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The line width dependence of zero-phonon lines and phonon sidebands on temperature, bath dissipation, and
electron-phonon coupling is studied for an underdamped Brownian oscillator model with an Ohmic dissipative
bath. Factors determining the line widths vary from the zero-phonon lines to the phonon sidebands. The
control-parameter space of line broadening has been mapped out, revealing that the line widths of the zerophonon lines and phonon sidebands are linearly dependent on both the temperature and the Huang-Rhys
factor. It is also found that the dependence of the line widths on the bath damping factor is linear for the
zero-phonon lines and quadratic for the phonon sidebands.
I. Introduction
A nanocrystal (NC) is typically made of hundreds or
thousands of atoms. With a size of 1-10 nm, it is considered
as a quantum dot (QD). Since NCs are larger than individual
atoms, yet much smaller than materials in bulk, their unique
electronic, optical, and mechanical properties are of great
fundamental and applicational interest. In bulk CdSe, for
example, the Bohr radius of an exciton is around 5.6 nm
(emitting only red light), but in an NC, CdSe can have a much
smaller Bohr radius. Engineering the optical properties of the
NCs by controlling their growth (size, shape, materials, coatings,
etc.) makes NCs quite appealing for many optical applications
such as spectra engineering for light emissions across the entire
visible spectrum. Theory on optical properties of NCs, however,
lags far behind their fabrication technologies. Many fundamental
questions remain largely unanswered: What is the temperature
dependence of the exciton absorption energy? What causes the
Stokes shift and its temperature dependence? What is the
homogeneous line width of a single NC? Developing a physical
model to explain these NC properties is essential for NC design.
Efros calculated energy spectra of holes in CdSe NCs with
hexagonal lattices,1 and Bawendi and co-workers found a fine
structure with five levels which are formed from an 8-fold
degenerate bulk band edge exciton.2 Exciton thermalization to
the lowest QD state, which is optically forbidden, explains the
long-lived nature of the optical emission. Takagahara derived
expressions for electron-phonon interactions in semiconductor
NCs, and studied the size dependence of the coupling strength
for representative coupling mechanisms.3 For Si NCs the
Huang-Rhys factor and the Stokes shift of photoluminescence
due to acoustic phonons were calculated and their size dependence is clarified. A dephasing term that is linearly dependent
on temperature and inversely proportional to the square of the
NC size is attributed to the deformation potential. Other recent
* Corresponding author. E-mail: YZhao@ntu.edu.sg.

