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Advances in optical measurements enable precise tracking of cavity polariton dynamics with
exceptional spatiotemporal resolution. Building on these developments, we present a comprehensive
theoretical analysis of wave packet dynamics in a noisy emitter lattice embedded in a multi-mode
microcavity. We uncover a series of dynamic phenomena in both the noise-free and noisy cases: (i) In
the noise-free case, the emitters’ probability density splits into two Gaussians whose group velocities
are defined by the lower and upper polariton branches. (ii) Noise induces dephasing and leads to
multiple dynamical stages with different time scales spanning several orders of magnitude. These
stages include, in order of increasing duration: underdamped Rabi oscillations; damping of the center
of mass velocity of the emitters’ probability density; population thermalization; and the transition
from the ballistic to the diffusive regimes of the probability density spreading. (iii) Most strikingly,
dephasing enhances the ballistic spreading, which persists for several orders of magnitude longer than
it does without a cavity. Some of our predictions align with recent experimental observations, while
others can be tested in existing platforms. Understanding wave packet dynamics across multiple
time scales in the presence of noise is crucial for optimizing polaritonic devices. This study paves

the way for future experiments focused on light-matter interactions in complex systems.

I. INTRODUCTION

Strong light-matter interactions are promising for con-
trolling and enhancing material properties and engineer-
ing novel devices. Cavities are especially effective for
achieving a strong collective coupling between material
excitations and cavity photons, giving rise to hybrid ex-
citations termed cavity polaritons. Polaritons exhibit fas-
cinating phenomena with important applications across
photonics and materials science [1-3]. Over the past
decade, pioneering experiments in cavity-based platforms
have shown modifications to chemical dynamics and en-
hanced energy transfer [4-12], exciton [13-17] and charge
transport [18-21]. These experimental advancements
have led to the emergence of polaritonic chemistry as
a new research field [22-24]. To complement the experi-
mental breakthroughs, new theoretical models have been
developed to account for the details of the emitters and
complex environments [25, 26], allowing them to describe
the subtleties of exciton-polariton systems [27-35].

Modern microscopy techniques allow tracking of the
evolution of exciton-polariton wave packets with high
spatial-temporal resolution [36-39]. These experiments
motivate the theoretical analysis of polariton-mediated
transport in multi-mode cavities. While single-mode
models, like Dicke [40] and Tavis-Cummings (TC) [41],
allow for simplified analyses, they predict that localized
excitations can instantaneously travel to distant emitters,
which is unphysical. In contrast, multi-mode models with
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physical photonic dispersion satisfy the relativistic con-
straints [34, 35].

A comprehensive and rigorous treatment of polariton
dynamics in multi-mode cavities is challenging due to
the typically large number of emitters and cavity modes.
Moreover, the complexities of realistic systems, includ-
ing cavity losses, disorder, and environmental dephas-
ing [42, 43], make accurate theoretical description even
more demanding. The effects of static and dynamic disor-
der in polariton systems have been explored theoretically
using various approaches, including perturbation theory
[44, 45], exact diagonalization and integration [28, 35],
mean-field-based approaches [46-48], and ab initio simu-
lation [49, 50]. Despite these advancements, a complete
dynamic picture covering all the stages of evolution is
still lacking. This includes a detailed description of the
transition between the ballistic and diffusive regimes of
the wave packet expansion.

Here, we provide a complete analysis of the spatiotem-
poral dynamics of polariton wave packets in multi-mode
cavities. We adopt the stochastic multi-mode TC model
to incorporate both the continuum of photon modes and
the stochastic dephasing noise acting on the emitters.
This stochastic model is appropriate when the emitters
are coupled to a thermal bath at a relatively high temper-
ature. To make the analysis feasible, we consider an ef-
fectively one-dimensional (1D) microcavity with the em-
bedded 1D lattice of identical emitters [35], as shown in
Fig. 1. Although the emitters do not interact directly,
their coupling to the cavity modes enables the propaga-
tion of excitonic wave packets.

The developed model presents methodological ad-
vancements and yields various experimentally relevant
qualitative and quantitative predictions. The key find-
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ings are summarized as follows:

1. Our quantum master equation enables efficient large-
scale time-dependent simulations of multi-mode cav-
ity systems where emitters are subject to noise. This
lays the groundwork for future studies incorporating
additional processes, such as cavity losses or direct
inter-emitter interactions.

2. In the presence of noise, the emitters’ probability
density dynamics feature a sequence of stages across
different time scales, forming a universal hierarchy.
These stages include, in order of increasing duration:
underdamped Rabi oscillations; damping of the center
of mass velocity of the emitters’ probability density;
population thermalization; and the transition from
the ballistic to the diffusive regimes of the probability
density spreading.

3. Notably, despite the noise, the probability density ex-
pansion remains ballistic for several orders of magni-
tude longer than the dephasing time observed in a
lattice with direct inter-emitter coupling in the ab-
sence of a cavity. Moreover, in the presence of noise,
the rate of expansion is enhanced compared to the
noise-free case.

The article is organized as follows. In Sec. II, we define
the system Hamiltonian and discuss its eigenenergies and
eigenstates. The noise-free wave packet dynamics are de-
tailed in Sec. III, followed by an analysis of the dynamics
with noise in Sec. IV. Finally, we summarize our findings
and provide an outlook in Sec. V.

II. SYSTEM DEFINITION

We consider a 1D lattice of N > 1 identical, non-
interacting emitters (two-level systems, TLS) with tran-
sition energy fwe.; embedded in effectively 1D cavity of
length L = L,, i.e., multi-mode TC model (Fig. 1). Cav-
ity mode frequencies are given by
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where k is an integer, c is the speed of light, and @, > 0
arises due to the spatial confinement of the field in the y
and z directions. Assuming the emitters are located at
positions r, = nL/N (n is an integer, —N/2 < n < N/2),
the system’s Hamiltonian is given by [28, 35, 51]
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FIG. 1. Schematic illustration of the multi-mode TC model.
N identical TLS emitters (blue spheres) are arranged in a
1D lattice along the = axis of an effectively 1D optical cav-
ity of length L = L, (Ly,L. < Lg). The lower part shows
the details of five example emitters in the center of the cav-
ity. The transition energy is hweg, while the lattice spacing
is L/N. Emitters interact with cavity modes having energies
@ given by Eq. (1). Here, only interactions between the ex-
ample molecules and the modes with energies hwo, ..., hws
are shown for simplicity. Within the Haken-Strobl-Reineker
model (see Sec.IV), the transition energy fluctuates about
the average value weg, and the fluctuations’ autocorellation
function is I'6(t).

where |a) is the cavity state with a single excitation in
photon mode k, |b,,) is the matter subsystem state with a
single excited emitter at site n, and g > 0 is the matter-
field coupling constant. Our analysis is restricted to the
single excitation manifold.

