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We present in this paper a shell element that models the three-dimensional (3D) effects of surface trac-
tions, like needed when a shell is confined between other solid media. The element is the widely used
MITC4 shell element enriched by the use of a fully 3D stress–strain description, appropriate through-
the-thickness displacements to model surface tractions, and pressure degrees of freedom for incompress-
ible analyses. The element formulation avoids instabilities and ill-conditioning. Various example solu-
tions are presented to illustrate the capabilities of the element.
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1. Introduction

The finite element analysis of shells has now matured to the ex-
tent that it sometimes seems any complex shell can be accurately
analyzed. In fact, however, there are still a number of outstanding
difficulties. These relate to the more accurate modeling of shell
structures to include 3D effects, the development of still more
effective shell finite elements, in particular triangular elements,
and the mathematical analyses to ensure optimality of the finite
element solutions [1,2]. To a large extent, shell structures are
now solved in practice using 4-node shell elements. Among those
available, the MITC4 shell element is probably the most effective
element, in particular when linear and nonlinear analyses are to
be performed [1–6]. However, the other MITC shell elements can
be more effective for specific analyses [5,7–9].

The formulation of the MITC4 shell element is based on the
Reissner–Mindlin assumptions of ‘‘material fibers originally
straight and normal to the shell mid-surface do not stretch and re-
main straight” and ‘‘zero stress normal to the shell mid-surface”
[1,2]. The MITC elements can be formulated using a continuum
representation or the ‘basic shell model’ identified by Chapelle
and Bathe [1,2,10,11]. While the Reissner–Mindlin assumptions
are widely applicable, they cannot model the application of shell
surface stresses as needed in the analysis of a shell confined be-
tween solid media. For example, in metal forming, the normal
ll rights reserved.
and shear tractions applied to thin sheet surfaces can be large
and the accurate modeling of normal stresses and shear stresses
can be important. Of course, in addition, large strain elastic–plastic
(almost incompressible) conditions need be represented.

To model the effects of surface tractions, it appears that 3D
shell-solid elements are most appropriate, see [12–16] and the ref-
erences therein. In the formulation of these elements, the top and
bottom surfaces of the shell are represented geometrically and
their positions are updated through the displacement degrees of
freedom, just like in a fully 3D analysis of solids but with only
one element layer through the shell thickness [1,2]. Since the
bending strains vary linearly, clearly, for consistency with bending
theory including the Poisson ratio coupling, the through-the-thick-
ness normal strain must also be allowed to vary linearly. This re-
quires a quadratic interpolation of displacements through the
shell thickness. The shear, membrane and pinching locking can
be relieved using MITC strain interpolations.

While sometimes effective, these elements display severe ill-
conditioning when the shell becomes thin and when the shell is
an (almost) incompressible medium [17,18]. To improve the ele-
ment behavior and computational effectiveness, instead of dis-
placement degrees of freedom, enhanced strains have been used,
see for example Refs. [12,19,20], and the references therein. How-
ever, enhanced strain formulations can be unstable, see Refs.
[21,22], and are therefore best avoided. Hence, a more effective ap-
proach is to build on the basic MITC4 shell element, for which all
shell actions are represented using the shell mid-surface, use the
three-dimensional stress–strain description, and enrich the shell
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element formulation ‘judiciously’ by appropriate displacement and
pressure interpolations. These interpolations need to be selected to
not introduce instabilities or ill-conditioning. This approach was
used in Ref. [23] to enrich the MITC4 shell element by two element
degrees of freedom corresponding to thickness stretching (a con-
stant and a linear term) in order to represent large strain effects.

The objective in this paper is to present the MITC4 shell element
enriched by the 3D stress–strain law, and by displacements and
pressure used to represent accurately the effects of shell surface
normal and tangential tractions, and incompressible conditions.
The enrichment in displacements is achieved by simply adding dis-
placement interpolations with corresponding degrees of freedom
at the four nodes. The resulting displacements are compatible
across element boundaries. To render the element also applicable
to (almost) incompressible conditions, the u/p formulation with
an assumption on the pressure is used [1]. All these degrees of free-
dom, including the pressure degrees of freedom, can be invoked
hierarchically as desired. This hierarchical feature of the element
is very attractive, obviously from a modeling point of view, but also
from a practical point of view. Namely, the pre- and post-process-
ing capabilities of the classical MITC4 element are directly applica-
ble by simply increasing the number of degrees of freedom allowed
for the element.

