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Abstract. We examine the component procurement problem in a single-item, make-to-stock assembly
system. The suppliers are uncapacitated and have independent but non-identically distributed stochastic
delivery lead times. Assembly is instantaneous, product demand follows a Poisson process and unsatisfied
demand is backordered. The objective is to minimize the sum of steady-state holding and backorder costs
over a pre-specified class of replenishment policies. To keep the analysis tractable, we impose a synchro-
nization assumption that no mixing occurs between sets of component orders. Combining existing results
from queueing theory with original results concerning distributions that are closed under maximization and
translation, we derive a simple approximate solution to the problem when lead time variances are identical.
In simulations, our derived policy is within 2% of optimal and significantly outperforms policies that ignore
either component dependence or lead time stochasticity. It is also quite robust with respect to various model
assumptions, except the synchronization one.

Keywords: assembly systems, inventory policies, maximum of random variables, Gumbel distribution,
closure under maximization and translation

1. Introduction

In some industries (e.g., consumer electronics), over half the total manufacturing cost of
products is attributed to the cost of procuring components. Moreover, because of the in-
creased use of foreign suppliers, most of the manufacturing lead time is typically due to
the procurement lead time. In these settings, the component procurement policy can be
an important source of competitive advantage. Unfortunately, the assembly process in-
duces dependencies across components that make the component procurement problem
very difficult to analyze, particularly in the presence of both demand and procurement
variability.

We consider a make-to-stock environment where a manufacturer of a single item
procures a variety of components from different suppliers, and instantaneously assem-
bles these components into finished units, which are then placed into a finished goods
inventory that services a Poisson demand process. Suppliers are uncapacitated, and each
supplier has an associated procurement lead time distribution. We do not attempt to
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find the optimal policy for this system (the structure of which is not even known), but
rather restrict our attention to the pre-specified class of product base stock policies with
component postponement lead times. Under this class of policies, a customer order
simultaneously triggers an order for each component after a component-dependent post-
ponement lead time. This particular policy structure allows us to develop an analytically
tractable approximation based on a synchronization assumption. We say that the system
is synchronized if there is no mixing of orders; that is, if components replenishing the
same customer order also end up being assembled into the same unit. This assumption
is discussed in detail in section 2.3, and in our computational study we investigate how
our policy performs in an asynchronized system, where mixing of orders is allowed.

Given the prevalence of stochastic assembly systems in practice, it is not surprising
that much has been written on this problem in the operations management literature. In
reviewing the literature, we restrict ourselves to systems that are pure make-to-stock or
hybrid make-to-stock/assemble-to-order, and focus on one important dimension of the
models: whether the suppliers are capacitated (i.e., modeled as single-server queues)
or uncapacitated (modeled as infinite-server queues). Although capacitated models are
more difficult to analyze and are in some sense more realistic, these two classes of mod-
els are complementary in our view: the former case is appropriate when the component
orders generated by the assembly system comprise the bulk of the supplier’s business
(e.g., in a vertically integrated firm, or a devoted supplier to a large manufacturer), and
the latter case is appropriate when these orders represent only a small portion of the sup-
plier’s workload. In the latter case, the timing of component orders from the assembly
facility has a minor impact on the congestion at the supplier’s manufacturing facility,
and the procurement lead times for the components are reasonably modeled as iid ran-
dom variables from the assembler’s viewpoint. Another case where the suppliers are
appropriately modeled by infinite-server queues is when transportation delays account
for most of the replenishment lead times; this is common when suppliers are located
overseas.

Most of the work in stochastic assembly systems with capacitated suppliers is al-
gorithmic, and is aimed at either the performance analysis of a given policy (e.g., Song
et al. [25], Zhang [32], Wilhelm and Som [28], Schraner [22]) or the optimization of a
procurement or production policy (Anupindi and Tayur [4], Kushner and Tetzlaff [16]).
Glasserman and Wang [10], and to a lesser extent Nemec [18], are able to use asymptotic
methods to obtain explicit expressions for performance measures. In addition, Glasser-
man and Wang [11] use their earlier results to derive simple and effective base stock
policies for multi-item systems.

Most of the analysis of assembly systems with uncapacitated suppliers assumes de-
terministic component lead times (Srinivasan et al. [26], Hausman et al. [14], Tayur [27],
Zhang [30,31], Song [23,24], Abhyankar [1] and references therein). This assumption
allows some structural results to be derived (Schmidt and Nahmias [21], Rosling [19])
and simplifies the analysis considerably. Nonetheless, with the exception of Zhang [31],
these studies provide computational procedures — rather than explicit formulas — for pro-
curement policies. Analyses of the stochastic procurement lead time case include Hopp

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



PROCUREMENT POLICY FOR STOCHASTIC ASSEMBLY SYSTEMS 223

and Spearman [15], who consider each assembled unit independently and hence do not
track the dynamics of the inventory process, and Cheung and Hausman [6], who derive
an exact but computationally intensive expression for the distribution of backorders in
a multi-item system with complete cannibalization, which corresponds to an asynchro-
nized system in our terminology.

In summary, the only simple and effective control policy for stochastic assem-
bly systems (to our knowledge) is due to Glasserman and Wang [11], who consider a
multi-item system with capacitated suppliers. Our main goal is to develop an analo-
gous result for single-item systems with uncapacitated suppliers; this goal is achieved in
equations (19).

In section 2 we describe the model and the class of policies under consideration.
Our simple suboptimal solution to the component procurement problem is derived in
section 3 using known results from queueing theory and some new results on probabil-
ity distributions that are closed under maximization and translation. The effectiveness
and robustness of our policy are addressed in section 4, where a simulation study is un-
dertaken using industrial data from a Hewlett-Packard facility. Concluding remarks are
provided in section 5.

2.  The model
2.1. Assumptions

We consider a continuous review inventory system where n components are assembled
into a single item. Demand for the end item follows a Poisson process with rate X. De-
mand is met whenever possible from on-hand finished goods inventory, while unsatisfied
demand is fully backordered.

The replenishment process of each component is uncapacitated, so that each sup-
plier can be viewed as an infinite-server queue, or a “delay box”. Each component i
has a random replenishment lead time denoted by X;, i = 1,...,n. We assume that
(X4, ..., X,) are mutually independent random variables, but not necessarily identi-
cally distributed. Although the distribution of (X, ..., X,,) is unspecified at this point,
assumptions that the lead times are deterministic, follow Gumbel distributions, and fol-
low a generalization of Gumbel distributions are made in sections 3.3, 3.5 and 3.6, re-
spectively.

Because our focus is on the procurement process, we assume that assembly is in-
stantaneous; a detailed specification of the assembly rule is deferred until section 2.3.
In this context, complete sets of components are equivalent to finished goods. As a re-
sult, this model can also be viewed as an assemble-to-order system where assembly is
exclusively triggered by customer demand.

