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Abstract—We examine the capacity for the multinomial chan-
nel, a natural extension of the binomial channel. In the multino-
mial channel setting, the input is a probability distribution over
k entries, and the output of the channel is n items sampled
independently with the chosen input probability distribution.
Applications of this channel include the use of composite DNA,
which is a method for expanding the alphabet set used in DNA
storage systems in order to improve the information throughput.
In this work, we compute non-asymptotic upper and lower
bounds for the information rate of the multinomial channel.

I. INTRODUCTION

Suppose that Alice has n coins where she can control the
probability that each coin lands on heads. Specifically, she can
choose one parameter p ∈ [0, 1], and then each of the n coins
will be flipped and each independently will have p probability
of landing on heads. After p is chosen and all n coins are
flipped, Bob observes how many coins ended up as heads and
tails (but does not know p). Alice is allowed to repeat this
procedure, choosing whatever p she likes in each step, and
Bob always observes the outcomes. How much information
can Alice communicate to Bob using this method?

This is the problem of finding the information capacity of a
channel called the binomial channel [1]. A natural extension
of the binomial channel, called the multinomial channel in
[2], is a channel where instead of two outcomes (heads
and tails), there are k different outcomes. Alice chooses a
probability distribution over k different outcomes at each step;
as before, Bob then observes the total outcome counts from
n independent draws from Alice’s chosen distribution. The
binomial and multinomial channels can be used to model
biological storage and communication systems. Its capacity
is also exactly equivalent to the minimax rates of redundancy
for universal prediction problems [3], for which asymptotic
results are known.

In this work, our goal is to look at the capacity of
the multinomial channel, particularly in the non-asymptotic
regime (fixed n, rather than n → ∞), in order to understand
the information capacity of systems like the composite DNA
storage system.

A. Motivation and Related Work

DNA storage systems are technologies which aim to store
digital data on DNA. These methods have a lot of potential
due to the natural advantages of DNA, which can store a high
density of information with longevity. DNA storage systems

have been implemented in practice [4]–[7] but the technology
is not efficient enough to be currently viable as a storage solu-
tion. Thus, a significant amount of research effort has been put
into understanding coding strategies for DNA storage systems
in attempt to understand how to design systems to improve the
storage rates [8]–[11]. A classic procedure for DNA storage is
to synthesize DNA molecules where the desired information
is stored by encoding the nucleotides {A,C,G, T} (the basic
DNA alphabet). The synthesis process creates many copies for
each designed strand. Then these short strands of synthesized
DNA, called oligos (short for oligonucleotides), can be put
in storage. To retrieve the information, the oligos or strands
need to be read by sequencing, a procedure which can only
randomly access the oglios and has some amount of error.

In order to boost the efficiency of DNA storage systems, a
recent development is to increase the size of the DNA alphabet
(and thus the stored information content) by using composite
DNA [12], [13]. Composite DNA increases the alphabet size
by allowing mixture of nucleotides (in a predetermined ratio)
as one letter. Mixtures are possible due to the oligo copies
created during the standard synthesis method.

Let probability vector π = (π(A), π(C), π(G), π(T )),
where π(A) + π(C) + π(G) + π(T ) = 1 be such that π(i)
represents the proportion of nucleotide i ∈ {A,C,G, T}
present at some position in the DNA strand (or, rather,
collection of strands). As an example, a possible letter in the
composite DNA alphabet could be π1 = (0.25, 0.25, 0.5, 0)
while another could be π2 = (0, 0.5, 0.5, 0). If π1 is chosen
for a particular position, then during sequencing, we can
expect to see a mixture of 25% A’s and C’s each and 50%
G’s in that position. If however, we see roughly 50% C’s
and 50% G’s, then more likely π2 is the chosen letter in
the position of the strand. The classical model where only
nucleotides are used are letters (i.e one of {A,C,G, T} is
used 100% of the time in each position) can only encode 2
bits per synthesis cycle, whereas composite DNA allows the
number of bits encoded per synthesis cycle to be much larger.

