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Proofs Problems

* (1) Cube Root of Two, Too

Prove that 3√2 is irrational. (Recall an irrational number is a number that cannot be expressed as the division of two integers.)

* (2) Wait, How Did You Prove That?

Find the error in the following “proof” that 2=1:

-2  =  -2

4 – 6  =  1 – 3

4 – 6 + 9/4  =  1 – 3 + 9/4

(2 – 3/2)2  =  (1 – 3/2)2

2 – 3/2  =  1 – 3/2

2  =  1

* (3) Simple Proof by Contradiction

Complete the following proof by contradiction.



Theorem:
There is no largest integer.



Proof: 

Assume for contradiction that:





Then:

** (4) Circles and Lines

Prove that AB • AC = AD • AE in the diagram below.
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** (5) Five, Six, Seven, Eight, Proof Practice We Appreciate

Prove that the product of any n consecutive integers is divisible by n.

*** (6) Check Mate

Take an 8x8 chess board and remove two diagonally-opposite corners. If you have dominoes that are exactly the size of two squares (and can be laid either horizontally or vertically), is it possible to exactly cover the chess board with dominoes? Prove your answer.

*** (7) Euler Paths on Directed Graphs

In class we proved that an Euler path exists in an (undirected) graph whenever all vertices have even degree. Figure out a similar condition that is true for directed graphs, and prove that an Euler path exists if and only if this condition is true.

*** (8) More Irrationality

Prove that √3 is irrational.

**** (9) Party Fun

At a party of n people, some people shake hands. Prove that there are always two people who shake the same number of hands.

***** (10) Shapes on a Unit Lattice

Imagine you have a unit lattice (the intersection points of a 2D grid of horizontal and vertical lines each separated from the nearby parallel lines by a distance of 1). Now imagine you have some (possibly very complicated) shape with an area less than 1. Prove that there is some way to position the shape on the lattice so that no point on the lattice is inside the shape. You can of course rotate and move the shape back and forth, though you can't stretch or cut it.