contributions concerning the effects of electron-phonon coupling on NC optical properties include refs 4-7. It is worth
mentioning that a nonperturbative approach is employed to
calculate the polaronic effects in QDs taking into account
electronic levels coupled via interactions with several confined
phonon modes.4
Schmitt-Rink and co-workers made a few early predictions
on the effect of the diminishing size of the QDs on their optical
properties.8 For example, they pointed out a useful range of
QD sizes for which the electronic states are similar to those of
crystalline semiconductors and can be described by the effective
mass approximation (using envelope functions for confinement
effects). The coupling to short-wavelength phonons due to
confinement is weak so that broadening of absorption lines is
more pronounced than that in bulk materials. Bawendi and coworkers9 also investigated the size dependence of the Huang-Rhys
factor in CdSe QDs. In their model, the essential parameters
include the Stokes shift, the position of emission and excitation,
the line width parameter of a normalized Guassian at each peak
location, and the Huang-Rhys factor.
Rudin, Reinecke, and Segall conducted a study on temperature
dependence of exciton line widths in semiconductors using a
Green’s function approach.10 Treating exciton-phonon coupling
perturbatively, they take into account the effects of resonant
coupling between photons and excitons to form polaritons.
Results for LO-phonon coupling are found to be in good
agreement with measurements, although for acoustic-phonon
coupling their results are lower than experimental estimates.
Knox et al.11 investigated the temperature dependence of the
zero-phonon lines (ZPLs) of chromophores in host media based
on a multimode Brownian oscillator (BO) model. Their results
show that in the low temperature limit the line widths of the
ZPLs vanish since the fluctuations of the bath are suppressed.
Besides, the line shapes of the ZPLs are found to take on an
asymmetric form due to the fact that the zero-temperature bath
can only accept rather than provide energy quanta to the system.
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The variation of the line widths is found to be strongly
dependent on the precise form of the spectral density according
to their analysis of the systems in sub-Ohmic dissipative baths.
Dependence of the spectra line shapes on different parameters
have also been carried out in their paper. Results show that the
widths and the intensities of the phonon sidebands are determined by the temperature, the Huang-Rhys factor, and the
coefficient of bath damping. However, only low temperature
cases with a Huang-Rhys factor of 1.8 were investigated in
their work.
Jang, Cao, and Silbey12 examined the temperature dependence
of the ZPLs and the overall absorption line shape based on a
model which describes a two-level chromophore linearly
coupled to a bath of harmonic oscillators on the basis of an
accurate approximation of a hyperbolic cotangent function [the
dissipative two-level system (TLS)]. Their expressions of the
line shape functions are applicable to arbitrary temperature and
can be extended to a general spectral density. The widths of
the ZPLs in the strong-coupling limit depend linearly on
temperature. In the weak-coupling limit, features such as
asymmetric line shape appear for low temperatures. The effects
of decay lifetimes, nonlinear system-bath couplings, and
anharmonic bath modes on the line shape broadening are not
considered in their model.
In this paper, we use the BO model as a starting point to
map out the control-parameter space of the line widths for the
ZPLs and the phonon sidebands with the phonon occupation
number equal up to 2. Detailed discussions and comparisons
between our results and what has been previously obtained by
other authors are provided. The paper is organized as follows:
In section II the Brownian oscillator model is introduced, and
its connection to the Huang-Rhys theory is discussed. In section
III we calculate the line widths of the ZPLs and the phonon
sidebands using the BO model, and results are compared with
those from other studies. Conclusions are given in section IV.
II. The Brownian Oscillator Model
To treat the phonon broadening effect and examine various
factors that influence the widths of phonon sidebands, we
employ a simplified form of the BO model.13-17 The BO model
introduces dissipation effects that are omnipresent in solids into
a harmonic oscillator system by coupling the system oscillators
linearly to bath modes with a continuous spectrum. In such a
model system, there is a two-electronic-level system with some
primary nuclear coordinates coupled linearly to it and to the
harmonic bath. The primary phonons can be those of the host
medium or pseudolocalized modes associated with the guest
atoms or molecules. The Hamiltonian of the system13,14 is given
by
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Here pj (Pn), qj (Qn), mj (mn), and ωj (ωn) are the momentum,
the coordinate, the mass, and the angular frequency of the jth
(nth) nuclear mode of the primary (bath) oscillators, respectively.
dj represents the displacement for the jth nuclear mode in the
excited electronic state. pω0eg is the energy separation of the
purely electronic levels. H′ describes the bath modes and their
coupling to the primary oscillators with a coupling strength cnj.
The cross terms in qjQn are responsible for damping.11 An energy
gap coordinate operator U is defined as

U ) He - Hg - pω0eg

(5)

The linear absorption spectrum and the relaxed photoluminescence spectrum can be computed by truncating the cumulant
expansion of the spectral response function at second order. To
derive the expression of the absorption or photoluminescence
line shape, we first get a correlation function for the jth mode
from the parameters of the Hamiltonian as

Cj(t) ) -

1
[〈U(t) U(0)Fg〉 - 〈U(0) U(t)Fg〉]
2p2

(6)

where U(t) is the operator U in the interaction representation
and Fg is the equilibrium ground-state vibrational density matrix:

Fg )

|g〉〈g| exp(-βĤg)
Tr[exp(-βĤg)]

(7)

with β ) 1/kBT. The Fourier transform of the correlation
function Cj(t) has an imaginary part known as the spectral
density:
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Here 2λj is the jth-mode contribution to the Stokes shift
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One can alternatively write λj ) Sjpωj, where Sj is the wellknown dimensionless Huang-Rhys factor characterizing the
strength of electron-LO-phonon interactions.18 γj(ω) is the
spectral distribution function describing the coupling between
the primary oscillator and the secondary bath oscillators:

γj(ω) )

(3)

π
mj
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∑ 2m ω 2 [δ(ω - ωn) + δ(ω + ωn)] (10)
n

n

n

Σj(ω) is the real part of the self-energy related to the spectral
distribution function by the Kramers-Kronig relations19
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γ (ω′)

∫-∞∞ dω′ ω′j - ω

(11)

where PP stands for the Cauchy principal part of the integral.
In the present study, we adopt a simple form of the BO model
in which only a single primary oscillator with frequency ωl (for
example, the LO phonons) is considered and its coupling
strength with the bath modes is assumed to be a constant (i.e.,
γj(ω) ) constant, called the Markovian or Ohmic limit) to
compute PL spectra. Our study of non-Markovian baths with a
Drude damping kernel reveals that even for a cutoff frequency
that is only comparable to the primary phonon frequency, the
non-Markovian spectra are similar in shape to the Markovian
ones. This is specially true for the underdamped case, which
was the case under investigation here. For this simple constant
damping case, the spectral density function reads14

C̃′′(ω) )

2λlωl2ωγl
ω2γl2 + (ωl2 - ω2)2

TABLE 1: Data Set of the Three Control Parameters for
Line Width Studiesa
T (K)
γ (cm-1)
S
a

25
30
0.5

50
60
0.75

75
90
1.0

100
120
1.25

150
1.5

180
1.75
-1

The primary oscillator frequency ωLO ) 600 cm

2.0

2.25

in all cases.

(12)

where the real part of the self-energy, Σl(ω), is set to zero.
The spectral response function g(t) can be expressed in terms
of the frequency-domain correlation function C′′(ω)

g(t) ) -

1
2π

[1 + cot(βpω/2)](e-iωt +
∫-∞∞ dω C′′(ω)
ω2

iωt - 1) (13)

The absorption line shape can be then obtained from the spectral
response function g(t):

σabs(ω) )

1
Re
π

∫0∞ exp[i(ω - ω0eg - λ)t - g(t)] dt

Figure 1. Effect of S on BO spectra. The damping factor and
temperature for the spectra are held fixed, where γ ) 60 cm-1 and T
) 100 K. The inset is the fwhm vs S plot for various peaks.

(14)

III. Width of Phonon Sidebands
The control parameters used for the width study are S, T,
and γ (listed in Table 1). The dimensionless Huang-Rhys
factor S, an indicator of the coupling strength between the
electronic and nuclear degrees of freedom, ranges from S )
0.5 (weak coupling) to S ) 2.25 (strong coupling). The
temperature ranges from 25 to 100 K (or from 1.7 to 8.6
meV). The BO model with an Ohmic bath in our study is
underdamped, i.e., γ (30-120 cm-1) is much less than the
primary phonon frequency ωLO ) 600 cm-1 (73.7 meV). Only
for low temperatures (T , ωLO) and weak bath dissipation
(γ , ωLO) are the phonon sidebands well-resolved, so that
their line widths can be studied.
Three series of representative absorption spectra demonstrating dependence of the line shapes on the control parameters S,
T, and γ are shown in Figures 1, 2 and 3, respectively. Since
this work focuses primarily on the line widths, the full width at
half-maximum (fwhm) is used to illustrate the effects of S, T,
and γ on the spectra obtained by the BO model (cf. insets of
Figures 1-3). The line shape as well the line width shows
interesting dependence on the control parameters; detailed
discussions for each control parameter will be carried out in
later sections. The effects of each control parameter on the ZPL
line shape are also compared in Figure 4. The control parameters
have different effects on the ZPL line shape. From Figure 4a,
S has a very significant effect on the line shape change of the

Figure 2. Effect of T on BO spectra. The damping factor and the
Huang-Rhys factor for the spectra are kept fixed, where γ ) 60 cm-1
and S ) 1.5. The inset is the fwhm vs T plot for various peaks.