Let Z represent the steady-state net inventory of finished goods, so that Zt =
max(Z, 0) is the steady-state inventory of finished goods while Z= = max(—Z, 0) is
the steady-state order backlog. Let Z; denote the steady-state inventory of component i
that is available for assembly.
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Finally, we assume a linear cost structure, where the finished goods inventory hold-
ing cost rate is 4, the component i inventory holding cost rate is /4;, and the backorder
cost rate is b. We assume i = ) ; h;, so that assembling a complete set of components
into a product does not add value. The objective for the optimization problem studied in
section 3 is to minimize the long run expected average cost, which is given by

C=hE[Z"] +ZhiE[Zi]+bE[Z_]. (1)

i=1
2.2. Policies

Finding the optimal procurement policy for the model described in section 2.1 is an
open problem beyond the scope of this paper. Our approach is to restrict attention to a
class of policies with a pre-specified structure, and find the optimal policy parameters
within that class. This method is widely adopted in the literature, although usually a
component base stock policy is investigated, whereas we study a finished goods base
stock policy with component postponement lead times. More specifically, we assume
that the finished goods inventory is initially filled to its base stock level S, and each
customer order triggers a replenishment order for all components after a component-
dependent postponement lead time £; > 0, which is here a discretionary, deliberate
delay introduced to reduce holding costs. Figure 1 offers a schematic representation of
both the model and the policy parameters £;.

postponement procurement
lead times lead times
4 X,
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F.G.
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< > Q,
Assembly 7
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Figure 1. The assembly system.
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In the rest of the paper, we refer to the policy just described as [S, ¢y, ..., ¢,] or
[S, ¢ 1. This class of policies is closely related to the more traditional class of component
base stock policies [sy, 52, ..., s,] (or [s ]), where each component inventory is initially
filled to a component-dependent base stock level s;, and each customer order triggers a
replenishment order for all the components. More specifically, if we impose the equiv-
alence relation s; = S — A{; to hold for each i, then numerical experiments (see [9])
show that the [S, 7 ] policy and its corresponding [5 ] policy achieve nearly identical per-
formance. In general, [S, ¢ ] is slightly more refined than [5 ] because th} base stock
levels S and 5 are restricted to be integer-valued, whereas the lead times £ are allowed
to be continuous. Note that both policies have essentially » parameters, because (see
section 3) we can take the optimal value of the smallest ¢; to equal zero.

2.3. The synchronization assumption

Under [S, ¢ ], every customer order triggers a complete set of component replenishment
orders, but the transmissions of these component orders to the suppliers are delayed
from that point by the postponement lead times. We assume that the assembly is syn-
chronized: each assembly is only performed with components belonging to the same set
of replenishment orders. Equivalently, no mixing occurs at the assembly stage between
sets of component orders.

If procurement lead times are stochastic, the synchronized system will typically
not perform as well as an asynchronized system that employs a first-come first-served
(FCES) assembly rule; i.e., a product is assembled whenever there exists at least one unit
of inventory for each component. Note that the synchronized assumption automatically
holds under [S, ¢ ] for systems with deterministic lead times and for single-item systems
with capacitated suppliers, where the suppliers are modeled as single-server queues that
employ a FCFS discipline; in both cases, overtaking of component orders is not possible.
In fact, the synchronization assumption is closely related to the assumption of uncapac-
itated vs. capacitated suppliers: while one could argue that suppliers typically satisfy
component orders in a first-in-first-out fashion in practice, the reason for this is that sup-
pliers are capacitated, even if these components make up a small part of their business.
Although we are unable to provide a compelling justification for the synchronization as-
sumption, we are aware of at least one Japanese company that employs a synchronized
system (Sridhar Tayur, personal communication). It may be that, depending upon the
details of the information processing system and logistical infrastructure, synchronized
systems are sometimes easier to manage than asynchronized systems. As noted ear-
lier, our computational study in section 4 compares the performance of a synchronized
system with that of an asynchronized system. Finally, in systems where customized
components cannot be ordered until after customer requests are placed, our model ap-
plies by setting S = 0 and optimizing the postponement lead times; our synchronization
assumption is appropriate for such systems.
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3.  Analysis
3.1. Formulation of the optimization problem

For a synchronized assembly system using [S, ¢ ], the time needed to replenish a com-
plete set of components is max; (X; + £;). As a result, the assembly system can be in-
terpreted as an M /G /oo queue with arrival rate A and service times max; (X; + £;). The
departures from this queue enter a finished goods net inventory with steady-state level Z
and initial value S, which is depleted by the Poisson demand process. Note that the items
populating this queueing system (see figure 2) represent complete sets of components,
either assembled or unassembled.

This queueing interpretation allows us to express the objective function (1) in terms
of the decision variables (S, £). Let Q be the steady-state number of replenishment or-
ders for complete sets of components for which at least one of the » individual compo-
nent orders has not yet been satisfied. Then Q is exactly the steady-state queue length
of the M /G /oo queue with service times max;(X; + ¢;) introduced earlier. It is well
known that

Q ~ Poisson(p), where p = AE[max(Xi + Ei)]. )
Since the total number of complete sets of components remains constant over time under

the (S, E) policy, we have Z + Q = S. Therefore, the mean finished goods inventory in
steady state is given by

E[zt]=e ”Z(S—])—. (3)

Taking expected values in the identities Z = Z* — Z~ and Z 4+ Q = S yields the mean
steady-state backorder level
E[Z | =E[Z*] =S +p. 4

The only remaining term in (1) to study is the mean inventory of unassembled com-
ponent i, E[Z;]. Because we assume that assembly occurs as soon as possible, another

service times: maxi(Xi + 01)

F.G.
Q LZ inventory

M/G /oo
A

-
<«

demand triggers orders

Figure 2. Flow of complete sets of components.
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service times: Xi -+ 0i ma.xj(Xj + Oj)- (XI - 01)
g F.G.
é- _____ > Q > Z Z/Zl inventory
L Mo/ /G
§ A

demand triggers orders

Figure 3. Flow of components.

consequence of synchronization is that the time each component of type i spends in the
component inventory before being assembled is max;(X; + £;) — (X; + £;). Hence,
the circulation of the components of type i can be interpreted as the tandem queue-
ing network depicted in figure 3, where each component arrives according to a Poisson
process with rate A, is first serviced by a M /G /oo queue with service times X; + ¢;
and steady-state queue length Q;, and then by a second infinite-server queue with ser-
vice times max;(X; + £;) — (X; + £;) and steady-state queue length Z;. The output
of the second queue is placed into the finished goods net inventory, which services the
customer demand. Little’s formula, which holds even though the service times in this
network are not independent across stations, gives when applied to the second queue in
figure 3

E[Z]= A(E[mjax(xj +)] - EIXi] - £). 5)

Using (1)—(5), rearranging terms and omitting those independent of the decision
variables, we can formulate our optimization problem as

s ; n
‘1Z\1/1m ; C(s, Z) = (h +b)(p +e” ZO(S - j)%) —A;h,ﬂi —bS
subjectto: p = AE[max(Xi + JZ,»)], " - 6)
£; 20 Vil,
S integer.