What puts a limit on the number of letters available in com-
posite DNA is the number of strands sequenced or read. For
example, if the two mixture choices for a position in the strand
are π1 = (0.25, 0.25, 0.5, 0) and π2 = (0.251, 0.249, 0.5, 0)
and the number of reads is too few, then whether a position
was meant to encode π1 and π2 cannot be determined as the
two mixtures are too similar.



The multinomial channel discussed above is exactly an
abstract channel model for the composite DNA storage system.
The number of symbols used to build the mixtures is k
(for DNA storage, k = 4 since there are 4 nucleotides).
The number n corresponds to the number of reads used to
determine the letter in each position of the strand. We let the
set of composite (or mixture) letters used in each codeword
of the channel be M = {π1, . . . ,πm} where each πi is
a probability vector over k symbols; note that the alphabet
for the transmitted codewords is this set of composite (or
mixture) letters. To avoid confusion, we refer to the set of
nucleotides as the original alphabet, and the set of composite
letters M as the composite alphabet. Let θ be the random
variable representing a selected probability in M. The channel,
represented as θ → Y n, takes each input letter πi and then
outputs Y n = (Y1, . . . , Yn) which are n random samples
independently drawn according to probability vector πi. The
random samples Y n models the randomly selected strands for
sequencing. Some assumptions of this model are that the DNA
strands sequenced are selected with replacement and enough
of them are synthesized to represent any mixture. (In practice,
the mixtures need to have rational values, for simplicity we
allow the probabilities to be any real number.) Other errors
that may occur in the synthesis and sequencing processes are
not specifically taken into account (though, depending on the
type of error, there may be a way to model this directly in the
multinomial channel).

Let Pθ be a prior on θ. The capacity of the multinomial
channel, is given by

C(k, n) = max
Pθ

I(θ;Y n) . (1)

This quantity is intimately connected to the problem of univer-
sal prediction [3]. In the universal prediction scenario, samples
are independently and identically distributed (iid) according to
an unknown (and adversarially selected) distribution, and an
estimator is trying to predict the next symbol while minimizing
logarithmic loss compared to an oracle who has knowledge of
the unknown distribution. This excess loss above the minimum
achievable loss is called the minimax redundancy, and due
to the structure of the universal prediction problem, it is
equivalent to the capacity of the multinomial channel as stated
in equation (1). A line of work [14]–[17] has been dedicated
to studying this capacity. In [17], it was determined that

C(k, n) =
k − 1

2
log

n

2πe
+ log

Γ(1/2)k

Γ(k/2)
+ o(1) (2)

where Γ(·) is the Gamma function. However, this result is
an asymptotic result as n → ∞, leaving open the problem of
determining bounds for fixed n. A similar quantity, worst-case
minimax redundancy (or regret) which upper bounds C(k, n),
is studied in works including [18]–[20]. The formula for regret
in [19] is given in terms of sums with multinomial coefficients
and [20] approximates these terms asymptotically in its upper
bound.

The multinomial channel was studied in the context of
DNA storage systems in [21]. Unlike our work, [21] treats the

entire DNA strand as a possible letter in their alphabet. Each
codeword is a specific collection of strands and their results
are stated in terms of the number of possible strands used.
There have been some attempts to compute the capacity for
the binomial channel (the case when k = 2) for fixed values of
n. In [1], the authors use a convex optimization problem solved
by the ellipsoid method to numerically compute the capacity.
More recently, there has been new interest in the binomial
channel, since the generalizations of the binomial channel can
be used to model the particle-intensity channel (PIC) proposed
for molecular communication [22]. In molecular communica-
tion, transmitters release particles and encode information by
controlling the intensity of the particles released. The receiver
detects the particles and uses information, such as the number
of particles received in a specified time interval, to read
the message. However, even given a particular intensity, the
number of particles released over an interval is random, and
the receiver may also randomly (independently) fail to detect
some particles; thus, the binomial channel is an appropriate
model for this type of channel. One problem of interest
is finding the capacity-achieving input distribution (CAID)
for the PIC, which is done in [22] using an algorithm the
authors call dynamic assignment Blahut-Arimoto (DAB). A
more efficient method for numerically computing the capacity
of the binomial channel is given in [23]. In [24], the authors
determined that the CAID is unique and give non-asymptotic
upper and lower bounds for the binomial channel. They also
derive the CAID and exact capacity when n ≤ 3.