ZPL as it increases from 0.5 (weak coupling) to 2.0 (strong
coupling), as shown in Figure 4b,c. T and γ can reduce the
intensities of the ZPLs; however, the overall effects of T and γ
on the line shape of ZPL are not as great compared to those of
S.
A. Effect of Huang-Rhys Factor. As shown in Figure 1,
the Huang-Rhys factor S has a dominant effect on the overall
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Figure 3. Effect of γ on BO spectra. The temperature and the
Huang-Rhys factor S are 50 K and 1.5, respectively, for each γ value.
The inset is the fwhm vs γ plot for various peaks.

line shape. Without the coupling to the bath phonons, the
Huang-Rhys theory18 gives a Poisson distribution for phonon
side peaks in the absorption spectrum at zero temperature:
∞

Sjn
σabs(ω) ) exp(-Sj)
δ(ω - ωeg - nωj)
n!
n)0

∑

(15)

S here is the intensity ratio between the first and zero phonon
lines, and can also be identified with the average number of
phonons emitted. For larger S, the Poisson distribution morphs
into a Gaussian centered at S. Upon broadening due to bath
dissipation and thermal effects, the well-resolved phonon peaks
will acquire widths that increase with phonon occupation number
n. The width of the individual phonon peak also increases with
the temperature, linearly if the bath is Markovian.11 For small
S, the ZPL in the absorption spectra tends to a delta function
centered at ω ) ωeg. If S increases, the highest peak among the
entire spectral line shape will shift from the ZPL to the one
representing the largest number of phonons; this phenomenon
is consistent with the Huang-Rhys theory.18
The line width is also found to increase linearly with the
Huang-Rhys factor S (cf. inset of Figure 1). Due to the
Heisenberg principle, the natural line width is inversely
proportional to the excited-state lifetime of the chromophore
without interacting with the environment. The line width will
increase if the chromophore is interacting with a host medium
such as the Markovian bath in the BO model. The interaction
of the chromophore with the dissipative bath described by T
and γ can reduce the excited-state lifetime. This will lead to
the broadening of the ZPLs and phonon sidebands. For a given
set of γ and T, the excited-state lifetime decreases further as S
increases. This results in further broadening of the ZPLs and
phonon sidebands.
Results from fitting the line width data of the ZPLs
(n ) 0) and the phonon sidebands (n ) 1 and 2) using straight
lines are shown in Table 2. The slopes of the fitting lines
tend to decrease slightly with increasing n. Due to the

Figure 4. Line shape of the ZPLs from (a) Figure 1, (b) Figure 2, and
(c) Figure 3. The control parameters are as follows: (a) S ) 0.5-2.0
(interval ) 0.5), γ ) 60 cm-1, T ) 100 K. The ZPLs with S ) 0.75,
1.25, 1.75, and 2.25 are omitted for clarity. (b) T ) 25-100 K (interval
) 25 K), γ ) 60 cm-1 and S ) 1.5. (c) γ ) 30-120 cm-1 (interval )
30 cm-1), T ) 50 K and S ) 1.5. The ZPLs with γ ) 150 and 180
cm-1 are omitted for clarity.

TABLE 2: Linear Fitting Results for the Inset of Figure 1a
peaks
1
2
3

intercept (eV)
-5

1.44 × 10
0.007 51
0.014 13

error
-6

5.98 × 10
3.16 × 10-5
5.0 × 10-5

slope (eV)

error

0.003 42
0.003 03
0.002 62

4.01 × 10-6
2.12 × 10-5
4.03 × 10-5

a
The control parameters for Figure 1 are S ) 0.5-2.25 (interval
) 0.25), γ ) 60 cm-1, and T ) 100 K.

exponential factor in eq 15, the intensities of the peaks tend
to decline with increasing S. For larger S, an increase in
number of visible peaks is observed. Such an effect can be
understood as a result of the shift of the center-of-mass of
the overall line shape to higher energy due to stronger
electron-phonon coupling. Another important phenomenon
to be noted is that the line shape of the ZPLs tends to become
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TABLE 3: Linear Fitting Results for the Inset of Figure 2a

