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Abstract

We study the detection performance of large scale sensapnet, configured as trees with bounded
height, in which information is progressively compressedtanoves towards the root of the tree. We
show that, under a Bayesian formulation, the error prolighiecays exponentially fast, and we provide
bounds for the error exponent. We then focus on the case uietese has certain symmetry properties.
We derive the form of the optimal exponent within a restdctéass of easily implementable strategies,
as well as optimal strategies within that class. We also fimadidions under which (suitably defined)
majority rules are optimal. Finally, we provide evidencattin designing a network it is preferable to

keep the branching factor small for nodes other than thehbeig of the leaves.

Index Terms
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. INTRODUCTION

We consider a sensor network, configured as a directed tige awusion center at its root.
The objective of the network is to make a decision between given hypothesed?, and
H,. Observations are obtained at the nodes of the tree, andnafmn is propagated from the

leaves towards the root. However, because of resourceraorist e.g., a restriction to single-bit
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messages, every node is required to compress or quantinéomation (its observation and the

messages it has received) before forming its own messagedBm the received information, the

root or fusion center makes a decision about the true hyph®ur objective is to understand

the scaling of the error probability at the fusion centerttes number of nodes increases, and
its dependence on qualitative properties of the tree.

In the well studied parallel configuration (see e.g. [1]4]1@ach node sends its compressed
information directly to the fusion center. A tree, on the estthand, allows for shorter-range
communications, thus making better use of communicatisouees. Tree networks have been
studied in several references, such as [11]-[18]. It is kntlmat under the assumptions to be
made in this paper (conditioned on either hypothesis, treemfations at the different nodes
are i.i.d.), optimal quantization strategies take the farihikelihood-ratio quantizers, and one
can obtain “person-by-person optimality” conditions tm&ted to be satisfied by the optimal
guantizers. Nevertheless, finding the optimal quantizamg, hence characterizing the detection
performance, is a rather intractable problem even for a maelenumber of nodes. For this
reason, in the spirit of [19], we focus on the exponentiat i@t decay of error probabilities.

In [20], we studied the Neyman-Pearson variant of the praldensidered in this paper. We
showed that the error probability decays exponentially ¥eigh the number of nodes (this is
apparently not the case when the height is unbounded, e g tandem configuration [21]-[24]);
furthermore, in some cases the error exponent associatedawtree configuration turned out
to be the same as for the parallel configuration. In this papercontinue this investigation
by focusing on the Bayesian formulation. Similar to the NayniPearson case, we will see
that for bounded height trees error probabilities decayorgptially fast. However, the optimal
error exponent is generically worse than the one associaitda parallel configuration (cf.
Proposition[2), and is also harder to characterize exaktiyorder to make further progress,
we place some additional restrictions on the trees to beideresl, as well as on the allowed

guantization strategies. The following example serves tdivate some of our assumptions.

Example 1 (Random Nodes in the Unit Square&uppose that we distribute nodes randomly
in the unit square and place a fusion center at the centereobdinare. We are interested in
configuring the nodes so that every node is at most two hopg &om the fusion center.

One possibility (to be referred to as Design 1) is to fix someand divide the square inta
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Fig. 1. Random nodes in a unit square. The hollow circlesesst the local aggregators. The dotted lines represent
communication links. Only one sub-square is shown with @sicunication links.

sub-squares, each with side of length/m (see Figure 1). For large, there are approximately

n/m nodes in each of these sub-squares. We let all nodes withib-acuare transmit their

messages to an “aggregator” node in that sub-square. Invdys we get a “symmetric” tree

network, in which every aggregator is connected to rougdysame number of nodes, with high
probability. Suppose now that the communication cost ip@rional to the Euclidean distance
between two communicating nodes. Since the numbes fixed, the communication cost in
this strategy i (n).

An alternative possibility (to be referred to as Designsljo reduce the overall communication
cost by using a 2-hop Minimum Spanning Tree (MST). Becauskrfgha hop-constrained MST is
NP-hard (see [25]), we consider a simple heuristic [26]. &®ke, we place an aggregator in each
of the m sub-squares, and let the rest of the nodes in the sub-sogrddlseir messages to this
aggregator. However, we allom to be chosen optimally. The overall expected communication
cost is

O(n/m) + O(m)

which we minimize by settingn = m(n) = ©(n%*?), and thus reducing th&(n) cost of
Design | to©(n??). On the other hand, one suspects that the detection perficara Design
Il will be inferior to that of Design I. The results in Lemrha BdProposition 3 provide evidence

that this is indeed the case. O
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Motivated by the two designs introduced in Exanigle 1, we walhsider the detection perfor-
mance of two different classes of tree networks. The firstaesists of symmetric trees with a
fixed number of aggregators or intermediate nodes, whileséitend consists of trees in which
the number of intermediate nodes increases at a certaifwateall these the rapidly branching
tree sequences; cf. Sectioh V). We characterize and contipamdetection performance of these
two classes, optimized over a restricted set of stratepegsare easy to implement. In particular,
we show in Propositioh]3 that the second class performs wbeseany of the tree networks in
the first class.

The rest of this paper is organized as follows. In Secfionwié, introduce the problem
formulation and some related concepts. In Sedtian Ill, wewnsthat for general tree networks,
the error probability decays exponentially fast with thentner of nodes in the network, and
provide bounds for the rate of decay. In Sectibnk IV ahd V, wes@er specific classes of tree
networks, characterize their performance, and provid@l&rfbut suboptimal) strategies. Finally

in Section(V], we summarize and conclude.

[I. PROBLEM FORMULATION

In this section, we introduce the Bayesian version of the ehaal [20], describe the basic
assumptions and notation, and recall a useful result frodby. [&/e are given two hypotheses
H, and H,, each with prior probabilityr; > 0, corresponding probability measur®s, and
associated expectation operattirs j = 0, 1. We model the sensor network as a directed rooted
tree T, in which a node sends messages to another if there is aatiract from the first to
the second node. The root of the trég is the fusion centerand will be denoted by. The
nodes that send messages directly tare called its immediatpredecessorswhile v is called
an immediatesuccessoof each of these nodes. Let the set of immediate predecessamode
v be C,(v).