3.2. Solving for S in terms of (I, ..., 1,)

Solving this constrained mixed nonlinear program analytically is difficult because ex-
pressing p in terms of (£1,...,¥£,) in closed form is very cumbersome for general
lead time distributions. However, we can reduce the complexity of (6) somewhat by
observing that the distribution of Q in equation (2) is independent of the base stock
level S.
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Proposition 1. Let (é Iy oo fn) bg a giverAl set of values for the decision variables in (6),
and let SE‘ ;. = arg ming C(S, ¢4, ..., {,) be the optimal value of S for the objective
) ERERTY n
function C given ({4, ..., £,). Then Sg . 1is the smallest integer that satisfies
) ERERT) n
b
*
P(O<S; ;)= R
Proof.  Given the values of ({4, ..., {,), the queueing system described in figure 2 is

just a single-product version, where the WIP distribution is fully specified by equa-
tion (2), of the CONWIP model studied in [20]. Applying proposition 1 of that paper
gives the desired result. U

In section 3.3 we use proposition 1 to find the optimal solution to (6) in the deter-
ministic lead time case, by first optimizing over (£, ..., £,) and then optimizing over S
for given values of (¢y, ..., {,). Section 3.4 presents a more general approximate de-
composition technique that exploits this idea, which we subsequently apply in sections
sections 3.5 and 3.6 to analyze our optimization problem in cases where the lead times
are stochastic.

3.3. Deterministic lead times

When the component lead times (X4, ..., X,,) are deterministic, the exact delivery dates
of all the components are known as soon as the replenishment orders are sent. In
this case, it makes no economic sense to have components from the same set of re-
plenishment orders delivered at different dates: any component delivered in advance
would incur unnecessary holding costs because assembly can only occur when the last
component is delivered. Therefore, the optimal postponement lead times must satisfy

X1+ 47 =--- = X, 4+ £;. The decision variables (¢, ..., £,) can thus be reduced to
the single variable p = A max;(X; + ¢;), using the transformation
o .
JZ,» = x - Xi Vi. (7)

By (7), the n nonnegativity constraints £; > 0 Vi now correspond to the single con-
straint p > A max;(X;). Hence, for the deterministic lead times case, problem (6) can be
expressed as

S .
Min Cau(S, p) = b(p = ) + (h + b) (e‘ﬂ S - j)”.—j>
S.p ]'

j=0

‘ t))
subject to  p > A max;(X;),

S integer.

This optimization problem can be solved analytically, as is shown by the following
proposition, which (as with all remaining propositions) is proved in the appendix.
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Proposition 2. The optimal value of p in problem (8) is p* = A max;(X;).

By (7) and proposition 2, the optimal solution to (8) is

¢ =max(X;) — X; Vi, (%2)
J
p* = Amax(X;), (9b)
S* P
, , . e (0% b
S* is th llest int that satisfi 4 > —. 9
1S the smallest mteger that satisties € sz(:) j! b+h ( C)

In words, the solution to the deterministic lead times system sets the postponement
lead times so that all components are delivered simultaneously and the component with
the longest procurement delay has no postponement lead time. Note that the optimal
policy [S*, £*] depends on the component holding costs (#1, . .., h,) only through their
sum /; the need to consider these costs individually arises in our model only because of
procurement stochasticity.

The structure of this policy is strikingly similar to that derived by Zhang [30], who
specialized to the single-product case the optimal policy structure found by Rosling [19]
for an assembly model with a linear cost structure and deterministic procurement lead
times in a discrete-time setting. In particular, Zhang [30] showed that the structure of
the optimal policy is entirely determined by the longest procurement delay and its dif-
ferences with the other procurement delays, as in (9a) and (9b). Moreover, in Zhang’s
policy the optimal base stock level of the component with the longest procurement delay
can be determined by solving a newsvendor problem, of which (9c¢) is the exact ana-
logue. While it may be interesting to compare (9) with Zhang’s policy in more detail,
we have chosen not to investigate this issue because the deterministic lead times case
only constitutes a building block in our stochastic analysis.

3.4. Approximate component/product decomposition

The analysis in section 3.3 breaks down when the lead times are stochastic. In this
subsection we develop an approximate decomposition technique that exploits the rela-
tionship between S and (¢4, ..., £,) revealed in proposition 1.

The partial derivative with respect to £; of the objective function in (6) is

S—-1
8C(S5£15~"5£n) — pj 8p
=th+b|l—-e? ) — | —Arh. 1
2% (h+ )( e ;ﬂ o (10)

This expression can be interpreted in terms of the distribution of Q as

AC(S, £y, ..., 0) _ e
n =Mh+b(1-PQ<LS 1))% Ah;. (11)
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Let now SZ ¢, = argming C(S, ¢y, ..., £,). Proposition 1 implies that

.....

P(Q < S;I,...,Zn - 1) <77 < P(Q < S;I Zn‘)’
which suggests the approximation
(12)

Maintaining the optimality of S given ({4, ..., £,) and substituting (12) into (11) yields
AC(SE, o trseeestn)

.....

~n 2P (13)
B2 Y2 v

Because the right side of (13) does not depend on S, we decompose the analysis of (6)
in the following way.

Approximate component/product decomposition.
1. Solve for (¢4, ...,4,) in

Z}VIH;,! Ccomp(gla ey En) = E[miaX(Xi + El)] - ;Eiﬁi

subjectto ¢; >0 Vi,

(14)

2. Let (€7, ..., £}) be the solution obtained in step 1, and let p* = AE[max; (X; 4+ £])].
Set S* to be the smallest integer that satisfies

S*

LA 5

Jj! b+ h

j=0

The idea behind the first step above is to minimize a function with partial deriva-
tives given by the right side of (13): the objective function Ccomp in subproblem (14) has
been constructed by integrating (13) using equation (2), dividing by A4 and introduc-
ing the notation 4; = h;/h. The second step of the decomposition is a straightforward
application of proposition 1.

In the rest of the paper, we refer to (14) as the component subproblem, since the
variables (€1, ..., ¢,) in the [S, £] policy are the levers used to differentiate compo-
nents according to their individual lead times (X; ..., X,,) and relative holding costs
(hy, ..., hy,). The values of (¢4, ..., £,) are only specified by (14) up to a common ad-
ditive constant. To see this, note that max; (X; +£; +x) = max; (X;+£;)+x Vx € R and
> h; = 1, and therefore Ceomp(b1+x, ..., 6, +x) = Ceomp(£1, ..., £,) Vx € R. Con-
sequently, we can without loss of generality set min; £; = 0, which is consistent with the
deterministic lead time case and allows us to ignore the nonnegativity constraint on ‘.
Lastly, it is not difficult to see that the component subproblem (14) is a convex program,
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which allows us to consider only its first-order conditions when seeking its optimal so-
lution in section 3.5.2.

In contrast to the component subproblem, the second step of the decomposi-
tion (15) only requires end-item information: the demand rate A, the finished goods
holding and backorder cost rates & and b, and the expected total replenishment lead time
E[max;(X;+£7)]. This observation leads us to refer to (14), (15) as a component/product
decomposition.