The element presented in this paper is largely based on con-
cepts previously published but in this paper we have synthesized
various ideas in an aim to obtain an overall effective formulation.
In particular, this 3D-shell element formulation does not show
ill-conditioning. In the following sections, we first present the for-
mulation of the continuum shell model, then the finite element
Fig. 1. Shell geometries in the initia

Fig. 2. The quadratic and cubic disp
discretization, and finally we give the results of various illustrative
example solutions.

2. The shell model

In this section, we present the shell model that we will solve by
our finite element discretization. We follow the notation used in
Ref. [1].

The initial geometry at time 0 is described by

0x ¼ 0xM þ
n
2

0a 0Vn; ð1Þ

where n is the natural coordinate in the thickness direction, 0xM is
the position vector of material particles in the shell mid-surface,
0a is the thickness and 0Vn is the director vector.

In the deformed configuration, an initially straight fiber may be
curved with the assumption shown in Figs. 1 and 2. The assumed
deformed geometry at time t is

tx ¼ txM þ
n
2

ta tVn þ n2 0a tQ n
tVn þ n2 0aðtQ 1

tV1 þ tQ 2
tV2Þ

þ n3 0aðtC1
tV1 þ tC2

tV2Þ: ð2Þ

Here tVn is the director vector at time t, ta is the shell thickness at time
t, tVa, with a = 1, 2 are unit vectors normal to tVn, tQn is the degree of
freedom corresponding to a quadratic displacement function in the
direction tVn, and tQa and tCa represent degrees of freedom corre-
sponding to quadratic and cubic displacement functions in the direc-
tions tVa, with a = 1, 2. The left superscripts 0 and t always denote that
a quantity is given at times 0 and t. With these assumptions, the fiber
l and deformed configurations.

lacement functions at node k.



Table 1
The components of the linear incremental displacement given in Eq. (11)

uM A

uL
n
2

tV1 (ta)b B
tV2 �(ta)a C
tVn (0a)Da D

n2 0a tV1
tQnb � tQ2c + q1 E

tV2 �tQna + tQ1c + q2 F
tVn �tQ1b + tQ2a + qn G

n3 0a tV1 �tC2c + c1 H
tV2

tC1c + c2 I
tVn �tC1b + tC2a J
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originally normal to the mid-surface can strain linearly and become
curved, and the transverse shear stresses have a quadratic distribution
through the shell thickness. This enables the element to precisely cap-
ture the effect of surface tractions, like normal and frictional forces,
applied on the top and bottom shell surfaces.

Note that 0a, the initial thickness, is employed in front of each
higher order function. This is a scaling factor in order to avoid ill-
conditioning of the global stiffness matrix as the thickness be-
comes small. It is more natural to use the current thickness but
we use the initial thickness because this leads to a simpler
formulation.

In the same way, the deformed geometry at time t + Dt is de-
fined by

tþDtx ¼ tþDtxM þ
n
2

tþDta tþDtVn þ n2 0a tþDtQ n
tþDtVn

þ n2 0aðtþDtQ 1
tþDtV1 þ tþDtQ 2

tþDtV2Þ
þ n3 0aðtþDtC1

tþDtV1 þ tþDtC2
tþDtV2Þ: ð3Þ

From these geometric positions, we can obtain the corresponding
incremental displacement field as follows:

u ¼ tþDtu� tu ¼ tþDtx� tx; ð4Þ

u ¼ ðtþDtxM � txMÞ þ
n
2
ðtþDta tþDtVn � ta tVnÞ

þ n2 0aðtþDtQn
tþDtVn � tQn

tVnÞ
þ n2 0aðtþDtQ1

tþDtV1 � tQ1
tV1Þ

þ n2 0aðtþDtQ2
tþDtV2 � tQ2

tV2Þ
þ n3 0aðtþDtC1

tþDtV1 � tC1
tV1Þ

þ n3 0aðtþDtC2
tþDtV2 � tC2

tV2Þ: ð5Þ

This field can be expressed in terms of degrees of freedom at time t
for the incremental displacements using the following relations:

tþDtxM � txM ¼ uM ¼ ue1 þ ve2 þwe3; ð6-aÞ
tþDta� ta ¼ 0a � Da; ð6-bÞ
tþDtQn � tQ n ¼ qn; ð6-cÞ
tþDtQ1 � tQ 1 ¼ q1; ð6-dÞ
tþDtQ2 � tQ 2 ¼ q2; ð6-eÞ
tþDtC1 � tC1 ¼ c1; ð6-fÞ
tþDtC2 � tC2 ¼ c2: ð6-gÞ

Here (6-a) represents three translations in the global Cartesian
coordinate system given by the unit vectors ei, with i = 1, 2, 3,
(6-b) gives a thickness change and (6-c–g) define displacement incre-
ments. Note that, in Eq. (6-b), the incremental thickness change is
normalized by the initial thickness to circumvent ill-conditioning.