Here, energy, length, frequency, and time are measured
in units of Mweg, £ = ¢/Weg, Weg, and 1/weg respectively.
h is set to unity in the expressions hereafter for conve-
nience. Letting L = M/, the dimensionless mode fre-
quency is given by
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where we = @¢/Weg.

H can be simplified using the Bloch states as the basis
for the emitters’ subsystem. The transformed dimension-
less Hamiltonian is given by (see App. A for details)
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where g = §/p/(hwegVl) = G+/N/M /(hwegV/l) is the

dimensionless collective coupling constant, and p = N/M
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FIG. 2. (a) Upper and lower polariton branches [see Egs. (3)
and (6a)]. (b) VRS in Eq. (6b) and its derivative. (c) Group
velocities, €}, = diex,. Parameters: w. = 0.4, g = 0.3
(strong coupling regime).

is the dimensionless number density. This form of H
reveals that the system can be viewed as a collection of
TLSs, each describing the interaction between the k-th
exciton and the k-th cavity mode. Throughout the paper,
we set the number of cavity modes equal to the number
of emitters, such that —N/2 < k < N/2.

The TLS eigenstates are the upper (+) and lower (—)
polaritons

—sin(0g) ax) + cos(Ok) [b), +
[vr..) {cos(@k) lag) + sin(6x) |bx) » - (5e)
1 2¢g s
0 = 3 arctan [Wk — weg] + 59(4% Weg),  (5b)

where ©(u) = 0 when u < 0, and ©(u) = 1 when u > 0.
The TLS eigenenergies, i.e., the polaritonic branches, are
given by

A
tr, = % 4 7’€ (6a)
Ak =€k, — €k = \/4924‘(&%*Weg)2a (6b)

where Ay is the vacuum Rabi splitting (VRS) [see
Fig. 2(a,b)].

III. DYNAMICS IN ISOLATED SYSTEM

We use a traveling Gaussian wave packet,
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as the initial state of the matter subsystem, while the
cavity modes are unpopulated at ¢ = 0. Here, w is the
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FIG. 3. (a~c) Unnormalized time-dependent emitters’ popu-
lation distribution, P, (t). The teal lines show the trajectories
of the wave packets, ¥n_ . (d-i) Pa(t) for p = 0.5, 1.0 at se-
lected times. Parameters: w. = 0.4, g = 0.3, w = 10.

dimensionless initial width of the Gaussian, and p is the
initial dimensionless momentum (phase velocity). In k
space, the initial probability density is given by

w

P (0) = NG exp[~w?(k — p)?], (8)
and the wider the sites’ population distribution in the
real space, the narrower is Py (0).

Invariance with respect to p.—It is instructive
to redefine k in Eq. (3), such that the dispersion re-
lation becomes wy, = 4/(kp)? + w2, and —7 < k < 7,
accordingly. In the isolated system, observables are
given by integrals involving a product of P;(0) and a
function of the polaritonic energies €5, in Eq. (6), i.e.
ffﬂ P (0) f(ek. ) dk. Since €5, depend on k only through
wk, the results presented hereafter are invariant under
the transformation of the initial state variables w — wp
and p — p/p. The observables remain invariant, assum-
ing that the dimensionless collective coupling constant g
is kept constant. Note that the spatial variable, n, must
also be scaled by p.

Figure 3(a-c) shows the unnormalized time-dependent
emitters’ population distributions, P, (t) = |1, (t)|?. The
matter wave function is a sum of two wave packets as-
sociated with the upper and lower polaritons, ¥, (t) =
Yn, (t) +1n_(t) (see App. B for details). For the system



FIG. 4. Total excitonic population. The solid curves were
obtained using the exact integral formula, while the dashed
curves in panels (b,d,f) correspond to the approximate for-
mula in Eq. (10). Parameters are the same as in Fig. 3.

parameters considered, ¥, (f) are approximately Gaus-
sians moving at constant group velocities, v+ = E; i
where ¢, = (dpek, )|r=p [see Fig. 2(c)]. The teal lines in
Fig. 3(b,c) correspond to the trajectories of the two wave
packets. The velocities difference results in the splitting
of P,(t) into two parts.

Figure 3(d-i) shows snapshots of the emitters’ popula-
tion distribution for p = 0.5 and p = 1 (close to reso-
nance). For p = 0.5, the splitting is most pronounced, as
the difference vy —v_ is maximized as shown in Fig. 2(c).
In contrast, close to resonance, vy ~ v_ minimizing the
splitting on the considered time scale. Instead, 1, and
1, _ interfere, resulting in irregular probability density
as seen in Fig. 3(g-i).

A. Exciton population dynamics

To explain the fringes in the matter population distri-
butions in Fig. 3(a-c), consider the population of matter’s
k-th mode,

Pi(t) = Pp(0) — Pi(0) 5 [1 — cos(Axt)l,  (9)

Aj
where Py (0) is the initial k-space probability density in
Eq. (8). Figure 4 shows the total excitonic population,
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where Al = (drAy)|k=p [see Fig. 2(b)]. The approxi-
mate solution was obtained by first-order expansion of
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Ay around k£ = p and it is valid for w > 1 [see the
dashed curves in Fig. 4(d-f)].

The approximate formula shows that P.,(t) oscillates
(central) frequency A,, and the bright fringes in Fig. 3(a-
c) appear at the local maxima of P.,(t). The oscillations
decay due to the Rabi frequency dispersion within the
initial wave packet. This decay is described by a Gaus-
sian envelope with a standard deviation oc w/|A}[. In
our examples, the fastest decay occurs for p = 0.5, as the
slope of Ay is steeper at k = p = 0.5 compared to the
slope around the local extrema at £ = p = 0,1, where
the derivative is close to zero [Fig. 2(b)]. The steady-
state population, Pe,(t — o0) ~ 1 — 2¢?/AZ, is also
determined by the VRS.