Error correcting codes for composite DNA were studied in
[25] for the case where the number of errors is some fixed
t. This was done for a few different error types and code
constructions were included. In [2], the authors studied the
CAID for the multinomial channel in order to understand the
capacity of composite DNA storage. Their key technique was
to use Multidimensional DAB (M-DAB), a variant of DAB
algorithm proposed in [22].

A similar technique to composite DNA is a method called
combinatorial DNA, where instead of using probability dis-
tributions over nucleotides to expand the alphabet, small
sequences of DNA, called shortmers, are mixed together
to be a new letter, and these shortmers are connected to
make the strand [26]–[28]. However, in this method, mixture
probabilities of shortmers are not used; rather, each letter is a
set of shortmers, and for a given shortmer only its presence or
absence (rather than exact proportion) in this set is used in the
code. In this code, an error occurs when a particular shortmer
in the set is missed during the read step. A generalization of
this method, where shortmers are mixed in a certain ratio,
could be modeled by the multinomial channel, and would
represent a way to increase the (original) alphabet size k
beyond 4 nucleotides.

B. Contributions

The focus of this work is to determine bounds on the
capacity of the multinomial channel, which is given by C(k, n)
in (1) and corresponds to the information capacity of the



composite DNA storage system. Primarily, we are interested
in determining C(k, n) as a function of the number of reads
n, with n is finite rather than asymptotic. This gives a
quantitative understanding of how many bits per cycle can be
encoded in the composite DNA system with a given number
of samples and gives an understanding of how many mixtures
are distinguishable when reads are limited.

For our results, we have:

Theorem 1 (Upper Bound on Capacity). For k, n ≥ 2,

C(n, k) ≤ k − 1

2
log n+ 1 + (k − 1) log 7

√
k − 1 .

Theorem 2 (Lower Bound on Capacity). For k, n ≥ 2,

C(n, k) ≥ k − 1

2
(log n− log(4(k − 1) log n))− log 2 .

The proof for Theorem 1 is given in Section II and the
proof for Theorem 2 is given in section III. As expected, in
the regime of large n, the dominant term in both bounds is
k−1
2 log n, matching the asymptotic result in (2) as n → ∞.

In [24], bounds are only given in the case of the binomial
channel (where k = 2). We determine bounds for general k.

Our key tool for computing our finite n and k bounds is
to use KL divergence covering and Rényi divergence packing.
Unlike traditional covering and packing, divergence covering
and packing works with the space of probabilities. The reason
why these concepts are useful is that the key to being able
to communicate over the multinomial channel is to select
input probabilities (the letters for the composite alphabet)
in a way so that different probabilities can be distinguished
at the output. Probabilities can be distinguished if they are
sufficiently different from another, which can be measured by
KL or Rényi divergences. Finding a set of probabilities with
appropriate spacing between them is the key to determining
our bounds.

