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In digital online advertising, advertisers procure ad impressions simultaneously on multiple platforms, or
so-called channels, such as Google Ads, Meta Ads Manager, etc., each of which consists of numerous ad
auctions. We study how an advertiser maximizes total conversion (e.g. ad clicks) while satisfying aggregate
return-on-investment (ROI) and budget constraints across all channels. In practice, an advertiser does not
have control over, and thus cannot globally optimize, which individual ad auctions she participates in for
each channel, and instead authorizes a channel to procure impressions on her behalf: the advertiser can only
utilize two levers on each channel, namely setting a per-channel budget and per-channel target ROI. In this
work, we first analyze the effectiveness of each of these levers for solving the advertiser’s global multi-channel
problem. We show that when an advertiser only optimizes over per-channel ROIs, her total conversion can
be arbitrarily worse than what she could have obtained in the global problem. Further, we show that the
advertiser can achieve the global optimal conversion when she only optimizes over per-channel budgets. In
light of this finding, under a bandit feedback setting that mimics real-world scenarios where advertisers
have limited information on ad auctions in each channels and how channels procure ads, we present an
efficient learning algorithm that produces per-channel budgets whose resulting conversion approximates that
of the global optimal problem. Finally, we argue that all our results hold for both single-item and multi-item

auctions from which channels procure impressions on advertisers’ behalf.
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1. Introduction

In today’s online advertisers world, advertisers (including but not limited to small businesses,
marketing practitioners, non-profits, etc) have been embracing an expanding array of advertising
platforms such as search engines, social media platforms, web publisher display etc. which present a
plenitude of channels for advertisers to procure ad impressions and obtain traffic. In this growing
multi-channel environment, the booming online advertising activities have fueled extensive research

and technological advancements in attribution analytics to answer questions like which channels



are more effective in targeting certain users? Or, which channels produce more user conversion (e.g.
ad clicks) or return-on-investment (ROI) with the same amount of investments? (see Kannan et al.
(2016) for a comprehensive survey on attribution analytics). Yet, this area of research has largely left
out a crucial phase in the workflow of advertisers’ creation of a digital ad campaign, namely how
advertisers interact with advertising channels, which is the physical starting point of a campaign.

To illustrate the significance of advertiser-channel interactions, consider for example a small
business who is relatively well-informed through attribution research that Google Ads and Meta ads
are the two most effective channels for its products. The business instantiates its ad campaigns through
interacting with the platforms’ ad management interfaces (see Figure , on which the business
utilizes levers such as specifying budget and a target ROIE| to control campaigns. Channels then input
these specified parameters into their autobidding procedures, where they procure impressions on the
advertiser’s behalf through automated blackbox algorithms. Eventually, channels report performance
metrics such as expenditure and conversion back to the advertiser once the campaign ends. Therefore,
one of the most important decisions advertisers need to make involves how to optimize over these
levers provided by channels. Unfortunately, this has rarely been addressed in attribution analytics
and relevant literature. Hence, this works contributes to filling this vacancy by addressing two themes
of practical significance:

How effective are these channel levers for advertisers to achieve their conversion goals? And

how should advertisers optimize decisions for such levers?
To answer these questions, we study a setting where an advertiser simultaneously procures ads on
multiple channels, each of which consists of multiple ad auctions that sell ad impressions. The
advertiser’s global optimization problem is to maximize total conversion over all channels, while
respecting a global budget constraint that limits total spend, and a global ROI constraint that
ensures total conversion is at least the target ROI times total spend. However, channels operate as
independent entities and conduct autobidding procurement on behalf of advertisers, thereby there
are no realistic means for an advertiser to implement the global optimization problem via optimizing
over individual auctions. Instead, advertisers can only use two levers, namely a per-channel ROI
and per-channel budget, to influence how channels should autobid for impressions. Our goal is to
understand how effective are these levers by comparing the total conversion via optimizing levers
versus the globally optimal conversion, and also present methodologies to help advertisers optimize

over the usage of these levers. We summarize our contributions as followed:

! Target ROI is the numerical inverse of CPA or cost per action on Google Ads, and cost per result goal in Meta Ads.



Set your average daily budget for this campaign Budget @
( Daily Budget v $100.00 usb
Budget | s poliarUsD$) v || $100.00 ‘ yEudg §
Schedule @
Select your bid strategy @ Pay for @ Start date
Jan 23,2023 : Jan 25,2023
Bidding Target CPA v Interactions o 12:00AM o 12°:00AM
Eastern Time Eastern Time
Target CPA Optimization for ad delivery @
$1.00 ‘ Landing Page Views ¥
Cost per result goal
Start date End date
p $1.00
Start and end dates Jan 23, 2023 hd Jan 25, 2023 - Meta will aim to get the most landing page views and try to keep the average cost
around $1.00. Some results may cost more and some may cost less.

Figure 1 Interfaces on Google Ads (left) and Meta Ads Manager (right) for creating advertising campaigns that allow
advertisers to set budgets, target ROls, and campaign duration. CPA, or cost per action on Google Ads, as
well as cost per result goal on Meta Ads Manager, is effectively the inverse value for an advertiser’s per-
channel target ROIl. Meta Ads Manager specifically highlights that the impression procurement methodology
via autobidding maximizes total conversion while respecting advertisers’ per-channel target ROI (see red box
highlighted), providing evidence that supports the GL-OPT and CH-OPT models in Eq. , . respectively.

1.1. Main contributions

1. Modelling ad procurement through per-channel ROI and budget levers. In Section [2] we develop
a novel model for online advertisers to optimize over the per-channel ROI and budget levers to
maximize total conversion over channels while respecting a global ROI and budget constraint. This
multi-channel optimization model closely imitates real-world practices (see Figure |1| for evidence),
and to the best of our knowledge is the first of its kind to characterize advertisers’ interactions with
channels to run ad campaigns.

2. Solely optimizing per-channel budgets are sufficient to mazimize conversion. In Theorem [3.2] of
Section [3] we show that solely optimizing for per-channel ROIs is inadequate to optimize conversion
across all channels, possibly resulting in arbitrary worse total conversions compared to the hypothetical
global optimal where advertisers can optimize over individual auctions. In contrast, in Theorem
and Corollary we show that solely optimizing for per-channel budgets allows an advertiser to
achieve the global optimal.

3. Algorithm to optimize per-channel budget levers. Under a realistic bandit feedback structure
where advertisers can only observe the total conversion and spend in each channel after making a
per-channel budget decision, in Section [l we develop an algorithm that augments stochastic gradient
descent (SGD) with the upper-confidence bound (UCB) algorithm, and eventually outputs within 7T’
iterations a per-channel budget profile with which advertisers can achieve O(T~'/3) approximation
accuracy in total conversion to that of the optimal per-channel budget profile, and a O(T~'/2)

violation in both global budget and ROI constraints. Our algorithm relates to constrained convex



optimization with uncertain constraints and bandit feedback under a “one point estimation” regime,
and to the best of our knowledge, our proposed algorithm is the first to handle such a setting; see
more discussions in Section and Remark of Section [d] Finally, we also present an extended
version of our algorithm that achieves the same O(T~1/3) conversion accuracy, while respecting both
constraints exactly.

4. Extensions to general advertiser objectives and mutli-impression auctions. In Sections [ and [6]
we shed light on the applicability of our results in Section [3] and [4] to more general settings when
auctions correspond to the sale of multiple auctions, or when advertisers aim to optimize a private

cost model instead of conversion.

1.2. Related works.

Generally speaking, our work focuses on advertisers’ impression procurement process or the inter-
actions between advertisers and impression sellers, which has been addressed in a vast amount of
literature in mechanism design and online learning; see e.g. [Braverman et al. (2018)), |Deng et al.
(2019), |Golrezaei et al. (2019bya), Balseiro et al.| (2019b), |Golrezaei et al.| (2021a)) to name a few.
Here, we review literature that relate to key themes of this work, namely autobidding, budget and
ROI management, and constrained optimization with bandit feedback.

Autobidding. There has been a rich line of research that model the autobidding setup as well
as budget and ROI management strategies. The autobidding model has been formally developed
in |Aggarwal et al|(2019)), and has been analyzed through the lens of welfare efficiency or price of
anarchy in Deng et al.| (2021)), Balseiro et al. (2021a)), Deng et al.| (2022b), [Mehta| (2022), as well as
individual advertiser fairness in Deng et al. (2022a)). The autobidding model has also been compared
to classic quasi-linear utility models in Balseiro et al. (2021b)). The autobidding model considered
in these papers assume advertisers can directly optimize over individual auctions, whereas in this
work we address a more realistic setting that mimics practice where advertisers can only use levers
provided by channels, and let channels procure ads on their behalf.

Budget and ROI management. Budget and ROI management strategies have been widely studied
in the context of mechanism design and online learning. |Balseiro et al.| (2017) studies the “system
equilibria” of a range of budget management strategies in terms of the platforms’ profits and
advertisers’ utility; |[Balseiro and Gur| (2019), Balseiro et al.| (2022)) study online bidding algorithms
(called pacing) that help advertisers achieve high utility in repeated second-price auctions while
maintaining a budget constraint, whereas [Feng et al.| (2022)) studies similar algorithms but considers
respecting a long term ROI constraint in addition to a fixed budget. All of these works on budget
and ROI management focus on bidding strategies in a single repeated auction where advertisers’

decisions are bid values submitted directly to the auctions. In contrast, this work focuses on the



setting where advertisers procure ads from multiple auctions through channels, and make decisions
on how to adjust the per-channel ROI and budget levers while leaving the bidding to channels’
blackbox algorithms.

Online optimization. Section [d] where we develop an algorithm to optimize over per-channel target
ROI and budgets relates to the area of convex constrained optimization with bandit feedback (also
referred to as zero-order or gradient-less feedback) since in light of Lemma in Section M| our
problem of interest is also constrained and convex. First, there has been a plenitude of algorithms
developed for deterministic constrained convex optimization under a bandit feedback structures
where function evaluations for the objective and constraints are non-stochastic. Such algorithms
include filter methods /Audet and Dennis Jr| (2004), Pourmohamad and Lee| (2020)), barrier-type
methods [Fasano et al.| (2014), Dzahini et al.| (2022)), as well as Nelder-Mead type algorithms |Btirmen
et al.| (2006)), |[Audet and Tribes| (2018); see [Nguyen and Balasubramanian| (2022)) and references
therein for a comprehensive survey. In contrast to these works, our optimization algorithm developed
in Section 4] handles noisy bandit feedback.

Regarding works that also address stochastic settings, |[Flaxman et al. (2004) presents online
optimization algorithms under the known constraint regime, which assumes the optimizer can
evaluate whether all constraints are satisfied, i.e. constraints are analytically available. Further, the
algorithm achieves a O(T~/4) accuracy. In this work, our setting is more complex as the optimizer
(i.e. the advertiser) cannot tell whether the ROI constrained is satisfied (due to unknown value and
cost distributions in each channels’ auctions). Yet our proposed algorithm can still achieve a more
superior O(T~1/3) accuracy. Most relevant to this paper is the very recent works [Usmanova et al.
(2019), Nguyen and Balasubramanian! (2022)), which considers a similar setting to ours that optimizes
for a constrained optimization problem where the objective and constraints are only available through
noisy function value evaluations (i.e. unkownn constraints). Usmanova et al. (2019) focuses on a
special (unknown) linear constraint setting, and |Nguyen and Balasubramanian| (2022) extends to
general convex constraints. Although |[Usmanova et al.| (2019) and |[Nguyen and Balasubramanian
(2022) achieve O(T~1) and O(T~1/2) approximation accuracy to the optimal solution which contrasts
our O(T~'/3) accuracy, these works imposes several assumptions that are stronger than the ones
that we consider. First, the objective and constraint functions are strongly smooth (i.e. the gradients
are Lipschitz continuous) and [Nguyen and Balasubramanian| (2022)) further assume strong convexity.
But in our work, our objectives and constraints are piece-wise linear and do not satisfy such salient
properties. Second, and most importantly, both works consider a setting with “two point estimations”
that allows the optimizer to access the objective and constraint function values twice in each iteration,
enabling more efficient estimations. This work, however, lies in the one-point setting where we can

only access function values once per iteration. Finally, we remark that the optimal accuracy /oracle



complexity for the one-point setting for constrained (non-smooth) convex optimization with bandit
feedback and unknown constraints remains an open question; see Remark in Section [] for more
details. We refer readers to Table 4.1 in |Larson et al.| (2019) for a survey on best known bounds

under different one-point bandit feedback settings.

2. Preliminaries
Advertisers’ global optimization problem. Consider an advertiser running a digital ad campaign
to procure ad impressions on M € N platforms such as Google Ads, Meta Ads Manager etc., each
of which we call a channel. Each channel j consists of m; € N parallel ad auctions, each of which
corresponds to the sale of an ad impressionﬂ An ad auction n € [m;] is associated with a value
vj, > 0 that represents the expected conversion (e.g. number of clicks) of the impression on sale,
and a cost d;,, > 0 that is required for the purchase of the impression. For example, the cost in a
single slot second-price auction is the highest competing bid of competitors in the market, and in
a posted price auction the cost is simply the posted price by the seller of the impression. Writing
V; = (Vjn)nem;] and d; = (djn)ne[m,;), we assume that z; := (v;,d;) is sampled from some discrete
distribution p; supported on some finite set F; C R}’ x R},

The advertiser’s goal is to maximize total conversion of procured ad impressions, while subject to
a return-on-investment (ROI) constraint that states total conversion across all channels is no less
than ~ times total spend for some pre-specified target ROI 0 < v < 0o, as well as a budget constraint
that states total spend over all channels is no greater than the total budget p > 0. Mathematically,

the advertiser’s global optimization problem across all M channels can be written as:

GL-OPT = max Y E[vz)]

T, TS

JE[M]
s.t. Z E [v;ccj] > Z E [d;acj]
jelm) jelM) (1)
Z E[d/z;] < p
JEIM]

x; €[0,1]™  je[M].
Here, the decision variable x; € [0,1]™ is a vector where z;,, denotes whether impression in auction
n for channel j is procured. We remark that « depends on the realization of z = (v;,d;) e and is
also random. We note that the ROI and budget constraints are taken in expectation because an
advertiser procures impressions from a very large number of auctions (since the number of auctions in
each platform is typically very large) and thus the advertiser only demands to satisfy constraints in
an average sense. We note that GL-OPT is a widely adopted formulation for autobidding practices

2 Ad auctions for each channel may be run by the channel itself or other external ad inventory suppliers such as web
publishers.



in modern online advertising, which represents advertisers’ conversion maximizing behavior while
respecting certain financial targets for ROIs and budgets; see e.g. |Aggarwal et al.| (2019)), Balseiro
et al. (2021a)), Deng et al. (2021, 2022b)). In Section [6.1| we discuss more general advertiser objectives,
e.g. maximizing quasi-linear utility.