For the shell element, two rotational degrees of freedom have
been generally used to describe the rotation of a director vector.
We, instead, adopt three rotational degrees of freedom at this point
and use

tþDtVn � tVn ffi
1
2
caþ b

� �
tV1 þ

1
2

bc� a
� �

tV2 �
1
2
ða2 þ b2Þ tVn;

ð7-aÞ
tþDtV1 � tV1 ffi

1
2
abþ c

� �
tV2 þ

1
2
ca� b

� �
tVn �

1
2
ðb2 þ c2Þ tV1;

ð7-bÞ
tþDtV2 � tV2 ffi

1
2

bcþ a
� �

tVn þ
1
2
ab� c

� �
tV1 �

1
2
ðc2 þ a2Þ tV2;

ð7-cÞ
where a, b, c are the incremental rotations about the vectors tV1, tV2,
tVn, respectively. Once we have obtained a,b,c, the director vectors
are updated with the following relationship:

tþDtV i ¼ Q tV i ði ¼ 1;2;nÞ; ð8Þ

where

Q ¼ I þ sin h
h

S þ 1
2

sinðh=2Þ
h=2

� �2

S2; ð9-aÞ

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2

q
; ð9-bÞ

S ¼
0 �c b

c 0 �a
�b a 0

2
64

3
75: ð9-cÞ

Note that Eqs. (7-a-c) are obtained from Eqs. (8) and (9). Using Eqs.
(6) and (7) with Eq. (5), the incremental displacement field becomes

u ¼ uL þ uQ ; ð10Þ

where uL and uQ denote the linear and quadratic terms of incremen-
tal displacements, respectively,

uL ¼ uM þ
n
2
½0a tVnDa � ta tV2aþ ta tV1b�

þ n2 0a½tVnqn � tQ n
tV2aþ tQ n

tV1b�
þ n2 0a½tV1q1 � tQ 1

tVnbþ tQ 1
tV2c�

þ n2 0a½tV2q2 � tQ 2
tV1cþ tQ 2

tVna�
þ n3 0a½tV1c1 � tC1

tVnbþ tC1
tV2c�

þ n3 0a½tV2c2 � tC2
tV1cþ tC2

tVna� ð11Þ

uQ ¼
n
2
�0a tV2Daaþ 0a tV1Dabþ

1
2

ta tV2bcþ
1
2

ta tV1ca
�

�1
2

ta tVnða2 þ b2Þ
�
þ n2 0a �tV2qnaþ tV1qnb

�

þ1
2

tQ n
tV2bcþ

1
2

tQ n
tV1ca�

1
2

tQn
tVnða2 þ b2Þ

�

þ n2 0a �tVnq1bþ tV2q1cþ
1
2

tQ1
tVncaþ

1
2

tQ 1
tV2ab

�

�1
2

tQ 1
tV1ðb2 þ c2Þ

�
þ n2 0a �tV1q2cþ tVnq2a

�

þ1
2

tQ 2
tV1abþ 1

2
tQ 2

tVnbc�
1
2

tQ2
tV2ðc2 þ a2Þ

�

þ n3 0a �tVnc1bþ tV2c1cþ
1
2

tC1
tVncaþ

1
2

tC1
tV2ab

�

�1
2

tC1
tV1ðb2 þ c2Þ

�
þ n3 0a �tV1c2cþ tVnc2a

�

þ1
2

tC2
tV1abþ 1

2
tC2

tVnbc�
1
2

tC2
tV2ðc2 þ a2Þ

�
: ð12Þ



Table 2
Summary of shell models

Shell model Nodal DOFs Constitutive
law

Gauss integration
points (r � s � n)

5 DOF u, v, w, a, b Modified 2 � 2 � 2
7 DOF u, v, w, a, b Full 3D 2 � 2 � 2

Da, qn

9 DOF u, v, w, a, b Full 3D 2 � 2 � 3
Da, qn, q1, q2

11 DOF u, v, w, a, b Full 3D 2 � 2 � 4
Da, qn, q1, q2, c1, c2
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The current shell model contains 12 parameters to describe the
shell behavior: three translations, three rotations, one thickness
change, three quadratic displacements and two cubic displace-
ments. However, we now exclude the c rotation effect in the above
equations because the degree of freedom leads to spurious zero en-
ergy modes, even when the initially straight fiber transverse to the
shell mid-surface has become curved. Consider the linear terms of
the incremental displacements, uL, as arranged in Table 1. We see
that the displacement corresponding to the c rotation when a fiber
is not straight can be described by the degrees of freedom q1, q2, c1,
c2. Therefore, the c rotation is a redundant degree of freedom and
can be set to zero when we use the higher-order in-plane
displacements.
Table 3
Cases of applied tractions and analytic stress distributions for the in-plane traction test