B. Moments of the matter population distribution

We consider the first two moments of the emitters’ pop-
ulation distribution to quantify the wave packet dynam-
ics. In the continuum limit, sums are approximated by
integrals, and the moments are given by (App. C)
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where p, , is the diagonal elements of the continuous
density matrix (i.e., the population of the emitter at po-
sition ), pj, 1.4, is the element of the continuous k-space
density matrix.

The explicit formulas for (n) and (n?) are derived
by expressing Pl k4q 1D terms of the polaritonic states.
Omitting the oscillating contributions stemming from the
interference between 1,, and ¥, _ (and the constant

(n2(0)) = w?/2), we obtain (App. C)

(n)=t [ka(O)[5§C+ cos*(0y,) + ¢f. sin*(0y)]dk,  (13)

U

s
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-
Since the excitation is shared between the emitters and
cavity modes, (n) and (n?) require normalization by the
total excitonic population (i.e., total emitters popula-
tion)

wa:/j Py(0)[cos* () + sin?(0,)] dk.  (15)

According to Egs. (13) and (14), for sufficiently narrow
P;(0), the first two moments of the matter distribution
are approximately proportional to the weighted average
of the group velocities, vy = s;, ,» and their squares, re-
spectively.

Figure 5(a) shows (n) /P., for several values of initial

momentum, p. The marked lines correspond to (n)/P.,.
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FIG. 5. (a) Normalized CM position, marks correspond
to (n)/Pex [Egs. (13) and (15)].  (b) CM velocity, V =
di[(n)/Pez]. (c) Standard deviation of the emitters’ popu-
lation distribution in Eq. (16), with (solid) and the without
(marks) oscillations. (d) The exact and approximate slopes
of W (see App. B). The parameters are the same as in Fig. 3.

The velocity V = d;[(n)/P..] shown in Fig. 5(b) is a non-
monotonous function of initial momentum and peaks at
resonance (p &~ fweg). At this point, v} approximately
equals v_, and their weighted sum is maximum.

Next, we consider the standard deviation of the emit-
ters’ probability distribution, define as

- (E T

Figure 5(c) shows W for several values of p. In contrast
to the CM, the wave packet spreading rate is minimized
at resonance |p| &~ wey. Figure 5(d) shows the slope of
W (W excluding the oscillations), d;W. The local mini-
mum at [p| & weg can be explained as follows. Two fac-
tors contribute to the overall spreading — the spreading of
the Gaussians, ¥, relative to their respective centers of
mass and the separation of the centers of mass. The ap-
proximate d;W presented in Fig. 5(d), includes only the
second contribution and captures the local minimum (see
App. B). This shows that the rate of distribution spread-
ing is minimized when 1, , move at the same group ve-
locity, i.e., when v_ = v;. The wave packet exhibits a
soliton-like behavior at resonance.

IV. DYNAMICS IN PRESENCE OF
STOCHASTIC NOISE ACTING ON EMITTERS

This section analyzes the emitter’s probability distri-
bution in the stochastic multi-mode TC model frame-
work. Adopting the Haken-Strobl-Reineker (HSR) model
to describe the noise [52], the transition energy of
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FIG. 6. (a-c) Rabi oscillations on the short time scale. (d-
f) P, at later times. Diamonds denote the CM position, and
the double-headed arrows represent the width of P, (propor-
tional to standard deviation). The instantaneous total exci-
tonic population is given as a percentage. Parameters: p =1,
we=04,¢9g=0.3,T=0.03, p=0.5, w=10.

each emitter receives an independent stochastic contribu-
tion, &,(t), with auto-correlation function &, (¢)&,(¢') =
[3,,n0(t — '), where T' = T'/w,, is the dimensionless
dephasing rate, proportional to temperature. The HSR
model allows for analytic averaging over the noise, re-
sulting in the master equation for the 2NV x 2N density
matrix of the exciton-photon system

N
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The terms proportional to I' destroy the coherences
within the excitonic quadrant of the density matrix (off-
diagonal elements within the quadrant), as well as the
light-matter coherences (all elements of the off-diagonal
quadrants of the density matrix).

In the presence of noise, the dynamics are no longer
invariant with respect to the number density, p, in con-
trast to the noise-free case in Sec. III. As we discuss later,
noise homogenizes the initial k-space distribution, and
the scaling of the initial state variables becomes irrele-
vant on the long-time scale. Thus, in this section, we
fix the system parameters: wey, = 2.1eV, £ = 0.590um,



L = 590um. The number of photonic modes equals the
number of emitters, N = 1001, such that p = 1.

Figure 6 shows snapshots of emitters’ probability dis-
tributions in the presence of noise, obtained by direct nu-
merical solution of Eq. (17). The figure suggests that the
wave packet evolves through a sequence of qualitatively
different dynamical stages across several time scales. On
the short time scale presented in Fig. 6(a-~c), the CM and
the wave packet width remain almost unchanged, while
the the distribution’s peak oscillates due to the coher-
ent population exchange between the light and matter
subsystems (Rabi oscillations, Subsec. III A). After the
initial phase of rapid exchange, the population relaxes
slowly. Relaxation lasts until an equal population parti-
tion between the subsystems is reached.

While the initial wave packet CM velocity is the same
as in Fig. 5(b), due to noise, it slows down and stops
after ¢t ~ 200. See the sequence of diamonds represent-
ing the CM position in panels (d-f). In contrast, the
wave packet width, represented by the double-headed ar-
rows, continues to increase after the CM stops. Thus, the
stages of the matter wave packet evolution are (from the
shortest to longest): (a) Rabi oscillations, (b) damping
of CM motion, (c) population relaxation, (d) transition
from ballistic to diffusive spreading.

For further analysis, we utilize the spatial invariance
of the emitters’ lattice and rewrite the master equation
in terms of the Bloch states. This results in a reduced
set of equations for the k-space density matrix elements

Ph kg = —2igIm[p" 7 ] *Fpi,k+q+% > Phpre (182)
P
pf,k-i-q = —i(wk — warq)Pk kg 2i91m[pif+q]7 (18b)
Phorq = —H(wk — weg —1T/2)p7 71
Zg(Pi,k-i-q Pﬁ k;+q) (18¢)
Pr., k+q —i(Weg — Wh+q — T/2)pp % Jk+q
Zg(ﬁk Jk+q Pk,k+q)a (18d)

where pf | is an element in the first quadrant (excitonic
quadrant), pf, kg 1S an element in the fourth quadrant
(cavity or photonic quadrant), and pp77, . Py 7y, are el-
ements in the second and third, i.e., off-diagonal quad-
rants of the density matrix. Setting ¢ = 0 shows that
the populations of k-th exciton and k-th cavity modes
are coupled through light-matter coherence. Fig. 7 illus-
trates the k-space density matrix and shows some of its
elements with ¢ = 0.

