignment matrix can be found in the earlier

paper by the authors, Ashok and Ben-Akiva (1993)). The second refers to whether the

gains from the model generality could be negated by the increased complexity (and

perhaps, necessary approximations) in the estimation procedure { this is particularly

true of the real-time model that we discuss later. Regarding the �rst issue, we note

that for each additional parameter to be estimated, we add (at least) one equation. In

fact, as we will see in Section 6, for the real-time problem, we also add equations that

attempt to capture the evolution of travel times or assignment fractions over time. If

valid, these equations further bolster the observability of the system. The second issue

could be particularly relevant for large problems and is diÆcult to address without

further empirical evidence. In practical applications, we would recommend a judicious

choice of decision variables, perhaps only estimating those that we hypothesize could

have \large" errors or those that correspond to \important" (as measured by, say,

heavy 
ows or large travel times) links.

In closing we might point out that the practicality and eÆcacy of these generalized

models would improve with increased deployment of ITS. One way of looking at these

models is that they provide a framework for combining and integrating multiple types,

and sources, of measurements (link 
ows, travel times, speeds, etc) with di�erent

error characteristics. For example, instantaneous travel speeds could, in future, be

obtained both from sensors and from probe vehicles with di�erent degrees of error.

Greater penetration of ITS would imply more and better data, thus the issue of model

identi�ability would be addressed even more satisfactorily.
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5 O�ine Estimation

The o�ine dynamic O-D estimation problem has been formulated by Cascetta et

al.(1993) as an extension of static estimation. Since equation (2) typically consists of

far more O-D pairs than number of measurements (link counts), additional informa-

tion is required. Usually, this is provided using an apriori O-D matrix. This involves

adding to equation (2) another equation of the following form:

x
H

h
= x

h
+w

h
(17)

where x
H

h
represents an apriori or historical matrix. The solution procedure involves

minimization of a two part error function. The �rst part represents the deviation

of the decision variables (the O-D 
ows) from the apriori values. The second part

represents the deviation of estimated link volumes from the observed counts.

Cascetta et al. propose two types of estimation procedures { a simultaneous

estimation procedure and a sequential estimation procedure. The former attempts to

simultaneously solve for O-D 
ows corresponding to all time-intervals of interest. The

latter attempts to solve for O-D 
ows one interval at a time utilizing the estimate

from the prior interval as an apriori matrix. The tests conducted by Cascetta et

al. indicate very small gains in precision from the simultaneous estimation over

the sequential estimation. Because of its computational advantages however, the

sequential procedure seems to be the preferred one for practical applications.

We present in this section, a modi�cation of their sequential estimator that incor-

porates a stochastic assignment matrix. Consider the second of the two approaches

suggested in Section 4. Since the sequential model only estimates O-D 
ows corre-

sponding to one period and holds O-D 
ows corresponding to prior periods constant,

equations (2), (15) and (16) are modi�ed as follows:

y
h

= �h�1
p=h�p0a(T̂

h�1
; t

h
; q̂p)x̂p + a(t

h
;q

h
)x

h
+ v

h
(18)

t�
h

= t
h
+ �

h
(19)

q�
h

= q
h
+  

h
(20)

where x̂p, T̂p, and q̂p denote estimates from prior intervals that are �xed during

interval h.

A GLS based solution would then involve minimization of the following error
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criterion for each interval:

[x̂
h
; t̂

h
; q̂

h
] = arg min [(x

h
� xH

h
)0W�1

h (x
h
� xH

h
) + (y

h
� y�

h
)0V�1

h (y
h
� y�

h
)

+(t
h
� t�

h
)0��1

h (t
h
� t�

h
) + (q

h
� q�

h
)0	�1

h (q
h
� q�

h
)

where y�
h
= �h�1

p=h�p0a(T̂
h�1

; t
h
; q̂p)x̂p + a(t

h
;q

h
)x

h
. Wh, Vh, �h and 	h represent

the covariances of the error terms w
h
, v

h
, �

h
and  

h
in equations (17), (18), (19)

and (20) respectively; their inverses re
ect the degree of con�dence placed on the

various sources of information. The optimization would be subject to non-negativity

constraints on x
h
, t

h
and on the fact that �k2Krqkp = 1 8 (r; p) and 0 � q

kp
�

1 8 (k; p).

