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Structural arrest transitions in fluids described by two Yukawa potentials
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We study a model colloidal system where particles interact via short-range attractive and long-range repulsive Yukawa potentials. Using the structure factor calculated from the mean-spherical approximation as the
input, the kinetic phase diagrams as functions of the attraction depth and the volume fraction are obtained by
calculating the Debye-Waller factors in the framework of the mode-coupling theory for three different heights
of the repulsive barrier. The glass-glass reentrance phenomenon in the attractive colloidal case is also observed
in the presence of the long-range repulsive barrier, which results in the lower and upper glass regimes.
Competition between the short-range attraction and the long-range repulsion gives rise to new regimes associated with clusters such as “static cluster glass” and “dynamic cluster glass,” which appear in the lower glass
regime. Along the liquid-glass transition line between the liquid regime and the lower glass regime, crossover
points separating different glass states are identified.
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Recently, experiments and computer simulations on colloidal systems identify a local peak in the structure factor at
a wave vector much smaller than that of the first diffraction
peak (particle peak) [1,2]. This observation triggered much
interest in the complex liquid community and raised fundamental questions regarding the nature of gelation, aggregation, and the glass transition [2–8]. Sciortino and co-workers
found that the presence of long-range repulsive and shortrange attractive potentials [2] leads to the aggregation of colloidal particles and results in a liquid-glass transition at low
densities. Experiments on proteins and Laponite systems
with these kinds of interactions revealed signatures of new
cluster regimes [1,6,7]. In this Communication, we systematically study a model system with a short-range attractive
and a long-range repulsive Yukawa potentials in addition to
the hard-core potential. The structure factors are calculated
by the mean-spherical approximation (MSA) [9,10], and the
kinetic phase diagrams for the idealized liquid-glass transition are obtained in the framework of mode coupling theory
(MCT) [11–13]. Liquids and glasses composed of clusters
are analyzed in detail. Although the standard MCT is a firstorder dynamic mean-field approximation [14,15], its predictions have been extensively verified in colloidal systems. For
example, MCT predicts a liquid-glass transition at a critical
volume fraction, c ⬇ 0.516, in the hard-sphere colloidal system [12], whereas the experimental result is around 0.58
[16]. The volume fraction is related to the number density 
and the colloidal diameter  by  = 3 / 6. A recent highorder MCT calculation by Wu and Cao [15] improves the
prediction to c = 0.552. In attractive colloidal systems, MCT
predicts repulsive and attractive glass states [17,18], which
has been confirmed in experiments [19]. MCT is expected to
provide reliable predictions, at least in the lowest order, in
our model system.
Small angle x-ray scattering (SAXS) experiments on
lysozyme solutions reveal that the protein-protein potential
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has a short-range attraction, and a long-range electrostatic
repulsion [20] that can be described by a Yukawa form according to the DLVO [21] and GOCM [22] theories. With the
unclear origin, the attraction has been simulated by different
functional forms [2,20]. To exploit the known analytical
form of Sq, we use a Yukawa form for the attraction part in
our system, resulting in
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where r is the dimensionless interparticle distance in units of
, K1 and Z1 refer to the attraction, and K2 and Z2 refer to the
repulsion. As in the screened Columbic potential, the inverse
of the dimensionless repulsion range is given by the DLVO
theory as Z2 =  [21], where  is the inverse of the DebyeHückel screening length. The dependence of K2 on both the
ionic strength I and the particle charge z can be calculated by
either DLVO [21] or GOCM [22].
The structure factor can be obtained by solving the
Ornstein-Zernike equation with various closures. MSA is
used in our calculations because the analytical solutions for
Yukawa potentials were derived by Waisman and Stell [23],
and Blum [9]. Following Blum’s approach [9], we calculate
the structure factor, which will be discussed in detail in a
forthcoming paper [10]. Compared to other methods [24],
our approach generates Sq efficiently over a broad range of
wave vectors, which serves as a reliable input for our MCT
calculations.
Before presenting kinetic phase diagrams, we discuss the
dependence of Sq on the attraction depth K1 and the repulsion
range Z −1
2 . The structure factors are plotted for increasing K1
in Fig. 1(a) for a set of parameters given as Z1 = 10, K2
= 0.3, Z2 = 0.5, and  = 0.3. As the attraction strength grows, a
cluster peak appears at a wave vector much smaller than that
of the first diffraction peak (particle peak). As K1 continues
to increase to K1 = 10, the strong attraction facilitates the aggregation process to form close-packing clusters. In Fig.
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FIG. 1. (a) The structure factors for different attractive depths
K1 (see text). (b) The structure factors for different repulsive ranges
Z −1
2 (see text).

