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Abstract

We consider the problem of Bayesian decentralized binary hypothesis testing
in a network of sensors arranged in a tandem. We show that the rate of error
probability decay is always sub-exponential, establishing the validity of a long-
standing conjecture. Under the additional assumption of bounded Kullback-Leibler
divergences, we show that for all d > 1/2, the error probability is Q(e C”d), where
¢ is a positive constant. Furthermore, the bound Q(e €°9™%) for all d > 1, holds
under an additional mild condition on the distributions. This latter bound is shown
to be tight. Finally, for the Neyman-Pearson case, we establish that if the sensors
act myopically, the Type Il error probabilities also decay at a sub-exponential rate.

Index Terms: Decentralized detection, tandem, serial network, error exponent, tree net-
work.

1 Introduction

Consider a tandem network, as shown in Figur& with n sensors, each sensopbbserving
arandom variableX;, taking values inX. Under hypothesisH;, j = 0; 1, X; has marginal
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law P;, and all the X; are independent. Sensaris constrained to sending a 1-bit message

Y; to sensori + 1, of the form Y; = (Y, 1;Xj) (Yo can be de ned to be always 0), where
i :10;1g X 7!'f 0;1g. The transmission function ; used by sensor is thus a function

of the observedX; and the received messagé ; from sensori 1. We call the collection

Let ; > O be the prior probability of hypothesisH;, and let P¢(n) = oPo(Yn =
1)+ 1P1(Y, = 0) be the probability of error at sensorn, under some particular strategy.
The goal of a system designer is to design a strategy so that the prblday of error
Pe(n) is minimized. Let P, (n) = inf Pe(n), where the in mum is taken over all possible
strategies.

Yn —1 Y2 Yl

Figure 1: A tandem network.

The problem of nding optimal strategies has been studied in {B], while the asymp-
totic performance of a long tandem network (i.,en!1 ) is considered in [2,4{8] (some
of these works do not restrict the message sent by each sensor to baabih In the case
of binary communications, [4,8] nd necessary and su cient conttions under which the
error probability goes to zero in the limit of largen. To be speci c, the error probability
stays bounded away from zero i there exists 8 < 1 such that jlog g%; B almost
surely. When the log-likelihood ratio is unbounded, numera examples have indicated
that the error probability goes to zero much slower than expamntially. This is to be con-
trasted with the case of a parallel con guration (all sensors sendessages;(X;) directly
to a single fusion center), where the error probability decaysxponentially fast with the
number of sensors [9]. This suggests that a tandem con guration performs worse &n
a parallel con guration, when n is large. It has been conjectured in [2, 8,10, 11] that
indeed, the rate of decay of the error probability is sub-expential. However, a proof is
not available. The goal of this paper is to prove this conjeate.

We rst note that there is a caveat to the sub-exponential decayconjecture: the
probability measuresPy and P; need to be equivalent, i.e., absolutely continuous w.r.t.
each other. Indeed, if there exists a measurable getsuch that Po(A) > 0 andP;(A) =0,
then an exponential decay rate can be achieved as follows: leaensor always declares
1 until some sensom observes aX, 2 A, whereupon all sensors m declare 0. For
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this reason, we assume throughout the paper that the measusand P, are equivalent.
Under this assumption, we show that

.1 o
nI!|1m o logP,(n) =0:

When the error probability goes to zero, we would also like tougntify the best pos-
sible (sub-exponential) decay rate. In this spirit, we nd lowe bounds on the probability
of error, under the further assumption of bounded Kullback-Libler (KL) divergences.
In particular, we show that for any d > 1=2, and some positive constant, the error
probability is ( e Cnd). Under some further mild assumptions, which are valid in most
practical cases of interest, we establish the bound & 9™ for all d > 1, and show
that it is tight.

The rest of the paper is organized as follows. In Sectidih we show that the error
probability decays sub-exponentially. In Sectiors, we derive more detailed lower bounds
on the error probabilities. In Section4, we establish the tightness of one of our lower
bounds. In Section5, we consider the Neyman-Pearson counterpart of the problem.
We show that the Type Il error probabilities decay at a sub-expwential rate, when each
sensor acts myopically. (The case of general strategies remansopen problem.) Finally,
Section6 contains concluding remarks.