Following a similar vein, the �rst approach suggested in Section 4 would involve

minimization of the following error criterion:

[x̂
h
; â

h

p
] = arg min [(x

h
� xH

h
)0W�1

h (x
h
� xH

h
)

+(y
h
� y�

h
)0V�1

h (y
h
� y�

h
)

+�h
p=h�p0(�(a

h

p
)� �(ap

�

h
))0(Up

h)
�1(�(a

h

p
)� �(ap

�

h
))] (21)

where Up
h is the covariance matrix for the error term up

h
in equation (12). ap

�

h
rep-

resents the value of the assignment matrix computed from the equations (6) and

(7) that use measured or estimated travel times and route choice fractions. Again

standard constraints would apply on x
h
and a

p

h
.

6 Real-Time Estimation and Prediction

All of the discussion in the preceding sections can be extended to real-time models.

Previous work by the authors (Ashok and Ben-Akiva (1993, 2000)) has shown that

the O-D estimation and prediction problem can be formulated as a state-space model.

The main idea behind this approach is the de�nition of the state-vector in terms of

the deviations of O-D 
ows from apriori 
ows (usually the best historical estimates)

instead of the O-D 
ows themselves.

It is worth reiterating here, the rationale behind the use of deviations in the tran-
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sition equation of the state space model. An autoregressive process based on the

O-D 
ows as de�ned by Okutani (1987) can only capture temporal interdependencies

among O-D 
ows. Such a model does not represent any structural information about

trip patterns. The pattern of O-D trips is a function of spatial and temporal distribu-

tion of activities as well as characteristics of the transportation system. It is highly

unlikely therefore that a simple autoregressive process would be able to capture the

complex structure of activities that result in the spatial and temporal pattern of trip

making.

Suppose that O-D matrices have been estimated from historical data for several

previous days or months. These already estimated O-D matrices subsume a wealth of

information about the relationships that a�ect trip making and about their variation

over space and time. One simple way then of incorporating structural relationships

is to include all the prior estimation into the real-time O-D estimation problem. The

simplest way to do this is to use deviations of O-D 
ows from best available historical

estimates instead of the actual 
ows themselves as unknown variables. Thus the

estimation and prediction process would have indirectly taken into account all the

experience gained over many prior estimations and would be richer in its structural

content.

The idea of deviations overcomes another diÆculty that was recognized by Oku-

tani. A normal distribution for traÆc variables (such as O-D 
ows) is a useful property

for available statistical tools such as the Kalman Filtering technique used by Okutani.

However, the traÆc 
ow variables used by Okutani have skewed distributions whereas

the corresponding deviations would have symmetric distributions and hence be more

amenable to approximation by a normal distribution.

Given these arguments, the transition equation may be stated as follows:

x
h+1

� x
H

h+1
= �

h

p=h�q0f
p

h
(xp � x

H

p
) +w

h
(22)

where f
p

h
is an (n

OD
� n

OD
) matrix of e�ects of (xp - x

H

p
) on (x

h+1
� x

H

h+1
), q0 the

degree of the autoregressive process and w
h
an (n

OD
� 1) vector of random errors.

The basic measurement equation is still given by (2). In deviation form, this equation

can be given by

y
h
� yH

h
= �

h

p=h�p0a
p

h
(xp � xH

p
) + v

h
(23)

where yH
h
= �

h

p=h�p0a
p

h
xH
p
. The error terms are assumed to satisfy standard assump-
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tions of independence, zero mean and zero serial correlation (For details, refer to

Ashok and Ben-Akiva (1993)).

The transition equation as given in (22) speci�es dependence of the deviations in

O-D 
ows for period h+1 on deviations of more than one preceding period. Likewise,

(2) speci�es the dependence of measurements on O-D 
ows of more than one preceding

period. A common technique to overcome this problem is to construct an augmented

state comprising of O-D 
ow deviations from multiple time-intervals as in Ashok and

Ben-Akiva (1993) or Okutani (1987). However, this procedure results in vastly in-

creasing the size of the state vector potentially rendering a real-time application of

the model to large and congested networks infeasible. An alternate approximate pro-

cedure was accordingly proposed and implemented in Ashok and Ben-Akiva (2000).