The effect of noise is two-fold. First, it damps the light-
matter coherences at rate I'/2. Secondly, the last two
terms in Eq. (18a) tend to homogenize the population
among the exciton modes. Figure 8 shows snapshots of
excitonic (Pf) and photonic (P{) distributions. On the
short time scale, the distributions remain at the initial
positions defined by the initial momentum, p, and oscil-
late due to the exchange of the population between the
light and matter subsystems (Rabi oscillations). With
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o 0 B
pk 1,k— 1<—>plg 1,k—1

. 2-€ 72
Prgl k1S Phi1,k+1

Intersys. coherences ’ Photonic quadrant ’
FIG. 7. Illustration of the k-space density matrix. Diagonal
elements within the four quadrants (elements with ¢ = 0) and
the couplings between them are shown.

time, due to the noise-induced homogenization, baselines
are built in the excitonic distributions. Simultaneously,
all photonic modes become gradually populated. Later,
at t =~ 100— 200, the excitonic distribution becomes sym-
metric relative to kK = 0, which explains the termination
of CM motion, as the average momentum vanishes [see
Fig. 6(e,f)]. The population relaxation continues until
both P¢ and P/ become uniform.

A. Population relaxation: thermalization process

Figure 9(a,b) shows the evolution of the total excitonic
population in the presence of noise. In contrast to the
isolated system in Fig. 4, the Rabi oscillations here decay
on a time scale of 2/T, regardless of the initial momen-
tum p. The population slowly relaxes towards the equi-
librium value of 1/2 on the longer time scale. This be-
havior is expected as the thermalization is independent
of the initial state. The relaxation time scales can be
roughly estimated by neglecting the homogenizing terms
in Eq. (18a), which may be justified when the excitonic
population distribution is approximately uniform. Then,
the system reduces to a collection of independent TLS
where only the k-th exciton is coupled to stochastic noise.
Population dynamics in such TLS has an oscillating con-
tribution that decays at a rate ~ I'/2, and decaying at
rate s contribution, where (see App. D for details)

2¢°T

S =~ 4492 +6za

5k = Wk — Weg- (19)
With the homogenizing terms, all the matter modes be-
come populated with time. The detuning of most modes
from the corresponding cavity modes gives rise to the
slow relaxation seen in Fig. 9(a,b).

For quantitative time scale analysis, we consider
the eigenvectors and eigenvalues of the 4N x 4N non-
Hermitian matrix defining the linear system in Eq. (18).
The total exciton population can be expressed as
P., = Zfﬁl cn exp(Ant), where A, are the eigenvalues,
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FIG. 8. Snapshots of exciton (top row) and cavity modes (bottom row) population distributions at selected times. With time,
the excitonic population distribution becomes symmetric relative to £ = 0. This is when the CM stops. Parameters: p = 1,

we=04,¢g=03,T=0.1, w=10.
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FIG. 9. (a,b) Total excitonic population. (c,d) Position of
the matter wave packet CM. (e,f) Diffusivity of the matter
wave packet. Circles correspond to the noise-free cases. The
squares approximate D in the ballistic regime using the model
[a(1 —e™) = b/e]t in Eq. (27). The slope value is 0.05, inde-
pendent of I' and p. Parameters: p = 1, w. = 0.4, g = 0.3,
w=10,T =0.1.

and ¢, depend on the eigenvectors and the initial state,
and can be found by Moore—Penrose pseudo-inverse.
Figure 10(a,b) shows an example set of eigenvalues,
An. All the eigenvalues with non-zero imaginary parts
have nearly constant real parts, —I'/2. This implies
that the oscillations decay at a rate of I'/2 as seen in
Fig. 9(a,b). Considering only the real eigenvalues (with
zero imaginary part) results in the smooth orange curves.

To determine the relaxation time scale, we focus on
the N smallest real-valued eigenvalues (—T'/2 < A, <0).
Only those eigenvalues contribute to the marked green
curves in Fig. 9(a,b). We found numerically that these
eigenvalues have linear scaling with T' (for I' < 0.3) (see
App. E).

Processes described by a sum of decaying exponen-
tials are encountered e.g., in studies of time-resolved lu-
minescence spectroscopy of molecular, macromolecular,
supramolecular, and nanosystems [53]. A stretched ex-
ponential (Kohlrausch) function is often used to model
and quantify such processes. Excellent fits are obtained
using the model a exp(—at?) 4 1/2, and 8 is found to be
close to 2/3 (see App. F).

For simplicity and physical clarity, however, here we
estimate the effective decay rate of the population, )\5 i
by

L Jo tF®) /2]t
L) —1/2)dt

where f(t) is the population signal. When f(t) taken
to be the smoothed out signal, )\(I:ff is proportional to "
as shown in Fig. 10(c). This is consistent with the lin-
ear I' dependence of the smallest real-valued eigenvalues.
When f(t) is taken to be the full signal including the
oscillations, A% ((T") shows slight deviation from the lin-
ear [-dependence (see App. G). These findings suggest
that population relaxation is slower than Rabi oscilla-
tion decay. Averages of N/2 smallest eigenvalues and
averages of the corresponding TLS rates, s, are compa-
rable and can be used as rough estimates of Afff (see

App. E). Figure 10(d) shows that /\é)ff has a relatively

weak dependence on the initial momentum p.