A sequence of treesT),),>; represents the evolution of the network. We focus on tree
sequences with bounded height, defined as the length of adorfirected path. For a tree
with heighth, a node is said to be dtvel & if it is connected to the fusion center via a path
with » — k& hops. Hence the fusion centgris a levelh node.

We assume that under each hypotheSis wherej = 0,1, every nodev makes an i.i.d.

observationX,, with marginal distribution[Pj-(. If v is a leaf node, it sends a summayry =
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~»(X,) Of its observation to its immediate successor, wheres constrained to belong to a given
setI’ of allowed quantization functions(For example]I' can be the set of all binary functions
of X,.) If v is a non-leaf node, it summarizes its own observation andniksesages it has
received using @ransmission function,, to produce a messagé. This message is then sent
to its immediate successor. Finally, the fusion cerfterses &usion ruleto decide between the
two hypotheses. LeY; be a random variable that represents the decision of therfusnter.
A collection of quantization and transmission functionsgdor each node, and a fusion rule
will be called astrategy A tree in which every non-leaf node ignores its own obsérwatand
simply forwards a summary of its received messages, will dked arelay tree in that case,
non-leaf nodes will also be referred to @day nodes

Given a tree networkl},, our objective is to minimize the probability of errdt.(T,,) =
woPo(Y; = 1) + mP1(Y; = 0), over all strategies. LeP’’(7,,) be the minimum probability of
error (over all strategies) at the fusion center. From ammgégtic perspective, we are given a
sequence of treed,),>1, and seek to characterize the optimal error exponent [27],

1
E* = limsup — log P)(T,,)
n

n—oo

1 1
= max { limsup — log Py(Y; = 1), limsup —logP;(Y; = 0)}.
n n

n—oo n—oo

Let /,,(v) be the number of leaves in the sub-tree rooted at node particular,i,(f) is the
total number of leaves of the trég,. For a relay tree, we consider instead the optimal error
exponent,

1
&y, = limsup ——log P (T,,),
R e ln(f) ( )

where we have normalized the log-error probability Ihyf), so that&;, is the error exponent
per observation.

Recall thatIP]X is the distribution of an observation made by a node undeotigsis/;.
For anyy € T, let P} be the distribution ofy(X), when X has distributionIPf. We make
the following assumptions, which are standard in the liteea (see e.g. [5], [8], [19]). The

Kullback-Leibler (KL) divergence between two probabilityeasure® andQ is denoted by
dIP’]

D(P || Q) = E[los 75
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where the expectation is taken with respect to (w.r.t.) tleasoreP.

Assumption 1. The measure®; and Py are equivalent, i.e., they are absolutely continuous
w.r.t. each other. Furthermore, there exists some I" such that-D(P} || P]) < 0 < D(P] || P)).

To develop insights into how the error probabilities scalthwhe number of nodes, we will
use an upper bound for the error probabilities at each notleeimetwork. The next proposition
allows us to recursively propagate error probabilitiesgla tree in whichall leaves have paths
with 2 hops to the fusion center. Such a tree is callgduniform tree.

Let t*) = (t,ty,...,1;), for k> 1, andt® = (). Forj = 0,1, k > 1, and A € R, we define
recursively [20]

© dPy | x
Ajo(1:A) = Ajo(7, 15 0) = log B [ (557) "]
dP,
A;k(% t(k)) = sup {)\tk — Ajr—a(7, t(k_1)§ )\)}7 (1)
AER
Ay (9, t®50) = max { = A (7, t9) (G 4+ ), AG (1, ") (G = 1+ )} 2)

We make the following assumption. A prime denotes difféegimn w.r.t. A, and a double

prime indicates the second derivative w.At.

Assumption 2. BothD (P || P5) and D(P || P5)} are finite, and there exists sores (0, 00),
such that for ally € T', we haveAg (v;A) < b for all A € (0,1), and A{y(y; A) < b for all
A€ (—1,0).

The following result is proved as Proposition 1 in [20]. L%f(v) be the log-likelihood ratio
(or more formally, the logarithm of the associated Radokedym derivative) of the received
messages at node A (one-bit) Log Likelihood Ratio Quantizer (LLRQ) with thshold¢ for a

non-leaf nodev is a quantizer that takes the form

0, Sp(v)/l.(v) <t,
1, otherwise

Y, =

Proposition 1. Consider a sequence @funiform relay trees. Suppose that Assumptiois 1-2

hold. Suppose that the following strategy is used: every émaploys the same quantization
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functiony € I', and every levek node & > 1) uses a LLRQ with thresholg, satisfying

—D(Py || P]) < 0 < D(PY || Py), (3)
—D(Pg || P]) < t1 < D(P || IPy), (4)
— A (1 ) <ty < Ay (. £, for 1 <k < h. (5)
Then,
L10gIP’o(Yf =1) < —AL(nt) + — 1,
In(f) - ’ In(f)
1 n
— _logP; (Y; =0) < =AY, (7, t™) + —1,

Propositior L shows that the Type | and Il error exponentisohiform trees using the strategy
described in the proposition are essentially upper boutgedA; , (v, t") and —A , (v, t™)
respectively. In SectidnlV, we present a class of tree nédswohose error exponents are precisely
—A% (1), for j =0, 1.

[1l. EXPONENTIAL DECAY
In this section, we show that the optimal error probabilityaisequence of trees with bounded
height h decays exponentially fast with the number of nodegThis is in contrast to general
trees, where the decay can be sub-exponential [24].) Wihenl, we have the classical parallel
configuration considered in [19], and the optimal error exgrd is given by

Ep = —supAg,(7,0) = inf min Ago(y;A) <O, (6)

yer 7€l A€[0,1]

Theorem 1. Suppose that Assumptidns 1 dnd 2 hold. Consider any seqoénees of height

h. Let z = liminf [,,(f)/n be the asymptotic proportion of nodes that are leaves. Then,

Ep < Ep <0, (7)
and
P\ A
i < EF < ZEF )
)\Ien[(l)ﬁ} lOgEO[(dIP’é() } <E<2ER<O (8)
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Furthermore, ifz = 1, we have
Ep <ELEL<S —EF. (9)

Proof: We first note that the inequality;, < &£;; holds trivially since a parallel configuration
can simulate any relay tree network. Also, since a relaytesiyais a possible strategy for any
tree networkE* < zE&};; the factorz appears because we have normaliggavith ,,(f), instead
of n. Furthermore, the first inequality ial(8) is easily arrivedogt comparing a tree network to
one in which the raw observations at every node are avaikitiee fusion center. Finally, since
z > 1/h, it remains to showf}, < 0 and the last inequality i {9).

