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Abstract – Human red blood cell (RBC) membranes are typically biconcave-shaped under physiological conditions, and membranes of other shapes, such as spherical, are also observed in pathological RBCs. It has been suggested that there is a relationship between the RBC membrane’s
material properties, morphologies and physiological functions. The present work studies how various factors aﬀect the morphologies of the RBC membrane based on a free energy functional in
continuum elasticity descriptions. In particular, the instability conditions of a diseased spherocyte’s spherical shape is obtained explicitly, which determines the region in the phase diagram
constructed by two dimensionless state variables deﬁned by elastic moduli, osmotic pressure, etc.,
in which the spherocyte’s membrane can exist in a stable form. In this phase diagram, each point
represents the statistical results for a large number of samples observed in recent experiments.
Within this stable region of spherocyte’s membrane, the spherical RBC membrane is in the global
minimal state whereas in the adjacent region on the other side of the boundary, the echinocyte’s
membrane corresponds to the global minimal state. Our results could be used as a theoretical
guide for clinical applications in related diseases, such as malaria, and are in quantitative agreement with recent dynamic optical measurements on the morphological transition of the RBC
membrane (see Park Y. et al. Proc. Natl. Acad. Sci. U.S.A., 107 (2010) 6731).
c EPLA, 2020
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Red blood cells (RBCs), also called erythrocytes, transport oxygen from the lungs through arteries and capillaries
to the tissues and cells. The RBC’s physiological function
is sensitive to its morphology: a normal healthy RBC
has a biconcave shape under physiological conditions, ensuring that it will pass through small blood vessels with
reversible deformation, while RBCs with other morphologies lose their physiological functions, leading to serious
health disorders, such as malaria [1,2]. Identifying and
counting the number of RBCs with the correct morphology can be used in the detection of certain diseases [3].
The normal RBC with a biconcave shape, called a discocyte (DC), is tremendously ﬂexible, while RBCs with
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other morphologies are not. In particular, the membrane
of an RBC that is infected by malaria parasites becomes
more spherical. Moreover, the membrane of this abnormal
RBC is harder than the normal one, with a typical stiﬀness
50 times greater than that of a normal biconcave RBC,
leading to great diﬃculty in passing through capillaries by
reversible deformation [1,4,5]. As is well known, malaria
has been a serious threat to human health since ancient
times [4,6] and the disease is still a focus of medical studies. In particular, the 2015 Nobel Prize was bestowed on
researchers for ﬁnding medicines to treat this disease [7].
Obviously, it is highly desirable to explore the relationships between morphologies and mechanical properties of
RBC membranes, in both experimental and theoretical
studies [1,8–35]. The shape of an RBC is governed by its
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mechanical properties, the pressure diﬀerence across its
membrane, and its size. In the present work, we will study
the relationship between the equilibrium shapes and the
elastic properties of RBCs in detail. We demonstrate that
an experimentally observed shape of an RBC membrane
corresponds to a stable equilibrium point in the free energy
landscape by the minimum free energy principle in thermodynamic theory, which can be determined by the variational method [36,37]. As an important application of the
present theoretical method, we focus on the stability of the
abnormal spherocyte, and show the condition for its morphological instability. Various eﬀorts have been made to
study the mechanical properties of RBC membranes. At
ﬁrst, static mechanic responses of RBC membranes were
investigated extensively by micropipette techniques [16],
electric ﬁeld deformation [12], and optical tweezer techniques [38]. Dynamically, the RBC membrane constantly
ﬂuctuates with an amplitude of the order of hundreds of
angstroms [13]. The ﬂuctuations depend on the membrane
structure and elasticity as well as on the concentration of
adenosine triphosphate (ATP) [14,30]; thus, it is possible
to extract the properties of the RBC membranes from the
dynamical information. The simple intracellular structure
of the RBC with its lack of nuclei and other internal structures leads to a uniform refractive index of the entire cell
and makes it possible to accurately measure the dynamics
changes of the thickness of RBC membrane by noninvasive
dynamical optical measurement techniques, and to record
the ﬂuctuations of the membrane [24,25]. This paves the
way to extracting mechanical characteristics through the
dynamic undulations of the RBC membrane [10,19,20,29].
Among the eﬀorts to measure RBC membrane ﬂuctuations, Park et al., in particular, achieved a full-ﬁeld measurement of membrane ﬂuctuations of RBCs up to the
nano-meter scale with morphologies from normal DCs to
echinocytes (ECs, spiculate shape) and spherocytes (SCs,
nearly spherical shape), as shown in ﬁg. 1, using the optical interferometric technique [24,25]. These results have
aroused great interest since they were reported.
The most interesting point of Park et al.’s work is that
these authors directly obtained the properties of a variety of RBCs in the solution simultaneously, observed the
RBC membranes in cell populations, which made it possible to study the morphology-mechanical properties of
RBC membrane relationship by investigating the statistical properties of numbers of RBCs in the three main morphologies. The technique avoids the diversity of reported
properties of RBC membranes that occurs in experiments
focusing on the dynamical morphological evolution of one
selected RBC, owning to the cell’s individual characters.
Their observations revealed that the harder the membrane
is, the more likely it is that the RBC is a spherocyte, a
pathological form that lacks some physiological functions,
such as the ability to carry oxygen. Although this is intuitive, the quantitative theory connecting the mechanical
properties of the RBC membrane and the morphology of
RBCs, in particular, needs to be established. The physical