The approximation is based on the conjecture that most of the information about

an O-D 
ow is likely to be provided the �rst time it is counted. If this were true,

O-D 
ows corresponding to prior departure intervals could be held constant at their

prior estimated values and only the 
ows for the current departure interval need to be

estimated (Note that this is analogous in philosophy to the sequential o�ine model

described earlier). The transition and measurement equations for this model can be

stated as follows:

y
h
� yH

h
= a

h

h
(x

h
� xH

h
) + b

h
+ v

h
(24)

x
h+1

� xH
h+1

= f
h

h
(x

h
� xH

h
) + c

h
+w

h
(25)

where

b
h
= �h�1

p=h�p0a
p

h
(x̂p � xH

p
)

c
h
= �h�1

p=h�q0f
p

h
(x̂p � xH

p
) and x̂p is an estimate of xp.

In order to extend this framework to incorporate the ideas described in Section 4,

we need additional measurement and transition equations. For the second approach,

we augment the state by the travel times (or speeds) and route choice fractions.

Equations (19) and (20) are used as additional measurement equations. We hypoth-

esize that the transition equations for the travel times (or speeds) and route choice

fractions follow the relationship shown below:

t
ih+1

=
t
H

ih+1

tH
ih

t
ih
+ 
1

ih
(26)
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q
ih+1

=
q
H

ih+1

qH
ih

q
ih
+ 
2

ih
(27)

where t
ih
and q

ih
denote the ith travel time and route choice fraction respectively. The

conjecture underlying these equations is that the ratio of interval-over-interval travel

times (or route-choice fractions) is stable on a day-over-day basis. The superscript

H on the variables indicates historical values. 
1
ih

and 
2
ih

allow for errors in these

equations. In matrix form, these equations can be represented as follows:

t
h+1

= M
h
t
h
+ �1

h
(28)

q
h+1

= N
h
q
h
+ �2

h
(29)

where M
h
and N

h
are diagonal matrices with the ith diagonal element given by

(t
H

ih+1
=t

H

ih
) and (q

H

ih+1
=q

H

ih
) respectively. �1

h
and �2

h
represent random vectors of errors.

Thus the complete speci�cation for this approach would involve Equations (25), (28)

and (29) as transition equations and Equations (24), (19) and (20) as measurement

equations.

Similarly for the �rst approach, we augment the state with the assignment frac-

tions. Equation (12) now represents the additional measurement equation. We hy-

pothesize that the transition equation obeys the following relationship:

�(a
p+1

h+1
) = �

h
�(a

p

h
) + �3

h
(30)

where �
h
is a diagonal matrix with the ith element given by [�(ap+1H

h+1
)]i=[�(a

pH

h
)]i,

the superscript H again denoting the historical value. �3

h
as before denotes the

error vector. A complete speci�cation of this approach therefore involves Equations

(25) and (30) as transition equations and Equations (24) and (12) as measurement

equations.

Regardless of the approach used, we notice that the measurement equation system

is non-linear in the state-vector. A popular way to tackle the problem of non-linear

estimation in a state-space framework has been to use the Extended Kalman Filter

(EKF) algorithm (Refer to Appendix). In our problem, this involves a �rst-order

Taylor linearization of the measurement equation about the best available estimate

of the state vector. The resulting update equations for the �lter closely resemble

those of the conventional linear Kalman Filter. The estimates obtained from the
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EKF could be improved by performing successive iterations of linearization and re-

estimation leading to an Iterated EKF. A detailed discussion of non-linear �ltering

techniques may be found in Gelb (1974).

7 Case Studies

7.1 Data Description

The �rst dataset covered a 5.2 mile stretch of I-880 (NorthBound) near Hayward,

California. This section had 4 on-ramps and 5 o�-ramps with 20 O-D pairs. Ten

minute detector data on traÆc volumes and average speeds was available at 10 detec-

tor locations for a 2.5 hour morning peak period. Data over seven days was available.