2 Sub-exponential Decay

In this section we show that the rate of decay of the error probdlity is always sub-
exponential. Although the proof is simple, we have not been ablto nd it in the
literature. Instead, all works on this topic, to our best knowedge, have only conjectured
that the decay is sub-exponential, with numerical examplessasupporting evidence.

We rst state an elementary fact that we will make use of throughot this paper. For
completeness, a proof is provided in the Appendix.

Lemma 1. Suppose that P and Q are two equivalent probability measures. If Aq; Ay
is a sequence of measurable events such that P(A,) ! 0,asn!1 , then Q(A,)! O,
asn!l

Let L; = log g%(xi) be the log-likelihood ratio associated with the observation ade

by sensori. From [1,8,10,12], there is no loss in optimality if we requereach sensor to

LIf £ and g are nonnegative functions on the nonnegative integers, we write (n) = Q(g(n)) if there
exists a K such that f(n) Kg(n) for all n su Cciehtly large.



form its messages by using a Log-Likelihood Ratio Quantizer (RQ), i.e., a rule of the
form

0, if Ly tin(y);

Yi = 1. otherwise

1)

wheret;, (y) is a threshold whose value depends on the message; = y received by
sensori. In the sequel, we will assume, without loss of optimality, that khsensors use a
LLRQ. The next lemma follows easily from the existence resulta [12], and Proposition
4.2 in [10]. A proof is provided in the Appendix.

Lemma 2. There exists an optimal strategy under which each sensor uses a LLRQ, with
thresholds that satisfy ti.n (1) t.n (0) for all i =1;:::;n.

In view of Lemma?2, we can restrict to strategies of the form

< 0; if Li ti;n (1);
i(Yi uXi)=_ L It Li >tin (0);
" Y 1; otherwisg

wheret;, (1) tin(0). Note that this is the type of strategies used in [4] to show tha
the error probability converges to zero.

Proposition 1. The rate of decay of the error probability in a tandem network is sub-
exponential, i.e.,

1 o
nI!llm o logP,(n) =0:

Proof. Suppose thatP,(n) ! O asn!1 , else the proposition is trivially true. Fix
somen and consider an optimal strategy for the tandem network of lenly n. We have,
for all i,

Po(Yi=1)= Po Li >tin(0) Po(Yi 1=0)+ Po Li >tin(1) Po(Yi 1=1); (2
Pi(Yi=0)= P1 Li t;n(0) Pu(Yi 1=0)+ P Li tin(1) PuYi 1=1): ()
From (2) and (3), with i = n, and applying LemmaZ2, we have
Pe(n) = oPo(Yn =1)+ 1P:(Ys =0)
= o0 PoLn>tnn(0) +Potyn(1)<Ln tnn(0) Po(Yn 1=1)
+ 1 PiLn thn(@) +Prtan(@)<Lp  thn(0) Py(Yn 1=0) 4
jrgoir;wle thn(1) <Ln  thn(0) Pg(n 1) (5)
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From (4), in order to haveP,(n) ! Oasn!1 , we must havePyo(L, >t,,(0))! O
and P;(L, t,n(1))! O,asn!1l . BecauseP, and P; are equivalent measures, from
Lemmal, we havePy(L, >t,,(0)) ! OandPo(L, thn(1))! O,asn!1l . Hence,
Pi(thn(1) <L, t,n(0)) ! 1forj =0;1. Therefore, from (), the error probability
cannot decay exponentially fast. m

We have established that the decay of the error probability is $uexponential. This
con rms that the parallel con guration performs much better than the tandem con gu-
ration whenn is large. It now remains to investigate the best performance & a tandem
con guration can possibly achieve. In the next section, we use aare elaborate technique
to derive a lower bound for the error probability.

3 Rate of Decay

In this section, we show that under the assumption of bounded KL @drgences, the error
probability is ( e ), for some positive constantc and for all d > 1=2. Under some
additional assumptions, the lower bound is improved to € <©9™°) for any d > 1. The
ideas in this section are inspired by the methods in [1] and [13]n particular, we rely
on a sequence of comparisons of the tandem con guration withhar tree con gurations,
whose performance can be quanti ed using the methods of [13].