Fig. 1: Schematic sketch of the three morphologies. (a) A normal RBC with a biconcave shape, named a DC; (b) an EC characterized by its stipulate shape; (c) a SC with a nearly spherical
shape. The spherocyte is related to particular diseases.

implication of this quantitative relationship is twofold:
based on it, we may develop a fast and minimally invasive technique to diagnose certain diseases related to
red blood cells; on the other hand, by understanding this
relationship, we may develop a treatment method that involves modulating the lipid/cytoskeleton biological structure of the membrane of an infected cell by adjusting
the stiﬀness of the membrane. This may lead to at least
partially recovering of the morphological functions of the
RBCs. To study the physical mechanisms of equilibrium
morphologies and their transitions, ﬁrst, we brieﬂy introduce the structure of the RBC membrane, since the
mechanical properties of the RBC membrane depend on
the composite structure of the phospholipid bilayer which
is enforced by the cross-linked cytoskeleton [9–11,39,40].
The hexagonal cytoskeleton of the RBC membrane is composed of tetramers of the protein spectrin, which are attached to one another with junction complexes to form
a network tethered to the lipid bilayer by the protein
ankyrin (see ref. [39] and the references therein). The RBC
membrane inherits both ﬂuidity and solid-like mechanical properties from the lipid bilayer and the cytoskeleton,
giving the composite structure advantages over a single
material. The ﬂuidity property of the lipid bilayer determines the RBC membrane’s bending modulus [36,40,41],
while the spectrin-dominated 2D network both serves as
the scaﬀold maintaining the RBC’s shape and mechanical
integrity, and dominantly contributes to the elastic modulus of the membrane [19]. Thus, it is necessary to adopt
an elastic energy description considering the contribution
of both the lipid bilayer and the cytoskeleton [27]. In
the present analytical work on the condition for weakening the abnormal spherocyte, we use a continuum elastic
body description, and illustrate the basic physics with a
model as simple as possible. The elastic energy of the lipid
bilayer can be described by the well-established Helfrich
energy [41]. This is a functional of the curvatures deﬁned
on a 2D curved surface, based on the theory of surfaces in
classical diﬀerential geometry [42]:


κ
d2 sK,
(1)
d2 s(2H + c0 )2 + k̄
Eb =
2
where H and K denote the mean and Gaussian curvatures
of the surface reprenting the membrane, and κ (k̄) denotes
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Table 1: Properties of RBC membrane at various morphological phases, experimental data taken from ref. [25].