We first show&;, < £ whenz = 1. Compare the tree netwofk, to another networkl’) in
which all the non-leaf nodes send their raw observationséofiision center, and all the leaves
send their messages directly to the fusion center. Cle&flycan simulatel;,, and has at least
as good performance &s,. Moreover, 7! is now a parallel configuration in which almost all
nodes have i.i.d. observations (since- 1). The nodes il that correspond to non-leaf nodes
are too few to affect the error exponent. Then, using an aegdairsimilar to that in [19], it is
not hard to see that the error exponent 1gris the same as for a parallel configuration with
I.i.d. observations, namel§;,. We conclude that; < &£*.

Next, we show that} < £5/2"! < 0 whenz = 1, and &}, < 0 whenz < 1. Any tree of
heighth can be transformed to aruniform tree using a height uniformization procedure [20]
For every nodey of level greater than 1 that has at least one leaf as an imteegliadecessor,
we create a new node Remove all the arcs connecting leaves)t@nd add arcs so that these
leaves now send messagesutaFinally, add enough new nodes and arcs so that there is a path
connectingu to v, and the leaves attached #oare of level O.

Let (7)),.>1 be the new sequence éfuniform trees obtained fronil},),>1, after applying
the height uniformization procedure. Note that the numi§deaves in7’ remains the same as
l.(f), the number of leaves ifi,,. It is seen that, when only the leaves make observations, the

performance ofl] is no better than that df;,, so we obtain

& < limsup log PX(T)). (10)

1
n—oo In(f)

Therefore, it is sufficient to show the inequalities for thegit uniform counterpart of7’},),,>.
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Hence, without loss of generality, we can assume that thaeseg of trees i&-uniform. We
consider two cases below.

When z = 1, let all leaves use a common transmission functjoa I" that satisfies[(3), and
let all non-leaf nodes use a LLRQ with threshold 0 (it is easyadrify that this satisfies [4)-(5)).

Then, from Propositionl1l, we have

5}; < - min{Aah(% 0)7 AT,h(V? O)}7

where0 is a zero vector of dimensioh. We can then use the recursion$ (1)1} (2) and some

calculation (or alternatively, the formulas in Lemma 2 o] to obtain

* * 1 *
Ao,h(% 0) = Al,h(% 0) = FAO,1(77 O)-

Taking the infimum over ally € T, and using[(6), we obtain the desired bound.

We now consider a sequence of tré¢és),,~, with z < 1, and show thaf;, < 0. We only give
an outline of the proof, because it is similar to that of Pipon 2 in [20]. LetFy ,, be the set
of level 1 nodes irf;,, with less thanV leaves attached. Note thdty .| < |B,|, whereB,, is the
set of level 1 nodes. Since< 1, there exists a positiv& such thatim inf, . |Fn.|/l.(f) > 0.
We form a new tred’ by removing all leaves, and allowing each level 1 node to nitskewn

observation. The new tree, of height- 1, has performance no better than the original:

1 | FNn]
lim sup —— log P¥(T;,) < limsup —— log P(T)) < liminf —== lim sup —— log P (T},).
LN ) mint 85 s
The desired conclusion then follows by induction fonThis concludes the proof. [ |

We have shown that for trees of bounded height, the errorgmitty decays exponentially
with n, and in the case when almost all nodes are leaves, the eonert is within a constant
factor of the error exponent of a parallel configuration. lewer, the exact rate of decay depends
on several factors, such as the probability distributioms$ the architecture of the network. For
example, in architectures that are essentially the sambéegpdrallel configuration or can be
reduced to the parallel configuration, the error exponeéfidHowever, in most other cases, the
error exponent is in general strictly inferior &, (cf. Propositior[ 2). To obtain some insights
into the optimal error exponent, we consider specific clagsdé:-uniform tree networks in the

next two sections. It turns out that finding optimal stragsgis in general difficult, so we will
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instead analyze simple, but suboptimal strategies.

V. SYMMETRIC TREE SEQUENCES

In this section, we consider the asymptotic performance gppecial class ofi-uniform tree
networks, which we call-symmetric. These are relay trees, with a bounded numbeela§ r
nodes, as in Design | in Examplé 1. Throughout this sectiom,agssume that nodes can only

send binary messages, taking valgésl}. An r-symmetric tree network is defined as follows.

Definition 1 (r-symmetric tree)For h,r > 1, a h-uniform tree sequencg},),>; is said to be
r-symmetric if:
(i) for all level k nodesv, wherek > 1, |C,(v)| = r, and

(i) for all level 1 nodesv, 1,,(v)/l,(f) — 1/r" ! asn — cc.

The second condition in this definition requires that wheia large, all the-"~! level 1 nodes
have approximately the same number of immediate predesesso
We define acounting quantizer (CQyvith thresholds for a level k¥ nodev, wherek > 1, as

a transmission function of the form

07 ZUEC’n(U) Yu S S,
1, otherwise

Y, =

where >

A counting quantizer has arguably the simplest possiblecatre. Furthermore, it is equivalent

ueC, (v) Yu IS the total number of 1s that receives from its immediate predecessors.
to a LLRQ with an appropriate threshold if all the messages'®fmmediate predecessors are
identically distributed. For tractability and to ensurattlur strategies are easily implementable,
we will now restrict all non-leaf nodes to using counting miizers. We call such a strategy
a countingstrategy. Let€$(r) denote the optimal (over all counting strategies) erroroevemt
(in the worst-case over all-symmetric tree sequences). We will show that with the icgin

to a counting strategy, using the same transmission fumeticthe leaves results in no loss of

optimality.
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11
Consider minimizing the following objective functi&n,

1 1
max{A; lim —logPy(Y; =1), Ay lim —logP(Y; =0)}, (11)

n—oo M n—oo M,

where \; and )\, are fixed positive constants. In the case of minimizing threreexponent,
A1 = A2 = 1. We use this more general formulation because it proves tesbaul later. We start

with two preliminary lemmas, the first of which is proved i9]1

Lemma 1. Suppose that Assumptidi§]1-2 hold. Consider minimizinglfective function(11)
at the fusion center of a parallel configuration. Then, thisr@o loss in optimality if we restrict

all nodes to use the same transmission function, and therfusile to use a counting quantizer.