3.5. Gumbel (CMT1) lead times

3.5.1. Motivation

The main difficulty in solving the component subproblem (14) analytically is to ex-
press E[max;(X; + ¢;)] in terms of the decision variables (¢, ..., £,) in closed form.
Our approach is to look for families of distributions such that when the component
lead times (X1, ..., X,) follow distributions belonging to these families, calculating
E[max;(X;+4;)] becomes an easy problem. More specifically, we would like to identify
families D of distributions that are closed under maximization and translation (CMT): D
is said to be CMT if for any independent distributions' (X1, ..., X,) belonging to D, the
distribution of max; (X; + ¢;) also belongs to D for any (¢4, ..., £,) € R". The bottom
line here is that working with a CMT family of distributions makes it no harder to cal-
culate E[max;(X; 4+ ¢;)] than to calculate the expected value of any simple distribution
belonging to that family.

In this subsection, we restrict ourselves to the case of continuous uniparametric
families of distributions. The next proposition is a characterization result that provides
a theoretical background to our interest in the Gumbel distribution; a short discussion of
the relevant literature follows.

Proposition 3. The only continuous uniparametric CMT families of distributions with
support unbounded from above are the families of Gumbel distributions with the same
variance.

Even though a truncated version of it was presented by Gompertz [12] in his study
of human mortality as early as 1825, the Gumbel (or double-exponential) distribution
is best known as one of the three possible asymptotes in extreme value theory. Inter-
estingly, this distribution is also derived in that setting as the solution to a functional
equation, called the Stability Postulate, which is linked to the one we study in the proof
of proposition 3. However, we are concerned here with the exact distribution of the max-
imum of independent but non-identically distributed random variables, whereas classical
extreme value theory primarily investigates the limiting distribution of the maximum of
i.i.d. random variables. For background and a literature survey on extreme value theory
and the Gumbel distribution, see [8,13].

1 For ease of exposition, we use the concepts of distribution and random variable interchangeably, as no
ambiguity arises from the present context.
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The CMT property of the Gumbel distribution has already been exploited in the lit-
erature, and is key to the analytical tractability of the classical multinomial logit (MNL)
model for consumer preferences. Moreover, a characterization of the relation between
the Gumbel distribution and the MNL has already been obtained by Yellott [29], but
his framework (Luce’s Choice Axiom and Thurstone’s model) is more contextual and
less general than the CMT property. For a monograph on the theory behind the MNL,
see [3]. Recently, the MNL has also been used in the operations literature by Maha-
jan and Van Ryzin [17], who investigate the links between consumer choices and retail
inventories.

In the rest of this paper we use the notation CMT'1™ («) for the Gumbel distribution
with cdf F, (x, ) = exp(—a e™™*), m > 0. The mean and variance of CMT1"(«) are

712

6m?’

y+ha

E[X]="—— and o?[X]= (16)
m

where y =~ 0.5772 is Euler’s constant.

3.5.2. Solution of the component/product decomposition

We now assume that there are positive parameters («;y, ..., «,) such that the component
lead times (X, ..., X,) satisfy X; ~ CMT1™(«;) Vi. From a modeling standpoint, the
asymmetric shape of the Gumbel distribution seems well adapted to represent replenish-
ment lead times: it is unimodal, has a very sudden start (typically, replenishment lead
times are bounded from below by a physical limit), and a tail decaying more slowly
(which accounts for all the problems that can occur during the replenishment process).
The fact that the support of CMT1™(«;) includes negative numbers is not a major con-
cern here, because P(X; < 0) is typically negligible for parameter values estimated
from industrial data. However, a key restriction of CMT1™(«;) is that the standard de-
viations o[ X1], ..., o[X,] must all be equal to the same value o [X], which is dictated
by the choice of m via (16). This is the price to pay in order to use the CMT property
of the family CMT1™: max; (X; + £;) ~ CMTl”‘(Z?=1 a; €™ V(¢ ..., L,). Taking
expected values yields

y + h‘(Z?:l o eme,»)

m

E[max(Xz +£1)] = V(Ela ,,,,En), (17)

which is crucial to the solution of the components subproblem (14). The first-order
optimality conditions for the unconstrained version of (14) are

o emZi _

N _ i Vil 18
diajent l (18)

which yields the solution £ = (1/m)In(h;/a;) Vi. By expressing £; in terms of
the means E[X;] and common standard deviation o [X] rather than «; and m, setting
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min; £ = 0 as described at the end of section 3.4, and applying (15), we obtain the
policy [S*, £*] solving the component/product decomposition:

6 6
= max(E[Xj] — £G[X] lnhj) — <E[X,~] — £G[X] lnhi) Vi; (19a)
j 14 b4
60X - E[X;]+ £
o = M6olX] Zexp<w) : (19b)
T i=1 V6olX]
(0 b
S* is th llest int that satisfies e = —. 19
is the smallest integer that satisfies e ; i b (19¢)

Taking the limit o[X] — O in (19) yields the solution (9) of the deterministic
system, which lends support to the robustness of our approximate component/product
decomposition method. In fact, the structure of £* in (19a) is similar to that obtained
in the deterministic case (9a). However, instead of considering each distribution X;
only through its mean E[X;], as in (9a), a correction factor (\/E/rr)a[X 1In A; is used
to take into account both the holding cost rate 4; of each component and the common
lead time standard deviation o[ X]. As expected, components with larger relative holding
costs have longer postponement lead times and smaller component inventories. Also, the
larger the common lead time standard deviation, the greater the impact of the component
holding costs. .

As expressed in (19a), the solution £* depends on the lead time distributions
(X1, ..., X,) only through their first two moments. In the simulation study in section 4,
we implement and test the policy given by (19) even when the replenishment lead times
follow different distributions than assumed in this section.

Finally, recall that the CMT1™ () distributions assumed in this subsection require
that all the lead time variances be identical. In section 3.6 we analyze CMT distributions
with more than one parameter in order to enhance the modeling flexibility allowed for the
lead time structure. In section 4 we also investigate numerically several straightforward
ways of adapting (19) to the heterogeneous lead time variance case.

3.6. CMT2 lead times

By studying CMT families of distributions with two parameters instead of just one, we
hope to derive better procurement policies for situations where the lead time variances
are very heterogeneous. This analysis also provides the basis for assessing the robustness
of policy (19) in the heterogeneous lead time variance case. The particular family under
investigation is defined as follows: consider two independent random variables ¥ ~
CMT1"(a), m > 0, and W ~ CMTI1*(B), k > 0. Let CMT2™* be the set of all
distributions generated by max(Y, W) when (o, §) varies in Ry x R4 \ (0,0) and m
and k are fixed. The distribution in CMT2™* obtained for a particular choice of («, )
is denoted CMT2"™*(a, B), and its cdf is F(x, a, B) = exp(—ae™ — e ), Itis
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easy to check that CMT2™* indeed satisfies the CMT property, which for n mutually
independent random variables (X, ..., X,,) takes the form

X ~ CMT2"* (@, ;) k[ N e N kt;
{(gl’.“’gn) e R" =>mi21X(Xi+£i) CMT?2 Zaie ’;,Bie . (20

i=1

The following proposition shows that the restriction noted earlier on the lead time
standard deviations in the CMT'1 case completely disappears when using CM772 distrib-

utions.
Proposition 4. Let {(x1, 01), ..., (1., 0,)} be any finite set of # points with o; > 0 Vi,
Then there exist m > 0, k > 0 and {(«1, B1), ..., (¢, B,)} defining n» random variables

{X1,..., X,} belonging to the same CMT2™* family such that E[X;] = u;, o [X;] = 0;
and X; ~ CMT2™*(a;, B;) Vi.