κ(kB T )
μ(μNm−1 )
KA ( μNm−1 )b
2 c
 S( μm ) d
Δh2 ( nm)

DCs

DCs(-ATP)a

ECs

SCs

5.5 ± 1.7
7.4 ± 0.9
15.5 ± 2.5
139.4
46

6.7 ± 3.3
≈9
23.9 ± 8.3
–
–

9.6 ± 3.2
10.4 ± 2.9
31.7 ± 10.0
143.4
34

23.9 ± 6.7
12.6 ± 2.1
41.8 ± 10.3
96.3
15

a ATP

depleted DCs.
modulus, KA ≡ λ + μ.
c Surface area.
b Area

d Mean

squared normal displacement.

the corresponding mean (Gaussian) curvature modulus.
For a closed surface, the latter integral in eq. (1) merely
provides a constant, 2π k̄ χ̃, where χ̃ is the Euler characteristic, according to the Gauss-Bonet theorem [42], implying
that only the term of mean curvature (with a typical modulus, κ ∼ 1 − 10 kB T) in eq. (1) is nontrivial among the
elastic energy expressions of the RBC membrane. The
Helfrich energy diﬀers from the previous curvature energy
description by including the spontaneous curvature, c0 ,
which was introduced to describe the eﬀects of the different solution environments inside and outside the membrane [41]. The spectrin-based cytoskeleton in the RBC
membrane is a homogeneous 2D lattice coupled to a lipid
bilayer, which can be modeled as a 2D elastic continuum
with the in-plane strains εi,j , (i, j = 1, 2) [43],

Ee =




KA
(ε11 −ε22 )2
(ε11 +ε22 )2 +μ
+2ε212 . (2)
d2 s
2
2

Here, the “inverse of KA ” and μ the area compressibility
and shear modulus, respectively [15,44]. Elastic models
with more biological details of RBCs were proposed in
refs. [17,18,22,26,33,35] and the references therein, in order to describe both the static phenomena and dynamic
responses of RBC membranes. We use the present simple model, instead, since most of the parameters in our
model are observables measured in the related dynamic
optical experiments, and there is no adjustable parameter. For simplicity, the mean values of the observed moduli are used. In ref. [25], the elastic properties of a number
of RBC membranes with certain morphologies, i.e., both
normal and abnormal cells, are reported. The main information is summarized in table 1, which gives the mean
values of the experimental data (cf. ﬁg. 4 in ref. [25]).
The values presented in table 1 come from the statistics
of the reported experimental data, in order to avoid the
uncertainty of the moduli caused by individual diﬀerences
of RBCs.
The total free energy includes Helfrich elasticity, the inplane elastic energy and the surface tension energy, as well

as the pressure diﬀerence term, taking the form of
F = Eb + Ee + γS + ΔpV.

(3)

Here, the surface tension coeﬃcient of the RBC membrane, γ, is assumed to be a constant at room
temperature [36], and Δp ≡ pout − pin is deﬁned as the
pressure diﬀerence across the RBC membrane. This free
energy functional is based on a model with a minimum set
of parameters which gives a clear physical picture of the
formation of the main equilibrium shapes of RBC membranes and quantitatively explains the observed morphological transitions of SCs-ECs-DCs [25]; thus it is suitable
for the present study. An equilibrium shape of an RBC
membrane corresponds to a minimum of the free energy
described by eq. (3), determined by the variational equation δ (1) F = 0. The variation δ (1) F is a function of
the mean curvatures of the curved surface, H, whereas
the mean curvature itself is a function of the coordinates.
Thus the shape equation δ (1) F = 0 is a highly nonlinear
diﬀerential equation, usually diﬃcult to solve analytically,
except for some special solutions with certain symmetries. Among these highly symmetric cases, the spherical membrane of a spherocyte gives the simplest solution
of the shape equation (for more information on the details of mathematical deriving see Supplementary Material
Supplementarymaterial.pdf (SM))
ΔpR2 + (4KA ε + 2γ)R + κc0 (c0 R − 2) = 0,