Our results involve the KL divergences, de ned by

dpP
Xo = Ep Iogd—P; :

dP
X1 = E; lOgd_Pl .
0

We assume thatl < Xg< 0< x; < 1, throughout this section.

Let k and m be positive integers, and leth = km. Let us compare the following
two networks: (i) a tandem network, as in Figurel, with n sensors, where each sensor
obtains a single observatiorX;; (ii) a modi ed tandem network T(k;m), as in Figure 2,
with k sensors, where each sensgrobtains m (conditionally) independent observations

message to its successor. It should be clear that when we keep theatatumber of
observationsn = km the same in both networks, the networKT (k; m) can perform at
least as well as the original one. Indeed, each sensgrin the modi ed network can
emulate the behavior ofm sensors in tandem in the original network.

Therefore, it su ces to establish a lower bound for the error prbability in the network
T (k; m). Towards this goal, we will use some standard results in Large {dations Theory,
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Figure 2: A modi ed tandem network T (k; m) that outperforms a tandem network with
n = km sensors.

notably Craner's Theorem [14], as stated in the lemma belowA proof is provided in
the Appendix.

Lemma 3. Suppose that 1 < Xxo< 0<Xx;< 1, and tﬁat X1 X are i.i.d. under

either hypothesis H;, with marginal law P;. Let S, = ™, L;, and for j = 0;1, let
() :sggf t logE $* g

(i) Forevery > 0, thereexista2 (0;1),c>0,and M 1, such that forallm M,

Po(Sn=m>x;+ ) ae™;
P1(Sm=m Xo ) ae me.

(ii) Suppose that E; 921 ° < 1 for some s > 0. Then, there exists some > 0, such

dPo
that ,(xp;+ )> 0, and

Pi(Sm=m X1+ ) 1 e ™ ba*): 8m 1

(iii) Suppose that Eq g% ® <1 for some s < 0. Then, there exists some > 0, such

that ,(xo )> 0, and

Po(Sm=m>x%xq ) 1 e ™ olo ) 8m L

(iv) For every > O, there exists some M 1 such that
Pi(Sp=m x;+ ) 1=2 8m M:

Moreover, if for some integer r 2, E; Iogﬁ% " < 1, then there exists some
¢ > 0 such that

C

W; 8m 1

Pl(sm:m X1+ ) 1



(v) For every > O, there exists some M 1 such that
Po(Sm=m>x, ) 1=2 8m M:

Moreover, if for some integer r 2, Eo log g5t dpl " < 1, then there exists some
¢ > 0 such that

C
Po(Sm:m > Xo ) 1 W, 8m 1
We now state our main result. Part () of the following proposition is a general
lower bound that always holds; part {) is a stronger lower bound, under an additional
assumption. Note that the condition in part () implies that E; log g5* dpl " <1 for all
r, but the reverse implication is not always true.

Proposition 2. Suppose that 1 < Xg< 0<x;< 1.

(i) Suppose that there exists some °> Osuch thatforalls2 [ %1+ 9, E, $& * <

1 . Then,
1
(Io SE logP, (n) =
for all d > 1.
(if) For all d > 1=2, we have

.1 o
r]I!llm a logP,(n) =0:

Furthermore, if for some integer r 2, E; log g5 dP1 " <1 for bothj =0;1, then
the above is true for all d > 1=(2 + r=2).

Proof. Let us x m and k, and an optimal strategy for the modi ed network T (k; m).
Let Y,, be the 1-bit message sent by senswar, under that strategy. Let

X
Sim = Li pm=+1; (6)

1=1
which is the log-likelihood ratio of the observations obtaied at sensow;. For the same
reasons as in Lemma, an optimal strategy exists and can be taken to be a LLRQ, of
the form

V., = 0; if Sim=m tim(y);
vi 1; otherwise



wheret;n, (y) is a threshold whose value depends on the messageceived by sensoy;
from sensorv; ;. For the same reasons as in Lemnig we can assume that the optimal
strategy is chosen such that;., (1) tin(0), forall m 1, and for alli 1.