Consider a symmetric tree, and let the set of immediate pesders of the fusion centgr

be C,(f) = {v1,...,v.}. For any given strategy, let

= i
W w00 1, (v5)

10g IP)O(Y;Jz = 1)7

From Definition[1, the subtrees rooted at the different predsors off are asymptotically the
same. We also note that under an optimal strategy there adadff between the two different
types of error probabilitieg); and ¢;. It follows that without loss of generality, we can assume
that

0< e <ty <--- <9y < 00, (12)

00> > P> 2 >0, (13)
Furthermore, ify; > ;, theny, < ¢;, and vice versa, for all, ;.

Lemma 2. To minimize the objective functidn (11) at the fusion ceas#ng a counting quantizer
as the fusion rule, there is no loss of optimality if we restall immediate predecessors ¢f
to satisfyy; = v;, and; = p; for all 4, j.

1We use the notatiotim here, without first showing that the limit exists. The suhsst arguments can be made completely

rigorous by considering a subsequence of the tree sequienadiich limits of the Type | and Il error exponents exist atlea
non-leaf node.
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12
Proof: Suppose the fusion center uses a counting quantizer wishbids. Then, we have

lim

1

M)
1

= im ) logIE”O(ZY;Z - S)

n

log Po(Yy = 1)

1
= lim logPy(Y,, =1,0=1,2,...,5s+1
il o )
s+1
= Z lim 75 log Po(¥e, = 1)
s+1

- __qul, (14)

where the second equality follows becaysg, = 1,7 = 1,2,...,s+ 1} is the dominating error

event, and the third equality follows from independencenifirly, we obtain

lim

1
n=o0 I (f)

Then, the objective functio (IL1) is equal to

log Py(Yy = 0) = —— Z oi (15)

i=s+1

s+1

—max{ )\121/)], )\QZ%}

j=s+1

1
= max{—A1(s 4+ 1)ter1, —Xa(r — 5)@ss1},

where equality holds if we set; = ¢,,; andyp; = ¢, for all i. Hence, it is optimal to use

the same strategy for each of the sub-trees rooted at thesmode. , v,. [ |

Theorem 2. Consider anr-symmetric tree sequendé,,),>;, and suppose that Assumptions
{2 hold. Within the set of counting strategies, there is oslin optimality if we impose the
following restrictions:

() all leaves use the same transmission function;

(i) for eachk > 1, all level £ nodes use counting quantizers with the same threshold.
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Furthermore, the optimal error exponent at the fusion cergegiven b@

1
Es(r) = lim —log P(T,)

n—oo 1,
o ([T it o [T i)

sp€{0,...,r—=1}, fork=2,... h; ye€T;

~ D(F}||P}) <t < D(B] | B}) |- (16)

Proof: (Outlin£ ) From LemmdR, we can restrict attention to counting stiatethat use
the same strategy at every sub-tree rooted at eaeld’, (f). Suppose that the fusion center uses,
as its fusion rule, a counting quantizer with threshgldThen, the objective at eache C,,(f)
is to minimize

1 1 1
—max{(sh—l— 1) lim —— log Po(Y, = 1), (r — sn) lim —— logPy(Y, = 0)}.

T n—oo [, (v) n—oo [, (v)

We apply Lemmal2 om, and repeat the same argument fior 2 steps. Therefore, we conclude
that for eachk > 2, there is no loss in optimality if all nodes at the same lévelise counting
guantizers with the same thresholg. Moreover, by the same argument, there is no loss in
optimality if each level 1 node has the same Type | and Il eepgronents. Lemmi 1, applied
to each level 1 node, implies that it is asymptotically og@tirfor all leaves to use the same
transmission functiony, and all level 1 nodes to use LLRQs with the same thresho(tllote
that these LLRQs must be equivalent to counting quantizgérge the leaves use the same
transmission function.) Finally, the form of the optimatarexponent is obtained by optimizing
over the thresholds,, (for £ = 2,..., h), the threshold, and the transmission function The
theorem is now proved. [ |

Suppose that the transmission functipin (18) has been fixed, and suppose that 1 and

The products are taken to be 1 when= 1. We also use the notatian A y = min{z, y}.

3For any given counting strategy, a more rigorous proof wiliolve taking a subsequence (@, ),>1 along which the vector
of thresholds that defines the counting strategy convergeslimit; see the proof of Theoreld 3, for a similar argument.

January 3, 2009 DRAFT



14

r > 1. Then, we have

(r—s;) <1,

ﬂ

|-

T

A i}

: > |l
[\

and equality cannot hold simultaneously in both expressiabove. Since for each € T,

Ag 1 (7,t) and A7, (v,t) are continuous irt, the error exponent ir_(16) is achieved by setting

(f[s":l)Aal(v,t) = <f[r;8i>A’{,1(%t). (17)

1= 1=

Hence, the error exponent strictly smaller than that for the parallel configuration. This shows
that using ar-symmetric tree results in a loss of efficiency as compareithéoparallel config-
uration, if we restrict to counting strategies. In fact, Bosger result is possible. The detection
performance of a 2-symmetric tree is strictly worse than tifaa parallel configuration, even

without the restriction to counting strategies.

Proposition 2. A 2-symmetric tree has strictly worse detection perforneatian a parallel

configuration. Moreover, there is no loss in optimality regtng to counting strategies.