TABLE 4: Fitting Results for the Inset of Figure 3a

peaks

peaks

1
2
3

intercept (eV)
-5

2.92 × 10
0.007 54
0.014 42

error

slope (eV/K)
-8

3.56 × 10
1.86 × 10-5
4.61 × 10-5

-5

5.12 × 10
4.53 × 10-5
3.68 × 10-5

error
-8

5.2 × 10
2.72 × 10-7
6.73 × 10-7

a
The control parameters are T ) 25-100 K (interval ) 25 K), S
) 1.5, and γ ) 60 cm-1.

more asymmetric with increasing S (cf. Figure 4a). However,
The dimensionless S cannot solely determine the line width
of the ZPLs and the phonon sidebands. The effects of T and
γ must be taken into account.
B. Effects of Temperature. As demonstrated in Figure 2,
temperature has a less significant effect on both the line shape
and the line width when compared to S. For the case of S )
1.5 and γ ) 60 cm-1, there are five visible peaks in the spectra
regardless of the temperature. Although increasing T from 25
to 100 K tends to broaden the peaks and reduce their intensities,
the number of the visible phonon sideband peaks does not
change. The thermal effect is more related to the excitation of
the dissipative bath modes; thus the temperature only has a
moderate effect to the spectra unless the temperature is high
(kBT . pωLO) enough. Therefore, at higher temperatures, more
bath modes will be excited; the dissipation rate will be increased
accordingly, resulting in a broadening effect on the ZPLs and
phonon sidebands. It is also worthwhile to note that the ZPL
line shape at lower temperature (25 K) shows asymmetry, a
feature that becomes less obvious with increasing temperature
(cf. Figure 4b).
Knox et al.11 showed that the line width of the n ) 0 (ZPL)
and n ) 1 peaks can change linearly with the temperature
for the Ohmic baths, and the ZPL line width approaches zero
in the low temperature limit. This linear dependence is
confirmed here. In addition to the first two peaks with n )
0 and 1, we find that the linear dependence of the line width
on T can be extended to the third peak (cf. Figure 2) with n
) 2. This feature should not be an exception, since under
the Ohmic damping, the system composed of two electronic
degrees of freedom and one primary oscillator is linearly
coupled to the bath. Thus, for all thermal occupation numbers
of the primary oscillator, the linear dependence of the line
width on temperature should be valid.11 In addition, the
feature of the linear dependence of the line width on
temperature for peaks 2 and 3 is in good agreement with
results of Xu et al.20 for GaN. However, one notable feature
in the BO model is that the line width of the phonon
sidebands for n ) 2 is greater than that for n ) 1, which
differs from what was obtained by Xu et al.
The line width depends monotonically on n when all control
parameters are fixed. In the other words, the broadening effect
due to the presence of the bath will be enhanced with increasing
n. Table 3 shows the slope change of the line width as a function
of temperature for n ) 0 (ZPLs), 1, and 2. It is observed that,
as n increases, the slope decreases.
C. Effect of Bath Damping. The damping factor γ is found
to have strong influences on the line shapes and the line widths
of the calculated spectra. As shown in Figure 3, increasing γ
can reduce the intensities of the peaks while broadening the
line widths of the spectra. However, it is important to note that
only for the ZPLs are the line widths linearly dependent on γ.
With increasing n, the line width dependence on γ takes on a
quadratic component. Then the data points of the line widths
as a function of γ in the inset of Figure 3 can be fitted using a
polynomial of γ up to second order (cf. Table 4). If n increases,
the feature in the inset of Figure 3 becomes obvious; this is
due to a large increase of |b| (the coefficient of the γ2 term)
relative to |a| (the coefficient of the γ term). However, γ has

1
2
3

d0
-5

3 × 10
-3 × 10-4
-2.4 × 10-4

error

a
-6

5 × 10
4 × 10-5
2 × 10-4

0.34
1.48
2.59

error
-4

9 × 10
0.006
0.04

b

error

1.34
-14.79
-49.9

0.04
0.24
1.5

a
The fitting function is y ) d0 + ax + bx2. The y-axis is the line
width and the x-axis is γ. The unit for γ is converted from cm-1 to
eV. The units for the fitting parameters d0, a, and b are eV, eV · cm,
and eV · cm2, respectively. The control parameters for Figure 3 are γ
) 30-180 cm-1 (interval ) 30 cm-1), S ) 1.5, and T ) 50 K.