Our overarching goal of this work is to develop methodologies that enable an advertiser to achieve
total campaign conversion that match GL-OPT while respecting her global ROI v and budget p.
However, directly optimizing GL-OPT may not be plausible as we discuss in the following.

Advertisers’ levers to solve their global problems. To solve the global optimization problem
GL-OPT, ideally advertisers would like to optimize over individual auctions across all channels.
However, in reality channels operate as independent entities, and typically do not provide means for
general advertisers to participate in specific individual auctions at their discretion. Instead, channels
provide advertisers with specific levers to express their ad campaign goals on spend and conversion.
In this work, we focus on two of the most widely used levers, namely the per-channel ROI target
and per-channel budget (see illustration in Fig. . After an advertiser inputs these parameters to a
channel, the channel then procures on behalf of the advertiser through autonomous programs (we
call this programmatic process autobidding) to help advertiser achieve procurement results that
match with the inputs. We will elaborate on this process later.

Formally, we consider the setting where for each channel j € [M], an advertiser is allowed to input
a per-channel target ROI 0 <+; < 0o, and a per-channel budget p; € [0, p] where we recall p >0
is the total advertiser budget for a certain campaign. Then, the channel uses these inputs in its
autobidding algorithm to procure ads, and returns the total conversion V;(v;,p;;2;) >0 , as well
as total spend D;(v;,p;;2;) > 0 to the advertiser, where we recall z; = (v;,d;) € R x R™i is the
vector of value-cost pairs in channel j sampled from discrete support F}; according to distribution p;;
V; and D; will be further specified later.

As the advertiser has the freedom of choice to input either per-channel target ROI’s, budgets, or
both, we consider three options for the advertiser: 1. input only a per-channel target ROI for each
channel; 2. input only a per-channel budget for each channel; 3. input both per-channel target ROI

and budgets for each channel. Such options correspond to the following decision sets for (v;, p;) e
Per-channel budget only option: Zp = {(7;, p;)jem) € RYM 17, =0, p; € [0, p] for Vj}.
Per-channel target ROI only option: Tz = {(v;,p;) e € RiXM :v; >0, p; =00 for Vj}. (2)
General option: Z¢ = {(v;,p;) e 17 =0, p; € [0, p] for Vj}.

The advertiser’s goal in practice is to maximize their total conversion of procured ad impressions

through optimizing over per-channel budgets and target ROIs, while subject to the global ROI and



budget constraint similar to those in GL-OPT. Mathematically, for any option Z € {Zp,Zr,Zc},

the advertiser’s optimization problem through channels can be written as

CH-OPT(Z) = ma; E|Vi(v;,p;; 25
(7) e e ;4 [Vi(vs: pss )]
st Y EVi(v,052)] 27 Y EID; (v, 05 %)) (3)
JjeEM JEM

Z E [D;(vj,p552))] < ps

JE[M]

where the expectation is taken w.r.t. randomness in z;. We remark that for any channel j € [M],
the number of auctions m; as well as the distribution p, are fixed and not a function of the input
parameters y;, p;.

The functions (V}, D;) that map per-channel target ROI and budgets ~;, p; to the total conversion
and expenditure are specified by various factors including but not limited to channel j’s autobidding
algorithms deployed to procure ads on advertisers’ behalf as well as the auctions mechanisms that
sell impressions. In this work, we study a general setup that closely mimics industry practices. We
assume that on the behalf of the advertiser, each channel aims to optimize their conversion over all
m; auctions while respecting the advertiser’s input (i.e., per-channel target ROI and budgets). (See
e.g. Meta Ads Manager in Figure [I] specifically highlights the channel’s autobidding procurement
methodology provides evidence to support the aforementioned setup). Hence, each channel j’s
optimization problem can be written as

x; (V5,53 25) = argmer[%i?(mj v,z st 'vaw > 'yjdjT:c, djT:n <pj, (4)
where © = (xn)ne[mj] €[0,1)™ denotes the vector of probabilities to win each of the parallel auctions,
i.e. z, €[0,1] is the probability to win auction n € [m;] in channel j. In light of this representation,
the corresponding conversion and spend functions are given by

Vi(visp552) = 0] (v5,0552;)  and Vi(vy,0;) = E[Vi(v5, p5325)] -
Dj(vjspjszi) =d; ®5(75,0532;)  and  Dy(v;,p5) =E[D;(v5, 053 25)] -
Here, the expectation is taken w.r.t. randomness in z; = (v;,d;) € R} x R7. We assume that for
any (v;,p;) and realization z;, Vj(7;, p;; ;) is bounded above by some absolute constant V' € (0, 00)
almost surely. We remark that Eq. assumes channels are able to achieve optimal procurement
performance. Later in Section [6.2] we will briefly discuss setups where channels does not optimally

solve for Eq.(4]).

Key focuses and organization of this work. In this paper, we address two key topics:



1. How effective are the per-channel ROI and budget levers to help advertisers achieve the globally
optimal conversion GL-OPT while respecting the global ROI and budget constraints? In
particular, for each of the advertiser options Z € {Zp,Zg,Z¢} defined in Eq. , what is the
discrepancy between CH-OPT(Z), i.e. the optimal conversion an advertiser can achieve in
practice, versus the optimal GL-OPT?

2. Since in reality advertisers can only utilize the two per-channel levers offered by channels, how
can advertisers optimize per-channel target ROIs and budgets to solve for CH-OPT(Z)?

In Section (3] we address the first question to determine the gap between CH-OPT(Z) and GL-OPT
for different advertiser options. In Section [d] we develop an efficient algorithm to solve for per-channel

levers that optimize CH-OPT(Z).

3. On the efficacy of the per-channel target ROIs and budgets as levers in
solving the global problem

In this section, we examine the effectiveness of the per-channel target ROI and per-channel budget
levers in achieving the global optimal GL-OPT. In particular, we study if the optimal solution
to the channel problem CH-OPT(Z) defined in Eq. for T € {Zp,Zr,Zc} is equal to the global
optimal GL-OPT. As a summary of our results, we show that the per-channel budget only option,
and the general option achieves GL-OPT, but the per-channel ROI only option can yield conversion
arbitrarily worse than GL-OPT for certain instance, even when there is no global budget constraint
(i.e., p=00). This implies that the per-channel ROI lever is inadequate to help advertisers achieve
the globally optimal conversion, whereas the per-channel budget lever is effective to attain optimal
conversion even when the advertiser solely uses this lever.

Our first result in this section is the following Lemma which shows that GL-OP'T serves as a
theoretical upper bound for an advertiser’s conversion through optimizing CH-OPT(Z) with any
option Z.

Lemma 3.1 (GL-OPT is the theoretical upper bound for conversion) For any optionT €
{Z5,Ir,ZIs} defined in Eq. ([2), we have GL-OPT > CH-OPT(Z), where we recall the definitions
of GL-OPT and CH-OPT in Eq. and , respectively.

The proof of Lemmal[3.1]is deferred to Appendix[A-T] In light of the theoretical upper bound GL-OPT,
we are now interested in the gap between GL-OPT and CH-OPT(Z) for option Z € {Zp,Zg,Zs}.

In the following Theorem [3.2] we show that there exists a problem instance under which the ratio

CH-OPT(ZR)

aroprs nears 0, implying the per-channel ROIs alone fail to help advertisers optimize conversion.
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Theorem 3.2 (Per-channel ROI only option fails to optimize conversion) Consider an
advertiser with a (global) target ROI of v =1 procuring impressions from M =2 channels, where
channel 1 consists of a single auction and channel 2 consists of two auctions. The advertiser has
unlimited budget p =00, and chooses the per-channel target ROI only option I defined in FEq. .
Assume there is only one realization of value-cost pairs z = (v;,d;)jcin (i-e. the support F' = Fy x F,

is a singleton), and the realization is presented in the following table, where X >0 is some arbitrary

CH-OPT(Ip) _

parameter. Then, for this problem instance we have limx o —g1-opt

Channel 1 Channel 2
Auction 1 | Auction 2 Auction 3

Value v, ,, 1 X 2X
Spend d; ,, 0 1+X 2(1+4+X)

Proof. Let ¥ = (91,72) be the optimal solution to CH-OPT(Zg) and recall under the option Zg, we

let per-channel budgets to be infinity. It is easy to see that 7; can be any arbitrary nonnegative

number because the advertiser always wins auction 1, and 5 > HLX: if otherwise 7, < HLX, then

the optimal outcome of channel 2 is to win both auctions 2 and 3. However, in this case, the
advertiser wins all auctions and acquires total value 1+ X 42X =14 3X, and incurs total spend

0+ (14+X)+2(1+ X) =3+ 3X, which violates the ROI constraint in CH-OPT(Zz) because

143X X
343X 1+X°

that the optimal objective to CH-OPT(Zg) is 1. On the other hand, it is easy to see that the optimal

< 1. Therefore the advertiser can only win auction 1, or in other words 7, > This implies

solution to GL-OPT is to only win auctions 1 and 2, yielding an optimal value of 1+ X. Therefore

CH-OPT(Zg) _ 1

GLopT - = 13x- laking X — oo yeilds the desired result. [

In contrast to the per-channel ROI only option, the budget only option in fact allows an advertiser’s
conversion to reach the theoretical upper bound GL-OPT through solely optimizing for per-channel

budgets. This is formalized in the following theorem whose proof we present in Appendix [A22]

Theorem 3.3 (Per-channel budget only option suffices to achieve optimal conversion)
For the budget only option Ip defined in Eq., we have GL-OPT = CH-OPT(Zp) for any global
target ROI v > 0 and total budget p >0, even for p=oo.

As an immediate extension of Theorem [3.3] the following Corollary [3.4] states per-channel ROIs in

fact become redundant once advertisers optimize for per-channel budgets.

Corollary 3.4 (Redundancy of per-channel ROIs) For the general option Zg defined in Eq.
where an advertiser sets both per-channel ROI and budgets, we have GL-OPT = CH-OPT(Zg) for
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any aggregate ROI v >0 and total budget p >0, even for p=oc. Further, there exists and optimal
solution (v, p;j)jem) to CH-OPT(Zg), s.t. v; =0 for all j € [M].

In light of the redundancy of per-channel ROIs as illustrated in Corollary in the rest of the
paper we will fix v; =0 for any channel j € [M], and omit 7; in all relevant notations; e.g. we
will write D;(p;;2z;) and D;(p;), instead of D;(~;, p;;z;) and D;(~;, p;). Equivalently, we will only

consider the per-channel budget only option Zp.

4. Optimization algorithm for per-channel budgets under bandit feedback
In this section, we develop an efficient algorithm to solve for per-channel budgets that optimize
CH-OPT(Zg) defined in Eq. , which achieves the theoretical optimal conversion, namely GL-OPT,
as illustrated in Theorem In particular, we consider algorithms that run over 7" > 0 periods,
where each period for example corresponds to the duration of 1 hour or 1 day. At the end of T'
periods, the algorithm produces some per-channel budget profile (p;);en € [0, p]* that approximates
CH-OPT(Zg), and satisfies aggregate budget and ROI constraints, namely
ROLI: Z Vi(p;) >~ Z D;(p;), and Budget: Z D;(p;)<p, (6)
jeM jEM jelM]

where we recall the expected conversion and spend functions (V;(p;), D;(p;)) defined in Eq. (5)).

The algorithm proceeds as follows: at the beginning of period ¢ € [T], the advertiser sets per-
channel budgets (p;);ec(m), while simultaneously values and costs z, = (v;,,d;,) € Rfj X Rfj are
sampled (independently in each period) from finite support F = F; X ... Fy; according to discrete
distributions (p;);e- Each channel j then takes as input p;, € [0, p] and procures ads on behalf of
the advertiser, and reports the total realized conversion V;(p;+; 2:) as well as total spend D;(pj+; 2¢)
to the advertiser, where V;(p;;2:) and D;(p;;2,) are defined in Eq. (5]). For simplicity we also
assume for any realization z = (v;,d;) € F' we have the ordering Zi—i >8> zj’mj

7,2 Jym

for all

channels j € [M].

Here, we highlight that the advertiser receives bandit feedback from channels, i.e. the advertiser
only observes the numerical values V;(p;; 2:) and D;(p;.; 2:), but does not get to observe V;(pj; 2’)
and Dj(p};2') evaluated at any other per-channel budget p) # p;; and realized value-cost pairs
z' # z;. More discussions on challenges that arise from this bandit feedback structure can be found
in Section (.11

We also make the following Assumption that states that if the advertiser allocates any feasible
per-channel budget to a channel j € [M], the channel will almost surely deplete the entire budget in
the impression procurement process. This is a natural assumption that mimics practical scenarios,

e.g. small businesses who have moderate-sized budgets.
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Assumption 4.1 (Moderate budgets) We assume the total budget is finite, i.e. p < oo, and for
any channel j € [M], value-cost realization z = (v,d) € F;, and per-channel budget p; € [0, p], the
optimal solution x;(p; z) defined in Eq. is budget binding, i.e. D;(p;j;z) = d;rm;f(pj;z) =pj.