[)‘fff] (20)

B. CM motion of the matter distribution

Figure 9(c,d) shows two examples of matter distribu-
tion CM dynamics. Appendix H outlines our approach
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FIG. 10. (a,b) Eigenvalues of the linear system in Eq. (18).
Here, ¢ = 0, I' = 0.1. (c,d) Effective relaxation rate of the
total excitonic population, P.., see Eq. (20). Note that in (d),
)\fff is scaled by I'. Parameters: p =1, w. = 0.4, g = 0.3,
w = 10.

to evaluating (n(t)) using Eq. (18). The smooth orange
curves were obtained by including only the real-valued
eigenvalues. The noise slows down and eventually stops
the CM motion. Qualitatively, this is similar to propaga-
tion on a simple 1D quantum lattice (without the cavity).
In that case, the CM position is given by [25]

_ Tt g7
(n) = %/_ &1 P (0) dk, (21)

where &) = di(ex), and €, is the lattice dispersion rela-
tion. The formula shows that the asymptotic position is
proportional to I'"! for a fixed initial momentum. For

comparison, Fig. 11(a,b) shows the asymptotic values of
the CM

(ary = e —2ui > ), (2

where we used the fact that P(t — oco) = 1/2. The k-
space periodicity is reflected in the periodicity of (n)
plotted as a function of p.

Despite the similarities with the simple lattice case out-
side a cavity, cavity system exhibits very different behav-
ior quantitatively. The CM velocity decay rate here is
significantly lower than I'. To estimate this rate, we use

SO o

Jo 1f@®lat”

where f(t) is the velocity derived from the smooth or-
ange curves in Fig. 9(c,d). Figure 11(c,d) shows )\Xff as
a function of I" and p. Close to resonance (p = weg), the
decay rate of the CM velocity is an order of magnitude
larger than the population relaxation.

Qualitatively, the difference in population relaxation
and CM velocity decay rates can be seen through the

asy

[\rs]

10 x 10! 9 x10?!

FIG. 11. Asymptotic position of the matter CM distribu-
tion as a function of I' (a), and initial momentum, p (b).
The periodicity in (b) stems from the k-space periodicity.
(c,d) Effective decay rate of the CM velocity in Eq. (23). Pa-
rameters: p =1, w. = 0.4, g = 0.3, w = 10.

evolution of matter and cavity modes population dis-
tributions. Figure 8 shows that by the time ¢ ~ 150
the excitonic distribution becomes nearly symmetric and
uniform. The symmetry implies vanishing average mo-
mentum, which is consistent with Fig. 9(¢,d) where the
CM indeed stops after ¢ ~ 200. In contrast, the cavity
distribution is not yet homogeneous, and the population
exchange between the subsystems continues.

C. Diffusivity: ballistic-diffusive transtion

Next, we consider the rate of the matter distribution
spreading, i.e., the diffusivity [compare with Eq. (16)]

4
dt

(n(H)?) _ (n(t))”
P..(t) P2(t)

exr

2D(t) =

(24)

Appendix H outlines our approach to evaluating (n?(t))
using Egs. (18). Figure 9(e,f) shows two examples of the
time-dependent diffusivity that undergoes a transition
from ballistic (D o t) to diffusive (D = const.) behavior.
The transition is associated with noise-induced dephas-
ing and the homogenizing terms in Eq. (18a).

In the case of 1D quantum lattice with HSR noise, the
diffusivity of a wave packet with stationary CM is given

1—e Tt
D(t) =C) T + Cse Ftt, (253)
™ 1\2
Cy = / L) . (25b)
_x 27
g 1
Cy = /_ (e [P 0) — QW} k. (250)



Figure 12(a) presents the diffusion constant, Dgs, =
D(t — o0) = a/Aers. For the considered values of T
(0.01 <T <0.3), Dysy scales as '™ independent of the
initial state. For comparison, the diffusion constant in a
1D lattice with nearest-neighbor coupling, J is given by
Dlattice(t — OO) = 2.]2/F

To study the diffusivity time dependence, we use the
model suggested by Eq. (25a)

D
1 — e erst

D
>‘eff

ft)=a — beMrstt, (26)

This model has three free parameters: a, b, and )\f} Iz and
provides excellent fits for the system parameters consid-
ered. Figure 12(b) shows )\efo as a function of I'. While

the ballistic-diffusion transition rate in the lattice is I !,
the rate here is significantly slower, D = 0.02T. Like
the lattice without a cavity, the rate is independent of
the initial momentum.

Importantly, the transient diffusivity in the ballistic
regime is significantly enhanced compared to the diffu-
sivity in the isolated system. Figure 9(e,f) compares the
diffusivity in the isolated system (black circles) vs the
linear approximation denoted by red squares,

Mo F(UAE Dt =Ta(l —e) = b/e]t. (27)

The slope, a(1 —e™ 1) —b/e ~ 0.05 (for p = 1, w. = 0.4,
g = 0.3) is independent of p and T for the considered
values of I' > 0.02. Noise-induced transient diffusivity
enhancement has been studied in quantum lattices with-
out the cavity [25]. In our multimode cavity system, the
duration of the enhanced expansion is significantly ex-
tended due to the slow ballistic-diffusion transition rate.
Figure 12(c) compares the approximate slope of D(t) in
the ballistic regime, a(l — e™!) — b/e vs the slopes in
the isolated system (dashed curve). We added the initial
slope of D(t) and (a — b) for comparison.

V. SUMMARY, EXPERIMENTAL
REALIZATION, AND OUTLOOK

The presented theoretical analysis characterizes the es-
sential features of polariton wave packet dynamics in an
effectively 1D multi-mode microcavity with or without
noise acting on the emitters.

The two polariton branches give rise to the emitters’
population distribution splitting in the absence of noise.
The wave function of the matter subsystem is a super-
position of two Gaussians moving with different group
velocities defined by the derivatives of the polariton en-
ergies. The weighted averages of these group velocities
determine the first two moments of the emitters’ distribu-
tion, which define the CM position and diffusivity (the
rate of distribution spreading). The two moments are
non-linear functions of the initial momentum. At reso-
nance, the CM velocity reaches its maximum while the

FIG. 12.

(a) Diffusion constant.
diffusive transition rate. (¢) Approximate slope of D(t) in the
presence of noise during the ballistic stage, a(1 —e™') — b/e,
(a — b) [see Egs. (26) and (27)] vs. the slope in the isolated

(b) Effective ballistic-

system (I' = 0).
w = 10.

Parameters: p = 1, w. = 0.4, g = 0.3,

spreading rate is minimized, suggesting soliton-like be-
havior.