C. Preliminary Notation and Definitions

Let A be the set representing the original alphabet of the
multinomial channel and let k = |A|. Let △k−1 be the (k−1)-
dimensional simplex which represents the set of probability
distributions over k objects. Vectors (including probability
vectors) are represented as bold (typically lowercase) letters.
If p ∈ △k−1, then we write p = (p(1), ..., p(k)) so that p(i)
is the ith entry of (probability) vector p. Notation X ∼ p
means that random variable X is sampled randomly from
probability p. The notation Xn ∼ p means that random
variable Xn = (X1, . . . , Xn) is such that each Xi is sampled
independently from p. Let [k] = {1, . . . , k} and for a set
E ⊆ [k], p(E) =

∑
x∈E p(x). Logarithms are always base-e

unless otherwise specified.
We will use D(π∥µ) to denote divergences on two prob-

ability distributions π,µ ∈ △k−1. Subscripts will be used
to identify what the divergence are. For instance, we denote

f -divergences by Df (π∥µ) (see [29]), and, in particular, the
Kullback-Leibler (KL) divergence is

DKL(π∥µ) =
k∑

x=1

π(x) log
π(x)

µ(x)

and the total variation distance (TV) is

DTV(π∥µ) = TV(π,µ) = sup
E⊆[k]

|π(E)− µ(E)|.

Notably, Kullback-Leibler divergence is not a metric whereas
total variation is (as total variation is half the L1 norm).

Rényi divergences (see [30]) with parameters λ ∈ R \ {1}
are defined as

Dλ(p∥q) =
1

λ− 1
log

k∑
x=1

p(x)λq(x)1−λ .

We will call Dλ the λ-Rényi divergence. As stated in [31,
page 191], Rényi divergences are not f -divergences, but they
are monotone transformation of f -divergences. The Rényi di-
vergence when λ → 1 is equivalent to KL divergence.

Definition 1. Fix a divergence Df (f -divergence or Rényi di-
vergence) and an alphabet size k with (k − 1)-dimensional
simplex △k−1. A set M = {µ1, ...,µm : µi ∈ △k−1} is a
covering of radius R if

max
π∈△k−1

min
µ∈M

Df (π||µ) ≤ R

and the covering number for radius R is

Mf (k,R) = min{m : ∃ covering {µ1, ...,µm}}.

A set M = {π1, ...,πm : πi ∈ △k−1} is a packing of radius
R if

min
i,j∈[m]: i ̸=j

Df (πi∥πj) ≥ 2R

and the packing number for radius R is

mf (k,R) = max{m : ∃ packing {π1, ...,πm}}.

We refer to the points in coverings and packings as centers.
Note that if the divergence D is not symmetric (as is the case
for KL divergence), then for π1 and π2 in a packing of radius
R, we need both D(π1∥π2) ≥ 2R and D(π2∥π1) ≥ 2R.

We let PX(·) (or QX(·)) to mean a probability distribution
on random variable X . Let PY |θ(·|µ) be a distribution where
random variable Y is sampled from µ. When Y n = yn, let

Pn
Y |θ(y

n|µ) =
n∏

t=1

PY |θ(yt|µ)

represent the n-fold product (each yt is drawn independently).
Since in our model Y n is independent given θ, we also use
PY n|θ(y

n|µ) to mean the same quantity as above.



II. UPPER BOUND

We use covering numbers to derive an upper bound for the
capacity of the composite DNA channel. The method is very
similar to that used in [32] to find an upper bound for the
capacity of the permutation channel. KL divergence covering
was also similarly used in [33] to find an upper bound on
a minimax regret problem. In this work, we will use the
following result on covering numbers:

Theorem 3 (Upper Bound on KL Divergence Covering [32],
[34]). For 0 < R ≤ 1,

MKL(k,R) ≤ ck−1

(
k − 1

R

) k−1
2

for some constant c.

In [32] it was shown that we can set c = 7 (which we will
use). Theorem 3 is sufficient for showing our result. However,
tighter bounds do exist (see [34]). Additionally, for the special
case of k = 2 (corresponding to the case of the binomial
channel), the proof in Theorem 3 reveals that the bound can
be slightly improved to MKL(2, R) ≤ 6/

√
R+ 1.