Figure 5. ZPL line width dependence on CdSe quantum-dot size fitted
with a straight line, where the information for the ZPL line width is
obtained from the band-edge absorption spectra. The line width data
are taken from Table 1 of ref 9.

Figure 6. Line width dependence on S, T, and γ for peak 1 (ZPL, n
) 0) represented by a series of isothermal surfaces. The magnitude of
the temperature is shown by the gray scale of the fonts and the lines;
the darker the fonts and the lines, the higher the temperature.

almost no effect on the asymmetry of the ZPL line shape (cf.
Figure 4c). This asymmetric feature of the ZPL line shape can
be eliminated only at very high temperature (kBT . pωLO) for
γ . ωLO.13
Norris et al.9 investigated the size dependence of the exciton
fine structures in the CdSe quantum dots by fitting the emission
and absorption curves with a large number of parameters
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Figure 7. Line width dependence on S, T, and γ for peak 2 (n ) 1)
represented by a series of isothermal surfaces. The magnitude of the
temperature is shown by the gray scale of the fonts and the lines; the
dark the fonts and the lines, the higher the temperature.

including a width parameter for the ZPL and each phonon
sideband. Their results show that the line width decreases with
increasing quantum-dot size. This feature is prominent for the
ZPLs when S is close to 0.5 or weaker. Figure 5 shows widths
of the ZPLs from ref 9 as a function of quantum-dot size fitted
with a straight line. Note that S are lower than 0.5 for the chosen
data. As shown in Figure 5, the line width linearly decreases
with increasing dot size. Cerrulo et al.21 found that the damping
is proportional to 1/R (where R is the radius of the quantum
dots), which indicates that smaller quantum dots will have a
higher damping. In our model, the line widths of the ZPLs
depend linearly on γ for weak-coupling cases (e.g., S ) 0.5),
which is in agreement with those of Cerrullo et al.21 and Norris
et al.9
Jang, Cao, and Silbey12 defined a real positive number m that
was related to different spatial dimensions in the deformation
potential model,22 and reported a reduction in temperature
dependence of the line width with increasing m. For the weakcoupling limit, the spectral features show critical dependence
on m. Specifically, the dependence of the ZPL line width on
temperature vanishes when m ) 3 since the ZPL line shape
function has the form of a delta function for the weak-coupling
(S , 1) limit. In their work, the ZPL line width Wm (Dn is used
in ref 12), a function of m, is related to the temperature via a
polynomial of θ (1/θ ) kBT/pωc) in the strong-coupling limit
(S . 1)

Wm2(θ) ) 1 +

2
2
+
+
(1 + θ)m+1
(1 + 2θ)m+1
2
(16)
mθ(1 + 5θ/2)m

The widths show monotonic crossover from the zero temperature limit to the high temperature asymptotic behavior,
[2kBT/(np)]1/2. The width is linearly dependent on temperature
at the crossover region, while the approach to the high
temperature limit is faster for smaller m. For S > 1 the linear
dependence of the line width on temperature in our model is
in agreement with Jang et al. if m in their model is set to 1.

Ye et al.

Figure 8. Line width dependence on S, T, and γ for peak 3 (n ) 2)
represented by a series of isothermal surfaces. The magnitude of the
temperature is shown by the gray scale of the fonts and the lines; the
dark the fonts and the lines, the higher the temperature.