1(b), the dependence of Sq on the repulsion range Z −1
2 is
studied for fixed values of K1 = 8, Z1 = 10, K2 = 0.3, and 
= 0.3. With the increase of Z2 (the decrease of the repulsion
range), the structure factor for q 艌 4−1, including the particle peak, remains almost the same, but the cluster peak
quickly shifts to a lower wave vector with the increasing
intensity and eventually diverges at q = 0. This result demonstrates that clusters grow with decreasing range of repulsion.
With a strong attraction depth, we expect to observe a gel
phase, where colloidal particles form a percolating network.
In the remainder of this Communication, we will fix Z1
and Z2 and study the kinetic phase diagram as a function of
K1 and  for three values of K2. Three repulsive heights are
employed: K2 = 0.3, 1, and 5, where the corresponding particle charges in the DLVO theory are z = 1.5, 2.7, and 6, respectively. We set Z2 = 0.5, which corresponds to a weak
ionic strength of I = 2.1 mM and  = 33 Å, and Z1 = 10, be-

cause the attraction range in the protein systems is around
10% of the hard-sphere diameter [20]. Following the discussion on Fig. 1, we expect that the sizes of clusters are finite.
The dependence on Z1 and Z2 will be addressed in a future
work.
Using the analytical structure factor Sq as the input, we
employ the standard MCT [11–13] to calculate the DebyeWaller (nonergodic) factor f q, defined as the normalized long
time limit of the coherent intermediate scattering function,
f q = limt→⬁Fq共t兲 / Sq. The corresponding high-order MCT calculations [15] will be investigated in the future. A central
result of MCT is the self-consistent equation for f q, which
predicts the idealized liquid-glass transition [12]. When a
system is in the liquid state (ergodic), only the trivial solution, f q = 0, exists, but when the system is in the glass state
(nonergodic), another nontrivial solution, f q ⬎ 0, appears.
The transition point in the parameter space is determined by
the discontinuity of f q from zero to a nonvanishing value. To
obtain f q in our system, we follow the numerical method in
Ref. [13].
The kinetic phase diagrams are plotted for three K2 in
Figs. 2(a)–2(c), where the horizontal axis is the volume fraction  and the vertical axis is the inverse of the attraction
depth, K −1
1 . Similar to attractive colloidal systems [18], the
liquid regime (LR) is surrounded by the upper glass regime
(UGR) and lower glass regime (LGR). As shown in Figs.
2(b) and 2(c), increasing the repulsion strength extends the
liquid phase to larger  and K1 because the system requires
stronger attraction to trap colloids or higher volume fraction
to form arrested cages. The glass-glass reentrance phenomenon occurs at  艌 0.516, where the transition line between
the LR and UGR appears. When the attraction is weak, the
cage effect induced by high  dominates and the system is in
the UGR, similar to the repulsive glass in the attractive colloidal suspensions [18]. Because the colloidal particles move
closer as attraction increases, the collective motions recover
the ergodicity and the system enters the liquid phase. When