Let go;i = Po(Yy, =1) and g = P1(Y,, = 0) be the Type | and Il error probabilities
at sensory;. Suppose that the conditions in part () of the proposition hold. Let =
minf ,(xo ); 1(X2+ )g. From parts (ii)-(iii) of Lemma 3, there exists > 0, such
that > 0. Letus xsuchan ,andleta2 (0;1),c>0,andM 1 be asin Lemma

(1). We rst show a lower bound on the Type | and Il error probabiliies g; .

Lemma 4. There exists some M such that for every i 1, and every m M, either

a .
B e ™1 e™): ()
or
a mc m i
@i e ™1 e™): ®)

Proof. The proof proceeds by induction ori. Wheni = 1, the result is an immediate
consequence of Lemm&(i). Indeed, if the thresholdt used by sensow; satisest  Xj,
thenq; ae ™, andift xo, thenq., ae ™.

Assume now thati > 1 and that the result holds fori 1. We will show that it also
holds fori. Let S, be as de ned in ). We have fori> 1,

Q@i =@ i )Po(Sim=m>1tin (0) + ;i 1Po(Sim=m > t;n (1)); (9)
i =1 i JPuUSim=m  tim (1)) + i 1Pi(Sim=m  tim (0)): (10)

We start by considering the case whergy; 1 < 1=2 and g 1 < 1=2. Suppose that
tim(0) Xy + . From (9) and Lemma3(i), we have for allm M,

1
Cb;i EPO(Si;m =m > X1 + )
é mc
ge
—e M1 e ™)
5 ™ )
Similarly, if tim (1) Xo ,we haveq; ae ™(1 e ™M )'=2.
It remains to consider the case wherg, (0) > x;+ andtin (1) < Xo . From (9)

and Lemma3(iii), we obtain

Qi Qi 1Po(Sim=m>Xo )
Qi 1(1 e™):



Similarly, from (10) and Lemma3(ii), we have
Gi i 1Pi(Sim=m X1+ )
i 1(1 e™):

Using the induction hypothesis, either {) or (8) holds.
We next consider the case wherg,; 1 1=2 andq; 1 < 1=2. If either

a) tim(1) XxXo ,or

we obtain, via the same argument as above, the desired conclusiGGuppose then that
tim(0) Xxi+ andtin (1) < Xo . From (9) and the WLLN, we have for someM
su ciently large, and forall m M,

1
Qi EPO(Si;m =m >tin (1))
1

1
EPO(Si;m =m > Xog ) Z;

so that the claim holds trivially. The caseqy; 1 < 1=2 andq;; 1 12 is similar.
We nally consider the case whereyp; ; 1=2andg; 1 1=2. If tin (1) X4, then

1
i EPO(Si;m =m > X;) ile me.

2
If on the other hand, ti.,, (1) > X4, then ti, (0)  tim (1) > X1 > Xo, and
1 a
Oui §P1(Si;m =m Xg) ée me.
This concludes the proof of the lemma. [

We return to the proof of part (i) of Proposition 2. Fix somed > 1 and some
| 2 (1=d;1). Let k = k(m) = exp(m'). For a tandem network with n sensors, since
k(m)m = exp(m')m is increasing inm, we have exp(th 1))(m 1)<n exp(m')m,
for somem. Since the tree networkT (k(m); m) outperforms a tandem network withn
sensors, we have

Pe (n) 0Qok(m) ¥ 10k(m)
minf o 1gge meg e M )k(m. (11)
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where the last inequality follows from Lemmal. Note that

1 mc m \k(m)
(og(k(mymya 9 ¢~ ")
|
—_ mC m
(m! +log m)d ¥ (m! +log m)d og 1 e
| m m
= me e logl e™ ° (12)