Proof of Theorem 1. This proof primarily uses techniques
from [35, Theorem 1]. We repeat some of the steps here for
completeness. First, for any prior Pθ, we have

I(θ;Y n)

≤
∫
π

Pθ(π)
∑
yn

PY n|θ(y
n|π) log

PY n|π(y
n|θ)

Q̃Y n(yn)
d(π)

≤ max
π∈△k−1

DKL(PY n|θ(· |π)∥Q̃Y n(·)) .

The above holds for any Q̃Y n . We will chose a covering
for a k− 1-dimensional simplex for radius R (we specify the
value of R later) which we denote as Mn. We then choose

Q̃Y n(yn) =
1

|Mn|
∑

µ∈Mn

Pn
Y |θ(y

n|µ) .

We can bound the mutual information above with

I(θ;Y n) ≤ max
π∈△k−1

DKL(PY n|θ(· |π)∥Q̃Y n(·))

= max
π∈△k−1

∑
yn

PY n|θ(y
n|π) log

PY n|θ(y
n|π)

1
|Mn|

∑
µ̃∈Mn

Pn
Y |θ(y

n|µ̃)

≤ max
π∈△k−1

min
µ∈Mn

∑
yn

PY n|θ(y
n|π) log

PY n|θ(y
n|π)

1
|Mn|P

n
Y |θ(y

n|µ)
(3)

= log |Mn|+ max
π∈△k−1

min
µ∈Mn

DKL(PY n|θ(· |π)∥Pn
Y |θ(· |µ))

= log |Mn|+ max
π∈△k−1

min
µ∈Mn

nDKL(π∥µ)

= log |Mn|+ nR .

where in (3) we use that
∑

µ∈Mn
Pn
Y |θ(y

n|µ) > Pn
Y |θ(y

n|µ)
for any µ ∈ Mn, including the µ closest to π in KL
divergence (though it is sufficient to use any µ which covers
π).

To compute our result, we use Theorem 3 which gives
|Mn| = MKL(k,R) and set R = 1/n.

I(π;Y n) ≤ log |Mn|+ nR

≤ k − 1

2
log

1

R
+ nR+ (k − 1) log c

√
k − 1

=
k − 1

2
log n+ 1 + (k − 1) log c

√
k − 1

and we can use c = 7 as stated below Theorem 3. This holds
for any prior Pθ which gives the result.

We will remark that using k = 2 with Theorem 1 as stated
does not give a tighter bound than the upper bound computed
for the binomial channel in [24]. However, if we used the
slightly improved covering number bound of MKL(2, R) ≤
6/
√
R+1 (see statement below Theorem 3), we can improve

our upper bound to have a slight advantage over the upper
bound of [24] when n ≥ 1067.

III. LOWER BOUND

Our key inequality for finding the lower bound will be the
following, which appears in [36], [37]. We use the version
from [31]. For λ ∈ [0, 1],

I(X;Y ) ≥ −EX

[
logEX′ [e−(1−λ)dλ(X,X′)|X]

]
(4)

where X ′ is an independent variable generated from the same
distribution as X and

dλ(x, x
′) = Dλ(PY |X=x∥PY |X=x′)

is given as a Rényi divergence. To use this for our problem,
we will substitute X with π and Y with Y n.

Suppose we have a λ-Rényi packing of the k−1 probability
simplex space for radius R. Call this M = {q1, . . . , qm}
where m = |M|. We assume this packing is optimal in the
sense that m = mλ(k,R). Recall that, based on the definition
of a packing, it must be that for all i ̸= j, unless i = j,

Dλ(qi∥qj) ≥ 2R . (5)

Next, following a similar technique as [31, page 625], using
(4) and the tensorization of Rényi divergences, we have that

I(π;Y n) ≥ −
m∑
i=1

1

m
log

 m∑
j=1

1

m
e−n(1−λ)Dλ(qi∥qj)


≥ −

m∑
i=1

1

m
log

(
m− 1

m
e−(1−λ)2nR +

1

m

)
= − log

(
m− 1

m
e−(1−λ)2nR +

1

m

)
≥ − log

(
e−(1−λ)2nR +

1

m

)
(6)

where in the second inequality, we used (5) (notice we have
a factor of 2 because of our definition).