FIG. 2. Kinetic phase diagrams and potentials
for Z1 = 10 and Z2 = 0.5. Curves labeled by 1, 2,
and 3 correspond to K2 = 0.3, 1, and 5, respectively. (a) Kinetic phase diagrams are shown in a
wide range of  and K−1
1 . (b) The lower part of
(a) to show the transition between the LR and
LGR. The stars mark the crossover from the static
cluster glass to the dynamic cluster glass (see
text). The dotted line demonstrates the separation
of these two cluster glass states inside LGR for
K2 = 5. The solid circles mark  where the cluster
peaks are equal to the particle peaks in Sq. (c)
Another part of (a) close to the ending point of
LR to mark the termination of the dynamic cluster glass. (d) Potential surfaces for different K1
and K2. Line 1 is for K2 = 0.3 and K1 = 1.3. Line 2
is for K2 = 1 and K1 = 2. Line 3 is for K2 = 5 and
K1 = 6. The dotted lines correspond to the pure
long-range repulsion.
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FIG. 3. (a) Four Debye-Waller factors f q along the transition
line between the liquid regime (LR) and the lower glass regime
(LGR) for K2 = 5. (b) The structure factor Sq corresponding to the
same parameters in (a).

the attraction is sufficiently strong, colloid particles are randomly trapped by potential wells deeper than thermal fluctuations, and the system enters the LGR. Although sharing a
similar mechanism, the LGR for the two Yukawa potential is
more complicated than the attractive glass state in the attractive colloidal system [18]. For the parameters chosen in this
paper, we test K1 ⬎ 30, and Sq=0 does not diverge, indicating
that the spinodal line is far below the transition line between
the LR and LGR. The binodal lines are more complicated
and will be investigated in future work.
Clusters in the liquid and glass states of our systems are
stabilized by the competition between the short-range attraction and long-range repulsion [2,5,6,8]. Based on microscopic descriptions with Sq and f q, we now discuss these
cluster states in detail. In Fig. 3, the structure factors and the
corresponding Debye-Waller factors along the transition line
between the LR and LGR are plotted for K2 = 5 and for four
values of  ranging from 0.2 to 0.518. In addition to the
particle peak at qm ⬇ 7.3−1, we observe the cluster peak in
several Sq and f q curves at a much smaller wave vector,
2.3−1 ⬍ qm
⬘ ⬍ 3.3−1. We discuss separately four states in
Fig. 3. (i) For  = 0.2, the cluster peaks are higher than the
particle peaks in both Sq and f q, and f q⬘ is equal or close to
m
one, indicating that colloidal particles aggregate into stable
close-packing clusters. The characteristic size of clusters is
finite due to the balance of the attraction and repulsion. Because of their thermal and dynamic stability, close-packing
clusters are the basic units of the system instead of colloidal
monomers. As a result, it is possible to improve our predictions for low volume fractions using the effective cluster
description proposed recently [8]. Characterized by the presence of the cluster peak in Sq, the ergodic state can be
viewed as a cluster liquid, the nonergodic state discussed
here is a “static cluster glass.” (ii) For  = 0.4, we observe
Sq⬘ Ⰶ Sqm and 1 ⬇ f q⬘ ⬎ f qm. Compared to the case of  = 0.2,
m
m
the cluster population substantially decreases, suggesting that
the cluster structures are less ordered. The large cluster peak
in f q indicates that the less-ordered cluster structure remains
dynamically more stable than single colloids. Because the