The �rst six days were used to generate inputs to the various models while the last

day was used as a test-bed for both the o�ine and real-time models. Because of the

linear nature of the network, there was no route choice in the problem. The maximum

travel time between any O-D pair in the network was about 9 minutes. Congestion

level was heavy during certain time intervals with speeds reaching 15-20 mph at some

locations.

The second dataset was a 32 km freeway encircling the city of Amsterdam with 20

entrance and exit ramps. In this dataset, there exist two routes between each O-D pair

{ clockwise and counterclockwise. Moreover, in this dataset, we used a combination

of actual and synthetic data to gain additional insight into model performance. After

removing sensors with large errors from the dataset, information on observed average

speeds and link counts was available at 65 locations over one minute intervals for

one day. This information was aggregated over 15 minute intervals for the morning

peak. Synthetic data on O-D 
ows and speeds was generated for an additional day

by repeatedly applying Equations (22) and (28) using the �rst day estimates as the

historical database. Details on the data generation process and the calibration of the

transition error covariances may be found in Ashok (1996). There were 291 O-D 
ows

to be estimated in each interval.
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7.2 Preparation of Inputs

7.2.1 O�ine Estimation

The o�ine models were tested on the I-880 data only. For these models, two apriori

matrices were used, i.e., two sets of equations (17) were used with correspondingly

two quadratic terms in the error criterion with di�erent weighting factors. The �rst

was obtained from the estimation results of previous days i.e. the apriori matrix for

interval h corresponded to the estimated matrix for interval h for a previous day. The

second matrix that was used corresponded to the estimate obtained on the same day

in interval h � 1. The covariance matrices for both the error terms were calibrated

from the residuals for the previous days.

For stochastic assignment matrix modeling using the second approach, two sets

of travel speeds were used. The �rst corresponded to the estimation result for the

previous period (h � 1). The second corresponded to the values measured by the

detectors during the current period h. Again, error variances for both error terms

were calibrated from residuals for previous days.

Some elaboration about using speeds as the fundamental entities instead of travel

times in our models is in order here. All the equations described in previous sections

were written in terms of speeds rather than travel times. The structure of the equa-

tions was exactly the same. A potential problem with using speeds (as suggested by

a reviewer) is that in congested traÆc, small errors in speed estimates could lead to

large errors in travel times. Since �
kp

lh
is computed from travel times (equation (7)),

this could a�ect the quality of the estimation process.

For the �rst approach, again, two sets of assignment matrix fractions were used.

The �rst corresponded to the estimation result for the previous period (h� 1) while

the second to the values computed using equations (7) and the measured speeds

during the current period h. As before, error variances were calibrated from residuals

for previous days. For the studies in this paper, 39 of the 106 assignment fractions

were estimated along with the O-D 
ows. The remaining fractions corresponded to

O-D pairs with very low 
ows and hence their randomness was not considered.

Since no vehicle stayed on the network over more than two time-intervals, p0 = 1

i.e. during any interval p, only a
p�1

p
and a

p

p
needed to be estimated. Because no route

choice existed for the I-880 dataset, the elements of a
p�1

p
had to obey the following
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relationship:

arp�1

lp
= 1� arp�1

lp�1
(31)

The above relationship had to be satis�ed for all (l; r) pairs for which l 2 Lk for any

k 2 Kr. We enforced this constraint in the following manner. For any interval h,

we estimated the assignment fractions arh
lh
. We then computed arh

lh+1
using (31) and

moved to interval h+ 1.

7.2.2 Real-Time Estimation and Prediction

For the I-880 data, historical O-D matrices were created using the o�ine methods

described earlier. The transition matrices f
p

h
were obtained by simple OLS regressions

on actual deviations from historical estimates. Two assumptions were made in the

process of obtaining these matrices. Firstly, it was assumed that the autoregressive

structure remained constant over the peak period. Secondly, it was assumed that a


ow between O-D pair r for a period was related only to the rth O-D 
ows of prior

intervals. The variances of the transition equation errors was approximated from

the residuals of these regressions. An autoregressive process of order four provided

the best �t. The matrices M
h
, N

h
and �

h
were directly computed from historical

estimates. The error variances for the measurement equation were the same as for the

o�ine methods described earlier. Constraints (31) were enforced exactly as before. In

this context, we note that the EKF procedure does not guarantee that the estimated

assignment fractions lie between zero and unity as required. We therefore truncated

each negatively estimated fraction to zero and each fraction greater than unity to

one. Our empirical results indicated that these were extremely rare occurrences.