4.1. The SGD-UCB algorithm to optimize per-channel budgets

Here, we describe our algorithm to solve for optimal per-channel budgets w.r.t. CH-OPT(Zp).
Similar to most algorithms for constrained optimization, we take a dual stochastic gradient descent
(SGD) approach; see a comprehensive survey on dual descent methods in Bertsekas| (2014)). First,
we consider the Lagrangian functions w.r.t. CH-OPT(Zp) where we let ¢= (A, ) € R be the dual

variables corresponding to the ROI and budget constraints, respectively:

Li(pjsc;z;) =1+ AN)Vi(pjiz;) — (M +u)p; and L;(pj,e) =E[L;(p),¢525)] - (7)
Then, in each period ¢ € [T] given dual variables ¢; = (A, 7;), SGD decides on a primal decision, i.e.
per-channel budget (p;;);ecin) by optimizing the following:

pjc = arg max L;(p;,c;2;). (8)
p;€[0,p]

Having observed the realized values (V;(p;;2:)) note that spend is (p;¢)jepr in light of

jeay (
Assumption , we calculate the current period violation in budget and ROI constraints, namely
g1 = Z].GM (Vi(pjs; 2t) —ypjs) and gop = p — Zje[M] p;t- Next, we update dual variables via
Ay = (A — ?7g1,t)+ and 01 = (pe — ngu)Jr, where 7 is some pre-specified step size.ﬂ

However, the above SGD approach faces a fatal drawback, namely we cannot realistically find
the primal decisions by solving Eq. since the function £;(-, ¢;; 2;) is unknown due to the bandit
feedback structure. Therefore, we provide a modification to SGD to handle this issue. Before we
present our approach, we briefly note that although bandit feedback prevents the naive application
of SGD for our problem of interest, this may not be the case in other online advertising scenarios

that involve relevant learning tasks, underlining the challenges of our problem; see following Remark

1] for details.

Remark 4.1 Our problem of interest under bandit feedback is more difficult than similar problems in
related works that study online bidding strategies under budget and ROI constraints; see e.g. |Balseiro
et al.| (2017, |2022), |Feng et al| (2022). To illustrate, consider for instance Balseiro et al. (2017) in
which a budget constrained advertiser’s primal decision at period t is to submit a bid value b, after
observing her value v;. The advertiser competes with some unknown highest competing bid d; in the

3 Here, the dual updates follow the vanilla gradient descent approach, and one can also employ more general mirror
descent updates; see e.g. Balseiro et al.| (2022)).
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market, and after submitting bid by, does not observe d; if she does not win the competition, which
involves a semi-bandit feedback structure. Nevertheless, the corresponding Lagrangian under SGD
takes the special form L;(b, pe; z:) = (ve — (1 + pe)dy) I{by > d;} where p; is the dual variable w.r.t.
the budget constraint. This simply allows an advertiser to optimize for her primal decision by bidding

argmaxy>o L£;(b, ¢i; 2¢) = . So even though |Balseiro et al.| (2017, |2022), |Feng et al| (2022) study

1+pe

dual SGD under bandit feedback, the special structures of their problem instances permits SGD to
effectively optimize for primal decisions in each period, as opposed to Eq. mn our setting which

can not be solved.

To resolve challenges that arise with bandit feedback in our model, we take a natural approach to
augment SGD with the upper-confidence bound (UCB) algorithm, which is well celebrated for solving
learning problems under bandit feedback such as multi-arm bandits; see an introduction to bandits
in |Slivkins et al.| (2019). In particular, we first discretize our per-channel buudget decision set [0, p]
into granular “arms” that are separated by some distance § > 0, so that the discretized per-channel

budget decisions become
A(0) = {a }rex) where a = (k—1)6 and K :=[p/d] +1. 9)

In the following we will use the terms “per-channel budget” and “arm” interchangeably. In the spirit
of UCB, in each period ¢ we maintain some estimate (f@(ak))jew] of the conversions (V;(axr)), e
as well as an upper confidence bound UCB; ;(ay) for each arm a;, using historical payoffs from periods
in which arm ay, is pulled. Finally, we update primal decisions for each channel j € [M] using the
“best arm” p;, = argmax,, cai) (14 ) (Vj,t(ak) —i—UCBj,t(ak)) — (A¢y + p1t) ap. We summarize our
algorithm, called SGD-UCB, in the following Algorithm [I]

We remark that there has been very recent works that combine SGD with Thompson sampling
which is another well-known algortithm for solving bandit problems (e.g. Ding et al.| (2021)) and
references therein), and works that employ SGD in bandit problems (e.g. Han et al.| (2021))). Yet to

the best of our knowledge, approach to augment SGD with UCB is novel.

4.2. Analyzing the SGD-UCB algorithm
In this subsection, we analyze the performance of SGD-UCB in Algorithm (I, and present accuracy

guarantees on the final output p, = <% Ztem pj,t) ] of the algorithm. The backbone of our
M

analysis strategy is to show the cumulative conversiojne[loss over T periods, namely T - GL-OPT —
E [Ztem > jen Vipje) | consists of two main parts, namely the error induced by the UCB in
our algorithm, and the error due to SGD (or what is typically viewed as the deviations from
complementary slackness), as shows in the following Proposition Then we further bound each

part, respectively.
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Algorithm 1 SGD-UCB
Input: Budget discretization decision set A(5) defined in Eq.(9). Step size 1 > 0. Initialize Nj 1(axr)=V;1(ax) =0 for
all j € [M] and k € [K], and dual variables A\; = p; =0.
1: Output: Per channel budget.
fort=1...T do

Update (primal) per-channel budget. For each channel j € [M] set (primal) per-channel budget:
o Ift< K, set pji=ay.
o Ift > K, set

- 2log(T)
it = 1+ X) (V5 UCB; — (A here UCB; = 10
pia=ang mage (1430 (Via(o) + 0080 (@)) = (v + ) o, where UGB o(ax) = [ 52500 (10)

4: Observe realized values {V;(pj¢;2:)} and update for each arm k € [K]:

JjEM]
Nji+1(ar) = Nji(ar) +1{pj = ar}

_ 1 _ ,
Vitri(ar) = Novri(an) (Nje(ar)Vielar) + Vi(pses 2e){pse = ax})  forj=1...M
Js

(11)

5: Update dual variables. Update dual variables with g1 := 7., (Vi(pje;2e) —vpje) and g2,0 = p —
Zje[M] Pi,t:

At = (At —ng1e) . and pegr = (pe —1mg2,¢) (12)

2

end for

Output pr = ( > telr) Pi, t)

o

jelm]

Proposition 4.1 For any channel j € [M] define pj(t) = argmax, ., L;(p;;c:) to be the optimal

per-channel budget w.r.t. dual variables ¢, = (A, pu)ierr) during period t € [T]. Then we have

T-GL-OPT = > > E[Vj(p;.)]

te[T] je[M]
< MVK + Z ZE 1), Ay o) — L;( jty)\tvlut)] + ZE[At!]l,t'f'Hth,t] ) (13)
je[M] t>K t>K

UCB error SGD complementary slackness deviations
where we recall the definitions of g, and g, ; in step 4 of Algorithm and the fact that the conversion
Vi(pj; ;) is bounded above by absolute constant V € (0,00) almost surely for any channel j € [M],
(74, p;) and realization z;.
The bound on SGD complementary slackness violation is presented in the following Lemma
and follows a standard analyses for SGD; we refer readers to the proof in Appendix

Lemma 4.2 (Bounding complementary slackness deviations) Recall 1t =

> e (Vi 20) = VPia)s G20 =P — 2 jepan Pie and 1> 0 the step size defined in Algorithm .

Then we have

1
ZE[Atgl,t+:ut92,t] <0 (UTJFU) (14)

te(T]
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Challenges in bounding UCB error due to adversarial contexts and continuum-arm
dicretization. Bounding our UCB error is much more challenging than doing so in classic stochas-
tic multi-arm bandit settings: first, our setup involves discretizing a continuum of arms i.e. our
discretization in Eq.@ for [0, p]; second, and more importantly, the dual variables {c;}.cr) are
effectively adversarial contexts since they are updated via SGD instead of being stochastically
sampled from some nice distribution, and correspondingly the Lagrangian function £;(a,¢;; 2;) can
be viewed as a reward function that maps any arm-context pair (ay,¢;) to (stochastic) payoffs. Both
continuum-arms and adversarial contexts have been notorious in making reward function estimations
highly inefficient; see e.g. discussions in |Agrawal (1995), Agarwal et al.| (2014). We further elaborate
on specific challenges that adversarial contexts bring about:

e Boundedness of rewards. In classic stochastic multi-arm bandtis and UCB, losses in total
rewards grow linearly with the magnitude of rewards. In our setting, the reward function, i.e.
the Lagrangian function £;(ay,c:; 2¢), scales linearly with the magnitude of contexts (see Eq.
(7)), so large contexts (i.e. large dual variables) may lead to large losses.

e Context-dependent exploration-exploitation tradeoffs. The typical trade-off for arm
exploration and exploitation in our setting depends on the particular values of the contexts (i.e.
the dual variables), which means there may exist “bad” contexts that lead to poor tradeoffs
that require significantly more explorations to achieve accurate estimates of arm rewards than
other “good” contexts. We elaborate more in Lemma and discussions thereof.

In the following, we first handle continuum arm discretization via analyzing structural properties of
the reward (i.e. Lagrangian) functions. Fortunately, the specific form of conversion functions V(p;; 2)
defined in Eq. imposes a salient structure on the Lagrangian for pulling an arm. Specifically, the
following lemma shows that the Lagrangian is continuous, piecewise linear, concave, and unimodaﬂ

we present the proof in Appendix [B.3]

Lemma 4.3 (Structural properties of conversion and Lagrangian functions) e For
any channel j € [M] and per-channel budget p; the conversion function V;(p;) is continuous,
piece-wise linear, strictly increasing, and concave. In particular, V;(p;) takes the form

Vilpi) =D (85mp5 + 1) {rjno1 <pj <7}, (15)
nelS;]
where the parameters S; € N and {(8jn,bjn,7jn)neis;) only depend on the support Fy and
distribution p; from which value-to-cost pairs are sampled. These parameters satisfy sj1 > 8;2 >
>85>0 and 0=r;0 <rj1 <7j9 < <715, =p, as well as bj, >0 s.b. 85,70+ bjn=
Sin+1Tjm + bjny1 for all n € [S; — 1], implying V;(p;) is continous in p;.

4We say a real-valued function f:R — R is unimodal if there exists some y* such that f(y) strictly increases when
y <y* and strictly decreases when y > y™.
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e For any dual variables ¢ = (X, p) € R, the Lagrangian function L;(p;,c) defined in Eq. (7)) is

continuous, piece-wise linear, concave, and unimodal in p;. In particular,
Li(pje)= > (050(@)p;+ (1+ b)) {rjn 1 <pj <7}, (16)
’I’LE[SJ‘]

where the slope 0 ,(¢) = (1+ )8, — (+A). Then, this also implies argmax, o L;(p;,c) =

max{r;,:n=0,1...,5; ,0;,(c) >0}.

In fact, for any realized value-cost pairs z, the “realization versions” of the conversion and Lagrangians
functions, namely V;(p;;z) and L;(p;, c; z), also satisfy the same properties as those of V;(p;) and

L;(pj,c), respectively. We provide a visual illustration for these structural properties in Figure .

+
25 - Slope o; (¢) .~ Slope 0" ()
20 A
159 v T, | L ﬁj(Pj,C;Zg))
Li . Li(pj. €;2(2))
== Lj(pj,c;23))
5_
— Lj(pj,©)
0 @ argmax, cfo,p] Li(pj, c)
1 7o Ti o T2 7.3 un 75
0 1 2 3 a 5 6
Pj
Figure 2 lllustration of Lagrangian functions defined in Eq. (7) with M; = 2 auctions in channel j, and support

F; that contains 3 elements, z(1) = (v(1),d(1)) = ((8,2),(2,3)), z2) = ((3,4),(1,4)), zi) = ((8,1),(4,2)),
and context ¢ = (A, 1) = (4,2). In light of Lemma Sj =5, where the “turning points” r,0...7; 5, are
indicated on the x-axis, and the optimal budget w.r.t. c is argmax, (0,5 £j(pj;c) = 7j,2. The adjacent

slopes in Eq. are 0; (c) =0j.2(c), and a;r(c) =0;j3(c), respectively.

We now handle the reward boundedness issue in the Lagrangian functions defined in Eq. @ that
arise from adversarial contexts. In the following Lemma [4.4] we show that the Lagrangian functions,
as well as dual variables, are indeed bounded by some absolute constants under a mild feasibility

Assumption [£.2] stated below:
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Assumption 4.2 (Strictly feasible global ROI constraints) For any realization
of walue-cost pairs z = (vj,d;)jepy € Fi x ...Fy, the realized wversion of the

ROI  constraint in  GL-OPT defined in FEq. is strictly feasible, 1i.e. the set
{:B:(a:j)je[M] rx; €[0,1)™ for Vi € [M], 3 cin ) 5> e djTa:j} is nonempty

Lemma 4.4 (Bounding dual variables and Lagrangian functions) Let (A, fu)icir) be the
variables generated from Algorithm 1 Under Assumption and assuming the step size n >0

satisfies n < there exists some absolute constant Cr > 0 that depends only on the

1
M-max{V,p,V2} ’
support of value-cost pairs F'=Fy X --- x Fyr as well as aggregate target ROI and budget (v, p) such
that A, p < Cr for all t € [T]. Moreover, for any for any t € [T, j € [M] and p; € [0, p] we have

—(I4+7)pCr < Li(pj, Aespie) < (14+Cp)V. (17)

See proof in Appendix

Finally, we address the context-dependent exploration-exploitation tradeoff. We remark that
this tradeoff is embodied in the “flatness” of the reward function that depends on adversarial
contexts. To illustrate (see e.g. Figure [2), we define the slopes that are adjacent to the opti-
mal budget argmax,; e,y L, (p;,c) for any ¢ = (A, pu) as followed: assuming the optimal budget

argmax,. co,, £;(p;,€) is located at the nth “turning point” r; ,, we have

07 () =0u(e) and o7 (c) = 05ns(c) (18)

Similar to standard multi-arm bandits exploration-exploitation tradeoffs, the flatter the slope (e.g.

o (c) is close to 0), the more pulls required to accurately estimate rewards for sub-optimal arms

J
on the slope, but the lower the loss in conversion for pulling sub-optimal arms. Our setting is
challenging because the magnitude of this tradeoff depends on the adversarial contexts ¢, i.e., the
dual variables, which requires delicate treatments. In the following Lemma [£.5] where we bound the
UCB error, we handle this context-dependent tradeoff by separately analyzing periods during which
the adjacent slopes o (c) and a;-r(c) are less or greater than some parameter o, and characterize

the context-dependent tradeoff w.r.t. flatness of adjacent slopes using o.