Proof: Consider a 2-symmetric tree of the form shown in Figure 2s hat hard to see that
the only choices for the fusion rule are: (i) decldfg iff both v; andv, send 0; (ii) declared,
iff either v; or v, send a 0; (iii) declardd, iff v; sends a 0; and (iv) declai€, iff v, sends a 0.
The latter two rules can achieve an error exponent at mosthetl of the parallel configuration
since half of the leaves are ignored. Rules 1 and 2 are caunties. It follows by the same
argument as in the proof of Theordm 2, that there is no lossptimality restricting the 2-

symmetric tree to counting strategies. The lemma thenviallonmediately from our discussion

after (17). [ |

A. On the Worst Case Error Exponent

Whenr = 1, the network is essentially the same, and therefore achiéeesame performance,
as a parallel configuration, which is the best possible. Gaxt mesult provides evidence that

performance degrades asncreases. In other words, for a fixed number of nodes, itefepable
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Fig. 2. A 2-symmetric tree.

to have a high branching factor at level 1, and a low brancfaotpr, sayr = 2, at the other

levels. Let(7,(r)),>1 be ar-symmetric tree sequence, for=1,2,....

Lemma 3. Suppose that Assumptioni$ 11-2 hold, and that the networkstsated to counting

strategies. Then, for any > 1 and any positive integem > 1, £4(r) < E&(mr).

Proof: Consider any sequence of integérs wherei = 2,..., h, such that) < k; < mr

for all i. For eachi, we can find an integey; € [0, 7), such thatns; < k; < m(s; +1). We have

kEi+1 _ m(s;+1) s +1

< = : (18)
mr mr T
A I B (19)
mr mr T

Then, it is an easy exercise to show that

(T i [<ﬁ<

1= i=

o]
<1—W>[<ﬁ8+

1=2 =2

~(1- - )E0),

mr

Taking the supremum ovey;, v andt, yields E&(mr) > E%(r). The proof is now completem
The above lemma shows that for any > 1 andr > 1, (£4(m'r));>o is an increasing

sequence, which is bounded above by zero, hence it convétgeprovide an upper bound for
this limit (cf. Propositior 6) below.

Proposition 3. Suppose that Assumptions |1-2 hold. For any collection ofnsgtmic tree se-
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quences{(T,,(r))n>1 : 7 = 1,2,...}, where (T,,(r)),>1 iS a r-symmetric tree sequence, we

have

limsup £5(r) < —sup
r—00 vel
teRr

< Ay (7, )T AT (, )t )h_l
1 N — .
Ay (7, 8) =1 + Af (7, 8) 5T

Proof: Given~ € I, andt that satisfies-D(P] || P]) < t < D(P] || P}), let

1
At,l (77 t) hot

d= T —. (20)
Ag (7, )T + Af (7, t) 7T

ands = |or|. We have

. s+ 1\r-1 | r—s\h1

& <-[(=7) e [(F2) AL

Sinces/r — 0 asr — oo, we obtain

limsup E5(r) < —[0" AT (7, )] A [(1 = 6)"TAT 1 (7, 1)]

_ _< Ag,l(%t)ﬁ/\il(%t)ﬁ >h‘1
AS (7, t) =T + AT (v, 1) 7T

and taking the infimum ovey € I" andt € R, the proposition is proved. [ |

Under some additional symmetry assumptions, the inegualthe above proposition becomes

an equality. This is shown in Propositibh 6 in Sectign V.

B. Optimality of the Majority Decision Rule

Suppose that all leaves use the transmission functian I'. Finding an optimal counting
strategy by carrying solving the optimization problem]|(t&yuires us to search over a space
with r"~! elements, and also optimizing overThe search can be daunting even for moderate
values ofr and h. For this reason, we now consider the case wheieodd, and the majority
decision rule is used at every non-leaf node, i.e., a nodesmnés a 1 iff the majority of its
immediate predecessors send a 1. For level 1 nodes, theityaecision rule corresponds to
a LLRQ with threshold 0, while for nodes of level greater tHant corresponds to a counting
quantizer with thresholdr — 1)/2. In the proposition below, we develop a sufficient condition

under which this strategy is optimal.
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Proposition 4. Consider ar-symmetric tree network with > 1, wherer is an odd integer.
Suppose that that all leaves use the same transmissionidangt Let ¢, and ¢; be such that
Ag 1 (7, t0) = 7" AT (v, t0) @and AT (v, 1) = r"TAG (7, t1). Under Assumptionisi[I-2, and the

restriction to counting strategies, if

* * 27"h_1(’r’ —+ ]_)
max {AO,I(’% t()), Al,l(’yv tl)} < A

(T—1)+r+3A8’1(7’0)’ (21)

the optimal error exponent is

. T+ 1\
53(7“):—( o ) A0,1(770)>

and is achieved by using the majority decision rule at alayehodes.

Proof: If » = 1, the network is equivalent to the parallel configurationd dinere are no
relay nodes to consider. In this cagge,= ¢t; = 0 and the condition[{21) holds with equality.
Also, the formula for€%(1) is the well known error exponent for the parallel configuati
Henceforth, we assume that> 1.

For simplicity, lety(t) = Aj,(v,t) and o(t) = A} ,(v,t). The sufficient condition[(21) is
obtained by approximating the convex functiahsind¢ with appropriate straight line segments
as shown in Figuré]3, and as we proceed to show.

Suppose that

h h

b:= H(Sk+ l)<a:= (T;I)h_l <c:= H(r — 5k).

k=2 k=2

(The argument in the case when the above inequalites holteérrdverse direction will be

similar.) We consider the solution to the equations

c(p(0) — (o))

y=—- t—|—CQO(0),
to

which gives the intersection of the straight line approxiores shown in Figuré]3. Solving the
linear equations, and observing thaf0) = ¢(0), we obtain

_ be(1 +d)

c+bd ¥(0),
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Fig. 3. A typical plot of the rate functions.

_ Y(t)—¥(0) gj i
whered = FOEEOR Sincey andp are convex functions,

sup min{by(t), cp(t)} < y. (22)

We first show thaty < aw(0), for all pairs (b, c) such thath < a < ¢. This is equivalent to

checking that

cla—=0b) a b—a
dgb(c—a)_g<1_c—a>_1’ (23)

for all (b, c) such thath < a < ¢. Using the condition

2rh=1(r +1)
A*
rh=1(r —1)+r+3 01(7,0),

Ag,l (77 tO) S

(which is a consequence df (21)), it can be shown (after sdgeben) that

c*(a—b")

d< ————2
= b (c* —a)’
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whereb* = (r + 1)"2(r — 1)/2"1 and¢* = (r + 1)"2(r + 3)/2"~1. The right-hand side of
(23) increases wheh decreases (and increases), hence the minimum value is achieved by
b =1b*, andc = ¢*. This shows thati (23) holds for alb, ¢) such thath < a < ¢, and therefore

y < a(0). From [22), we then have

sup min{by(t), cp(t)} < arp(0).
b,c: btgagc
A similar argument shows that
sup  min{b(t), cp(t)} < ap(0).
b,c: ctgagb
Therefore, from Theoreim 2, we obtain

1\ h-1
&) 2 ——=u0) = — (=) AL 0,0).

