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OUTLINE

o Inputwith L-Bit Precision.

— A strongly polynomial-time algorithm for the KAPSACK PROBLEM
— A strongly polynomial-time algorithm for the 3ARTITION PROBLEM.
— The GRouPKNAPSACK PROBLEM remains NP-complete.

o Outputwithin € of Optimum.

— A different notion of approximatiore-optimality.
— A fully polynomial-timee-optimization scheme for a problem without (F)PTAS

o Summary— Dealing with Imprecise Data.
— Inverse optimization.
— g-optimization.
— L-bit precision.



THE L-BIT PRECISIONMODEL

All numbers are of the forma- 2!, with a < 2*.
Needs space @ + logt).

We assume either that

— L is constan{fixed precision)or

— L =0(logn) (logarithmic precision).

Polynomial time: polynomial inn and logT .

Strongly polynomial time: polynomial inn.



A FIRST EXAMPLE — THE KNAPSACK PROBLEM

n
maximize Z Ci X

=
n

S.t. Zaxi <b
=

x e {0,1}"

Theorem. The KNAPSACKPROBLEM can be solved in strongly polynomia
time under the fixed and logarithmic precision models.



A PSEUDO-POLYNOMIAL TIME ALGORITHM FOR KNAPSACK

Nodes (0,0) ard (k,w) for eachk € {1,2,.. ,n}andwe {1,2,.. ,nC}.

Arcs: From (k—1,w) to (k,w) withlengh O, and from (k— 1, w) to (k, w+-cy)
with lengthay.

Let s = max{w : there is a path fronq0, 0) to (k,w) with length < b}.

Observation. The maximum value for the knapsak problan is s,, ard a
solution can be determinel in O(n?C) time.



A POLYNOMIAL -TIME ALGORITHM UNDERL-BIT PRECISION

Assumec; = dj - 24, whered; < 2-. Assumet; >ty > -+ >t
LetC = Z?:i Cj.
Let G* denote the subgraph &f with node set

{{kw):1<k<nandsi—Cx<w<s}tuU{(0,0)}

Observation 1. The shortes pah from noce (0,0) to node (k,w) in G* is
the shortes path from node (0, 0) to node (k,w) in G.

Observation 2. If theris apah from noce (0,0) to node (k,w), thenw is
an integra multiple of 2.



COUNTING REACHABLE NODES ING"
The number of node&, w) for fixed value ofk is at mostCy, which is at most
n2t 2k.

The number of such nodes for whiehis an integral multiple of 2 is at most
n2t.

If we consider nodesgk,w) for all values ofk € 1,2,...,n}, the number of
nodes inG* reachable from nod¢, 0) is at mosn?2-.

The knapsack problem can be solved in O(n%2") time when
theinput values c; are expressed with L-bit precision. Thisis
strongly polynomial timewhen L isfixed or logarithmic.







A SECOND EXAMPLE — THE 3-PARTITION PROBLEM

Given 3 non-negative integera,,ay, ... ,as, such thatzie’:'“1 =
nb, is there a partition of the integers inbgroupsS,, S, ..., S
of three elements each, such tl’zgitesj a, = bforall j?

o The 3-RARTITION PROBLEM iIs NP-complete under logarithmic precision

o It can be solved in strongly polynomial time in the fixed precision model



Lemma. There are at mogL + 2)% 24 triples ofL-
bit precisian integers which sum to b.

Proof. Letz = xi2Y¥ for 1 <i <3 withy; >y, >vy3
andzi+2z+z3="b. Let2' <b< 2T+l Clearly,
y1 < T. We also have

21 > b/3
= x Y1 > 2772 sinceb> 2T
=M > 2172/x
=M > 2772/2L sincex; < 24
=Yy > T-2—-L

Thus,T—1—-L <y; <T, and the total possible values
forzy = x 1 is (L +2)2%. ]



AN INTEGERPROGRAM IN FIXED DIMENSION

%aijxj:ni forl<i<m
Je3
Xj >0 for all
Xj Integer for allj

Xj = number of times triplg occurs.
S = set of triples containing integef.
n; = number of occurrences @f.

ajj = number of times thadi appears in triplg.