Lemma 4.5 (Bounding UCB error in primal per-channel budgets) Assume the discretiza-
tion width § satisfies § < rii= minne[sj] im —Tjn—1, Where S; and {rjyn}ijzo are defined in Lemma
[£.3 Then we have

1
Z E [EJ (p;w )‘ta :ut) - Ej (:Oj,tv )\ta ;ut)] <O <5T +aoT'+ 0_(;) (19>
te[T] -

where g > 0 is any small positive number.

% Equivalently, for any realization of value-cost pairs z = (v;, d;) jerm) there always exists a channel j € [M] and an
auction n € [m;] in this channel whose value-to-cost ratio is at least v, i.e. vjn > vdjn.
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We refer the readers to Appendix for the proof. Note that the parameter o will be chosen later.
Finally, returning to bounding the UCB error in Proposition [£.1, we put together Lemmas [£.2] and
and obtain the main result of this section in the following Theorem [.6| whose proof we detail in

Appendix

Theorem 4.6 (Putting everything together) Assume assumptions and hold. Let
(pj1)jeimeerr) be the per-channel budgets generated from Algom'thm and assume we take step size n =
O(1/VT), discretization width 6 = ©(T~"/3), and ¢ = ©(T~/3) in Lemma . Then for large enough
T we have T - GL-OPT —E [Ztem > jelm] Vj(pj,t)} < O(T??). Recalling py = (% D telT] pj’t)

1s the vector of time-averaged per-channel budgets, this implies

JE[M]

GL-OPT — " E[Vi(p,,)] <O(T%),

JE[M]

as well as approximate constraint satisfaction

Z E [V}(ET,J‘) _’YﬁT’j] > —(’)(T—l/?)7 and p— Z E[ﬁT,j] > _O(T—l/Q)

JjeM] jeM]
Here, we note that the above approxamate constraint satisfaction is in expectation, similar to
our definition of CH-OPT(Zp) defined in Eq. . To conclude, we make an important remark that

distinguishes our result in Theorem [£.6] with related literature on convex optimization.

Remark 4.2 In light of Lemma the advertiser’s optimization problem CH-OPT(Zg) in Eq.
effectively becomes a convex problem (see Proposition in Appendix . Hence it may be
tempting for one to directly employ off-the-shelf convex optimization algorithms. However, our problem
1nwvolves stochastic bandit feedback, and more importantly, uncertain constraints, meaning that we
cannot analytically determine whether a primal decision satisfies the constraints of the problem. For
example, in CH-OPT(Zg), for some primal decision (p;);eim), we cannot determine whether the
ROI constraint 3, B[V;(v;, p5:25) —vD;(7j, ps3 25)] 2 0 holds because the distribution (p;) ;e[
from which z is sampled is unknown. To the best of our knowledge, there are only two recent works
that handle a similar stochastic bandit feedback, and uncertain constraint setting, namely |Usmanova
et al| (2019) and|Nguyen and Balasubramanian| (2022). Nevertheless, our setting is more challenging
because these works consider a “two-point estimation” regime where one can make function evaluations
to the objective and constraints twice each period, whereas our setting involves “one-point estimation”
such that we can only make function calls once per period. We note the optimal oracle complexities for

unknown constraint convexr optimization with one-point bandit feedback, remains an open problemﬁ

6 See Table 4.1 in |[Larson et al.|(2019) for best known complexity bounds for one-point bandit feedback setups.
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4.3. Extension to strict constraint satisfaction: UCB-SGD-I1I
In Theorem [£.6] we showed that the final output of the UCB-SGD Algorithm [I] outputs a per-
channel budget profile p, = (% > re[T] pj,t>j€[M] that satisfies both ROI and budget constraints in
CH-OPT(Zp) approximately, i.e. there can be at most violations in the magnitude of O(T~'/?)
for both constraints. In this subsection, we present a modification to UCB-SGD that enables us
to achieve no-constraint violations, while still retaining the O(T~*/?) accuracy in total conversion.
Similar modification techniques have been introduced in Balseiro et al.| (2022)), Feng et al. (2022).

Our modification strategy handles ROI and budget constraint satisfactions differently. For budget
constraints, we simply maintain a spend balance B; in each period starting from B; =0, and
increase the balance by the expenditure in each period. When the balance nears pT’, i.e. total spend
comes close to pT', we simply terminate the algorithm. Regarding the ROI constraint, we develop
two phases. Phase 1 is a “safety buffer phase” where we conservatively set per-channel budgets to
accumulate a positive “ROI balance”, i.e. in this phase (assume ending in period T7) we hope to
achieve Ztem] g1t > O(VT), where we recall —g;, defined in step 4 of Algorithm |I|can be viewed
as the ROI constraint violations in period t. For phase 2, we then naively run SGD-UCB. The
motivation for this two-phase design is that we aim to have a buffer, i.e. positive ROI balance, in
phase 1 that can compensate for possible constraint violations in phase 2 when we run SGD-UCB
(see Theorem . We call our algorithm SGD-UCB-II which we present in Algorithm

We remark that in order to implement the buffer phase 1 to attain a positive ROI balance, we rely
on the following Assumption [4.3| which is a strengthened version of Assumption that states in
each channel there is always an auction that has a value-to-cost ratio above the global target ROI ~.
Then by setting a small budget we denote as 3, the channel will only procure impressions with high
value-to-cost ratios (due to the structure of conversion functions in Lemma , and thus ensuring

that the ROI balance increases.

Assumption 4.3 (Strictly feasible per-channel ROI constraints) Fiz any channel j € [M]
and any realization of value-cost pairs z; = (v;,d;) € F};, the channel’s optimization problem in Eq.

1s strictly feasible, i.e. the set {:Bj e [0,1]™ :vamj > ’ydjT:cj} 18 nonempty

Our strategy to bound the performance of SGD-UCB-II is as followed: In the first phase, we show
that we acquire sufficient ROI balance buffers to compensate for global ROI constraint violation in
the second phase. On the other hand, conversion loss in the second phase is solely due to SGD-UCB
(Algorithm , and thus our proof to bound such loss follows from similar ideas in Theorem (but
here we have to additionally handle “early stopping” of UCB-SGD-II due to the spend balance check.

" Equivalently, for any realization of value-cost pairs z; = (vj,d;) there always exists an auction n € [m;] in this
channel whose value-to-cost ratio is at least v, i.e. vjn > vdjn.
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Algorithm 2 SGD-UCB-II
Input: Set spend balance B; =0, and g1,0=0, >0

Phase 1 — Accumulate ROI balance buffer

1: while 3/, 191,60 < VT log(T) do

2 if Bi+ Mp > pT then

3 Terminate algorithm and output p = (% Et’e[t] pj’t/)je[M]'

4: end if

5 Set p;.. = B for all j € [M]

6 Observe conversion V;(8;z:) for all channels j € [M]. Calculate
ge= Y (Vilps;2e) = vpie) -

jeM
7 Calculate Biy1 = B + Zje[M] Djit-
Increment ¢+t +1
9: end while

10: Denote end period of Phase 1 as Ty =t — 1.

Phase 2 — Run SGD-UCB

11: For remaining T — T3 periods, run SGD-UCB in Algorithm [I] with a spend balance check during each period t:
12: if B: + Mp > pT then

i els(;I‘erminate and output p= (% Zt/e[t] pj’t/>je[M]'

15: Set per-channel budgets {p;t};c[n) according to SGD-UCB for all channels.

16: Update spend balance Bi+1 = B + ZjE[M] Pit-

17: end if

Note that in the first ROI balance buffer phase, we are not optimizing for per-channel budgets
which may lead to significant per-period conversion loss. Nevertheless, in the following lemma, we
first show that the first ROI balance buffer phase does not last too long; We refer readers to Appendix
[B.7] for the proof.

Lemma 4.7 (Bounding length of Phase 1) Recall T} € [T] is the end period of Phase 1 in the
SGD-UCB-II algorithm (see step 10). Denote the event € = {T) > 2/Tlog*(T)}, and take small

budget 8= @ in the SGD-UCB-II algorithm. Then, under Assumptwn for large enough T we
have P(€) < =.

Our main result in this subsection is the following Theorem which bounds the conversion loss

of SGD-UCB-II. The proof is detailed in Appendix [B.8
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Theorem 4.8 Let Ty, € [T] be the termination period of SGD-UCB-II, and recall p =
<% Zte[m pj,t) " is the final outputs of SGD-UCB-II (Algom‘thmﬁ). Then under Assumptz’ons
M

je
and and the same SGD-UCB (Algorithm|1]) parameter choices in Theorem for large enough
T we have GL-OPT =3, E [Vi(p;)] <O(TY?), and further > e E [Vi(p;) —p,] =0 and

ZjE[M] E [ﬁj} S p

5. Generalizing to autobidding in multi-item auctions

In previous sections, we assumed that each channel consists of multiple auctions, each of which
is associated with the sale of a single ad impression (see Eq. and discussions thereof). Yet, in
practice, there are many scenarios in which ad platforms sell multiple impressions in each auction
(see e.g. [Varian (2007), Edelman et al. (2007)). Thereby in this section, we extend all our results for
the single-item auction setting in previous sections to the multi-item auction setup. In Section
we formally describe the multi-item setup; in Section [5.2 we show that in the multi-item setting, the
per-budget ROI lever is again redundant (similar to what is shown in Theorem and Corollary
, and an advertiser can solely optimize over per-channel budgets to achieve the global optimal
conversion; in Section [5.3] we show our proposed UCB-SGD algorithm is directly applicable to the
multi-item auction setup for a broad class of auctions, and similar to Theorem our algorithm
produces accurate lever estimates with which the advertiser can approximate the globally optimal

lever decisions.

5.1. Multi-item autobidding setup

We first formalize our multi-item setup as followed. For each auction n € [m;] of channel j € [M],
assume L;,, € N impressions are sold, and channel j is only allowed to procure at most 1 impression
in auction n on the advertiser’s behalf. The value acquired and cost incurred by the advertiser when
procuring impression ¢ € [L;,] are v;,,(¢) and d; (), respectively. With a slight abuse of notation
from previous sections, we write v;,, = (v;.,(1),...v;,(L;n)) € Ri’”" as the L; ,-dimensional vector
that includes all impression values of auction n in channel j, and further write v; = (v;1...v;m;) €

R

2nelmj] Lin : . ,
+ as the vector that concatenates all value vectors across auctions in channel j. We

L.
elm; 1 . . . .
gl ™ accordingly for costs. Similar to Sectlon we assume

; P
also define d;,, € R and d; € R,
z; = (v;,d;) is sampled from finite support F; according to discrete distribution p; for any channel
Jj € [M], and further we assume that for any element z; € F}, individual impressions in each auction

are labelled such that v, , (1) > ... >wv;,(L;,) for any n € [m;].
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Under the above multi-item setup, an advertiser’s global optimization problem (analogous to
GL-OPT in Eq. for the single-item auction setup in previous sections), can be written as the

following problem called GL-OPT™:
GL-OPT™" =

max ZE’Um

(wj:(mj’lm’mj’mj)>j€[M] JE[M]

je[M] jem (20)
Z [djz;] < p
JEM]
25, € (0,17 and N 2 (0) <1, Vi [M], ne[m)]
EG[LJ"”]

Here ;,, = (2;n(£))ec(z,,,) denotes the indicator vector for procuring impressions £ € L; ,, in auction
n € [m;] of channel j € [M]. Compared to GL-OPT, the key difference for GL-OPT™ is that we
introduced additional constraints which states “at most 1 impression is procured in every multi-item
auction”.

On the other hand, analogous to a channel’s autobidding problem for the single-item auction setup

in previous sections (Eq. ), in the multi-item setting each channel j’s autobidding problem can be

written as
wj+(’Yj7,0j;zj) = arg (max 'ujTa:
= ml...zmj
st. vlx>ydf®, and dTwSpj (21)
€0, 1) and Y @,(0) <1, Vne[m,]
€€(L; ]

where @, = (2,(¢))ec(z,,, € [0,1]™ denotes the (possibly random) vector of indicators to win each
impression of auction n in channel j. With respect to this per-channel multi-item auction optimization
problem in Eq. (21)), we can further define V;* (v}, psi 2;). D (s, 053 25), Vi (. 05), Df (75, p5) as in
Eq., and CH-OPT™(Z) as in Eq. for any advertiser lever option Z in Eq..

5.2. Optimizing per-channel budgets is sufficient to achieve global optimal
Our first main result for the multi-item setting is the following Theorem which again shows an
advertiser can achieve the global optimal conversion GL-OPT™ via solely optimizing over per-channel

budgets (analogous to Theorem and Corollary .

Theorem 5.1 (Redundancy of per-channel ROIs in multi-slot auctions) For the per-
channel budget option Ip and general options Zg defined in Eq., we have GL-OPT* =
CH-OPT*(Zp) = CH-OPT"(Zg) for any aggregate ROI v >0 and total budget p >0, even for
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p=oc. Further, there exists and optimal solution (v;, p;)jen to CH-OPTY(Zg), s.t. v; =0 for all
jeM].

It is easy to see that the proof of Lemma [3.I} Theorem [3.3] and Corollary w.r.t. the single
item setting in Section [3] can be directly applied to Theorem since we did not rely on specific
structures of the solutions to GL-OPT and CH-OPT other than the presence of the respective
ROI and budget constraints (which are still present in GL-OPT" and CH-OPT™). Thereby we
will omit the proof of Theorem [5.1] In light of Theorem [5.1} we again conclude that the per-channel

ROI lever is redundant, and hence omit per-channel ROI v; when the context is clear.

5.3. Applying UCB-SGD to the multi-item setting
We now turn to our second main focus of the multi-item setting, which is to understand whether
our proposed UCB-SGD algorithm can achieve accurate approximations to the optimal per-channel
budgets, similar to Theorem [4.6] for the single-item setting. A key observation is that the only
difference between bounding the error of UCB-SGD in the single and multi-item settings is the
structure of the conversion and corresponding Lagrangian functions (see Lemma , since the only
change in the multi-item setting compared to the single-item setting is how a given per-channel
budget translates into a certain conversion. Therefore, in this section we introduce a broad class of
multi-item auction formats that induce the same conversion function structural properties as those
illustrated in Lemma which will allows us to directly apply the proof for bounding the error of
UCB-SGD (Theorem to the multi-item setting of interest.