According to Jang et al., the spectral density can be written
as

Jm(ω) )

Rm ωm -ω/ωc
e
m! ω m-1

(17)

c

where Rm is a dimensionless constant determining the strength
of the coupling, and ωc is the cutoff frequency dictating
the spectral width of the bath. If m ) 1, eq 17 is reduced
to

J(ω) ) Rωe-ω/ωc

(18)

According to Leggett et al.,23 this expression of the spectral
density is the Ohmic dissipative bath, and for m > 1 (<1), eq
17 represents a super-Ohmic (sub-Ohmic) bath. Thus the
agreement between our result (S > 1) and that of Jang et al. (m
) 1) is expected since both cases are Ohmic baths. For both
the dissipative TLS model and the BO model, the spectral
density is defined as

π
J(ω) ≡
2

∑
n

cn2
δ(ω - ωn)
Mnωn

(19)

where Mn and ωn describe the mass and the frequency of the
nth bath oscillator, respectively, and cn is the coupling strength
between the nth bath phonon mode and the primary oscillator.
In the continuum limit, the Fourier transform of the retarded
memory-friction kernel is24

γ̃(ω) ) lim

f0+

-iω 2
M π

1
∫0∞ dω′ J(ω′)
ω′ ω′ 2 - ω2 - i sgn(ω)

(20)
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Figure 9. Fitting parameters for eq 23 shown as cumulative bars for peaks 1 (n ) 0), 2 (n ) 1), and 3 (n ) 2). The width of the bars is 20 in the
figures for clarity, and the x-axes are all temperatures. The fitting parameter b is divided by 1000 due to the small value of γ2.

where  is an infinitesimal real number. In this limit, the function
γ̃(ω) requires a smooth real part

γ̃′(ω) ) J(ω)/Mω

(21)

where M is the mass of the primary oscillator. In the Ohmic
limit the damping of the bath does not depend on the frequency
(i.e., γ̃′(ω) ) γ); the spectral density then has the following
form:

J(ω) ) Mγω

(22)

Thus the two different spectral densities described by eq 18
and eq 22 are identical for ω , ωc in eq 18. In general, one
needs to carry out a transformation between the BO model and
the dissipative TLS model.
D. Combined Effect of Control Parameters. The discussions above provide a picture on how the line width of the
phonon sidebands depends on the control parameters: S, T, and
γ. As shown in Figures 1-3, the widths are found to increase
with increasing n. The dependence of the widths on S, T, and

γ also changes with n. For larger n, the influence on line widths
from S or T becomes less significant compared to γ.
In order to map out the parameter space for the BO line
widths, a thorough study has been carried out for the dependence
of the line width of the ZPLs (n ) 0) and phonon sidebands (n
) 1, 2) on S and γ at fixed T. The line width information is
taken from the absorption spectra calculated by eq 14. Results
are displayed in Figures 6, 7, and 8 for n ) 0, 1, and 2,
respectively. From Figures 6-8, it is found that the line widths
of n ) 0, 1, and 2 peaks depend strongly on γ and S for a
given temperature T. The isothermal plots of the ZPL (n ) 0)
line widths as a function of S and γ are shown in Figure 6. As
T increases, the isothermal surfaces of the line widths tend to
rise accordingly. For n ) 0, the temperature is identified as the
dominant parameter in determining the line widths. It is also
very interesting to note that, in Figure 6, the weak-coupling
line widths (e.g., S ) 0.5) have a weaker temperature dependence compared to the strong-coupling ones (e.g., S ) 2.25).
Figures 7 and 8 display similar isothermal surfaces for n ) 1
and n ) 2 peaks, respectively. The major difference between
Figures 6 and 7 is the decrease of the intersurface distances in
Figure 7. Therefore, the effect of T on the line width of the
n ) 1 peak becomes less dominant compared to the ZPL. In
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Figure 8 (n ) 2), the intersurface distance drops further, and
the quadratic dependence of the isothermal surfaces on γ
becomes apparent. Thus, the ZPLs are much more sensitive to
the change of the control parameters compared to the phonon
sidebands. As n increases, the isothermal surfaces show less
changes with varying control parameters. From this together
with the results obtained previously from the line shape analysis,
a detailed description of how phonon-sideband line widths vary
with the control parameters S, T, and γ now emerges. Now we
denote the line width of the nth (n ) 0, 1, 2,...) peak for
temperature T by Dn(T) (eV). For example, D0(T) is the line
width of the ZPL, D1(T) is the line width of the first phonon
sideband, and D2(T) is the line width of the second phonon
sideband. In order to obtain the dependence of the line width
Dn(T) on the control parameters, we adopt a simple fitting
function consisting of γ and S to fit the isothermal surfaces in
Figures 6-8. The fitting function can be described by a simple
polynomial up to second order as