+
(m'+logm)d  (m'+log m)d
Sincedl > 1 andl < 1, the R.H.S. of (L2) convergesto O asn!1 . Moreover, since

log(k(m)m) m' +log m |
logn (m 1)+log(m 1)°

asm!1 , we have from (1),
lim —1 logP.(n) =0;
nii (logn)d Arei ="

which proves part () of the proposition.
For part (i), the argument is the same, except that we use partsv) and (v) of
Lemma 3 (instead of parts (i) and (iii)), and the inequalities (/) and (8) are replaced by

a 1
Op;i Ee mCE,
and
a 1
hi € mcﬁ’
respectively, and we lekk = m' wherel 2 (1=d 1;1), for 1=2 < d < 1. The conclusion
when E; Iogg%; " <1 for some integer 2 can be derived similarly. O
4  Tightness

Part (i) of Proposition 2 translates to a bound of the form (e 9™ for everyd > 1.
In this section, we show that this family of bounds is tight, in he sense that it cannot be
extended to values ofi less than one. This is accomplished by constructing an example
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in which the error probability is O(e <©9™°), with d =1, i.e., the error probability is of
the order O(n €) for somec > 0.

Our example involves a Gaussian hypothesis testing problem. Wesame that under
H;, X, is distributed according to a normal distribution with mean 0 ad variance jz,
where 0< 2 < 1=2< 2, We rst check that the condition in part (i) of Proposition
is satis ed. We have

dP; o, % % %

—(x)= —e ;

dPO( ) ) i 38

and (using the formula for the moment generating function of a? distribution),
E " dPy ! = 0 sE e ! §= 1 (X1= 0)?
° P, T,
1=2
= _0 s 1 < 1 :
1 1 s1 8: %

if s<1=(1 2= 2). Hence,the condition in part () of Proposition 2 is satis ed.

Fix somen and leta, = * logn. We analyze the rate of decay of error probability of
a particular sub-optimal strategy considered in [8], which ishe following:
0 if X2 a2
1(Xy1) = L

1; otherwise

and fori 2,

v oy~ O if X2 aandY; 1=0;
Y5 XD = 9 Gtherwise

Thus, the decision at senson is Y, =1 i we have X? > a2 for somei n.

Proposition 3. With the above described strategy, the probability of error is O(n °©), for
some ¢ > 0.

Proof. Let Q( ) be the Gaussian complementary error function, i.eQ(x) = P(Z  x),
where Z is a standard normal random variable. We use the well-known bod Q(x)
exp( x2=2) (see, e.g., [15]). The Type | error probability is given by
Po(Yn = 1) = Po(X?>a? for somei)
nPo(X? > ap)
=2nQ ay= o
2ne %726

1

1
=2n ?3;

11



which is of the formO(n ©), with ¢ > 0.
The Type Il error probability is

n
Pi(Ya=0)= Pi(X{ &)
= 1 Py (XZ>a?)
e nPl(Xf>a%): (13)
From the lower boundQ(x) —#-(1 &)exp( x*=2) (see [15]), we have

nPy(X7 >a?) = ZrnQ anh= 1

2 1 % a2:22
- —1 S e™“In
r % %
2 2 g 1
= - P ! 1 1 27
logn logn
= ( n%);

whered; > 0. From (13), we obtain that P1(Y, = 0) = O(exp( n%)). Hence, the overall
error probability is dominated by the Type | error probability, and this strategy achieves
a decay rate ofn ° for some positive constant. O

We note that in most cases, the raten ° is not achievable. For example, consider the
more common case of detecting the presence of a known signal iru€&aan noise: under
Ho, the distribution of X is normal with mean and variance 1, while undeH, the
distribution is normal with mean and variance 1. A numeﬁical computation indicates
that the optimal error probability decay is of the order exp( ¢ Togn) (see [2] and Figure

). Finding the exact decay rate analytically for particularpairs of distributions seems to
be di cult because there is no closed form solution for the optiral thresholds used in the
LLRQ decision rule at each sensor [8], except for distributionsithr certain symmetric
properties [2].

5 The Neyman-Pearson Problem

In this section, we consider a simpli ed version of the detectioproblem in a long tandem,
under a Neyman-Pearson framework. We will establish that the pbability of Type Il
error decays sub-exponentially, if we restrict the message sent bach sensor to be a
Neyman-Pearson optimal decisioat that sensor.
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Figure 3: A plot of the optimal error probability as a function of the number of sensors,
for the problem of detecting the presence of a known signal in Gssian noise. The
optimal thresholds for the LLRQs at each sensor are given in [2for large n, the plot is
almost linear.