Finally, the proposition is proved by noting that the abavequality becomes an equality when
we set each of the counting quantizer thresholds;te- (r — 1)/2. u
To show that our sufficient condition in Propositidn 4 is natuous, we provide an example

in which the use of the majority decision rule does not giveoptimal counting strategy.

Example 2. Consider ar-symmetric network, withr = 45 and h = 3. Suppose that each
leaf sends the message 1 with probability= 0.3 under hypothesi$/,, and with probability
p1 = 0.9 under hypothesig/;. If all non-leaf nodes use the majority decision rule (therdong
quantizer thresholds arg = s3 = 22), we get an error exponent ef129.2460/452. If counting
quantizers with thresholds, = s; = 23 are used, our error exponent-isl29.5009/45%, which
dominates (is more negative than) the one for the majoritysiten rule. In fact, it can be checked

numerically thats, = s3 = 23 is the optimal choice of counting quantizers. O

The sufficient condition in[(21) can be difficult to check ifeodoes not have access to the
functions A}, (v,t), j = 0,1. A simpler but cruder sufficient condition is presented helthe
proof is the same as in Propositibh 4, except that weDIg?] || P}) play the role oft,, and
—D(P} || P]) the role oft;.

Corollary 1. Suppose that is an odd integer greater than 1, and that all leaves use thmesa
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transmission function,. Under Assumptions|[I-2, and the restriction to countingtsfyies, if

200 D) 0 Mgl N,

maxc{D(B} | B1). DB} | Bj)} < ~= =2 inf

then using the majority decision rule at all non-leaf nodekiaves the optimal error exponent.

V. RAPIDLY BRANCHING TREE SEQUENCES

In the previous section, we considered a symmetric treeesemguin which the number of
non-leaf nodes is bounded. In this section, we considersegeences in which the number of
non-leaf nodes becomes large, in a certain sense, iasreases. Motivated by Examglé 1, we

define the following.

Definition 2. A rapidly branching tree sequence is a sequencg-ohiform trees(7,,),,>1, such
that:
() the number of immediate predecessors of each non-ledé gows to infinity as in-
creases;
(i) there exists a sequence of positive re@ts), >, such thatx,, decreases to 0 as increases
and such that for each levél nodev, with & > 2, we have

MaXyec, (v) 12 (u)

minuecn(v) l% (u)

< Fn|Cr(v)].

A rapidly branching tree sequence is a sequence of trees ichwihe number of immediate
predecessors of each node grows faster than the rate at thieittee becomes “unbalanced” The
definition of a rapidly branching tree sequence implies thaihumber of immediate predecessors
of every level 1 node grows uniformly fast, in a certain sense

In Design Il of Examplé 11, when is large, with high probability, we havig (u) ~ [,,(v) for
all level 1 nodes: andwv. Therefore, this tree network fits our definition of a rapibhanching
network with heighth, = 2. For a generah, a similar design can be used to approximate a
h-hop MST [26]. In all of these designs, with high probabiitye get a rapidly branching tree
network.

Since using LLRQs for every node is known to be optimal (see [&]), we assume that
every node (including leaves) is allowed to use LLRQs. Theloer of nodes at each level

in a rapidly branching tree network grows with Similar to Sectiom 1V, the problem of finding
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optimal LLRQs for each node in a rapidly branching tree nekwis, in general, intractable.

Therefore, we make the following simplifying assumption.

Assumption 3. Every node is allowed to use LLRQs, and every node at the samb:luses
a LLRQ with the same threshoig.

For notational simplicity, if each leaf uses a transmisdiamction + which is a LLRQ, we
identify v with the threshold of the LLRQ, i.eqy = t, € R. We will first make a slight detour
and show a limit theorem for a rapidly branching tree netwditks result essentially shows that
the bounds in Propositidn 1 are tight, and is similar in $poitightness results for Chernoff

bounds. The proof is provided in the Appendix.

Proposition 5. Suppose that Assumptionk 1-2 hold. Given a rapidly bramchiee sequence
(T.)n>1, SUPpPOSe each leaf sends its observation to its immediatessor using a transmission

functiony € I', and each levek node, where: > 1, uses a LLRQ with a common threshojd
Suppose thaf~v,ty, ..., t,} satisfy [B){(b). Then,

1
lim m log ]P)l (Yf = O) = _Ai,h(’yv t(h))7

log Py (Yy = 1) = —Aj ,(v,1™).

We now consider the Bayesian detection problem in a rapidindhing tree sequence, in

which all nodes are constrained to sending binary messages.

Theorem 3. Consider a rapidly branching tree sequen@g,),,~;. Suppose that Assumptidi§|1-3

hold. Then, the optimal error exponent is

(24)

1 1
AG (v t) AT (7, 1) 7T )h‘l

Epp = —sup <
(el NAG (7, 1) 7T A+ Af (7, )T

t1ER

Furthermore, if the supremum is achieved by I', andt; € (—=D(P] || P]), D(P] || P3)), then
the optimal threshold for the fusion centertis= 0, and the optimal threshold, for level k

nodes, wher& =2,....h— 1, is

1 1
_ AS,kz—l(W@ t(k_l))Aik:—1<rY7 t(k_l)) R — Aé,k—l(% t(k_1)> o AT,k—l(V? t(k_l))

1

Uk
Aé,k—1(77 t(k_l))h%k“ + Aik—l(’yv t(k=1)) A=kt
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We first state two lemmas that we will not prove. The proof adsth two lemmas are easily

obtained using simple algebra.