For the Amsterdam Beltway, the historical database was obtained from the �rst

day using the Cascetta et al. sequential model (with a GLS estimator) on the observed

speeds and link counts over 15-minute estimation intervals. For route-choice, a simple

logit model with path travel time as the only attribute for each route was used. Details

on calibration of this model may be found in Ashok (1996). Note that the framework

presented in this paper does not preclude use of more complicated route-choice models

such as those in Cascetta (1996). The general testing procedure is shown in Figure

1. Error was added to the counts and speeds using the equations:

Measured counts = True counts � (1� Æcts + 2 � Æcts � U) (32)

Measured speeds = True speeds � (1� Æspd + 2 � Æspd � U) (33)
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Figure 1: Testing procedure with synthetic data
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Errors O�-Base O�-Stoc-Spd O�-Stoc-Assg Historical

RMS 26.9748 26.8931 26.7943 85.6206
RMSN 0.0254 0.0254 0.0253 0.0812

Table 1: Errors in Link Volumes Using O�ine Models: I-880

where U is a random number drawn from a uniform distribution between zero and

one. By assigning di�erent values for Æcts and Æspd, the sensitivity of the model to

errors in counts and speeds could be investigated. Measurement error variances could

be exactly computed as a function of Æcts and Æspd. For each scenario, multiple runs

were conducted.

7.3 Results

For evaluation of the results of various models, the following error measures were

used.

1. Root Mean Square (RMS) Error =

rP
i
(x
i
�x̂

i
)2

N

2. Root Mean Square Error Normalized (RMSN) =

q
N
P

i
(x
i
�x̂

i
)2P

i
x
i

where the x and x̂ represent the true and estimated O-D 
ows respectively and the

summation is over all detectors and all intervals for which analysis was carried out.

For the I-880 dataset, the true O-D 
ows were unknown. We therefore compared

the link counts obtained from re-assigning the estimated/predicted O-D 
ows with

the measured link counts. This error measure should be interpreted cautiously since

(a) the measured counts are themselves erroneous and (b) it is possible that even

though the estimated link counts better match the measured link counts compared

to models with a �xed assignment matrix that have fewer parameters, the estimated

O-D 
ows may di�er considerably from the true O-D 
ows.

7.3.1 O�ine Estimation

Results for the o�ine models are shown in Table 1. Model O�-Base represents the

basic (Cascetta et al.) sequential model that uses a deterministic assignment matrix.

Model O�-Stoc-Spd estimates O-D 
ows along with speeds. Model O�-Stoc-Assg

estimates O-D 
ows with assignment fractions. The last column shows the e�ect of
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Base-Appx Stoc-Spd Stoc-Assg Historical

Filtered 27.6405 21.7885 21.3744 85.1615
RMS 1-Step Predicted 79.4600 111.1101 72.4859 88.1974
Error 2-Step Predicted 77.4488 116.1716 67.2875 86.2065

3-Step Predicted 102.3850 102.1264 74.9402 68.7522
Filtered 0.0261 0.0205 0.0202 0.0808

RMSN 1-Step Predicted 0.0749 0.1062 0.0683 0.0832
Error 2-Step Predicted 0.0732 0.1126 0.0636 0.0815

3-Step Predicted 0.0979 0.1012 0.0717 0.0657

Table 2: Errors in Link Volumes Using Real-Time Models: I-880

assigning historical O-D 
ows to the network. We observe that though all the models

signi�cantly outperform the historical values in terms of �t to link counts, there is

almost no di�erence between the performance of Models O�-Base, O�-Stoc-Spd and

O�-Stoc-Assg. An examination of the estimated O-D 
ows for Models O�-Base, O�-

Stoc-Spd and O�-Stoc-Assg indicated very little di�erence as well. One explanation

for these results could be that for a linear network (with no route-choice) where speeds

do not change drastically interval-over-interval, the model is fairly insensitive to errors

in the assignment matrix. Indeed, for Model O�-Stoc-Spd, an RMSN measure that

compared estimated speeds with the measured ones indicated a di�erence of 13.7%

between the two. It is interesting that this large di�erence in speeds does not seem to

have translated into comparable di�erences in O-D and link 
ow estimates. Again,

this might have to do with the linear structure of the network.