(4)

where R is the radius. The existence of this spherical
surface solution was conﬁrmed by experimental observations. Here, we assume isotopic 2D in-plane strains in
the spherical RBC membrane, ε11 = ε22 = ε, ε12 = 0,
for the consistency of the spherical symmetry of the free
energy, variational equation (shape equation) and the special solution. We then focus on the conditions for weakening the pathological spherocyte’s membrane, since this
is closely related to the recovery of its physiological functions. Thus, this investigation into the stability of the
spherocyte’s membrane has implications for both biomedical research and applications. The stability is studied
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δ (2) F =


lm

(l + 2) (l − 1) κl(l + 1) − κc0 R − ΔpR3 /2
+ 4KA
R2

2

|alm | ,

l = 0, 1, . . . , ∞,

m = −l, . . . , l.

(5)

using perturbation analysis for the radial distortion, up
to O(ψ 2 ). This distortion along the normal direction of
a spherical surface depends on the polar and azimuthal
angle in the spherical coordinates, θ and φ, which can
be expanded on the basis of the spherical harmonics,
{Ylm , l = 0, 1, . . . , ∞, m = −l, . . . , l},
ψ(θ, φ) =

∞ 
l


alm Ylm (θ, φ),

l=0 m=−l

with the magnitude al,−m = a∗lm to ensure that the coeﬃcients {alm } are real. Here the asterisk in superscript
indicates the complex conjugation operation. A spherocyte’s memebrane at thermodynamic equilibrium satisﬁes
the shape equation in eq. (4). This implies that, at equilibrium, the isotropic strain ε is not independent; thus, in
the second order of the variation of the total free energy,
the isotropic stain can be eliminated, leading to (see SM)
see eq. (5) on top of the page

Fig. 2: Relationship between the
pressure (a dimen´
` reduced
sionless quantity) p̄1 ≡ Δp1 / 2κ/R3 and the integer y ≡
l(l + 1) − 2. Here (c0 R = −1.618) [37], and we use the approximate relationship c0 R = −1 for simplicity. The three
curves are for the typical values of the dimensionless quantity
η ≡ KA R2 /κ, ranging from 3000 to 8000 [25], with η = 3000
for the red line, η = 5000 for the green line, and η = 7000 for
the blue line. The integer y ≡ l(l + 1) − 2 values from 70 to
180 (l = 8–13) are labelled with a series of perpendicular gray
lines, and the minima for the three curves all fall within the
present range 70–80 of integers y ≡ l(l + 1) − 2.

A spherocyte’s membrane can maintain its spherical
symmetry under the normal distortion ψ(θ, φ), if δ (2) F >
0, l ≥ 2; otherwise, it may deform to a shape with a lower
symmetry, resulting in instability. The critical condition
for the morphological transition δ (2) F = 0, l ≥ 2 gives
a series of possible critical pressure diﬀerences across the
thermodynamically stable if the osmotic pressure Δp ≤
membrane,
Δp1 (y). The y dependence of the reduced pressure (a di2κc0
2κl(l + 1)
8KA
mensionless variable) p̄1 ≡ Δp1 /(2κ/R3 ) for three typical
−
+
,
l
=
0,
1,
.
.
.
.
Δp1 =
R3
R[l(l + 1) − 2]
R2
sets of parameter shown in ﬁg. 2 demonstrates a mini(6)
mum p̄1, min in each curve. The stability condition of Δp
Then, it is convenient to introduce a dimensionless
for
a spherocyte’s membrane is satisﬁed for all l ≥ 2
quantity η ≡ KA R2 /κ, deﬁne a new integer variable
if Δp1 ≤ (2κ/R3 )p̄1, min . As shown in ﬁg. 2, the rey ≡ l(l + 1) − 2, and rewrite eq. (6) as
duced pressure p̄1 , and hence Δp1 , can reach its minimum