Noise acting on the emitters induces dephasing in the
system. It causes significant changes in the dynamics
of the emitter’s population distribution, which proceeds
through a sequence of stages across vastly different time
scales. These stages include Rabi oscillations, CM veloc-
ity damping, population relaxation, and the transition
from the ballistic to the diffusive regime of distribution
expansion. The time scales of these stages establish a
universal hierarchy, It < (A\Yg) 7t < (M) 1 < (A —L.
Here, T" is the white noise’s intensity. The initial stage,
characterized by the rapid decay of Rabi oscillations, oc-
curs on the time scale of I1. A5 is the rate of CM
velocity damping, )\fﬁ is the population relaxation rate,
and A2, is the rate of ballistic-diffusive transition. No-
tably, )\XH, )\f:ﬂ, and )\gf can be smaller than I' by sev-
eral orders of magnitude. This contrasts sharply with
wave packet dynamics in simpler 1D lattices without cav-
ities (including direct inter-emitter interactions) where
all time-dependent observables have a single characteris-
tic time scale, I'~1.

Another striking effect in the presence of noise is that
the initial ballistic expansion persists for several orders
of magnitude longer than the dephasing time in a lattice
without the cavity. Moreover, the rate of expansion is
substantially enhanced by noise compared to the noise-
free case.

Note that the model adopted here is a generalization
of the HSR model, which assumes a classical stochastic
noise, to a multimode cavity system [54, 55]. In other
models, emitters’ vibrational degrees of freedom are
often treated classically or semi-classically [47, 56].



Such approaches may not fully capture the system
coherences and become less reliable at low temperatures
or under strong vibronic coupling [57]. Coherences
may also affect the thermalization process [50, 58, 59].
Thus, our model is more reliable during the ballistic
expansion stage before thermalization and qualitatively
captures the diffusive transport after thermalization.
These reservations also apply to other semi-classical
simulations attempting to describe post-thermalization
diffusion.

Experimental realization.— Polariton dispersion
curves and the corresponding group velocities are of-
ten used for interpreting experimental results focusing
on the first two moments of the population distribution
in the matter subsystem [36-39]. However, microscopy
measurements tracking the spatiotemporal profile of the
wave packet provide information beyond the first two mo-
ments. In line with our analysis, recent experiments have
shown evidence of distribution splitting [36]. Moreover,
on sufficiently short timescales, before the effects of dis-
order or dephasing manifest, the predictions in noise-free
case (Sec. IIT), such as the dependence on initial momen-
tum, can, in principle, be tested experimentally.

Ballistic expansion at a fraction of the speed of light
is expected in a noise-free and disorder-free polariton
system. Remarkably, recent experiments demonstrated
ballistic expansion, despite the disorder and dissipative
effects [15, 33, 36-39, 60]. Our theoretical results are
consistent with these experiments and predict noise-
enhanced ballistic expansion persisting on timescales
several orders of magnitude longer than the dephasing
time without a cavity. The noise intensity I' is propor-
tional to temperature, and all the time scales related to
dynamical observables were shown to be proportional
to I'"!. Both temperature and the initial state can be
controlled, making our theoretical predictions amenable
to experimental verification. However, long observation
times may be necessary to confirm the predicted ex-
tended ballistic spreading and the slow transition to a
diffusive regime.

Outlook.— Inter-emitter interactions (such as Forster-
like energy transfer [10, 61]), cavity losses, static disorder,
and other physical processes may further influence bal-
listic expansion of the emitters’ probability distribution.
The effective master equation developed here allows for
the straightforward inclusion of some of those, partic-
ularly inter-emitter interactions and cavity loss, paving
the way for a more detailed description of specific exper-
imental conditions. A comprehensive description of real-
istic emitters, like molecules, requires accounting for the
vibrational degrees of freedom (i.e., vibronic coupling).
Future work will analyze systems that include vibronic
coupling and other complexities mentioned above.
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Appendix A: Transformation from sites basis to
exciton basis

This Appendix shows the steps leading to the Hamil-
tonian in Eq. (4).

The Hamiltonian in Eq. (2) can be simplified by us-
ing the exciton states, |b;) as the basis for the emitters’
subsystem. |b;)’s are defined as

Ze Nj"|b

Substitution into the first coupling term in the Hamilto-
nian yields

A S e ) (b

by) \erw"\b (A1)

7.k
*616.7
k=N/2
_ [N
=0\ T D lak) (bl (A2)
k=—N/2

The second coupling term (complex conjugate of the first
one) is treated similarly. The second term of Eq. (2)
keeps its form in the new basis. Thus, the basis transfor-
mation results in the Hamiltonian in Eq. (4).

Appendix B: Emitters’ wave function

This Appendix outlines the derivation of the matter
wave function in the isolated system.

First, we find the expansion coefficients of the initial
state in terms of the polaritons,

_ _ Jeos(0r) (bi[¥n(0)), +,
Chy = (Vks [¥n(0)) = {Sin(@k) Brlem(0)),

_ cos(0y) ‘{; —w?(k—p)* 2 4
sin(&k);(ﬂe w? (k= )/27 -,

(B1)

where we used the k-space representation of the initial
state in Eq. (8). The time-dependent wave function in
the polariton basis is given by

(k—p)?/2
- Sesto P

e—wi(k—p)®/2 .
+ Zsm (0r) —e_w’“f lvg_). (B2)

where ¢;, is the polariton energy given by Eq. (6a).
Next, to find the emitters’ wave function, v, (t), the
wave function is projected onto the emitter site basis,



|bn). The wave function is given as a sum of two wave
packets formed with upper and lower polaritons, ¥, (t) =

Yn, () + ¥n_(t), where

T

1 w2 N2 ik
Vp,=——= [ cos?(Op)e 2 (k=p)e=iery tHkn g1 - (B3a)
ﬂ'\/§ o
1 i w . .
Yn=——5 | sin 2(O)e T (kpemimethikn g (B3b)
™ —7

Figure 3 shows the emitters’ probability density split-
ting into two parts due to the difference in the phase
velocities between v, , and ¢, _. By dropping the in-
terference terms, the population distribution can be ap-
proximated by Py (t) = [t (t)[* = [t [* + [¢hn_|*.