Unfortunately, the exact calculation of the first two moments of the CMT?2 distrib-
utions has so far eluded us. However, we propose the following approximations, where
X ~ CMT2"*(a, B) and (P, ¢) denote the cdf and pdf of a standard normal random

variable:
m? + k2 V2k(y +Ina) V2m(y +np)
= “{‘”‘p< N )*‘”‘p< NS )] ¢l
2. 24 6(y +Ina)? <«/51n(a"/ﬁ’”)) 7%+ 6(y +Inp)?
E[X*]|~ o P e + e o
x (% 1n<ﬁ'"/ak>) N, (% ln(a"/ﬂ’”)) 21b)
T/ m? + k2 m2k2.4/6 avm2+ k2 )

Both equations in (21) are used to estimate parameters in section 4.4. For a justification
of these approximations, as well as a discussion of their associated errors, the reader is
referred to appendix D.

Assuming now that the component lead times follow CMT?2 distributions belonging
to the same family (i.e., X; ~ CMT2™*(a;, ;) Vi), we can use both (20) and (21a) to
specify the component/product subproblem

V2k(y —m Y i ity + Y ajemt)
( e )
N exp(ﬁm(y — kY hit+ Y B ekej))

Ve

(22)
subjectto £; =0 Vi,

In contrast to the CMT1 case, we have only succeeded in solving (22) numerically.
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4, Simulation study

Our simulation study revolves around four main research questions: how well does the
theory developed in section 3 work? What is the impact of heterogeneity in the variance
of the lead times? How robust are the derived policies with respect to the distributional
shapes? What happens when the synchronization assumption is relaxed?

We wrote a program in C++ to simulate the assembly system described in sec-
tion 2 using standard Monte Carlo techniques, and then designed numerical experiments
to answer these four questions. The data is described in section 4.1, the policies under
consideration are specified in section 4.2 and the results of the four experiments are con-
tained in sections 4.3—4.6. The 95% confidence intervals in our graphs are not depicted,
because our program was designed to reiterate simulation runs (each run was 200,000
days, and the first half of each run was discarded) until the lengths of these intervals
were below 1% of the corresponding average simulation value.

4.1. Data

The base case for our numerical experiments uses industrial data pertaining to the
Hewlett-Packard Apollo 260 workstation that used to be manufactured in Exeter, NH.
The information concerning its 11 main components is displayed in table 1, where the
holding cost rates are calculated by multiplying the purchase cost of each component
(the costs are disguised for confidentiality purposes) by a 33% per year interest rate. In
addition, the end-product demand rate is A = 1 unit per day, and the backorder cost
rate is b >~ 5) . h; = $54.35 per unit per day. The lead time standard deviations in
table 1 are only used in section 4.4, but all the other parameters (costs, demand rates,
first moments) are employed throughout our study.

Table 1
Component data.

# Type E[X;] (days) o[X;] (days) Cost ($) h; (8/day)
1 CPU 38 9 2070 1.89
2 Monitor 32 7 1436 1.31
3 Hard drive 17 6.5 565 0.51
4 Data drive 17 8.5 750 0.68
5 Floppy drive 31 6 150 0.13
6 CD ROM 31 8 450 0.41
7 Power supply 61 10 478 0.43
8 Graphics AX 59 12 1876 1.71
9 /0 35 4 150 0.13

10 Memory 57 5 1002 0.91

11 Chassis 49 14 3024 2.76
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4.2. Policies

Five policies are investigated in this section. The first three policies are derived from
the analysis in section 3. Because there are no simple heuristics for this problem in
the literature, we derived the last two policies for comparison purposes by assuming
deterministic lead times and component independence, respectively.

Proposed. This is the [S, ¢ ] policy described in (19), which is applied in a straightfor-
ward fashion when the variances of the component lead times are all the same. In cases
with heterogeneous lead time variances, we set o' [X] in (19) equal to o[ X ], where com-
ponent j achieves the largest value of E[X;]— (\/6 o[X;]1n k;) /7 ; this is the component
with £7 = 0 in the common lead time variance case, and so can be loosely thought of as
the bottleneck component. Numerical experiments on a variety of cases (see [9]) show
that this policy outperformed by about 3% the policy that set o[X] in (19b) equal to the
quantity in the previous sentence, and replaced o[ X]1n 4; in (19a) with o [X;]1n h; Vi.

Numerical-1.  When the lead times follow CMT'1 distributions belonging to the same
family, this is the [S, £ ] policy obtained by solving numerically the constrained mixed
nonlinear program (6), wbere the expression for E[max; (X; +¢;)] is given by (17). This
policy is the optimal [S, £ ] policy under these distributional assumptions.

Numerical-2. This is the [S, ¢ ] policy obtained when solving numerically the compo-
nent/product decomposition (that is, solving (22) and applying proposition 1) in situ-
ations where the lead times follow CMT2 distributions belonging to the same family.
Note that the computations involved here are far less intensive than those necessary to
derive numerical-1, because (22) is a convex nonlinear program with continuous deci-
sion variables and unrestrictive nonnegativity constraints.

Deterministic. Thisisthe [S, ¢ ] policy obtained by applying (9) with E[X;] substituted
in for X;. This is the optimal [S, £ ] policy when the lead times are deterministic.

Independent.  This is the optimal component base-stock policy [s ] when assuming that
the various component demands are independent (i.e., not linked through the assembly
process). Under this simplifying assumption, each component has an M /GI /oo queue
with service times X; and arrival rate A that serves its own component inventory R;,
which is initially set to s; and subsequently depleted by one unit at each arrival to the
queue. For each component inventory R;, the unit holding cost rate is /4; and the unit
backorder cost rate is b; = bh;/ h; the contribution of each component to the total cost
isC, = h;E [Ri+ 1+ b; E[R;"]. By the independence assumption, the optimization over s;
can be carried out separately for each queue. An application of proposition 1 of Rubio
and Wein [20] shows that s} is the smallest integer that satisfies

*
Si

Y .
epi Z (0i) > b ’
J! bi + h;
j=0

where p; = AE[X;].
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4.3. Validation of the theory

The main purpose of the first set of experiments was to assess the suboptimality of the
proposed policy (in this section, optimality is with respect to the class of [S, £ ] policies).
We simulated proposed and numerical-1, along with deterministic and independent, in
situations with a synchronized assembly rule and CMT1 lead times belonging to the
same family. More precisely, we considered CMT1 lead times with the same expected
values as in table 1, but with a common standard deviation across components. The
simulated steady-state cost rate for each policy is plotted in figure 4 against the common
standard deviation, which ranges from 0 (deterministic lead times) to 12 days; increasing
this quantity beyond 12 days generates some negative lead times.