Dn(T) ) aγ + bγ2 + cγS

(23)

where a (eV · cm), b (eV · cm2), and c (eV · cm) are the fitting
parameters. Results are shown in Figure 9. In our study, the
numerical value for the largest γ2 is less than 1 × 103; hence
we divide b by 1000 in Figure 9. The relative importance of
the fitting parameters a, b, and c is shown in Figure 9 as the
relative heights of the cumulative bars. As shown in Figure 9,
the dominant parameter for peak 1 or the ZPL is c. Hence, the
major contribution to D0(T) is from the cγS term. This is in
agreement with the work of Knox et al.11
As n increases from n ) 0 to 2 (cf. Figures 6-8), the shape
of the isothermal surfaces changes considerably. This is due to
the fact that the line widths of the satellite peaks (n g 1) show
varying S, T, and γ dependence compared to the ZPLs. For n
) 1 and 2, γ has a more significant effect on broadening than
S or T. As discussed in the previous sections, the dependence
of the width on γ changes from linear to quadratic as n increases
(cf. Table 4); this quadratic dependence tends to be more
apparent if n increases. The relative importance of the control
parameters changes with n as shown in the lower panels of
Figure 9 for peaks 2 and 3. The major difference is the rising
of the significance of the fitting parameter a for the aγ term in
eq 23. Although the fitting parameter c is small for peaks 2 and
3 compared to peak 1, the term cγS is still not negligible. In a
similar manner, although the bγ2 term in D1(T) or D2(T) is small
compared to the aγ and cγS terms, its contribution is necessary
in order to explain the quadratic nature in Figures 7 and 8. The
changes in the curvature of the isothermal surfaces with
increasing n in Figures 6-8 can be explained by the increasing
contribution from the bγ2 term and the decreasing contribution
from the cγS term in the Dn(T) (n ) 0, 1, 2) expressions.
IV. Conclusion
The BO model has been employed to treat the fine structures
of the phonon broadening effect in a coupled electron-phonon
system attached to a dissipative bath. The line shape and the
line widths of the spectra are related to the control parameters
S, T, and γ of the BO model. In general, the line width of a
phonon sideband tends to increase with these control parameters.
S determines the general line shape of the spectra, and for given
γ and T the line width dependence on S is linear. Specifically,
changing S cannot eliminate the asymmetry of the ZPLs at low

temperatures. The temperature T has a considerable effect on
the line widths of the ZPLs and the phonon sidebands. At high
temperatures, the asymmetry of the ZPLs tends to vanish. The
line widths are found to depend strongly on the damping factor
γ of a Markovian bath. In summary, a comprehensive study of
the line width dependence on temperature, bath dissipation, and
electron-phonon coupling has been carried out in this paper,
from which we can conclude the following: (1) The construction
of a control-parameter space allows for identifying important
broadening mechanisms of the ZPLs and the phonon sidebands
in a systematic fashion. (2) Line broadening in the BO model
can be mainly attributed to the thermal effect and the dissipation
of the bath characterized by γ. (3) The Huang-Rhys factor S
has an important role in determining the overall line shape; the
line widths show a linear dependence on S or T if other
parameters are fixed. (4) As n increases from 0 to 2, the line
width dependence on γ shows a transition from linear to
quadratic.
In addition, our results on the line width dependence agree
with those of Norris et al.9 and Xu et al.,20 demonstrating the
versatility of the BO model in interpreting spectral measurements and extracting from them useful physical quantities such
as ωLO, γ, and S. In this work we focus mainly on the
underdamped BO model with an Ohmic dissipative bath at low
temperatures, and the Huang-Rhys factors used are not large.
Further line width studies on underdamped BO models with
various non-Ohmic baths and multiple primary phonon modes
are now in progress.
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