To evaluate the integrals in Egs. (B3a) and (B3b), we
expand €, about k& = p up to the second order in k.
For sufficiently wide in real space initial states (w >
1, i.e., narrow in k space), cos?(f) and sin?(fy) in the
integral can be approximated by cos?(f,) and sin®(6,).
This yields

4(9 ) 7(.1:—72)+t)2
cos” (0, 207 (t)
e + +
2 / )
ani| ~ 2ma? (z—v_t)2 ’ (B4)
sin4(9p)67 202 (t) _
V2mwo? ’
where
2 12
’ 2 w [Epi] 2
vy =€ ol (t) = — te. B5
+ P+ :l:( ) 2 2w2 ( )

are the group velocities and variances associated with
¥n,. In this approximation, the standard deviation of
the matter distribution is given by

cost(6,)v2 + sin*(0,)v2
cos*(0,) + sin*(6,)
2 cos4(0p)[5;,’+]2 + sin4(0p)[5;’7]2
w? cost(0,) + sin*(6,)
cos*(0,)vy + sin®(0,)v_ 2

| cost(8,) + sin’(6,) ' (B6)

(dW)? =

For consistency with the assumption w > 1, we neglect
the spreading relative to the centers of mass of the con-
stituent wave packets, which yields a simplified formula

(6p)v2
p) +sin’(6;)
cos*(6,)vy + sin®(6,)v_

a cos*(6,) + sin®(6,) . (B7)

N cos(6,)v2 + sin* (0

(dW)?

cos*(6

Figure 5(d) compares the numerically exact d;W and the
approximation in Eq. (B7). The agreement between the
two results suggests that the relative motion between the
two wave packets determines the spreading of the prob-
ability distribution.
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Appendix C: Moments of the matter distribution in
the isolated system

This Appendix presents the general formulas for the
moments of the matter population distribution. Addi-
tionally, analytical expressions are derived in the noise-
free case.

In the continuum limit, the diagonal element of the
real-space matter density matrix (i.e., emitters’ popula-
tions) in terms of the continuous k-space density matrix
reads

1 —izk ik’ /
_ 1T € , 1T dk_dk
or /6 P,k €

1 )
—izk e
-— & &
o Pk.k+q

Thus, the CM position is given by

Pz,

wkta) dkdg.  (C1)

6’ (q)

1
) =52 [ [ thaea | [ erae] araq

[ 9p; ..
= —Z/ % _Z/[pk,k]/dk- (C2)

Similarly, we can obtain the second moment of the emit-
ters’ distribution

1 .
%//pZ’kJrq [/J;Qequx] dkdq
_——

6" (q)
_ — / 82pf"7k+q
0q?

dk = — /[Pi,k]ﬂ dk.
q=0
Density matriz of the matter subsystem.—The
density matrix of the composite system in terms of po-
laritons is given by

dk =

q=0

(n?)

(C3)

p= prp’ |vp) (vpr| (C4)
p,p’
where |v,) and |v,/) are the polariton states
—sin(0) |ap) + cos(0) |b +
oy = { O @)
cos(0) |ap) +sin(0) by), -

The density matrix of the matter subsystem can be ob-
tained by projecting onto the emitters site basis states,

bn)s Pl = (brlplbr) = 32, o popr (bilvp) (vpr[brr). Ex-
plicitly,

= Pk k_+q(t)sin(bx) sin(bxsq)

+ Pk ks +q(t) sin(bx) cos(O+q)

+ Phy ke +q(t) co8(Or) sin(Or1q)
+ Phs oy +4(t) c08(6r) cos( )

€
Pk k+q
Sin 0k+q

cos(Ok+q)- (C6)



On the right-hand side appear elements of the density
matrix expressed on a polaritonic basis. In the isolated
system, these elements are given by:

Phi kstq(t) = pki7ki+q(0)6_i(€ki _Ekiﬂ)tv (C7)
where ej, are the polariton energies [see Eq. (6a)], and

Pk ky+q(0) is defined by the initial state.

1. Exciton population

To find the explicit formula for the total excitonic pop-
ulation (total population in the emitters’ subsystem),
we must find explicit expressions for the time-dependent
density matrix elements expressed in the polaritonic ba-
sis appearing in Eq. (C6).

The initial density matrix of the matter subsystem is
[Eq. (7)]

1 _ m2+n2
€

o) +ipm—ipn
" .

w2

The cavity modes are assumed to be unpopulated ¢ = 0.
The density matrix elements in the polaritonic basis are
given by

Pk (0) = (Vk_|pm,nlve_)
=sin®(0k) Y _ pm.n (blm) (brln) ,

m,n

(C9a)

Pk iy (0) = (Vk_|pm,n |k, )
=sin(0x) cos(0k) Y _ pm.n (bilm) (brln), (CIb)

m,n
Piy e (0) = (Vky |pm,nlve_)

=sin(0g) cos(6g) Z Pmn (bk|m) (bgn), (C9c)

Pl k. (0) = <vk+|pm,n 'Uk+>

=cos?(0) me,n (bk|m) (bk|n) .

m,n

(C9d)

Approximating the sums by integrals results in

Pe(0) = pm.n (bi|m) (brIn)

m,n
1 1 _aZ4y? L s :
~ 27 \Fe w2 +ipx zpye zkxezky dxdy
v m
w o _ N2
— e p)

w
w?(k (C10)

N

The total excitonic population is defined as [ Pik dk,
where pf , is given by Eq. (C6). Substituting the ob-
tained expressions for pi_ k. (0) into Eq. (C7) and (C6)
and omitting the oscillating terms, oc exp[—i(er, —ex, )],
we obtain

P, = /7r P1.(0)[cos*(0y,) + sin*(6y)] dk.

—T

(C11)
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2. First and second moments

From Eq. (C2), the CM position is given in terms of
the derivative with respect to k, [pf ;)

okl () = [ i

X Pk_ k_ (0) sin(@k) sin(@k)

ae—i(sk_ —sk_+q)t]
q=0

+ |:aaqpk,k+q(0) sin(6y) sin(0k+q)]q:0 +.o (C12)

where e.g.,

dq dq

—i(ek_ —€k_+q)t b
Oe ] =it [ 6’“—“‘} =ite), . (C13)
q a=0

Overall, we have
(i) (t) = itel_pr_ k_(0) sin(6y) sin(6y)

+ [;Pk o +q(0) sin(6) Sin(9k+q):|

q=0
+itey, e ek —ER Ity ks (0) sin(6y) cos(Or)

—i(eyx_—¢ 9 1
+e (en_—er )t [&JP’“””H(O) sin(6y) COS(9k+q):|

+ite),_e kT pr e (0) cos(By) sin(9)

—1 €k, —€k a 1
+e (eky —en_)t |:6Pk+,k—+q(0) cos(0x) Sln(0k+q):|
q q=0

g=0

+itel,, pry ok (0) cos(8y,) cos(6y,)

| a0 cos(On) cos(Onz)| (C14)

q=0

Considering the non-oscillating (and imaginary) terms
proportional to t, we get

) = —i / 105 ]/ dk

= t/Tr Py (0)[el, cos*(0) + ¢, sin*(0y)] dk, (C15)

—T

where we omitted the constant terms, since (n(0)) = 0.