Figure 4 shows that proposed is nearly optimal in these cases: for the seven val-
ues of the standard deviation, the average suboptimality was 1.1%, and the largest was
1.6% (when the standard deviation was 12 days). In contrast, the performance of de-
terministic and independent relative to numerical-1 and proposed rapidly deteriorates as
the lead time variability increases. For example, when the standard deviation is 12 days,
which represents an average coefficient of variation across component lead times of 0.37
and corresponds roughly to the amount of lead time variability in the Hewlett-Packard
data set in table 1, proposed outperforms deterministic and independent by 181% and
215%, respectively. Hence, overlooking the impact of procurement uncertainty and/or
dependencies across components is a costly mistake in this setting.

1200

. =

0 2 4 6 8 10 12

($ per Day)

Simulated Cost Rate

Standard Deviation
(days)
——e— Proposed  ......- Numerical-1 e e D YO T MiNIS tic ——e—Independent

Figure 4. CMT1 lead times.
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To further test the accuracy of proposed, we computed its suboptimality under the
worst case value of the lead time standard deviation (12 days) in several other cases: the
suboptimality was 0.8% when b/ h = 2, and was 2.0% and 0.5%, respectively, when A
was reduced (increased, respectively) by 40%.

4.4. Impact of lead time variance heterogeneity

Our next goal was to assess the performance of proposed in situations where the lead
time standard deviations are heterogeneous. For this purpose, we designed a set of ex-
periments using a synchronized assembly rule and CMT?2 lead times belonging to the
same family (the parameters were derived using table 1 and (21)); the simulation re-
sults in section 4.3 and the analysis in appendix D suggest that under these conditions,
numerical-2, which is derived using the component/product decomposition, is close to
optimal. Figure 5 plots the steady-state cost rates of proposed and numerical-2 as a
function of a procurement variability index. This index is defined as a common frac-
tion across components of their lead time standard deviations in table 1. For example, a
procurement variability index of 50% describes a situation where the lead time standard
deviation of each component is equal to half of its corresponding value in table 1.
Figure 5 shows that proposed performs nearly as well (within 1% for all six values
of the procurement variability index) as numerical-2. While we have not attempted to
construct a perverse test example where proposed would fare poorly, the example in
table 1 is somewhat devious in that the two components (#7 and #10) with the largest

400

350 - P
300 //
250 /

» //

150

($ per day)

Simulated Cost Rate

0% 20% 40% 60% 80% 100%

% Standard Deviation

— e Proposed  .-----.. Numerical-2

Figure 5. CMT2 lead times.
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bottleneck index E[X;] — (\/6 o[X;]In h;) /7 have much different lead time variances.
Hence, figure 5 suggests that proposed should be reasonably robust when lead time
variances are heterogeneous.

4.5. Robustness with respect to the shape of the lead time distributions

The distributional assumptions required to derive proposed involve not only the mo-
ments of the lead time distributions, but also their shape. It is therefore appropriate to
investigate the robustness of proposed with respect to the shape of the lead time distrib-
utions. We conducted a third set of simulations on a system almost identical to the one
described in section 4.3 (common lead times standard deviation ranging from O to 12,
synchronized assembly rule), with the only difference that the component lead times fol-
lowed uniform distributions. The uniform distribution was chosen because it is arguably
the distribution that has the least “structure”, in that all values of its support are equally
likely. The simulated steady-state cost rates of proposed, deterministic and independent
are plotted against the lead time standard deviation in figure 6.

The shapes of the curves in figure 6 are very similar to their analogues in figure 4,
and proposed still rapidly and substantially outperforms deterministic and independent
as the procurement variability increases. However, the superiority of proposed is slightly
less spectacular here than in the system with CMT1 lead times: when the common stan-
dard deviation is 12 days, for example, the performances of deterministic and indepen-
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Figure 6. Uniform lead times.
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dent are respectively only 108% and 143% worse than that of proposed (versus 181%
and 215% with CMT1 lead times). However, because none of our prior conclusions
are qualitatively challenged by these results, and because the uniform distribution is a
fairly radical departure from the Gumbel distribution, we conclude that proposed is quite
robust with respect to the distributional shape of the component lead times.

4.6. Robustness with respect to the synchronization assumption

Our final experiment assesses the impact of relaxing the synchronization assumption.
Our approach was to simulate deterministic, independent and proposed under a set of
hypotheses identical to that of section 4.3, with the only exception that the assembly
operation followed a First-Come First-Served (FCES) rule: any available component
can be used to complete an assembly kit, regardless of what set of replenishment orders
the other components in the kit belong to (see section 2.3).

Figure 7 shows that deterministic outperforms the other two policies under the
FCFS assembly rule. Moreover, independent also performs better than proposed for
values of the standard deviation larger than approximatively six days. Our interpreta-
tion of these results, which is based on the cost breakdowns for each policy (see [9]),
is the following: in the synchronized assembly case in figure 4, deterministic and (to a
greater extent) independent do not hold enough inventory, and hence incur high back-
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Figure 7. CMT1 lead times, FCFS assembly rule.
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order costs because they ignore lead time variability and component dependence, re-
spectively. FCEFS assembly makes more efficient use of its component inventory than
synchronized assembly, and hence requires less inventory. Therefore, proposed, which
is derived under the assumption of synchronized assembly, overestimates the amount of
inventory that is required. Independent still underestimates the amount of inventory re-
quired and, of the three policies, deterministic performs best because its underestimation
of inventory due to ignoring variability in the lead times is roughly offset by its overesti-
mation of inventory due to the policy’s synchronization assumption. We also compared
these three policies under the FCFS assembly rule using the distributional assumptions
in section 4.4 (see [9]), and the results agreed qualitatively with figure 7. We conclude
that the synchronized vs. FCFS assembly assumption has a critical impact on the relative
performance of proposed.

5. Conclusion

We have derived in equations (19) a back-of-the-envelope policy for procuring com-
ponents in a single-item assembly system with uncapacitated suppliers and stochastic
procurement lead times. Two elements were key in this analysis. First, we chose to in-
vestigate the class of finished goods base stock policies with component postponement
lead times, which is amenable to analysis under the synchronized assembly rule, where
no mixing occurs between component orders. We could then use results from queue-
ing theory to formulate our problem as a constrained mixed nonlinear program, solve
this program exactly in the case when the lead times are deterministic, and develop an
approximate decomposition method in the stochastic lead time case. Second, we used
functional equations techniques to study a distributional property called closure under
maximization and translation (CMT). Restricting our attention to the CMT distributions
with one parameter (Gumbel distribution), we derived policy (19) in the case where the
component lead times have the same variance. Introducing a class of CMT distributions
with two parameters, we also used these techniques to numerically derive policies in
cases with lead time variance heterogeneity.