Lemma 4. Givenk > 1 anda,b > 0, we have
. a+b \# a+b \r\F
_iﬂi‘ia«a(bm)) +<b(a—x)> )

(B ))”

and the minimizer is given by

1
abmH
1

. aTb
r* = s

Lemma 5. For k& > 2, andt*) satisfying [#){(5), we have

A* 7 k) A* ,t(k)
lnf AO k(’Y, )’ )\) — O,k(f}/ ) 1/6(7 )

A€[0,1] _Aak(’y’t( )_’_Alk(r% )7
and
Aj (1 ™) = AL (1t ) (NG (9, £57D) — 1)
o AS,k_l(%t( D) 4+ A5 oy (y, tE-D) 7
AF (’Y t(k)) _ Agk 1(77 )(Alk 1(fy7 )) +tk)
0,k\ /> -

Aék 1(77t(k 1)>+A1k 1(77 ( 1)>

Proof of Theorem[3: Suppose that under Assumptiddg]1-3, an optimal strategy isdch leaf
to use a LLRQ with threshold,,, and for each levet node, whereg: > 1, to use a LLRQ with
thresholdt, . Let (n;);>; be a subsequence such that

1
lim —— log P.(7,, Ern.
oo l (f) g ( ) RB

Since~,, is bounded |,,| cannot diverge to infinity, otherwise every leaf reportheitl or O
with probability one asymptotically, under either hypais?, there exists a subsequerieg);>;
of (n;);>1 such thaty,, — v € R asl — oo. Then, from Assumptionl2, sind@(P] || P]) and
D(P] || P}) are bounded, the thresholds . must satisfy—D (P} || P])—1 < t,,x < D(P] || P})+
1, for [ sufficiently large; otherwise, it can be shown that eithex fiype | or Type Il error

exponent at the fusion center is zero.
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Therefore, there exists a further subsequéngg;>; of (u;);>1 such that for alk, lim;_.. ¢, x =

tx, for some bounded,. Then, for alle > 0, from Propositiori b, we obtain
Erp > —min{Ag,(y+eti+6, .t te), Al (v -6t — 6.t — )}
Takinge — 0, and noting that\j , and A7, are continuous in all their arguments, we get

g}k%B Z - min{A(ﬂ;,h(’ya t(h))v AT,h(’ya t(h))}

This shows that there is no loss in optimality if we restrio¢ transmission functions to be the
same for alln. Therefore, it remains to optimize overc I' and overt(™. In this case, it is
well known (using the same argument as in Corollary 3.4.&@})[that the optimal fusion rule
at the fusion center consists of a LLRQ with threshld= 0. This yields

Erp = inf Agp_i(7,t"" DN

A€[0,1]
~ th=1)

o Aéh 1(77 )Aih 1(77t(h_1))
S — = (25)
4(h=1) th (st )+A1h (s )

Lt bt * )]
=—| inf in
Yyt thot Aé,h—1(%t(h_l)) Af - (7, 1=1)

— _[ 1nf 1nf { Agh 2(77 t(h ) + Al ,h— 2(77 t(h_2))
pit s VR, (7 0 D) (AT, (7, 10D) + by y)

Ag - o (7, 1 2)+A1h o (7, =) H_l
Af,h—2(%t( )(Aé,h_2(%t(h 2)) —tp_1) 7

where [25) and(26) follow from Lemnfia 5. We take= A}, _,(v,t"~2) andb = Aj ,_,(v,t""?)

in Lemmal4 to obtain

& i 1 1/2 1 1/25 27 -1
RE _[%332) {(Ag,h_z(%ﬂh—%)) * <A’{7h_2(7,t(h—2))) } ] '

The optimal error exponent and the optimal thresholds ferltbhRQs then follow by repeating

(26)

the above same argument for another 2 steps. The proof is now complete. O
By taking ¢t; = 0 in (24), we obtain a lower bound that matches the upper boan@).
Hence one does no worse than by a factorl g#"~! from the optimal error exponent of a

parallel configuration.
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For completeness, our next result shows that the bound woBition[3 is an equality if leaves
can use LLRQs as transmission functions. In some sensealsdsa consistency result: trees
with a fixed branching factor, in the limit of larger, perform the same as rapidly branching

trees.

Proposition 6. Suppose that the s&tof allowable transmission functions for the leaves inchide
LLRQs. Then, under Assumptidis 1 and 2, we have

h—1
_ *
1 ) - gRB'

lim £&(r) = —sup :
8,1(77 t)ﬁ + AT,I(’% t)m

=00 ~er
teR

( NS (7, ) TAT (7, 1) 7T
A

Proof: Consider a collection of tree sequendé&’(n,r)),>; : » > 1} such that (a) each
(T'(n,7))n>1 IS @ar-symmetric tree sequence; and (b) for eachnd for eachn, every level 1
node inT'(n, r) has the same number of leaves attached to it. Then, from &medy the optimal
error exponent for each tree sequeli€gn, r)),>1 is E4(r).

Suppose that there exists a subsequemgg,,,>1 such thatg = lim,, .. E5(rm) < Exp-
Suppose that each tree seque(itér, r,,,)),>1 uses the asymptotically optimal counting strategy
proposed in Theoreinl 2. Note that this strategy also satidissmptior 8. We shall construct
a rapidly branching tree sequence frdifY'(n, 7,,)),>1 : m > 1}. Fix a positivee < &5 — ¢,

and let(n,,)»>1 be an increasing sequence of positive integers such that

b
o ()

Let T, = T(nm,, ). Then, it is an easy exercise to verify tf(éf;n)mzl satisfies Definitiorn ]2

with x,, = 1/r,, (which goes to 0, as — oc). We then have

1 ~
Lo e teldn) = 7

Taking m — oo, we obtainlimsup,,_,.(1/l,,,(f))log P.(T,,,) < g+ € < &, a contradiction
to Theoren B. Therefore, we must hae: inf, ., E5(r) > &5 Finally, from Proposition I3,

we obtain the desired conclusion. [ |
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VI. CONCLUSION

In this paper, we studied the detection performance of laogde tree networks with bounded
height, under a Bayesian formulation. We showed that ther @nobability decays exponentially
fast with the number of nodes in the network, and providechidsuor the rate of decay. We also
considered specific classes of tree networks to quantifglétection performance. In particular,
we considered simple counting strategies in symmetric trevorks, and characterized the
optimal detection performance over this class of strategide also compared the detection
performance of symmetric tree networks (with a fixed numbeelay nodes) to that of rapidly
branching tree networks. We showed that for these classée®fnetworks and transmission
strategies, the Bayesian detection performance det&agowdth the height of the tree architecture,
in contrast to the results for the Neyman-Pearson formangi20].