It is well known that in centralized Neyman-Pearson detectionrandomization can
reduce the Type Il error probability. Accordingly, we assume tat each sensoi also
has access to a random variablg, independent of the hypothesis or the observations,
which acts as the randomization variable. We assumiadependent randomization [10],
i.e., that the random variablesV; are independent. Given the received messaye 1, the
randomization variableV;, and its own observationX;, each sensor choosesy, so as to
minimize P.(Y; = 0), subject to the constraint Po(Y; = 1) , where 2 (0;1) is a
given threshold. We call such a strategy ayopic one.

Let ,( ) be the Type Il error probability, P,(Y, = 0), for sensorn, when a myopic
strategy is used. It is well known that there is again no loss in ¢imality if we restrict
the sensors to using randomized LLRQs, i.e., each sensases a rule of the form

0, ifLi t(Yi 1, Vi);

Yi = 1; otherwise

where the randomized threshold;(Y; 1;V;) depends on both the messagé ; and the
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randomization variableV,. It is also easy to see that it su ces forV,; to take values in a
spaceV of cardinality two. We nally have t;j(1;v) t;(0;v) forall i and allv2V. The
proof of this fact is similar to that of Lemma?2, and is omitted.

Proposition 4. Suppose that independent randomization is used, and the probability
measures Py and P; are equivalent. Then, for all 2 (0; 1), we have

1 o
nI!|1rn ﬁlog Z()=0:

Proof. It is easily seen that 0 ner () .( ), and therefore ( ) converges as
n'!l . (To see this, note that noden + 1 could just set Y,.1 = Y,, thus achieving a
probability of error equal to ( ).) Iflim,; () > O, the result of the proposition
is immediate. Therefore, without loss of generality, we assuntieat lim,; ,( )=0.

Suppose that the tandem network uses a myopic strategy. Then, vave Py(Y, =
1)= ,foralln 1. The recursive relations ¥)-(3) still hold, so we have

Pi(Yn=0)= P1 L, t,(O;Vnh) Pi(Yn 1=0)+ P1 L, t,(L;Vh) Pu(Yn 1=1);
(14)

which implies that
Pi(Yn=0)= P; Ly th(1;Vn) + P1 tho(1;Vh) <L, t,(0;Vh) Pi(Y, 1=0): (15)

SincePy(Y, =0)! 0,asn!1 , we must haveP;(L, t,(1;V,))! O,asn!1
By Lemmal, we obtainPo(L, t,(1;Vh)) ! 0, andPqo(L, >t,(1;Vn))! 1,asn!l
Using the recursive relation(2) for the Type | error, we obtain

Po(Yn = 1)

Po(Ln >th(0;Vh)) Po(Ya 1=0)+ Po(Ln >tn(1;Vh)) Po(Yn 1=1)
Po(Ln >tn(0;Va))(X )+ Po(Ln >tn(1;Vh)) :

(16)

We take the limit of both sides. SincePo(L, > t,(1;V,)) ! 1, we obtain Po(L, >
th(0; Vh))(1 ) ! 0. By Lemmal, it follows that P,(L, > t,(0;V,)) ! 0. Since
we also haveP;(L, t,(1;Vn)) ! O, we obtain Py(th(1;V,) <L, t(0;Vy) ! 1.
From (15), it follows that Pi(Y, = 0) decays sub-exponentially fast, and the proof is
complete. [
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Myopic strategies are, in general, suboptimal. If we allow geral strategies, the Type
Il error probability decay rate, can come arbitrarily close ® exponential, as illustrated
by the example in Section!. Indeed, in that example, we exhibit a (suboptimal) strategy
whose Type | error probability converges to zero, and which hieves a Type Il error
probability P1(Y, = 0) of order O(exp( n%)), whered, 2 (0;1). We can choose to be
arbitrarily close to 1 (by choosing a large ; in the example), so that the error probability
decay is almost exponential. However, whether the optimal Typll error probability
decay rate is guaranteed to be sub-exponential (as is the casethe Bayesian problem)
remains an open problem.