√
8κ η
2κ
2κc0
4η
4κ
Δp1, min as shown by the inequality of eq. (7) under the
Δp1 = 3 y +
+ 3− 2 ≥
experimental conditions [25]. By deﬁning a dimensionless
R
y
R
R
R3
quantity ξ ≡ ΔpR3 /κ, the condition for the existence of a
2κ
+ 3 (2 − c0 R).
(7) stable spherocyte’s membrane can be described as
R
√
The inequality in eq. (7) originates from
ξ(p1, min ) = η + 2(2 − c0 R).
(8)
√ the arithmetic
geometric average inequality a + b ≥ 2 ab, for any two
positive numbers a and b. The inequality is valid since Instability of a spherocyte’s membrane may occur when
much close to the osmotic pressure Δp1 > Δp1, min . Under physiothe (2 − c0 R) > 0 for the c0 R ≈ −1.618,
√
the opposite of golden ratio φ = (1 + 5)/2 ≈ 1.618 [37]. logical conditions, the value of the osmotic pressure is
Although spontaneous curvature c0 describes the eﬀect of Δp0 ≈ 1.5 Pa [21]. This implies that if Δp1,min < 1.5 Pa,
diﬀerence environments inside and outside of the mem- the spherocyte’s membrane can no longer maintain its
brane, thus is important to determine the equilibrium spherical symmetric shape (l = 0), and high-order sphershape of a RBC’s membrane, the fact that c0 R is nearly ical harmonic modes occur, leading to a morphological
a constant leads to c0 is not a sensitive parameter of our transition to a new preferable shape. As shown in ﬁg. 2,
present stability analysis.
the value of y for the p̄1, min is ∼102 , corresponding to
A spherocyte’s membrane with a certain bend- l ≈ 10, under the experimental conditions. If a spheing modulus, spontaneous curvature, and radius is rocyte’s membrane becomes thermodynamically unstable,
38001-p4
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Fig. 3: Phase diagram of RBCs of several manifest morphological types. The boundary curve of the shadow area is described
by the stability condition for a spherocyte’s membrane shown
in eq. (8). The dots denote the corresponding values of the
physiological osmotic pressure Δp0 = 1.5 Pa. In the shadow
area, SCs can stably exist. Instability may occur in the area
above the boundary curve of the shadow area, thus triggering
the morphological transition of SC to EC.

the spherical harmonics with l = 10 ﬁrst occurs, implies
the global minimum of free energy functional is shifted to a
new one with lower symmetry than that of a spherocyte’s.
The new global minimum has a l
1 spherical harmonic
mode, matching the characterized spiculate shape of an
echinocyte’s memberane, suggesting that a spherocyte’s
membrane tends to deform to an EC’s membrane. This is
in agreement with the experiments [25]. Inspired by the
stability condition of a spherocyte’s membrane obtained in
eq. (8), we constructed a phase diagram using two dimensionless quantities, ξ ≡ ΔpR3 /κ and η ≡ KA R2 /κ. In this
2D phase diagram, all the observed RBC membranes with
their elastic and geometric properties can be shown in one
ﬁgure for easy comparison by taking advantage of the two
dimensionless variables composed of KA , κ, R, and Δp.
The phase diagram in ﬁg. 3 clearly shows the region of
the stable-existing spherocyte, and suggests possible ways
to weaken the stability of the spherocyte and thus promote a transition SC-EC-DC. These include adjusting the
osmotic pressure and changing the compressibility of the
RBC membrane by modulating the expression of special
proteins in the membrane.
So far, we have derived the stability conditions for the
pathological spherocyte’s membrane shown in eqs. (7)
and (8), through a perturbation analysis based on the
free energy functional in eq. (3). We demonstrate that
the observed equilibrium shape of an RBC’s membrane
depends on a set of parameters, which corresponds to a
global minimum of the free energy landscape under experimental conditions. In general, numerically determining