To begin with, we introduce the following notion of increasing marginal values, which is a
characteristic that preserves the structural properties for conversion and Lagrangian functions from

the single-item setting (in Lemma , as shown later in Lemma .

Definition 5.1 (Multi-item auctions with increasing marginal values) We say an auction
n € [m;] in channel j € [M] has increasing marginal values if for any realization z; = (v;,d;), we
have d; ,(¢) > d;,,(¢+1)>0 for any {=1...L;, —1 and
V(1) = v, (2) S Vjn(Ljn —1) = vjn(Ljn) S Vjn(Ljn)
djn(1) = djn(2) djn(Ljpn —1) = djn(Ljn) = djn(Ljn)

Increasing marginal values intuitively means that in some multi-item auction, the marginal value

>0.

per cost gained increases with procuring impressions of greater values. Many classic position auction
formats satisfy increasing marginal gains, such as the Vickrey—Clarke-Groves (VCG) auction; see

Varian| (2007)), Edelman et al.| (2007) for more details on position auctions.

Example 5.1 (VCG auctions have increasing marginal values) Let auction n € [m;] in

channel j € [M] be a VCG auction, where for any realization of (Vjn,d;n) = (vjn(€),d;jn(f))ecir; ]
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there exists some v, ; >0, position discounts 1 >0, ;(1) >0, ;(2)...60, ;(L, ;) >0, and L, ;-highest
competing bids from competitors in the market JM( 1) >d, i (2) ... > cflvn’j(Ln,j) > 0, such that the
acquired value for procuring impression £ € Ly, ; is vy, ;(€) = 0,,;(£) - Uy, ;, and the corresponding cost

is d;,(0) = Zeﬂ:’é( i (0) — 0, (0 + 1))dnj(€’) where we denote 8, ;(L;,+1)= O Thereby, under

VCG the marginal values are
O G N OO e () L

dj:"(g) - djv"w + 1) (en,j (€> - Hn,j (ﬁ + 1)) Js n( ) Jj,n(g)

which, decreases in £ since d,, j(1) > dy, ;(2) ... > dy (L, ;) > 0. Hence VCG auctions admit increasing

marginal values.

We remark that the generalized second price auction (GSP) does not necessarily have increasing
marginal values. Now, if all auctions in a channel have increasing marginal values, then we can show
the conversion function VjJr (p;) and the corresponding Lagrangian function for multi-item auctions

admits the same structural properties as those in Lemma

Lemma 5.2 (Structural properties for multi-item auctions) For any channel j € [M] whose
auctions have increasing marginal values (see Definition , the conversion function V;-Jr(pj) =
E [v;w;’Jr(pj;zj)] 1§ continuous, piece-wise linear, strictly increasing, and concave. Here recall
m;"+(pj;zj) is the optimal solution to the channel’s optimization problem in Eq. . Further, for
any dual variables c= (X,0) € R%, the Lagrangian function LT (p;,c) :== (1+ )V (p;) — (0 +~\)p;

is continuous, piece-wise linear, concave, and unimodal in p;.

See proof in Appendix In light of Lemma we can argue that UCB-SGD produces per-channel
budgets that yield the same accuracy as in Theorem for the single-item setting,

Theorem 5.3 (UCB-SGD applied to channel procurement for multi-item auctions)

Assume multi-item auctions in any channel j € [M] has increasing marginal values (per Definition
, and assume Assumptions and hold for the multi-item settmgﬂ Then with the same
parameter choices as in Theorem |4.6, and recalling pyr = (% Ztem pj’t)je[M] s the wvector of

time-averaged per-channel budgets produced by UCB-SGD, we have

GL-OPT* = > E[V;"(pr,;)] <O(T'?),

J€E[M]

8 Here, the distribution over (vjn,d;.) can be viewed as the joint distribution over T j, (0n; (€))eeir; ) and
(dni (0))eerz;,
9 Assumption in the multi-item setting again implies the spend in any channel is exactly the input per-channel

budget; Assumption in the multi-item setting states that for any realization of value-cost pairs z = (v;,d;) c(m] €
Fy x ... Fy, the realized version of the ROI constraint in GL-OPT™ defined in Eq. is strictly feasible.
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as well as approrimate constraint satisfaction

SR [V (Bry) —1Br,] 2 O ), and p— 3 Efpy,) > 0T ?)
JE[M] FE[M]
where we recall GL-OPT™ is defined in Eq. (20), Vj+(pj) =K [’UJT
defined in Eq. .

w;’+(pj;zj)] and a:}"+(pj;zj) is

The proof for this theorem is identical to that of Theorem [£.6] given the same structural properties
of the conversion and Lagrangian functions in Lemma [5.2] and Lemma [£.3] Hence we will omit the
proof. Finally, we remark that UCB-SGD-II (Algorithm [2|) can also be applied to the multi-item
setting and yield per-channel budget estimates that achieve the same performance as illustrated in

Theorem while satisfying both global budget and ROI constraints exactly.

6. Additional discussions
In the following Section [6.1] we discuss extensions of our results to more general advertiser objectives;

and in Section [6.2], we discuss future directions on non-optimal channel autobidding.

6.1. More general advertiser objectives

In GL-OPT and CH-OPT(Z) defined Section (or similarly GL-OPT* and
CH-OPT"(Z) defined in the multi-item setting in Section , we can also con-
sider more general objectives, namely MaXg, .ay DB [v;rwj — adjT:cj] and
MAX(y; )¢ (v €7 > e EVi (v, 053 25) — aVi(y,p5: 25)] for some private cost a € [0,7]E| in
GL-OPT and CH-OPT(Z), respectively. When a = 0, we recover our considered models in the
previous section, whereas in when a =1, we obtain the classic quasi-linear utility. We remark that
this private cost model has been introduced and studied in related literature; see |Balseiro et al.
(2019b)) and references therein. Nevertheless, when each channel’s autobidding problem remains as
is in Eq., i.e. channels still aim to maximize conversion which causes a misalignment between
advertiser objectives and channel behavior, it is not difficult to see in our proofs that all our results
still hold in Section 3] and our UCB-SGD algorithm still produces estimates of the same order of
accuracy via introducing « into the Lagrangian. In other words, even if channels aim to maximize
total conversion for advertisers, advertisers can optimize for GL-OPT with a private cost « through

optimizing CH-OPT(Z) that also incorporates the same private cost.

197f @ > 7 the ROI constraints in GL-OPT as well as CH-OPT(Z) become redundant.
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6.2. Non-optimal autobidding in channels.

We recall in previous sections we assumed that each channel adopt “optimal autobidding” that solves
Eq. to optimality. This raises the natural question that whether our findings will still hold when
channels do not procure ads optimally, perhaps because of non-stationary environments Besbes et al.
(2014])), Luo et al.| (2018), Cheung et al.| (2019), or the presence of strategic market participants who
aim to manipulate the market |Golrezaei et al.| (2019a), Drutsal (2020), Golrezaei et al.| (2021ba). In
such a scenario, an advertiser’s (bandit) conversion feedback in a channel j would be V' (v;, p;; 2;) —¢€;
for some channel-specific and possibly adversarial loss €; > 0. One potential resolution is to treat such
€; as adversarial corruptions to bandit rewards, and instead of integrating vanilla UCB with SGD as
in Algorithm [I} augment SGD with bandit algorithms that are robust to robust corruptions; see e.g.
Lykouris et al.| (2018), |Gupta et al.| (2019)). Nevertheless, it remains an open question to prove how
such augmentation would perform in our specific bandit-feedback constrained optimization setup.

This leads to potential research directions of both practical and theoretical significance.
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Appendices for

Multi-channel Autobidding with Budget and ROI
constraints

Appendix A: Proofs for Section
A.1. Proof of Lemma [3.1]
Fix any option T € {Z,Zx,Zs} defined in Eq. (2)), and let (¥, p) € Z be the optimal solution to CH-OPT(Z).
Note that for the per-channel ROI only option Zg, we have p; = oo and for the per-channel budget only we
have 7; =0 for all j € [M]. Further, for any realization of value-cost pairs over all auctions z = (v;,d;) e
recall the optimal solution @} (3;,p;; 2;) to V;(3;, p;; z;) for each channel j € [M] as defined in Eq. (4).
Due to feasibility of (7, p) € Z for CH-OPT(Z), we have
S EWV; G552 27 Y BID; G priz)l = > Elv)a;(3,,0552)] =7 Y [d] 25,55 2)]
jEM jEM jelMm] JEIM]
where we used the definitions V;(%;,p;;2,) = v} ®;(3;,0;;2;) and D;(3;,p5;2;) = d; x;(7;,p5; 2;) in Eq.
(5). This implies (acj* ﬁj’ﬁj;zﬂ'))je[ ) satisfies the ROI constraint in GL-OPT. A similar analysis implies
(=3 (35, P55 zj))],e[ o) @lso satisfies the budget constraint in GL-OPT. Therefore, (=3 (35,053 zj))],e[ o 18 feasible
to GL-OPT. So
GL-OPT > Y E[v]a}(3,5;:2)] = > _ [Vi(3;, 55 2;)] = CH-OPT(Z). (22)
je(M] jEM
where the final equality follows from the assumption that (7, p) € Z is the optimal solution to CH-OPT(Z).
O

A.2. Proof of Theorem [3.3]
In light of Lemma we only need to show CH-OPT(Zz) > GL-OPT. Let (z) = {%;(2;))};c[n) be the
optimal solution to GL-OPT, and define 7, =0 and p; =E [d;r%j (z]))] to be the corresponding expected
spend for each channel j under the optimal solution Z(z) to GL-OPT, respectively.
We first argue that (7;,p;),eqn is feasible to CH-OPT(Zg). Recall the optimal solution x*(7;, p;; 2;)
to V;(3;,p;;%2;) for each channel j € [M] as defined in Eq. (4), as well as the definitions V;(7;,7;;2,) =
Tx5 (35,055 2;) and D;(3;,p;:2;) =d] (35, 055 2;) in Eq. (). Then, we have

E[Dj(%,ﬁj;zj)} = ]E[dT (’VpPJ) ] %) p; = ]E[d;ij(z]-)] ) (23)

where (i) follows from feasibility of x;(7;,p;;2;) to V;(7;,p;; ;). Summing over j € [M] we conclude that
(Y55 Pj)jern satisfies the budget constraint in CH-OPT(Zp):
~ S
Z E 71’/)]7 S Z E [d;mj(zj)] <p. (24)
J€M]

Here (i) follows from feasibility of i(z) ={x,;(2;))};en) to GL-OPT since it is the optimal solution.



On the other hand, we have
SO .~ ~ Q) ~
V(35 05:2) = vj @i (3,05 2) = v T;(2) (25)

where (i) follows from optimality of x(7;,p;; 2;) to V;(7;,p;; 2;). Hence, we have

SSEV,Giiz)] > S E[E ()] 2 Y EdE )] > 1Y ED,G.5i)]  (26)

jeM jeEM jeEM je[M]
where (i) follows from feasibility of x(z) = {Z,(2;))},en) to GL-OPT since it is the optimal solution;
(i) follows from Eq. (23). Hence combining Eq. (24) (26) we can conclude that (3;,0;) e[ is feasible to
CH-OPT(Zg).
Finally, we have CH- OPT(IB) > e EVi(35, 05 2)]1 =2 32 e B [v]Z;(2;)] = GL-OPT, where the last
inequality follows from (26]), and the final equality is because we assumed (z) = {Z,(z;))};¢[n is the optimal
solution to GL-OPT. [

A.3. Proof of Corollary
In light of Lemma we only need to show CH-OPT(Zs) > GL-OPT. Let (7, p) € Zp, and by definition
of Zp in Eq. we have 7; =0 for all j € [M]. Since (7, p) is feasible to CH-OPT(Z3), it is also feasible to
CH-OPT(Zg) since these two problems share the same ROI and budget constraints. Because they also share
the same objectives, we have

CH-OPT(Zy) > CH-OPT(Z5) = GL-OPT (27)
where the final equality follows from Theorem [3.3] O
Appendix B: Proofs for Section
B.1. Proof of Proposition

Let (p});ear be the optimal per-channel budgets to CH-OPT(Zg), and define jir = 2iepr) He as well as
Ap = % Ztem A: . Then

T-GL-OPT—E ZZ (i)

T] je[M]
(1) _
< MVK+(T - K)-CH-OPT(Zz) —E | > > Vi(p;)
t>K je[M]
< MVEK +(T—K)-E[L;(p}, Ar, fir) + plir] —E | > Z Vi(pie)
t>K je[M
(ii)
< MVK+pZE e +Z Z pJ,At,ut Z Z i(piere) = A (Vi(pie) = vpsie) + 1epj ]
t>K t>K je[M] t>K je[M]

(443)

< MVK+ Z ZE v€) = L(pjire)] +Z()\t91,t+ﬂt92,t) .

JjEM]t>K t>K

(28)
Here, (i) follows from Theorem [3.3] that states GL-OPT = CH-OPT(Zp); (ii) follows from the
CH-OPT(Zp) = 3 ¢ Vi(p;) and the definition of the Lagrangian in Eq. ( ([@; in (ii) we define p;(t) =

argmax, >o £;(p;,¢:) to be the optimal budget that maximizes the Lagrangian w.r.t. the dual variables
=N, pe). O



B.2. Proof for Lemma [4.2]

Recall g1, =3,y (Vie(pse) = vpse) and g2 = p— 37,10 Psie defined in Algorithm
Now from lemma we have for any A >0 and p >0,
2772 1

M=V
Z(/\t—)\)gl,tﬁn 5 'T“‘%()‘_)‘ly

t

2

np 1 2
E(Mt_M)QQ,tST'T‘F%(N_Nl) .

By taking A = ;=0 and recalling Ay = p1; =0, we get the desired bound in the statement of the lemma. O

B.3. Proof of Lemma [4.3]
We first show for any realization z = (z;);e(n) = (v;,d;) e(m, the conversion function Vj(p;;z;) is piecewise
linear, strictly inreasing, and concave for any j € [M].