6 Conclusion

In this paper, we have shown that, in Bayesian decentralized @etion, using a long
tandem of sensors, the rate of decay of the error probability is Istexponential. In
order to obtain more precise bounds, we introduced a modi ed ta@lem network, which
outperforms the original one, and used tools from Large Dewians Theory. Under the
assumption of bounded KL divergences, we have shown that the arrnprobability is
(e Cnd), for all d > 1=2. Under the further assumption that the moments (undei,)
of order s of the likelihood ratio are nite for all s in an interval that contains [0; 1] in
its interior, we have shown that the lower bound can be improgeto ( e <09 M%) for all
d > 1, and that this latter bound is tight.

In our model, we have assumed binary communication between seiss@and we have
been concerned with a binary hypothesis testing problem. Theugstion of whetherk-
valued messages (witkk > 2) will result in a faster decay rate, or even an exponential
decay rate, remains open. In the case of-ary hypothesis testing using a tandem network
where each sensor observation is a Bernoulli random variablg] $hows that using (n+1)-
valued messages is necessary and su cient for the error probabjilito decrease to 0 as
n increases. However, it is unknown what the decay rate is. Nevertbss, we conjecture
that the error decay rate is always sub-exponential.

We nally note that under a Neyman-Pearson formulation, the ptture is less com-
plete. We have shown the sub-exponential decay of the Type llrer probability, but only
for a particular (myopic) sensor strategy. The case of general ategies is an interesting
open problem.
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A Appendix

A.1 Proof of Lemma

Form> 0, letR=dQ=dP,andB,, = fR mg. We have
Z
1 1
5 dQ  —
fR>m g R m

P(Bm)

which implies that
—_ —_ H C —_ .
PR=1)= M} P(Br)=0:

SinceP and Q are equivalent measures, we hav@(R = 1 ) = 0. For all m > 0, and
n 1, we have

Q(An)  Q(An\ Bm)+ Q(By)
mMP(An\ Bm)+ Q(Br)
mP(An) + Q(By):

Takingn!1 ,and thenm ! 1 | we obtain the desired conclusion by noting that
QBL)! Q(R=1)=0,asm!1l

A.2 Proof of Lemma
Fix the number of sensors1. As already noted in Sectior?, there is no loss in optimality
if we require each sensor to form its messages by using a LLRQ); se8,[1Q]. From this,

y 2f0;1g.
Consider sensor, wherei 2, and suppose thatY; ; = y 2 f 0;1g. Since sensor
uses a LLRQ, it chooses its message by comparing

Pi(Yi 1=Y)
Po(Yi 1=Y)

to a thresholdt. Comparing with (1), we have

Pi(Yi 1=Y),
Po(Yi 1=y)

SincePy1(Y; 1= y)=Po(Y; 1 = y) is nondecreasing iry, we havet;, (1) t;, (0).

L; +|Og

ti;n (y) =t Iog
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A.3 Proof of Lemma

Note that part (iii) is essentially a restatement of parti(), with a di erent measure. A
similar remark applies for (v) and (v).
Part (i) follows directly from Cramer's Theorem (see [14]). To show gt (i), we

note that ' ( ) = log E; g% is a convex function of , with ' ( 1) =" (0) =0, and
' 40) = x,. Therefore,' (') is a nondecreasing function for 2 [0;s], and' (s)=s  X;.
Chooset > ' (s)=s, then we have ,(t) st ' (s)> 0,ie., (X + ) > 0, where

=t Xy > 0. The probability bound in part (i) follows from Craner's Theorem. A
similar argument holds for part (ii).

Next, we prove part (v). The rst claim follows from the Weak Law of Large Numbers
(WLLN), applied to the random variablesL ;;L;:::. Now, suppose thatt,; Iogg% "<
1 , for some integer 2. We make use of the following estimate of the moment 8f,=m
(see e.g. Lemma 5.3.1 of [16]): there exists a constapt> 0 such that

r G

E: Sy=m x4 mr=2; 8m 1

From Markov's Inequality, we obtain

1
Pi(Sm=m>x:+ ) —Ei Sp=m xi'
c
mr=2 r’

A similar argument holds for part (), and the lemma is proved.
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