the global minimum of a free energy functional is very
diﬃcult; however, since our present study is based on experimental results, we can note that an observed shape
of an RBC’s membrane does correspond to a solution of
the variation equation, δ (1) F = 0 with δ (2) F > 0, which
describes a global minimum of the free energy under corresponding experimental conditions. In the present work,
we have exploited these experimental data, and expressed
RBC membranes with three diﬀerent morphologies in a
2D phase diagram constructed by two dimensionless variables ξ ≡ ΔpR3 /κ and η ≡ KA R2 /κ. In the phase diagram shown in ﬁg. 3, each point represents a typical RBC
membrane with a certian morphology, based on the mean
values of the properties of a number of RBC membrane
given in ref. [25]. We have investigated the stability of
the pathological spherocyte’s membrane through a perturbation analysis, and propose a boundary between the
regions corresponding to SC and EC membranes. Our
results are in reasonable agreement with the experimental results in ref. [25], which veriﬁes our approach. It is
worth mentioning that the morphology of the RBC also
depends on the concentration of ATP [25]. The depletion of ATP may aﬀect the coupling of spectrin to the
lipid bilayer, resulting in stiﬀness of the RBC membrane’s
shear modulus, as in the statistical data based on experiments in ref. [25] shown in table 1. The stiﬀness of
RBC membranes due to ATP depletion was also reported
elsewhere in the literature [23,34]. This stiﬀness of RBC
membrane’s shear modulus, shifts the values of two dimensionless parameters ξ and η, therefore aﬀects the stability of a spherocyte’s membrane. In ﬁg. 3, we show
a representative point for the ATP-depleted DC’s membrane based on the mean values of measured data for a
number of RBCs, which is denoted as DC(-ATP). The
present results could be further developed by introducing
the ATP concentration-dependent elastic modulus of the
RBC membrane into the elastic energy in eq. (2), to quantitatively investigate the inﬂuence of cellular ATP on the
morphological transition of an RBC membrane. Another
interesting topic involving the mechanics of RBC is the
interplay of morphological transitions of RBC and the ﬂuidity properties of blood ﬂow. For example, the viscosity
of blood increases with increased stiﬀness of RBCs due to
infection, such as occurs in malaria, which places strain
on the heart to maintain the blood ﬂow. The shear ﬂuid
may in turn alter the morphology of the RBC membrane.
Work on viscosity-induced morphological transitions is in
progress, using similar approaches to that described in the
present work.
In summary, we have studied the morphological transition of a pathological spherocyte through stability analysis
of the spherocyte’s membrane based on the measurements
given in ref. [25] from studies of the relationships between the morphology and the elastic properties of RBC
membranes. The present work was inspired by clinical
observations in diseases related to RBC morphology and
elasticity; for example, a prevalence of spherocytes in
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the blood stream, together with stiﬀening of the RBC
membranes, is usually associated with malaria in humans. We suggest a phase diagram for the morphologies of
RBC membrane with two dimensionless state parameters,
KA R2 /κ and ΔpR3 /κ, showing the possible parameter
space for the stably existing spherocyte. In general, RBC
membranes should be described in a high-dimensional
state parameter space, with a series of parameters associated with each membrane, including KA , κ, and R. However, with the two dimensionless parameters, the state
parameter space is reduced to a two-dimensional one,
thereby simpliﬁng the stability analysis in order to study
the conditions for weakening the stability of a pathological human spherocyte. We also explain the observed
transition from SCs to ECs following the development
of instability of the spherocyte’s membrane. The results
are in good agreement with recent experimental measurements of the morphologies and mechanical properties of
RBCs [24,25]. Our results could be used as a theoretical guide for the clinical treatment of diseases related to
RBC membrane morphology and elasticity, such as human
malaria. The present approach could also be used to study
more complicated phenomena related to the mechanical
properties of RBC membranes and other soft materials,
such as viral capsids [45–48].
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