The simplicity of the policy in equations (19) is in stark contrast with the com-
plexity of the results obtained for similar classes of problems in the literature (with the
notable exception of Glasserman and Wang’s elegant asymptotics), and makes these
types of results potentially amenable to implementation. Comparable performance can
also be achieved by transforming policy (19) into a conventional component base stock
policy with base stock levels s; = S — Af;. Our analysis makes transparent the influ-
ence on the proposed procurement policy of model parameters such as the component
holding costs and the lead time standard deviations, which is much harder to obtain with
numerical results alone. Simulation results using industrial data from a Hewlett-Packard
facility demonstrate that our approximate decomposition method works extremely well
(less than 2% suboptimality in all cases with a common lead time variance), and allow us
to tentatively conclude that our proposed policy in (19) is reasonably robust with respect
to both the distributional shapes and the heterogeneity in the lead time variances. They
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also show that in cases where the synchronization assumption is valid, our policy should
outperform very significantly policies that ignore the stochasticity in the procurement
lead times or the dependence among components caused by the assembly process.

However, the simulation results also reveal the potential danger of taking results
derived for a synchronized assembly rule and applying them to a system that employs
a first-come first-served assembly rule, where mixing of orders is allowed. While this
issue does not arise in systems with uncapacitated suppliers with deterministic lead times
or in single-item systems with capacitated suppliers modeled as single-server queues, for
more complex systems some sort of suboptimal assembly rule, such as the synchronized
assembly rule considered here, is usually assumed for the sake of analytical tractability.
To the extent that assembly rules employed in practice are more sophisticated than those
assumed in mathematical models, great care needs to be taken when attempting to apply
the mathematical results to real systems.

There are at least two extensions of this work that would be worthwhile investigat-
ing. One generalization is to study multi-item systems; under the synchronized assembly
rule, the multi-item system decomposes into independent subsystems (one for each end
item), and our analysis carries over directly. However, this assembly rule would not take
advantage of the potential benefits of component commonality, and so is not entirely
satisfactory in this case. A second direction is to study a system with more serial stages
(e.g., assembling integrated circuits into boards, and boards into products) and a capaci-
tated (e.g., single-server queue) assembly process. The analysis in this paper combined
with results in [20] make this generalization conceptually — if not computationally —
straightforward, if one is willing to restrict to the class of CONWIP policies.

Beyond the context of supply chains, the concept of CMT distributions and the
functional equations analysis in sections 3.5.1 and 3.6 may also prove useful for the
performance analysis and optimization of PERT networks, reliability systems, telecom-
munication networks, and other stochastic systems where the maximum of independent
but non-identically distributed random variables plays a crucial role.
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Appendix A. Proof of proposition 2

Differentiating Cge (S, p) in (8) gives

S—-1

d P
_ — _ —pP T
a0 Caet(S,p) =b—(h+Db)e E:o e
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which can be interpreted in terms of the queue length Q as
0
%Cdet(sa p)=b—(h+b)P(Q<S—1. (A1)

A consequence of proposition 1 is that in the optimal solution (S*, p*) of (8), we have

b
b+h
Combining (A.1) and (A.2) gives (3/00)Cae (S*, p*) > 0. Since Cge(S*, -) is a continu-
ously differentiable function, the only way that this last inequality can occur is if p* does

not belong to the interior of the feasible region. Hence, the constraint p > A max;(X;)
is binding at p*; i.e., p* = A max; (X;).

P(o<s —1)< (A.2)

Appendix B. Proof of proposition 3

We define a continuous uniparametric family of distributions (X («)) to be any function
F(z,a):Rx D — [0, 1], D (interval) C 'R, such that: (i) F is continuous and differen-
tiable with respect to both variables, and its partial derivatives are continuous; (ii) F (-, o)
is nondecreasing, lim, .o F(z,¢) = 1 and lim,_,_,, F(z,«®) = 0 Va; and (iii) F
is weakly reducible on the right over uncountable sets, i.e., F(z,a) = F(z,8) # 0
Vz € U (uncountable) = o = pB. This definition essentially specify the cdfs in the
family through P (X («) < z) = F(z, @). It is not the most general definition one could
employ, and condition (iii), in particular, is quite restrictive, as it will not allow us to find
CMT families containing distributions with support bounded from above. However, our
goal here is to derive simple insights rather than find minimal hypotheses. The CMT
property is then equivalent to the following system of functional equations:

F(z, M(a, B)) = F(z,@)F(z, B), (B.1a)
F(z—4¢,0)=F(z, J(a,0)) VLER, (B.1b)

where the functions M and J give the values of the resulting distributional parameters.
Equation (B.1a) follows from the fact that the product of the cdfs of two independent
random variables is the cdf of their maximum. This equation essentially states that for
any two distributions in the family (characterized by parameters « and g), their maxi-
mum also belongs to it (with a parameter given by M («, )). Because of the associa-
tivity property of both the maximum operation and the regular product, it is sufficient to
consider only the case of two distributions. Equation (B.1b) states that the distribution
obtained when translating by any real number £ any distribution in the family (with a
parameter «) still belongs to the family, and is characterized by the parameter J («, £).
The resolution of (B.1) is as follows. Equation (B.1a) is known as the Max-
imum Stability equation, which is a special case of the Generalized Distributivity
equation [5, example 6.2.3]. However, we cannot invoke their results because the
required hypotheses rule out the case of distributions with support unbounded from
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above. Instead, notice that every distribution F (-, @) in the family is non-zero over
an uncountable set of values. This and (iii) imply that M is reducible on the right:
M, B) = M(a,8) = F(z,a)F(z, B) = F(z,a)F(z,6) Yz = 3U uncountable s.t.
F(z,B) = F(z,8) Vz € U = B = §. Reducibility on the left follows from the commu-
tativity of M. Moreover, because of the associativity of multiplication, (B.1a) and (iii)
imply M (M («, B),8) = M(a, M(8,5)), so that M also satisfies the so-called associa-
tivity equation. The hypotheses of the theorem in [2, section 6.2.2] are thus satisfied, and
we can therefore claim the existence of a continuous and strictly monotonic function g
such that M (e, ) = glg™" (@) + ¢~ (B)].