Similarly, for the second moment in Eq. (C3), we
can evaluate the second derivative of pf ; | o With respect
to ¢ . Considering the non-oscillating (and real) terms
proportional to t? (and omitting the constant term, cor-
responding to (n?(0))), we obtain Eq. (14).

Appendix D: Stochastic multimode Tavis-Cummings
model — Approximate Solution

Without the homogenizing terms [the last two terms in
Eq. (18a)], the set of equation in Eq. (18) can be solved
analytically using the Laplace transform method.
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FIG. E1. N smallest real eigenvalues of the system in Eq. (18). Parameters: p =1, w. = 0.4, g = 0.3.
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FIG. E2. Average of N/2 smallest real eigenvalues vs the
averages in Eq. (E1). Parameters: p =1, w. = 0.4.

Assuming for simplicity that only the matter modes
are initially populated (the initial state doesn’t affect the
characteristic frequencies and rates), we find the Laplace
transform of pj, ;. (¢)

_ 146%(T +2s) + (T + 25)* + 456}
~ 58¢2(I +2s) + s(I' + 2s)2 + 4507

B (s) P(0), (D1)

where 0, = wy, — weg is the detuning of mode k from the
emitter transition frequency. Equation (D1) shows that
the frequencies and decay rates of each pz’k(t) are given
by the roots of the cubic polynomial

Py(s) = 8¢%(T + 2s) + s(I" + 25)* + 455%. (D2)
Py(s) has two complex roots (complex conjugates) that
define the oscillation frequency of pz’k(t), and one real

root [see Eq. (19)] that defines the purely decaying com-
ponent.

Appendix E: Relaxation rate estimates

This Appendix considers additional examples of the
eigenvalues of the system in Eq. (18). Figure E1 shows
N smallest eigenvalues (scaled by T') for a range of T’
and g values. The figure confirms the eigenvalues’ linear
scaling with T" for I" < 0.3.

Figure E2 compares averages of N/2 eigenvalues from
Fig. E1, (|A\,|) /T and the average of TLS rates [Eq. (19)]

(sk) 1 /” 292 dk
3

= 492 4+ 63

S (E1)

The integration limits were chosen to include the small-
est TLS rates which are comparable to the N/2 smallest

eigenvalues. The red square denotes the point g = 0.3,
where the effective rate is 0.05I", close to the value in
Fig. 10(c).

Appendix F: Stretched exponential fit of the
emitters’ population

This Appendix presents the fitting results of the
smoothed-out total excitonic population [Fig. 9(a,b)] us-
ing the model aexp(—at?®) + 1/2. Figure F1 shows the
fit parameters o and § as a function of I" for several val-
ues of initial momentum, p. The stretching exponent (3
is approximately independent of I" for I" > 0.05, and the
value is close to 2/3. For the p and T' values considered,
the coefficient « scales approximately linearly with I'.

o B
0.15 +b: 05 T //, 1.0 -
0.10=p=1.0 /,/ i 2/3 [ - —00-0-0-0-0-0-0=0=0-0-0-0|
= 0.5} R
0.05 *’,—/ - ~-p=0.5 |
r.- p=1.0
0.00 00—
0.0 0.1 0.2 0.3 0 0.1 0.2 0.3
r T

FIG. F1. Coefficient « (a) and stretching exponent 3 (b) as a
function of I'. Parameters: p =1, w. = 0.4, g = 0.3, w = 10.
The black dashed lines are added to guide the eye.

Appendix G: Population relaxation rate estimation

This Appendix compares the relaxation rates of the
total exciton population obtained from the full signal vs
the smoothed-out signal, including only the contribution
of the N smallest real eigenvalues [see Fig. 9(a,b)]. The
relaxation rates are evaluated using the integral formula
in Eq. (20).

Figure G1(a,b) shows the relaxation rates as a function
of I'. The rates from the full signal slightly deviate from
the strictly linear I'-dependence found for the smoothed-
out signals. Figure G1(c) shows the relaxation rates as a
function of p for several values of I'. The rates obtained
from the full signal are comparable with the rates of the
smooth signal and exhibit roughly similar trends.
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FIG. G1. Effective relaxation rate of the total excitonic pop-
ulation, P.., see Eq. (20). Rates obtained from the full sig-
nal vs. the smoothed-out signal are compared. Parameters:
p=1 w.=0.4, g=0.3, w=10.

Appendix H: Distribution moments from the
reduced equations of motion for density matrix

Here, we outline our approach for calculating the first
two moments of the emitters’ population distribution
using the reduced equations of motion for the density
matrix elements in Eq. (18).

CM position.—The unnormalized CM position, (n)
is given by an integral of the density matrix derivative,
94(P% ke gla=0 = [pf 1) in Eq. (11). Instead of deriving
equations similar to those in Eq. (18) for [pf ], we can
use a finite difference approximation for the first deriva-
tive, i.e., [pf 1" ~ (0% kraq — Phk)/dg. By taking dg < 1,

14

[p% x]" can be approximated with high precision. More-
over, since (n) and Pi r are real, we have
1 €
(n) =~ dq Imlpf, 1.1 aq) dk. (H1)

This approach lets us obtain (n) by solving the system
in Eq. (18) just once with dg < 1.

Second moment.—The second moment, (n?(t)) can
be expressed in terms of the second-order derivative of
the density matrix, 97[pf 1 Je=0 = [pf 1] see Eq. (12).

Using the same approach as for CM, [pf ,]" is approxi-
mated by
o o Plikrdg — 2Pek t Phk—dg
[Pk,k] ~ 2
(dq)
2 € €
= (dq)? (Re[pk,k-i-dq] - pk,k) ) (H2)

which allows computing the diffusivity by solving the
system of equations in Eq. (18) only twice for dg = 0
and dg < 1.
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