Throughout this paper, we have assumed that every node naakasnditionally) i.i.d. ob-
servation. A topic for further research is the case of catesl observations, which remains a

relatively unexplored area, with work mainly limited to tparallel configuration [10], [28]-[32].

APPENDIX
A. Some Large Deviations Tools

In this section, we record some mathematical results frongd.-®eviations Theory that will
be needed in the proofs. The first result comes from Cranidr&orem (see [27] or [33]). We

present here a modified version of the lower bound in Theor&113 of [33].

Theorem 4. Suppose thaiX' has distributionP, with log-moment generating functian(\) =
log Elexp(AX)]. Let the Fenchel-Legendre transformgf\) be ®(x) = sup{Az—¢(\) : A € R}.
Suppose that there exists an open interaluch thatp(\) < oo for all A € IH Suppose that
lies inside the support of the distributidh and that there exists a correspondinge I, such

that ¢'(\) = x. Then, for anye > 0,

IP’(‘X — :1:} <€) > (1 - dl(A)) exp (— ®(z) — [Ae).

€2

“Note that the functionp(-) is convex and twice differentiable ovér
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B. Proof of Proposition5

We note that we cannot apply the Gartner-Ellis Theoremctlydere, because the asymptotic
log-moment generating function is not differentiable (tlee regularity conditions assumed in
that theorem [27]). For this reason, our proof proceeds ffiosh principles.

It can be shown that Definitidd 2 ensures that,(f) goes to 1, as grows large (cf. Lemma
4 of [20]). Therefore, Propositidn 1 yields

: 1 .
lim sup m log P (Yf = O) < —A1L(7, t)y, (27)
: 1 .
lim sup - 7 log Py (Yf = 1) < —A07h(%t(h)). (28)

Next, we show the following lower bound by induction énfor all nodesv at levelk, where
k > 1, and for anye > 0, there exists a positiv&/ such that for alln > N, we have
1
m log P (Yu = 0) > —A7 (7, t(k)) -6 (29)
n\V ’
1
In(v)

Whenk = 1, it is straightforward to apply Theorelm 4 and Assumpfion Diain [29) and

log Py (Y, = 1) > —Aj . (7,t®) —e. (30)

(30); the details are omitted. Now assume that the claimshédd all level £ nodes. In what
follows, we apply Theorerhl4 to show that [28)4(30) hold fdrlevel £ + 1 nodesv. For each
u € Cy(v), let L, ,, be the log-likelihood ratio of the message sent:byt et

go(A)zlogEl[exsn(w/zn(u)}: Z logEl[ekLu,n/ln(v)L
u€Chn (v)

and consider the corresponding Fenchel-Legendre transfor

®(x) = sup{Az — p(A)}

AeR
—sup{)\x— Z log E, [ALun/ln(v)}}

AeR w0 (o)
< Z In( SUP{ A r — ! logEl[eALuan/ln(v)]}

AeR ln(v) ln(U)
ueChp(v)
1
- 3 ol gl
UECn AER n(u)
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Note that the supremum inside the sum on the R.H.S._df (31gtigeeed by some € [—1, 0]
For such a\, we have

1 ALun
r (u) log £, [e ]

- (u) log [PI(Y 0) 1B (Y, = 0) + Py (Y, = 1)1 Py(Y, = 1)

1+A A
> AN _
> max { () log Py (Y, = 0), () log Py (Y 1)}

+ ﬁ log min {Py(Y, = 0), P1(Y, = 1)}.

From (27)428), ifn is large, thenmin {P,(Y,, = 0),P,(Y, = 1)} is close to 1. Together with
the induction hypothesis on the nodewe then have for alh sufficiently large
% log £, [e’\L“’”] > max{ — (14 M)A (7, t®), AN (7, t(k))} —€/3
n(U ’ ’
—Alk(r%( ) )_6/3

Continuing from [(31L), we obtain

< Y0 hwsup {dr = A 10+ 103

uECn ) AER

= 1n(0) (AT a7, (1%, 2)) + €/3). (32)

Next, we show that there exists a finite positive constastich that for allA € [—[,(v), 0],
©"(\) < k,. For any levelk nodeu, we have

Lu,n 1 ]P)l(Yu = y)
L(u)  ln(u) Po(Yy =y)’

wherey € {0, 1}. The induction hypothesis yields that farlarge, we haveL, ,| < l,(u)c, for
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some constant. Therefore, we obtain

) 1 Ei[L2, exp(ALuy/la(v))]
&) < ue%:(w B(0) Ex[exp(Mun/bn(0))]

u€Cr (v)
c? MaXyec, (v) 12 (u)

N |Cn(v)| minuecn(v) l,%(u)

< ? K, (33)

where the last inequality follows from Definitidd 2. Fixza < t,,1, and a sufficiently small
positiveo that is less tham/3, so thatr + 6 < #;,1. Then, it is an easy exercise to check that if
tr+1 satisfies[(b), and if is large, the conditions in Theordmh 4 are satisfied¥oe S, (v)/1,,(v),

and for some\ € [—[,(v),0]. From Theorenil4, we have

1 1
m log P, (YU = 0) = m log IP’l(Sn(v)/ln(v) < tk+1)
> ﬁ log Py (S, (0)/1u(v) < x +6)
> %@(@ _ %5 + % log (1 — ¢"(A)/5?)
> —A7 (7, (™) x)) —€/3 —€/3 + % log (1 — ¢*k,,/6%)
> = >1k,k+1(7/7 t(k+1)) -6

where the penultimate inequality follows from {32) afd](3)d{(n) = min,ep, I,(v). (Here,
B, is the set of level 1 nodes, so we haigv) > [(n) for all non-leaf nodesv.) The
last inequality follows by taking: sufficiently large, and from the continuity of the function
Al e (7 (t™)..)). We have now showr (29) for all levéH-1 nodes; the proof of (30) is similar.
The induction is now complete, and the proposition is proved
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