7.3.2 Real-Time Estimation and Prediction

Table 2 gives a comparison between the di�erent real-time models tested for the I-880

dataset. Model Base-Appx is the basic real-time model with �xed assignment matrices

(based on observed speeds) as represented by equations (24) and (25). Model Stoc-Spd

denotes the real-time model with the state vector consisting of O-D 
ow deviations

and speeds while Model Stoc-Assg has the O-D 
ow deviations augmented with the

assignment fractions. Finally, results using the historical O-D 
ows have been shown

for comparison.

We make several observations. Firstly, as in the o�ine case, all the three models

show signi�cantly better performance in �ltering (estimation), compared to histori-
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cal values. For the most part, one-step and two-step predictions are better as well.

The most interesting �nd however is that unlike in the o�ine case, Models Stoc-Spd

and Stoc-Assg signi�cantly outperform Model Base-Appx. One reason could be that

insofar as the real-time model works with deviations in O-D 
ows instead of the O-D


ows themselves, it represents a di�erent statistical model with di�erent properties

compared to the GLS based o�ine model. For example, the error terms in equa-

tion (25) are more amenable to a normal approximation than those in say equation

(17). Also, unlike the o�ine methods, the transition equations in the real-time case

provide an explicit modeling of the relationship between speeds and assignment frac-

tions across time-intervals { thus the real-time models use more information. These

equations also used historical speeds and assignment fractions { something the o�ine

models did not. We also notice that Model Stoc-Spd performs worse than the others

in prediction indicating perhaps the need for examining alternatives to equation (26).

For the Amsterdam Beltway, Figure 2 shows the degradation in the performance of

Base-Appx as the error parameter Æspd (equation (33)) is varied. (Recall that Æspd = e

implies a measurement error within +e% in speeds. For these graphs, we used a

value of Æcts=0.10.) Errors are strati�ed by size of O-D 
ow. Each bar shows the

RMS/RMSN errors for a speci�c value of Æspd. For comparison, errors in employing

historical O-D 
ows (in other words, the di�erence between O-D 
ows on the �rst and

second days) are shown in the last bar. It can be seen that while the model is fairly

robust with respect to quality of speeds, the bias becomes signi�cant for very large

values of Æspd. Figure 3 compares the �xed and stochastic assignment matrix models

for Æcts = 0.1 and Æspd = 0.8. The �rst bar pertains to the model Base-Appx with

true speeds, i.e., Æspd = 0. The second bar pertains to the application of Base-Appx

with Æspd = 0.8. The third and fourth bars pertain to the Stoc-Spd and Stoc-Asg

models respectively. Again, errors in historical estimates are shown for comparison.

We see that Stoc-Spd performs extremely well { in fact, its performance almost rivals

that of Base-Appx with true speeds. The same cannot be said, however, for Stoc-Asg

which does no better than Base-Appx. This poor performance of Stoc-Asg relative to

Stoc-Spd could be because of the following reasons:

� Speeds for the second day were generated by application of equation (28). Thus,

the extra information provided by (28) was extremely valuable for model Stoc-

Spd (since this was true information). Relatively, the information provided by
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Figure 2: Model Base-Appx as a function of accuracy of speeds: Beltway
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Figure 3: Fixed and Stochastic Assignment Matrix Models: Beltway
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(28) for Stoc-Asg was not as useful since the transition equation (30) used by

Stoc-Asg was not completely consistent with the data generation procedure.

� Because of computational reasons, all the assignment fractions could not be

estimated. Only those corresponding to high O-D 
ows (234 in number) were

considered stochastic.