Fix any channel j which consists of m; parallel auctions, and recall that we assumed the orderding

Yl %2 s M for any realization z;. Then, with the option where the per-channel ROI is set to 0
i

dj1 dj,2 dj,m

(i.e. omitted) V;(p;; 2;) is exactly the LP relaxation of a 0-1 knapsack, whose optimal solution x(p;; 2;) is

well known to be unique, and takes the form for any auction index n € [m;]:

1 lf Zn/e[n] dj,n’ S p]
* '_Zn’ n— d"n/ :
mj,n(pj; zj) = pjd% if Zn’e[n] djnr > pj (29)
0 otherwise

where we denote d; o =0. With this form, it is easy to see

* v.7n
Vilpsiz;) = v) x;(ps525) = Z <dj_pj+bj,n)]I{dj,0+"'+dj7n—1§pjde,0+"‘+dj,n} (30)
ne[m;] N0
where we denote d; o =0 and also by, =3 /(1) Vjn/ — % : (Zn’e[n—l] djm/) and v; o = 0. It is easy to check

that any two line segments, say [X,,_1,X,]| and [X,,, X,,+1] where we write X,, =d; o+ ---+d,.,, intersect at

p; = X,,, because %pi +b;,= Zi:jj p; +b;.41 at p; =X,,. Hence, from Eq. we can conclude V;(p;; 2;)
is continuous, which further implies it is piecewise linear and strictly increasing. Further, the ordering
% > Zj—z > > Zj—mj implies that the slopes on each segment [X,,, X, 1] decreases as n increases, which
implies V;(p;; z;) is concave.

Since V;(p;) =E[V;(p;; 2;)], where the expectation is taken w.r.t. randomness in z;, and since the z; is
sampled from some discrete distribution p; on finite support F;, V;(p,) is simply a weighted average over
all (V;(p;; Zj))zj eF, with weights in p;, so V;(p,) is also continuous, piecewise linear, strictly increasing, and
concave, and thus can be written as in Lemma with parameters {(s;n,b;n,7j.n)ne(s,] that only depend
on the support F; and distribution p;.

Finally, according to the definition of £;(p;,¢) =E[L;(p;,¢;2;)] and L;(p;,¢;2;) = (1+N)V;(ps;2;) — (Ay+
1)p; as defined in Eq. (7)), we have

Li(pj.e) =1+ NVi(p;) — (M +u)p; (31)



which implies £;(p;,c) is continuous, piecewise linear, and concave because V;(p;) is continuous, piecewise
linear, and concave as shown above. Combining Eq. and the representation of V;(p;) in Lemma , we
have

L;(pj,c) = Z (05n(e)p;+ (L +N)bj ) {71 <p; <rjn}. (32)

nels;]

where the slope 0;,(¢) = (1 4+ \)sj,n — (u+yA) decreases in n. Thus at the point 7; - = max{r;,:n=
0,1...,5; ,0;.(c) >0} in which the slope to the right turns negative for the first time, £;(p;,c) takes its
maximum value max, ~o £;(p;,c), because to the left of 7; .-, namely the region [0,7; -], £;(p;,c) strictly
increases because slopes are positive; and to the right of r; -, namely the region [r; .~,p], £;(p;,c) strictly

decreases because slopes are negative. [

B.4. Proof for Lemma [4.4]

We first present some definitions for convenience: denote ¢ = (A, i), ¢; = (A\;, i), and z, = (vy,d,). For any

realization z = (v,d) = (v;,d;);c(ar) € F1 % ... Fy; of values and costs across channels, define the dual function

La(ez) = max > Vilpiz2)+A Y. (Vilpsiz) =) +u|p— > p

pEl0PIM ] jem] je[M] (33)

= pp+ max L(p,c;z).

pel0,p)M

From standard convex analysis we know that £, is convex in (A, i), which implies for any ¢/ = (N, i)
(¢ —¢)"VLy(c;z) < Ly(c;2) — La(c; 2) (34)

We prove the lemma by induction that
maxzeplx'“FM eT'U =+ 1

Aty S Cpi=14 :
MiNzer, x...Fy {ng[M] (Vi(pe2).532) =905) = 2 cpm p(zm}

(35)

Here, in Proposition [B.I] we defined p(.) for any 2z such that Slater’s condition holds, i..
Yietn (Vilpe) 532) =vp;) > 0 and p =35,y pay 5 > 0-

The base case for ¢ =1 is satisfied trivially since we take ¢; = 0. Now assume ||¢;|| < Cr, and we will show
llci+1]] < Cr by considering two different case:

Case (A): If Ly(c;21) > L4(0; 2,) + nM2V2.

Define g, = (91,1, 92,:) where we recall g1, =3 g (Vie(pje) —vpj0) and ga e =p — 32 (p Pje- From Eq.
(72) in the proof of Lemma we have for any A >0 and p >0,

A=A1)? £ A=2)?+20 (A=) gre + 0> M?V?

(= 1) < (= pe)® +20 (= pe) g1 +0° M?V2.

By summing the two inequalities and taking A = u =0 we get

lewll® < lledl® +2n(e) " go +20° M?V? (36)
_ 36

) )

< ledl? +20(L£4(0; 2) — La(es; 2)) +20° M2V

—~

where in (i) we applied Eq. with z = z; and used the fact that g, = (¢1,¢, 9...) = VLa(cy; 21).



Then from Eq. and the assumption £4(c; z,) > L£4(0;2,) +1nM>?V? we have
max{ A, pi:} < [[ci1 | < e < Cr

where the final inequality follows from the induction hypothesis.
Case (B): If Ly(c;2:) < L4(0;2,) +nM3V?, then
L£4(0;z,) +nM?V?

v

['d(ct;zt)

—~
.
N2

+ max L(p,ci;z
pupt max, (p,c; )

(37)
Z 12274 + ‘C(p(zt)? Cy; zt)

= D Vilpeosiz) + x> (Vilpeniz) —v05) e (0= D ey (37)

Jj€[M] JE[M] J€[M]

> N> (Vilpogize) =ves) + e | o= D Pl
JE[M] JE[M]
(ii1) )
> (Aetm)min 8 (Vilpey 532) = 105) :p— Y, ey

z€EF1 X...Fyp
JE[M] JE[M]

Here, (i) follows from the definition of the dual function in Eq. (33)); in (ii) we recall the definition of py,)
that satisfies the Slater’s condition in Lemma in (iii), we used the fact that A, yu; >0 and also under
Slater’s condition we have for any 2z, > 1\ (Vi(pz),532) —7p;) >0 and p— 2 e P2, > 0.

On the other hand, we have nM?V? < 1 and also L£4(0;z,) = max,cp m Sienn Vilpsiz) =
e"v. Hence combining this with Eq. (37) we get

MaXzcr x...Fyp
.
. 1
At+/¢6t < max EFlXA.AFMe 'U+ — OF—l (38)
MNzer x...Fyy {Zje[M] (VJ'(/)(z)J;Z) _’ij) P ZjE[M] p(z)yj}
which further implies A\, 4, < Cr — 1. Hence, we can finally conclude
A1 =N =ng1.0) , <N+ 0lg1l < el = 14+9MV < Cp (39)

where in the final inequality we used the fact that nMV < 1. A similar bound holds for ;. O
B.5. Proof for Lemma [4.5]

For simplicity, for any context ¢, assuming the optimal budget argmax, c(o,, £;(p;, ) is located at the nth
“turning point” r; , we have

07 (c)=0;.(c) and o} (c)=0;.(c)

(40)
Uy (€)= [rjn-1,m50] and U (€)= [rjn, Tjmr1].
Further, define the following
Ax(e) = max L;(p;;c) —L;(ar,c)
PJG[O ol
Clo)={ce{eciticm 0, (¢)>a, |of(c)| >} forn=0...5;
€. = {e e {ebierr iy = argmax £5(py.0) | for n=0...5, (41)

8log(T)

my(c) = (o) for V(k,c) s.t. Ap(e) >0



where S; and {rj,n}je[sj] are defined in Lemma The set Cy ,, represents all context ¢, under which the
optimal argmax, >0 £;(p;,¢;) is taken at the nth “turning point” r; ,, of £;(p;,¢;) which is piecewiese linear in
p; and also the two slopes adjacent to r; ,,, namely o, ,,(¢) and o ,,11(c) satisfy ;. (c) > ¢ and |o; ,11(c)| > g.
Further it is easy to see that C = U C,..

Further, define Ny, =>"__, ;I{p;. =ax} to be the number of times arm £ is pulled up to time ¢. we get

> Li(p5ne) = Li(pjee) = X1+ Xo+ X5 where

te[T]

X1= Z Z Ar(e){p;r = ar, Np.o <my(c,)}

t€[T]:e1 ¢C(a) k(K]

(42)
Xa= Z Z Ay (e)l{p;: = ar, Ni,y <my(cy)}
te[T]:et€C kE[K]
XS: Z Z A H{p]t_akuth >mk(ct)}

ke[K]te[T

In Section we show that X; < O(6T +oT + %), in Section we show that Xy < O(6T + i), in
Section we show that X3 < O(1).

Here, regarding the final bound fory_, ;4 £;(p],, ¢:) — L;(pj,¢, €:), without loss of generality we assume the
optimal per-channel p’(t) = argmax, c(0,,] £;(p;,¢;) lies in the arm set A(J) for all ¢. This is because otherwise,
we can decompose L;(p;,,c;) into L;(p},,¢;) — maxa, cacs) L£;(ar, ¢:) plus max,, e aes)(an, ) — L;(pj1,€)-
The first term will yield an error in the order of O(d) in light of piecewise linearity of the Lagrangian function
in Lemma and also boundedness in the adjacent slopes o5 (¢,) and o} (¢,) since ¢, is bounded (Lemma
4.4)). Hence, this “discretization error” will accumulate to a magnitude of O(67) = O(T?/3) when taking

§ =0O(T~1/3), which will not impact the order of magnitude of our theorem’s statement.

B.5.1. Bounding X;. At each context c; ¢ C(c), we separate the set of arms [K] into two groups, namely
arms that lie at the left and right adjacent edges of optimal, namely a, € U; (c;) LJL{J-+ (c:) and all other arms
(recall the sets U; and U;" are defined in Eq. (40)).

(1) For arm k such that a;, € U; (c;), recall Lemma that £;(a,c;) is linear in a for a € U; (c;), so

Ag(er) =0; (er) - (p, —ar) < a(rjn —75n) < ap, so summing over all such & we get

Z Ag(e){p; = ar, Npe <my(ci)}

te[T]:ce¢C(a) ke[K]:a €U (ct)

< Z Z ap-I{p;:=ar, N <mp(c;)} < apT =0(cT).

te[T]:ee¢C(a) k:e[K]:akEZ/{j_ (et)

(43)

(2) For arm k such that a;, <mini{; (c;), we further split contexts into groups C,, for n=0...S; (defined

in Eq. ) based on whether the corresponding optimal budget w.r.t. the Lagrangian at the context is



taken at the nth “turning point” (see Figure [2| of illustration). Then, for each context group n by defining
k' :=max{k:ay <7, 1} to be the arm closest to and less than r;,_1, we have

Z Z Ay (e){pse = ap, Niy <my(c,)}

te[T):er€Crn /C(a) k€[K]:ap <minl (et)

@) 3 3 Ay(e){p;e = ar, Nyy <my(e)}

te[T]:ct€Cn/C(a) kE[K]|:ap<rjn—1

Z Z Z Ag(e)l{c; =c,pjt = ar, Ny <my(c)}

t€[T] c€Cp/Clo) kE[K]:ap<rsin_1 (44)

—~
.
s

(2) Z Z Ay (e)l{c, =c} + Z Ai(e)l{e; = ¢, pje = ay, N,y <my(c)}

te[T] ceCr /Clo) kE[K]:ag<rjn_1—6
(g) (1+Cr)sjn-10+pa)T + Z z Ay (e)Yi(c)
KelK]:ap<rjn_1-8 ©€Cn/C(e)
where in the final equality we defined Yy (c) = Ztem Ke:=c,pje=ar, Nyt <my(c)}. In (i) we used the fact
that the left end of the left adjacent region, i.e. minlf; (c,) is exactly r;,_1 because for context ¢, € C,, the
optimal budget argmax, co,, £;(p;,¢:) is at the nth turning point; in (ii) we used the definition &’ := max{k :

ar <7jn-1}; (iii) follows the fact that under a context ¢ € C,,/C(g), we have argmax, c(o,,) £;(p;,€) =7;n 50

Ap(e) = Li(rjne) = Li(rjn1,¢)+Lij(1jn-1,¢) = L;(ar,c)
= 0, (e)(Tjn —Tjn1) +05n1(c)(Tjn 1 —ar)

(iv)
< 0p+0jn-1(c)d

(v)
S Qp+ (1 + CF)Sj,nfl(S)

where in (iv) we used the fact that c€C, /C(a) so 0; (¢) < g, as well as k' lies on the line segment between
points ; ,,_ and 1,y since 6 < min,e(s,) 75 =750 —1; i (v) we recall 0,1 (¢) = (14+A)s;0-1 — (u+7A) <
(1+Cr)s;n_1 where Cr is defined in Lemma

We now bound >° . Je(o) Ai(e)Yi(c) in Eq. . It is easy to see the following inequality for any sequence
of context ¢(yy,...,cw) € {€}ieir) (This is a more general inequality than a similar inequality shown in

Balseiro et al.| (2019a)):
Yi(ewy) + -+ Yilew) < Jmax my(cery) - (45)

This is because

> Yilew) >N Her=cwy,pie = ar, New <mile))}
]

tele te[T) ¢’ €[e]
< > Y He=ew) pie = ar, Niw < max mi(cn)}
te[T] €’ €[€]
= > He € {ew) e pie =, Niy < Jmax my(cqn)}
te[T)

= PR (ew))-

For simplicity denote L =|C,/C(c)|, and order contexts in ¢ € C, /C(a) as {c() }ee[r) s-t- Arle)) > Arlez)) >
-+ > Ag(ery), or equivalently my(c1)) < my(cez)) <--- <my(ey) according to Eq.. Then multiplying



Eq. by by Ay (cw)) — Ax(ce+1y) (which is strictly positive due to the ordering of contexts), and summing

{=1...L we get

D AeYi(e) =) Axlew)Yalew)

c€Crn /C(a) Le(L]
Z mk<c(£)) (Ak(c(e)) - Ak(c(ZJrl)))
¢e[L]
Axlew) — Arleesn)
8log(T
50 2 T N o)

te[L—1]
d
810g(T)/ é
z=Ag(e(ry) z
8log(T) (i) 8log(T)
AVA(%); Mingec, /c(o) Ar(C) .