calculation is carried out along the transition line between
the LR and LGR in Fig. 2(b), the attraction strength K1 decreases as  increases. The disordered cluster structure is
related to the decrease of the strength and effective width of
the attractive well. Compared to experiments and schematic
phase diagrams [3,6], the glass states at  = 0.4 and 0.2 may
be the precursors of the gel state in Ref. [6], which is an
infinite percolating network resulting from the growth of the
finite-size clusters in our system. (iii) For  = 0.5, we observe
an inflection point instead of a cluster peak at q ⬇ 3.2−1 in
Sq, as shown in the inset of Fig. 3(b), and the cluster peak in
f q is smaller than the particle peak. Affected by both the
increase in  and the decrease in K1, the cluster structure is
highly disordered and does not have a characteristic size.
However, the cluster peak in f q suggests that disordered cluster structures in the glass state are dynamically selected with
a characteristic cluster size. The wave vector of the cluster
peak in f q is smaller than the inflection point in Sq, indicating
that clusters are more likely to result from dynamics than
thermodynamics. These cluster structures may be related to
the heterogeneous structures in the activation picture of glass
formation [25,26]. Following these arguments, we consider
this glass state as a “dynamic cluster glass.” (iv) For 
= 0.518, the cluster peaks in both Sq and f q disappear. With
the attraction depth of K1 = 4.5, we have ␤V共r = 1+兲 ⬎ 0 so the
binary bond between two colloidal particles is unstable and
will dissociate. As a result, the probability of forming stable
clusters is small and the basic dynamic unit in the glass state
is a single colloidal particle.
We now extend the above discussion of Fig. 3 for one
value of K2 to several values of the repulsion strength. Figure
4 is a plot of the cluster and particle peaks in Sq and f q along
the transition line between the LR and LGR for K2 = 0.3, 1,
and 5, respectively. The basic behaviors of the peak values
are similar for different K2. With the rapid decrease of Sq⬘ ,
m
the cluster peak in f q remains close to one for  艋 0.4, but
quickly decreases around 0.45⬍  ⬍ 0.5. Interestingly, as f q⬘
m
becomes smaller than f qm, the cluster peak in Sq turns into an
inflection point, indicating a crossover from the static to the
dynamic cluster glass regimes. We define the crossover density 1 between the two regimes by the disappearance of the
cluster peak in Sq, giving 1共K2 = 0.3兲 = 0.49, 1共K2 = 1兲
= 0.48, and 1共K2 = 5兲 = 0.47, denoted by stars in Fig. 2(b).
These values of 1 are close to the freezing point, 0.49, of
hard-sphere fluids [16]. This coincidence implies a possible
connection between cluster aggregation and crystallization.
To demonstrate the tendency for the separation of these two
cluster glass states inside LGR, a calculation for K2 = 5 is
provided as the dotted line in Fig. 2(b). The termination of
the dynamic cluster glass regime is marked by the disappearance of the cluster peak in f q, which defines another crossover density 2. For the weak repulsive strength, e.g., K2
= 0.3 and 1, the attractive well remains negative in the glass
regime, excluding the observation of 2. For the strong repulsive potential K2 = 5, the crossover density is 2共K2 = 5兲
= 0.5165, denoted by a triangle in Fig. 2(c). Although the
above conclusions drawn from f q and Sq are crude, future
studies will also investigate other measures to explore cluster
formation in different regimes.
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FIG. 4. This figure summarizes the intensity
changes of the cluster peaks and the particle
peaks in f q and Sq along the transition line between the LR and LGR. Lines with circles denote
peaks in f q, referring to the left vertical axes, and
lines with crosses denote peaks in Sq, referring to
the right vertical axes. The solid lines are the
cluster peaks, whereas the dotted lines are the
particle peaks.

In summary, we study the structural arrest transitions in a
model system with a short-range attractive and a long-range
repulsive Yukawa potentials. Based on Blum’s approach [9],
an efficient method is developed to obtain the structure factor
for the two-Yukawa system [10]. The calculated structure
factor shows that the intensity of the cluster peak in Sq increases as the depth of the attraction increases and the cluster
peak shifts to the zero wave vector as the range of the repulsion decreases. By computing the Debye-Waller factor f q
from the standard MCT [11–13], we obtain the kinetic
liquid-glass phase diagrams and observe the glass-glass reentrance phenomenon. The detailed studies of cluster peaks
and particle peaks in Sq and f q along the transition line between the liquid regime and the lower glass regime reveal
different cluster regimes in our system, most notably the
static cluster glass and the dynamic cluster glass. Our results
confirm and significantly extend recent computer simulation

results of Sciortino et al. [2] and experiments by Tanaka et
al. [6]. More studies are required to investigate detailed
mechanisms for forming different cluster regimes as well as
their relationships to the gel phase and attractive glass phase.
As shown in Fig. 1, the ranges of attraction and repulsion
strongly affect the characteristic size of clusters. Following
this line of research, we hope to find the connection between
the gelation process, which forms a network with an infinite
size, and the aggregation process, which forms clusters with
finite sizes.
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