We need to compute m which is the λ-Rényi divergence
packing number. We will not compute these packing numbers



directly, but instead show that they are bounded by packing
numbers for total variation. We use the following to do this.

Lemma 1. Let h be a non-decreasing function. For diver-
gences Df and Dg (which can be either f -divergences or
Rényi divergences), if we have that

h(Df (p∥q)) ≤ Dg(p∥q)

then

mf (k,R) ≤ mg(k, h(2R)/2)

Proof. Suppose for divergence Df , we have a packing
Mf (k,R). This implies for all p, q ∈ Mf (k,R) that

Df (p∥q) ≥ 2R

which gives that

Dg(p∥q) ≥ h(Df (p∥q)) ≥ h(2R) = 2h(2R)/2 .

Hence, Mf (k,R) is also a packing for g with distance
h(2R)/2. Since the packing number is the largest number
of centers possible, the packing number for g with distance
h(2R)/2 must be at least as big as for any packing in f with
distance R. Therefore mf (k,R) ≤ mg(k, h(2R)/2) .

Next, we will use Lemma 1 to find a lower bound on the
packing number for λ-Rényi divergences. We can readily do
so by using the following relation between Rényi divergences
and total variation given in [30].

Theorem 4 ( [30], Pinsker’s Inequality). For and λ ∈ (0, 1],

2λTV2(p, q) ≤ Dλ(p∥q) .

(Note that differences in constants from what is stated in
[30] is due to the fact that our definition of total variation is
slightly different).

We can now compute a lower bound on the λ-Rényi diver-
gences packing number.

Lemma 2. For λ ∈ (0, 1] and R ≤ λ/4,

mλ(k,R) ≥
(

λ

4R

)(k−1)/2

.

Otherwise for R > λ/4, mTV(k,R) ≥ 1.

Proof. Applying Lemma 1, we can let h(·) = 2λ(·)2, which
gives

mTV(k,R) ≤ mλ(k, 2λ(2R)2/2)

mTV

(
k,

√
R

4λ

)
≤ mλ(k,R) .

We then present the sequence of steps to get this bound and
then discuss how each step was derived.

mλ(k,R) ≥ mTV

(
k,

√
R

4λ

)

≥ MTV

(
k, 2

√
R

4λ

)
(7)

≥

(
1

4

√
4λ

R

)(k−1)

(8)

=

(
λ

4R

)(k−1)/2

.

To get (7), we use that for packing and covering for a norm
Df , we have

mf (k,R) ≤ Mf (k,R) ≤ mf (k,R/2) .

(see [38, Theorem 14.1]). For (8), a lower bound on the
covering number for TV can be computed using a volume
argument (see [38, Theorem 14.2]). This gives that(

1

2R

)(k−1)

≤ MTV(k,R)

which is computed in [34, Section 2.4]. The last step simplifies
the terms. The packing number should always be at least 1,
so when R > λ/4, we simply use 1 as the lower bound.

Proof of Theorem 2. Combining the packing result Lemma 2
with (6), we get that

I(π;Y n) ≥ − log

(
e−(1−λ)2nR +

1

m

)
≥ − log

(
e−(1−λ)2nR + e−

k−1
2 log λ

4R

)
.

We can choose

λ = 1/2 and R =
k − 1

2

log n

n
.

(The choice for R is not optimal, but is something chosen
which is not too difficult or complex to work with.)

This gives that

I(π;Y n)

≥ − log
(
e−

k−1
2 logn + e−

k−1
2 log n

4(k−1) log n

)
≥ − log

(
2e−

k−1
2 log n

4(k−1) log n

)
=

k − 1

2
(log n− log(k − 1)− log log n− log 4)− log 2 .
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