Here (i) follows from the definition in Eq. where we defined my(c) = Si%g((:)); both (ii) and (iii) follow
k
from the ordering of contexts so that Ay (c)) > Ay(ce)) > - > Ag(ery). Note that for any c € C,/C(c) and

arm k such that a, <r;,_1, we have

Ag(e) = Lij(rjn,€) = Lij(1jn-1,¢)+ L(rjn1,¢) — Lj(ax, c)

> Li(rjn-1,¢) = L;(ax,c)

Q)
2
(39
2

)

>

Tjn-1(e)(rjn_1 —ax)

(0jm-1(€) = 05n(€)) (11— ax)

(1+X) (851 —85m) (Tjn_1 — ax)

(85;m-1 = 8jm) (Tjn—1—ax)

where in (i) we recall the slope 0;,_1(c) is defined in Lemma and further (i) follows from concavity

of £;(pj,c) in the first argument p;; in (ii) we used the fact that o, ,(c) > 0 since the optimal budget

argmax, ¢, £; (pj,c) is taken at the nth turning point, and is the largest turning point whose left slope is

non-negative from Lemma [£.3} (iii) follows from the definition o, (€) = (1+A)s; v — (1 +~A) for any n’.
Finally combining Eq. , and , and summing over n=1...5; we get

IN

—~
INS
=

IA

>

Z Ak(ct>]l{pj,t =ay, Ny <my(e)}

t€[T]:et¢C(e) ke[K]:ay <mini;" (et)

IS

Z Ay (e)l{pj = ar, Ny <my(c,)}

n€[S;] te[T]:ct€Cn/C(a) ke[K]:ay <minl/; (et)

> (14 Cr)sjmrb+p) T+ > 3 8log(T)

(8j,n—1—8jn) (Tjn—1 — a)

nelsy] ne[S;] k;[K]5ak<Tj,n(1—; (48)
8log(T

1+Cr)s:n_10 T ~ 8log(T)
Z (Gt pa T Z Z(Sjansjn)%
nels) nels;] =1\ ,

8log(T) log(K 1
> (14 Cr)sjm_10+po) T + 0g(T) log(K) $
0 (s'n—l_s'n)

nels) nels;] NP Js

0T +oT + %)

Note that (i) follows because for all a;, <7;,_1 — 9, the a;’s distances from r;,,_; are at least §,35,24....



(3) The cases where arm a; € Z/I]-J“(ct) and a; > maXUf(ct) are symmetric to a, € U; (¢;) and a;, <
minif; (c,), respectively, and we omit from this paper.

Therefore, combining Eq. and we can conclude

X1§O(5T+QT+%) (49)

B.5.2. Bounding X;. We first rewrite X, as followed
Xy = oY Av(edpse = ar, Ny <myler)}

t€[T]:cr€C (o) kE[K]

- Z Z Z Z Ag(e)l{c, = ¢, pj = ar, Niy <my(c)}

te[T] ne[S;] ke[K] ceCrnnC(a)

23 Y Y Alevile)

nels;] ke[K] eeCrnc(e)
@ T6(14+Cr) Z (Sjn+ Sjnt1) + Z Z Z A(e)Y,(c).
nels;] n€lS;] ke[K]/{kn kt} €€ECnNC(2)
where in (i) we define Yy (c) = 3_, (1 I{e: = ¢, pj0 = ax, Ni, <my(c)}; in (ii) for any context ¢ €C, NC(a),
the optimal budget argmax, (o, L;(pj,c) =7, is taken at the nth turning point per the definition of
C, in Eq. (4I), and further we defined k;, := max{k € [K]:a; <r;,} to be the arm closest to and no
greater than r;,, whereas kI := min{k € [K]:a; >7;,} to be the arm closest to and no less than ;.
Thus for small enough § < Milye(s,] T n! = Tjn/—1, k, lies on the line segment between r;, ;1 and r;,,
so Ay-(c) =05 (c)(rjn —a,-) <0;(€)d < (14 Cp)s;n16, where in the final inequality follows from the
definition of 0} (¢) = 0;,(c) = (1+AN)s;n — (L +79A) < (1 +N)s;n < (14 Cp)s;,, where Cp is defined in Eq.
(@4). A similar bound holds for Ay (e).
Then, following the same logic as Eq. , , in Section where we bound X3, we can bound
>ecenne(e) Ar(e)Yr(c) as followed:

Z Av(e)Yi(c) < 8log(T)

ceCnnC(o) " mincec, ne(o) Ar(e) |

Now, the set k € [K]/{k, ,k} in Eq. can be split into two sets, namely {k € [K]:a, <r;, —d} and
{k €[K]:ay>r;,+0} due to the definitions k, :=max{k € [K]:a, <7;,} and k} :=min{k € [K]:a, >r;,.}.

(51)

Therefore, for any k s.t. ay <7;, —J and any c€C, NC(a),
Ap(e)=L;(rjn,¢) = Lj(ar,€) = 07 (€)(rjn —ax) > (10 — k),

where the final inequality follows from the definition of C(¢) in Eq. such that o} (¢) > (o) for eC(a).
Hence combining this with Eq. we have
8log(T) () o= 8log(T) _ 8log(T)log(K
=1

a(rjn—ag) ald  ~ ad
ke[K]:ap<rjn—6 c€CnrNC(a) ke[K]:ap<rjn—36 ’

where (i) follows because for all a), <r;, —d, the a;’s distances from r;,_1 are at least §,39,24.... Symmet-
rically, we can show an identical bound for the set {k € [K]:a) >r;, +J}. Hence, combining Eq. and
we can conclude

X <0 (5T+ 51) . (53)

(e
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B.5.3. Bounding Xs;. For any arm k € [K], denote R,(a;) = Vi(ax) — %ak. Also, define £ =
(1+7) pCr + (1 + Cr)V, where Cp is specified in Lemma and recall p}(t) = argmax, ,ca(s) L£;(aw, ;)
since we assumed WLOG pj(t) € A(0) for all t. Then we bound X3 as followed
X3 = Z E [Ak(c)]l{pj,t = ak,Nk,t > mk(c)}]
te[T]

(i)
< L-P(pje=an, Noy>mylc,)) (54)

< LY P(Ri(ay)+UCB;,(ar) > Ri(p](t)) +UCB; (0} (), Nie > mu(cy))

te[T]
where (i) follows from Lemmasuch that — (1+7) pCr < L;(pj,c;) < (1+Cp)V for all j € [M], t in[T],
€[0,p] and ¢;.
Now let R, (ay) denote the average conversion of arm k over its first n pulls, i.e. letting 7 = min{t € [T]:
N =n} be the period during which arm k is pulled for the nth time, then R, (a)) =V, (as), where V; . is

defined in Algorithm [I} Hence, we continue as follwoed

P (R, (ax) +UCB; . (ax) = Ry(p;(t)) +UCB, . (p; (), Niw > my(c,))

_ Ay + pe . Ay e
S P <mk£})a§n<fRn(ak) +UCB,§(CL]€) — T)\ﬁak > 1<nl’2tR ( ( )) +UCBt (p] (t)) — ﬁp] (t)
Z Z Ay + e 50 " A+ e

n=[my(er) | +17'=1

Now, when the event {Rn(ak) +UCB, (ay,) — 224 qy > R, (p;(t)) +UCB, (p; (1)) — %‘;t‘”p;( )} occurs, it is

easy to see that one of the following events must also occur:

_ {Rn(ak) >V (ax) +UCB, (ay)}

Gamr = { R (p5 (1)) <V (P (t)) — UCB, (0 (1)) } (56)
G: - {v<p;<t>> =M 0) < Via) - 20 0 42 uce, (0}

Note that for n > my(c,), we have UCB, (a;) = 1/ 21°i(T) <4/ inlzg(g)) = A’“éct) since we defined my(c) = Si%g((;‘;)
k
in Eq. (41]). Therefore

Ay + Ay + () . MY+ e
V() = S a2 008, (a) < Vi) = S atAd(e) £ V(55 (1) — e ()
t t t
=L(ay,ct) =L(p} (t),et)=max,e a(s) L(a,ct)

where (i) follows from the definition of Ay (c) = max,ca(s) £(a,c) — L(ax,c) in Eq. for any context ¢
This implies that event G3 in Eq. cannot hold for n > my(¢;). Therefore

D, A + D, * * )\ + *
P (Rn<ak> UGB, (a0) = 5w > R (0](6) V0B (0} (1) = 5075 <t>) < P(G1,UGan) (57)
t t

From standard UCB analysis and the Azuma Hoeffding’s inequality, we have P(G; ,,) < % and P(Gs /) < %
Hence combining Eq. , we can conclude
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X3

IN

> Z Z (G1.n) +P(Gaon))

te[T] p= |—mk (ct)—‘ +1 n/=1

t t 7

IA
(]
(]
(]
3=

E

te[T] p= [_‘"Lk; (ct).| +1n/=1
2V
T

IN

O
B.6. Proof for Theorem [4.6]

Starting from Proposition we get

T-GL-OPT—E | Y > Vi(pj)| < MVE+ > > E[Li(p(t),c) = Li(pjerce)| + Y (\gre + gz

te[T) je[M] jelM) t>K t>K
< MVK+0O (aT+5T+ 015> +0 (nTJr?l])

(59)
where in (i) we applied Lemma and Taking n = 1/VT, § =c =T"3 (i.e. K =0O(T"?) yields
T -GL-OPT — E [ZtG[T] 2 e Vj(pj,t)} < O(T?3). According to Lemma V;(p;) is concave for all
je€[M], so

o(T/3)

Y

GL-OPT —% STEY Vilps)

te [T] JjE[M]

> GL-OPT-E | YV, ijt

Li€[M] tE[T

> GL-OPT-E Z V;(p

|F€M]

where in the final equality we used the definition p; as defined in Algorithm
On the other hand, Lemma [£.2] shows
~O(1/VT) < = ZE g1t

te[T

et Z Z Vi(pj52e) —vpi)]

tE[T]Je[M]

= Z PR ACBELTIN)

te[T] je[M]

Pjt —7'1 ij,t
> > T

JE[M] te[T te[T)

Z (V; (pr.j) —vpr5) -

je[M]

~
INE
=

where in (i) we again applied concavity of V;(p;). We omit the analysis for the budget constraint as it is

similar to the above. [
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B.7. Proof of Lemma

Consider the hypothetical version of SGD-UCB-II where we ignore the budget balance condition B; < Mp in
step 2 of the algorithm, and terminate phase 1 only when the condition Zt’e[t—l] g1,00 > \/Tlog(T) in Step 1
holds. Denote this hypothetical stopping time as fl, defined to be

T :min{ Z Z (B;20) —B) > \/Tlog(T)} )
clt]jeM 60

=hy

It is easy to see that with probability 1, we have ﬁ > T} where we recall T} is the real stopping time of Phase
1 in SGD-UCB-II. Hence we have

P(Ty = R)<P (T > R) (61)

Now, it is not difficult to see {h;}; where h; defined in Eq. are i.i.d. random variables, since the only
randomness comes from the realization of value-cost pairs {z;};c[r) which are i.i.d.. Further, for any ¢ € [T

we have

he= Y (Vy(Bi2) —78) = (€—)B = hi=E[h]> (-7)8>0 (62)

jeEM

—~
N2

where (i) follows from Claim where we also defined £ := min; () min, ep, le—i >~ under Assumption
in the final inequality we let h be the mean of the i.i.d. random variables {h,}c(r)-

We note that T, > R implies that the sum of the first R h,’s do not exceed v/T'log(T) (see definition of T
in Eq. (60)), hence we have

P(Ti>R) <P (%hﬁflog( ))

(IfW

h) < VTlog(T) — [R}-h)

—~

i)

(I?W
< P( h) < VTlog(T) — R(fv)ﬁ)

g: ) < —VTlog(T )>
(o

)

(44i)
< oo (e
= ]k[QAL’Q

(i

v)
<

M=

Here (i) follows from h > (£ —v)8 in Eq. (62); (ii) follows from the definition that R = 2v/Tlog®(T) and
8= @ so R(& —7)B=2(¢ —y)VTlog®(T) > 2v/Tlog(T) for large enough T such that log(T) > ﬁ; (iii)
follows from Azuma Hoefding’s inequality given that h, € [0, MV] for any t € [T]; and finally (iv) follows
from T > [R], and log(T) > M?V? for large enough T. Hence, combining Eq. and yields the desired

statement of the lemma. O
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B.8. Proof of Theorem [4.8]

The proof of this theorem consists of 3 parts. In Part I, we bound the global budget constraint violation; in
Part II, we bound the global ROI constraint violation; in Part III, we bound the conversion error.
Part I. Bounding global budget constraint violation. The design of the SGD-UCB-II algorithm

ensures that the per-channel budget decisions never sum up to exceed pT — Mp, so

72 > pie< pT Mp) <

te[Tz] j€[M]

Part II. Bounding global ROI constraint violation.

Recall the event £ = {T} > 2v/T'log®(T)} defined in Lemma |4.7| where T} is the end period of Phase 1 in
the SGD-UCB-II algorithm (see step 10). We consider two scenarios, namely when event £ holds and doesn’t
hold. Recall g1, =37 c(a (Vi(ps620) — vp5,0) € [-7Mp, MV]

When event £ holds, then

El >-TvMp (64)

When event £ does not hold, Phase 1 terminates within the first 2v/T log®(T)) periods, i.e. T} < 2v/Tlog®(T),
and the total spend balance in Phase 1 is at most
> > B=MBTy <2MVTlog*(T) < pT — pM
te[T1] je[M]
where the final inequality holds for large enough 7. This implies that Phase 1 terminates because the ROI

buffer condition in step 1 is met, i.e.