� Round-o� errors could have contributed to inaccuracies in the �nal results.

7.4 Major Findings

The following summarizes the major �ndings of this case study.

1. In o�ine estimation, the generalized models do not show much improvement

over conventional models. As mentioned earlier, this could be because of the

linear network structure for the I-880 dataset. All models tested in this study

however show signi�cant superiority over historical values.

2. In real-time estimation and prediction, the generalized models show potential for

improved performance. The conclusion to be drawn from the case studies is that

a good knowledge of the underlying process that describes temporal evolution of

speeds or assignment fractions (both in terms of the structure of the transition

equations, as well as in the error covariances) is needed in order for these more

complicated models to perform better. In this context, an advantage of the

stochastic speeds approach over the stochastic assignment fractions approach

is that since speeds are directly observed, it could be easier to develop and

calibrate more complicated transition equations for this approach. A reassuring

result { particularly for the stochastic speeds approach { in applying these

models is that the impact of nonlinearities in the measurement equation do not

appear to be the source of biases.

3. The generalized models are computationally more intensive than the conven-

tional models. In practical applications therefore, the importance of a careful

choice of additional decision variables (travel times, route-choice fractions and

assignment parameters) cannot be overemphasized.

4. Part of the reason for lack of a signi�cant improvement in performance of the

generalized models in some cases could be due to the presence of other error
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sources. For example, the sequential o�ine method treats previous interval es-

timates as �xed or error-free. Similarly, the real-time approximate method does

not allow for updating of O-D 
ows estimated during previous time intervals

and moreover treats historical O-D 
ows as exogenous inputs. While these con-

ditions can be relaxed (see for example, Ashok (1996)), the price to be paid

would be the addition of a large number of parameters.

It is reiterated that for the reasons mentioned earlier, �t to counts is an imperfect

performance criterion. The results presented for the I-880 case study therefore are

only useful for identifying general trends. To reach de�nitive conclusions based on

these would be premature.

8 Conclusion

In this paper, a class of generalized models have been presented for dynamic O-D

matrix estimation and prediction. These models explicitly recognize the fact that

the mapping between O-D 
ows and link volumes is subject to uncertainty. Two ap-

proaches have been developed to address this issue. Both have been evaluated using

case studies based in part on actual data. Preliminary results indicate that the gener-

alized models o�er potential for improvement over conventional ones. Future research

should focus on evaluating these models on large networks, on investigating further

techniques for stochastic modeling of the assignment matrix, and on computational

issues.
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APPENDIX

Consider the non-linear system given by the following two equations:

x
t+1

= f
t
(x

t
) +w

t

y
t

= h
t
(x

t
) + v

t
(34)

where f
t
and h

t
are vector-valued functions of the state-vector x

t
and the errors w

t

and v
t
have covariances Q

t
and R

t
respectively. Assume that the initial state is given

by �x
0
with variance-covariance matrix P

0
. The Extended Kalman Filter (EKF) is
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then given by:

�
0j0

= P
0

�
tjt�1

= A
t�1
�

t�1jt�1
A0

t�1
+Q

t�1

K
t

= �
tjt�1

C0

t
(C

t
�

tjt�1
C0

t
+R

t
)�1

�
tjt

= �
tjt�1

�K
t
C

t
�

tjt�1
(35)

x̂
0j0

= �x
0

x̂
tjt�1

= f
t�1

(x̂
t�1jt�1

)

x̂
tjt

= x̂
tjt�1

+K
t
(y

t
� h

t
(x̂

tjt�1
))

t = 1; 2; :::

where

A
t

=
@f

t

@x
(x̂

tjt
)

C
t

=
@h

t

@x
(x̂

tjt�1
)

There is a variation of the discrete-time EKF worth mentioning here. The update

step of the EKF involves the linearization of the measurement equation about the

present best estimate of x
t
, i.e. x̂

tjt�1
. However, once this step is completed, a pre-

sumably superior estimate x̂
tjt
is available which could then be used to relinearize the

measurement equation and redo the update step. These iterations could be repeated

as many times as deemed necessary. The resulting EKF is termed the Iterated EKF.
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