Substituting this last expression in (B.la) where the right side is evaluated at
(g(a), g(B)) gives F(z, g(a+B)) = F(z, g(a)) F(z, g(B)); i.e., the function F(z, g(-))
satisfies the second Cauchy equation [2, section 2.1.2]. The nontrivial general solu-
tion to this equation is F(z, @) = exp[c(z)g ' («)]. Substituting this into (B.1b) gives
c(z — 0Dg (@) = c(z)g7'(J(a, £)). Discarding the trivial solution g~'(a) = 0 that
implies F(z,a) = 1 Vz, we can write

g (U (a, £))
g )

Because c is independent of «, the fraction in this last equation must only depend on £,
so that c(z + £) = c(z)d(£) for some function d(-). Thus, if there exists one value of z
such that ¢(z) = 0, then ¢ = 0. Moreover, evaluation at z = 0 gives ¢(£) = ¢(0)d(£),
so either ¢ = 0 or ¢ satisfies ¢(z + £) = c(0)"'c(z)c(£) and c(z) # 0 Vz. The func-
tion ¢(-)/c(0) is therefore a solution of the second Cauchy equation already encoun-
tered above, with nontrivial general solution ¢(z)/c(0) = eX?, Substitution in F gives
F(z, a) = exp[c(0)g~ " (a)eX?]. Provided that c(0)g~!(a) < 0 and K < 0, this defines
a family of Gumbel distributions with variance 72/6K?2, which indeed satisfies (B.1)
and (i)—(iii). Other cases do not correspond to probability distributions.

c(z—0)=c()

Appendix C. Proof of proposition 4

Let 6 = max;o0;, 0 = min;0;, m = 31/(&«/6) and k = (n/&«/a). Note that
gmi(a, B) = o[CMT2"™*(a, B)] is a continuous function from @ = R, x R, \ (0, 0)
into R4 (this can be seen by considering the integral expression of g (-, -)). More-
over, since the standard deviation of a CMT1™(«) distribution is 7/ (m«/g), we have
gmi(x,0) = 6 and g, 1(0,x) = & Vx > 0. By the continuity of g, () and the

connectivity of 2, there exist (y1,z1), ..., (n, 20) € 2 such that g, ¢ (yi, 7;) = o;
Vi € {1,...,n). If we define £; = pu; — E[CMT2"*(y;,z)], @i = y;e™ and
B; = z;e*, then the closure under translation property of the CMT2"™* family im-
plies that

E[CMT2™* (o, B))| = E[CMT2™*(y;, z0)| + & = s
o[CMT2"*(a;, B)] = o[CMT2™*(y;, z:)] = 0.
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Appendix D. On approximations (21)
D.1. Mean approximation

We adopt a three-step procedure to derive (21a): characterize

Fni(a, B) = E[CMT2"*(a, B)]

through functional equations as much as possible, define a class of functions satisfy-
ing all these constraints, and perform a simulation-based optimization within that class.
These steps are described below in more detail.

Step 1: A system of functional constraints. Using the known expression for the mean
of the CMT1 distribution and the integral expression of f,, «(-, -), we can write the func-
tional system
flae™, Be*) = f(a,p) +x Vx e R;
Y +Ina

f(a,0) = E[CMT1™(a)] = — D.1)
1
70, = E[cmridp)] = Y EEE,

Invoking the homogeneous functional equation theorem [5, section 4.3.1, p. 76],
there exists a real function #,, ¢ (-) independent of («, §) such that

1/lIne Ing 4 al/m " 0 o:
57+T+m’km ifa >0,8>0;
Yy +Ina . ,
T, B) = . ifa >0, =0 (D.2)
1
% ifa=0,8>0;
—00 ifa =0,8=0.

We now characterize the remaining unknown #,, +(-) in (D.2). Recall that for any
two numbers y and w, we have max(y, w) = (y + w+ |y — w|)/2. Consider two
independent random variables ¥ ~ CMT1"(«) and W ~ CMT 1%(B). 1t follows that

+Ina + In
Y LY B
m k

1
S, B) = 5( +E[|Y - Wl])- (D.3)

Comparing (D.3) with the solution given by (D.2) yields

al/m 1 11
hm,k<m) = 5<E[|Y—W|]+y<;+z)). (D.4)

The function 4,, () in (D.4) is symmetric in ¥ and W, and therefore

1
hm,k(t) = hk,m(;). (DS)
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Let Y (@) be the CMT1 random variable obtained by shrinking the expected value
and the standard deviation of Y by 6 > 0, and let W(8) be defined analogously. Because
this transformation just amounts to changing the unit of measure, E[max(Y (8), W(8))]
and E[|Y(#) — W(8)|] are obtained by dividing their original values by the same quan-
tity #. We have Y (9) ~ CMT1°"(a), so that

1
om,o(t'?) = 5 k() ¥6 > 0. (D.6)

Because the function f,, ; is continuous on (R*)?\(0, 0) (this can be seen from the
integral expression), equation (D.2) implies that

1/lne Ing al/m y+lna
li | —+ — h ;
ﬂffﬁ[z(m )+ m’k<ﬂ‘/’“)] mo

1/1 In B 1/m +Inp B
) nae In o y+1n
== - iy = .
i 505 )+ hea ()| -
System (D.7) is equivalent to
1 Y o
hm,k(t) = 5 Int +—+ ¢m,k(z) with ; hI_El ¢m,k(t) = 0;
" (D.8)

1
() = =5 101+ T+ (1) with i () = 0.

Finally, using the closure under maximization property of the CMT1 distribution,
we have that f,, ,,(a, 8) = (¥ 4+ In(a + B))/m. Substituting this into the first equation
of (D.2) yields the boundary condition

h _! In Lo D.9
mom (1) - iz T +v ) (D.9)

Step 2: A feasible solution. Let W(m, k) be an arbitrary positive function such that
V(m,m) = m, V(m, k) = Wk, m) and ¥ (Om, 0k) = OW(m, k). Then the system of
constraints (D.5), (D.6), (D.8) and (D.9) are satisfied by the class of functions

/i Y0n.k)
1n<(ewmﬁ)“’<’"’k>+<%) ) (D.10)

More specifically, we have investigated the approximations obtained when using
in (D.10) the functions

\P[w](ma k) = \w/ %-i_kma w€E Ra (D 11)

Wpax(m, k) = max(m, k) and Wsorr(m, k) = ~/mk.

hm,k(t) = W(m, k)
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Step 3: Numerical validation. We assessed the performance of the functions in (D.11)
by comparing their values with the results of Monte Carlo simulations for various
choices of m, k, o, B. The smallest relative errors were achieved by W, (m, k). We
optimized over @ by minimizing the sum of square distances between the simulated
values and the approximations calculated with W,;(m, k) for every point. Consistently
across sets, the optimal value of @ was very close to —2, resulting in approximation
errors of less than 7% for all the points tested. Substituting W;_5;(m, k) into (D.10),
and substituting the resulting function #,, £ (-) into the first equation of (D.2) yields after
some algebra the first equation in (21).

D.2. Second moment approximation

Equation (21b) is obtained by approximating the two CMT'1 parent random variables Y
and W with independent normally distributed random variables Yy and Wy having the
same first and second moments as Y and W, respectively. We then substitute the ex-
pressions giving the moments of ¥ and W as functions of (m, k, «, 8) into the known
formula for the second moment of the maximum of Yy and Wy [7]

E[(max(Yy, Wy))’] = (E[Yy 1> + o [Yn]1) D(8) + (EIWN ] + 02 [Wy]) (=)
+ (EIYN] + E[WN1)V o[ Yyl + 02 [Wy16(),  (D.12)

where
E[Yn] — E[Wy]

T oYl + o2 Wl

The largest approximation error for the second moment of CMT2™* (a, B) was 17%.
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