3" 910> VT log(T) (65)

te([T1]
Now in periods ¢t =T} +1...T%, following the proof of Lemma we have
@ C
3 ez ton - or (66)
t=T1+1 77 n
e (i) follows from Lemma [4.4] such that 0 <\, < Cf for any t € [T] for some absolute constant Cy >0 that
only depends on the support of value-cost pairs F = F; X ... x Fy, and recall the SGD step size n=1/ VT.

Hence, combining Eq. , , , we have

> | =E|> g E)HE| > g | & P(E)
te[T] te[To] te[To]
> —TyMp-P(E)+E Z 91t P (&%) (67)

te[T2]

> —Mp+ (VTlog(T) - CrVT) P (£%)
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where (i) follows from Lemma which states P (£) < £; in (ii) we used the fact that for large enough 7,
we have log(T) > —Cp, and P(£°) >1—1/T >1/2so —yMp+ % (\/Tlog(T) —CF\/T> > 0 since log(T) >
Cr+ 2%” for large T'. Therefore Eq. implies

ELY > (Vilpse) —vpie) | =0. (68)

te[Tz] je[M]

Finally, we have

> E[Vi(5,) - ;] i; SN (Vilpis) —pse) | 20

je[M] te[T2] j€[M]
where (i) follows from concavity of V;(p;) according to Lemma

Part III. Bounding conversion error. We first show that T'— Ty, < M + CTF T where C' is an absolute
constant independent of 7' defined in Lemma [£.4]

If 75 =T, then there is nothing to show. Assume T3 < T', the by the algorithm’s termination criteria
we have pT" < Br, + Mp=Mp+ 3, 11,1 2 je(ar Pit» Where we recall the definition of the spend balance
By =3 1c 2 jeqan Piw - Now, recalling go, = p — 3 (5 pje, We have

©) C
pT < Top— Y gou+Mp < Top+—+Mp
te[Tg] U (69)
—T Ty <M+ —\f

where (i) follows from the proof of Lemma such that 372 go, > % (M —Ap,) (? —CTF =—CpVT, and

(ii) follows from Lemma such that 0 <\, < Cp for any t € [T] for some absolute constant Cy > 0 that

only depends on the support of value-cost pairs F'= F} X ... X F);, and recall the SGD step size n= 1/\/T
Hence, recalling the event £ = {T} > 2v/T'log®(T)} defined in Lemma we have

T-GL-OPT—E Z Z (pia)

te[Ts] je[M]

IN

E[7-GL-OPT | €| P(€)+E |T-GL-OPT~ 3 3" Vi(p,0)

te[Ts] je[M]

—~
.
N2

T2
< MV+E |(Ty+T—Ty)- GL-OPT + (T, - Ty) - GL-OPT — > >~ Vj(p;.)| £°

t=T1+1 je[M]

(i) _
< MV+MV(2\/T10g( )+M+f>+E (T, —T1) - GL-OPT — Z > Vilpia)| £
t=T1+1je[M]
(#id)
< O(TQ/S)
Here, (i) follows from Lemma s.t. P(€) < 4; in (ii) we used the fact that under event £ we have

Ty < 2VTlog?(T) and also Eq. (69) that bounds 7' — Tb; in (iii), the term (b — 7}) - GL-OPT —
S 11y +1 22 Vi(ps) Tepresents the convergence loss for UCB-SGD in Algorlthm l which is in the order
of O(T?/?) according to Theorem [4.6]

Finally, using concavity of V;(p;) as illustrated in Lemma we have GL-OPT — E [Z]E (7] V; (ﬁj)] <

GL-OPT — 2E |, 1 Ysepnn Vj(p],t)] <OCTV3) O
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B.9. Additional Results for Section [

Assumption ensures that for any realization z = (v, d) there must be some per-channel budget allocation

that allows the advertiser to satisfy her ROI constraints as illustrated in the following proposition

Proposition B.1 (Slater’s condition) Assume Assumption holds. Let z = (v,d) = (v;,d;) e €
Fy x ... Fy be any realization of values and costs across all channels, then there exists some per-channel

budget allocation pzy € [0,p]™ s.t. 32, 0 Vi(p().552) >V X jen P2)g and 3 crnn P=),5 < P-

Proof. Under Assumption it is easy to see for any realization of value-cost pairs z = (v;,d;);cn) there

always exists a channel j € [M] in which there is an auction n € [m;] whose value-to-cost ration is at least ~,

ie. v;, >~d;,. Since we assumed the ordering “2t > 22 > ... > %, we know that 22+ > 2% >~ Now, in
3,1 3,2 Jsm 3,1 Jsm

Eq. within the proof of Lemma we showed

* ,U'y’ﬂ
Vilpsiz;) = v @} (ps525) = Z (djv Pj —i—bm) Hdjo+-+djn1<p;<djo+---+d;.}
J,m

ne[my]

where bj, = >, cr,1) Vi — o (Zn’e[n—l] dj’n,) and d; o = v;0 = 0. Hence by taking p; = p for some
7,m L

p<min{d; 1, p}, we have V;(p; z;) = Z?—’ip > 7p. Therefore, constructing p(,); =(0,...,0,p;,0...0) for p; =p
P P PP 4
satisfies ZjEM VJ‘(p(Z)J;z) > 'YZjeM P(z),; and Zje[M] Pz <p. U

Lemma B.2 (Approximate constraint satisfaction) Assume Assumption [[.4 holds. If Algorithm 1] is
run with stepsize n = 1/\/T such that n < W, then we have

1 1
7 > 914> ~Cp/VT and T > 920> —Cp/VT

te[T] te[T)
where we recall g1o =3 ciag (Vi(Pse: 20) = VP50)s 92,0 =P — D jean Pits and Cr >0 is an absolute constant
defined in Lemmal[].7] that depends only on the support F =F; X ...Fy;.

Proof. According to the dual update step in Algorithm [I] wee have

>\t+1 = ()\t - 7791,t)+ >\ - 191t

Summing from ¢t =1...7 — 1 and telescoping, we get

Ar > A —n Z gr.e=—1 Z 91,
te[T] te[T]

From Lemma 4.4 we have A\r < Cp for some absolute constant C'r > 0, therefore we have
C
Z g1, = e
te[T] n

since we take n=1/+/T. A similar bound holds for Dier 9200 U

Lemma B.3 Let (A, 1)) be the dual variables generated by Algorithm , Then for any A, u >0 we have
M?V? 1
Z(At*A)gl,t < HT T+

t

— (A= /\1)2
Y (70)

2

np 1
Z(Ht‘ﬂ)gzz < T'T‘i‘ ?(H_H1)2~
t n

where we recall g1 =3 can (Vi (pn) =1Ps0) and ga = p =3 cian Pie-
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Proof. It only remains to prove Eq. . Starting with the first inequality w.r.t. A,’s, we have

()‘t - >\) g1t = (/\t+1 - /\) g1,e + (>\t - >\t+1) g1t (71)

Since A\y1 = (Ae —1g1+) , = argminyso (A — (A — n91.¢))>, we have

(/\t+1 - (>\t - Ugl,t)) ) (/\ - )\t+1) >0.

So we have
1
Aey1 =N gie < E(At+l =) (A= A1)
1
- % (()\ — )\t)Q - ()\ — )\t+1>2 - ()\t+1 - )\t)2>

Plugging the above back into Eq. we get

1
(>\t - )‘) g1e < (>\t - )\t+1) g1+ % ((A - >\t)2 - ()\ - /\t+1)2 - (/\t+1 - /\t)z)

1

< G0t 5 (A=A = 0= A)?) (72)
nM?V? 1

< 3 +% (A=) =(A=Mp1)?)

where the final inequality follows from the fact that V;,(p;,) <V for any j € [M] and t € [T] so g1, < MV.
Summing the above over ¢t =1...T and telescoping we get
2772 1

M=V
Z(/\t_)\)gl,tgn 5 'T+%()\—/\1)2

t

Following the same arguments above we can show

2
np 1
> (e — 1) g2 < -5 T+ ?(M—M)Q
t n

O

Proposition B.4 Under Assumption[].3, the advertiser’s per-channel only budget optimization problem,

namely CH-OPT(Zp) is a convex problem.

Proof. Recalling the CH-OPT(Z3) in Eq. and the definition of Zp in Eq. (2), we can write CH-OPT(Z5)

as

CH-OPT(Zp)= max _ Y V(p))
eM

(pj) el €T

s.t. Z Vilps) =~ Z Pj (73)
jeEM JEM
Z P < P,
je[M]

Here we used the definition V;(p;) =E [V;(p;; 2;)] in Eq. (), and D;(p;; z;) = p; for any z; under Assumption
According to Lemma [£.3] V;(p;) is concave in p; for any j, so the objective of CH-OPT(Z5) maximizes
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a concave function. For the feasibility region, assume p; and p/ are feasible, then defining p/ = 6p; + (1 —0)p/

for any 0 € [0, 1], we know that

—~
.
g

S Wi =e) = D (0Vilps) + (1= 0)V;(p5) —p))

jEM jEM
=0 (Vilps) =vp) +(1=0) > (Vi(p}) —p})
JEM JEM
(i9)
> 0

where (i) follows from concavity of V;(p;) and (ii) follows from feasiblity of p; and p/. On the other hand it is

apparent that »° ., pj < p. Hence we conclude that for any p; and p) feasible, p} =0p; + (1 —0)p; is also

feasible, so the feasible region of CH-OPT(Zp) is convex. This concludes the statement of the proposition.
O

Claim B.1 Assume Assumption 4.5 m holds, then for any channel j € [M] and value-cost realization z; =
(v;,d;) € F;, we have v] ! - > Thas further implies that § := mine ) Min; d7 L > 5. Further, let 8 = 1Og1(T).

Then, for large enough T we have V;(B; z;) = 2?—1,3 > &P for any realization z; € F.
75

Proof. Under Assumption we know that for any realization of value-cost pairs z; = (v;,d;) there always
exists an auction n € [m;] in this channel whose value-to-cost ratio is at least v, i.e. v;,, > vd, . Under the
. vj, vj, Vj,m; vj, . .
ordering d;—i > d_i-,i > dj)m;_ , Y > . In Eq. within the proof of Lemma we showed that
for any realization z; € F}, V;(p;;2;) = ij for all p; <d; ;. Hence we know that when T is large enough

such that 5=

log(T) <minje(y)ming, cp, d; 1, we always have V;(8;2;) = Zj—iﬁ >¢8. O

Appendix C: Proofs for Section
C.1. Proof of Lemma [5.2]

Before we prove the lemma, we first show the following claim is true:

Claim C.1 If auction n in channel j has increasing marginal values, i.e. for any realization z; = (v;,d;),

for any n € [m;] we have M decreases in £, then Uj‘”(g)

(—1)—d; . (0 -0 also decreases in £.
n i .

Proof. We prove this claim by induction. The base case is £ = L, ,,: it is easy to see
0 Lin =) = L) _ VynLyn) | 0in(Lin = 1) 03n(L)
Qo Lin 1) (L)~ L) (g — 1) (L)

<
T

Now assume the induction hypothesis Zj:ég > Zj:ﬁij:; > > % Then, we have
Ujn (é) > Ujn (( + 1) dj,n (f + 1) — djm(g) > Uj,n (Z + 1) — Uj,n(f)
djn(f) = djn(0+1) djn(f) V5.0 (f)
djn(l) —djn(L+1)  vj0(l) —v;a(£+1)
=5 * : ’ 74
drnll) 020 (74
— Ujn (é) < Vjn (f) — Ujn (f + )

djn(l) ~ djn(l) —d;n(l+1
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On the other since M decreases in ¢ we have
dj pn(€=1)—d; n(£)

Vin(l—1) —v; () 11] W(0) =0, (L+1) &) v;,(0)
d] n(g 1) dj n(e) (6) - dJ n(g dj n(g)
v;n(f—1) (z)vjn( )
=
din(t—1) = djn(0)
where (i) follows from Eq. ., and (ii) follows from the fact that % > % for A, B,C, D >0 implies % > =

where we let A=wv,,((—1)—v,;,¢), B=d;,((—1)—d;,.({), C=v;,(¢) and D =d,,(£). This concludes
the proof. 0O

Now we prove Lemma [C.1] Similar to the proof of Lemma [4.3] we only need to show for any realization
z; = (vj,d;) e, the conversion function V;*(p;;2;) = v @ * (p;;2;) where " (p;; 2;) is defined as Eq.
is piecewise linear, continuous, strictly increasing and concave.

For simplicity we use the shorthand notation x* = x"* (p;; z;) € [0, 1] netmi1 ¥ a5 the optimal solution to
V (p;; 2;), defined in Eq. (21). We first argue that in any auction, no impression ranked bellow the first would
get procured, i.e. %, (¢) =0 for any £€2...L;, by contradiction. Assume there exists some auction n € [m;]
and impression slot £’ €2...L; ,, such that 7, (¢') >0, then by the constraint that at most 1 impression can
be procured, i.e. Zee[::j,n] 25 ,(0) <1in Eq. (2I), we know that z, (1) < 1. Also, note that x7  (¢') incurs
a cost of d; ,(¢') - x}, (') amongst the total per-channel budget p;. If we instead use this cost on the first
impression, then we will obtain a value increase of

N (p /
s IO 15,028,015, (8- 3

where the final inequality follows from the assumption that z7, (¢') > 0, and the multi-item auction has

increasing marginal values (see Definition so Claim holds. This contradicts the optimality of 7}, and
hence z7, (¢) =0 for any £€2...L;,, or in other words, a channel will only procure impressions ranked first.
Hence, a channel’s procurement problem in Eq. can be restricted to the first impression in each auction,
and thus similar to the proof of Lemma is an LP-relaxation to the 0-1 knapsack with budget p;, and m;

items whose values are v, 1(1)...v; m, (1) with costs d;1(1)...d; ., (1). By re-labeling the auction indices in

v v vim,; (1 . .
channel j € [M] such that - 18 > d;zg; > > d?mjgli’ the optimal solution takes the form
1 if ¢=1and ) djn(1)<p;
* Pi— 2l efn—1] L (D) .
.TJ’n(E) = J dej[,n(i]) 2 lf K =1 and Zn’e[n] d]’n/(l) > p]
0 otherwise

which is analogous to that of Eq. in the proof of Lemma The rest of the proof follows exactly from
that for Lemma 3 O
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