/When the Input integers are expressed with
L-bit precision, for fixed L, the 3-PARTITION
PROBLEM can be solved in strongly polynomial

\time. -




FURTHER FACTS AND FIRST SUMMARY

o The KNAPSACK PROBLEM can be solved in strongly polynomial time un
der the fixed and the logarithmic precision model. A simple variant is N
hard with one bit precision.

o 3-PARTITION Is NP-complete under logarithmic precision, but it enjoys
strongly polynomial-time algorithm under the fixed precision model.

o IDENTICAL PARALLEL MACHINE SCHEDULING can be solved in strongly
polynomial time whemis fixed andL is fixed or logarithmic. Itis NP-hard
under logarithmic precision whanis part of the input.



TRANSITION

We are given an integer objective function c. If weround c
and expressit using L bitsof accuracy and solvetheresulting
problem, then thereturned solution is (1/2--1)-optimal.




e-OPTIMIZATION

¢ is an e-perturbatiorof c if

<C/j<Cj(1—|—€) ,if ¢; >0,
—Cj(1-¢) < —¢; < —cj(l+¢) ,ifc; <O

A solutionx’ to min{cx: x € X} is e-optimalif there exists ar-perturbation
¢’ of c such thai' is optimal for mif{c'x: x € X}.

An e-optimization algorithms an algorithm that produces aroptimal solu-
tion for every instance.

We will particularly be interested i(fully) polynomial-time
g-optimization schemes.



APPROXIMATIONALGORITHMS

An g-approximation algorithm for miftx : x € X} gives in polynomial time
for any instance a solutichiwith

CX—CX
CX

<€ forallxe X .

Some drawbacks:

o If the optimal objective function valuex® is non-positive, the relative error
IS an inappropriate measure of performance.

o A translation of variables has a dramatic impact; replacihy x — a will
lead to very different results.



Two GOALS

1. Investigate the relationship betweepptimization schemes and preex
Isting approximation schemes.

2. Designe-optimization schemes for specific combinatorial problems.



FPTASvS. FPTEOS

Observation. If all cod codficientsand all feasibk solutiorsare non-regative,
and if x ise-optimal thenx has worst-cas relaive errar at mog 2e/(1—¢).

Theorem. Whenever a p1-optimization problem mifctx : x € X} has an

FPTAS which can handle the fixing of variables, then this problem also ha
FPTEOS.



FPTAS— FPTEOS

Initialization:
Letq:=¢€/2n.
Letl :=J:=0; K:={1,2,...,n}.
Let X* be any feasible solution.

Main L oop:
Find ag-approximate completior of (I, J).
if cxX' < cx*, then x* :=X.
letU := max{ck : k € K}.
for all indicesk € K with ¢, > U /2, do
If X, =1,then J:=JuUk, andK := K —k;
If X, =0,then| :=1Uk, andK := K —k;
If K =0, then stop;elsereturn to Main Loop.







PROOF(CONTD.)

Moreover, we havgc; — cj) (Xj —X;) < O for eachj € K,

and(ci —¢;) (XF —x9)—  €C;.

Hence,

(X —39) j;c]F(x’j‘—&—h) ;Cj(XT—Xj)—Fj;(CT—Cj)(XT—Xj)<O.

J






FURTHER FACTS AND SECOND SUMMARY

o Notion ofe-optimality can be extended to the perturbation of other parar
ters. BN PACKING and IDENTICAL PARALLEL MACHINE SCHEDULING

have a PTEOS.

o There is a close linkage between pseudopolynomial-time algorithms,
TAS’s, and FPTEQOS's.



CONCLUDING REMARKS (ON IMPRECISEDATA OPTIMIZATION)

o Inverse Optimizations an alternative approach to measure distance fr
optimality.

o €-Optimizationis an alternative approach to produce near-optimal solutio

o L-Bit Precisionis an alternative way to measure complexity.



	comment: 