Case 1

Tangential forces on top and bottom surfaces

Equivalent force and moment on mid-surface

Analytical distribution of sxx through the thickness
at x ¼ L

2

Analytical distribution of sxz through the thickness

For simulations, stresses are evaluated at the center of the beam x ¼ L
2


 �
by using 41 ele
3. Finite element discretization

We use the shell model given in Section 2 for the finite element
discretization.

3.1. Interpolation of geometry and displacement

To interpolate the shell geometry, the usual interpolation is
used [1]

txðr; s; nÞ ¼
X4

k¼1

hkðr; sÞ txk
M þ

n
2

X4

k¼1

hkðr; sÞ tak tVk
n

þ n2
X4

k¼1

hkðr; sÞ 0ak tQk
n

tVk
n

þ n2
X4

k¼1

hkðr; sÞ 0ak tQ k
1

tVk
1 þ tQ k

2
tVk

2

� 	

þ n3
X4

k¼1

hkðr; sÞ 0ak tCk
1

tVk
1 þ tCk

2
tVk

2

� 	
; ð13Þ

where hk(r,s) is the interpolation function corresponding to node k.
The incremental displacement field has the same form as in Eq.

(10)
Case 2 Case 3

ments along the beam with L = 20.0, t = 1.0, q = 10.0, E = 1.0 � 105, v = 0.3.
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Fig. 3. Stress distributions in a cantilever beam under in-plane tractions (Case 1).
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Fig. 4. Stress distributions in a cantilever beam under in-plane tractions (Case 2).
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uðr; s; nÞ ¼
X4

k¼1

hkðr; sÞuk
L þ

X4

k¼1

hkðr; sÞuk
Q : ð14Þ
3.2. Mixed interpolation of strain field

The total Lagrangian formulation is used for large deformation
but small strain analysis. In this framework, the covariant compo-
nents of the Green–Lagrange strain with respect to the initial
configuration are defined by

t
0~eij ¼

1
2
ðtgi � tgj � 0gi � 0gjÞ; ð15Þ

where

0gi ¼
o 0x
ori

; tgi ¼
o tx
ori

with r1 ¼ r; r2 ¼ s; r3 ¼ n: ð16Þ

The incremental strains are directly calculated by

0~eij ¼ tþDt
0 ~eij�t

0~eij ¼
1 ou � tgj þ

ou � tgi þ
ou � ou

� �
: ð17Þ
2 ori orj ori orj
In order to avoid shear locking, the Dvorkin–Bathe transverse shear
strain field is assumed, by interpolating the covariant components
of the transverse shear strains using for all n

t
0~e

AS
13 ¼

1
2
ð1þ sÞt0~e

DI
13

����r¼0
s¼1

þ 1
2
ð1� sÞt0~e

DI
13

���� r¼0
s¼�1

; ð18-aÞ

t
0~e

AS
23 ¼

1
2
ð1þ rÞt0~e

DI
23

����r¼1
s¼0

þ 1
2
ð1� rÞt0~e

DI
23

����r¼�1
s¼0

: ð18-bÞ

Here the superscript AS denotes assumed strain and the superscript
DI emphasizes that strains are evaluated from the displacement
interpolation using Eq. (15).

While the basic MITC4 element does not show membrane lock-
ing, the in-plane membrane behavior can of course be improved by
introducing incompatible displacement modes [1], as offered for
example in ADINA [24]. A similar improvement in the membrane
behavior must be expected when using incompatible displacement
modes in the formulation of the enriched element presented here.

However, the strain assumptions normal to the shell mid-sur-
face used here mean that the element will show pinching locking.
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Fig. 5. Stress distributions in a cantilever beam under in-plane tractions (Case 3).

Fig. 6. Pressurized cylinder in plane strain condition; h = 2�, Pi = 20 � t, Po = 80 � t, R = 10
displacement is allowed).
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This behavior can be alleviated using the MITC approach applied to
the normal strain [12,25,26]. To fulfill the condition that the nor-
mal strain be zero throughout the element when this strain is zero
at the element nodes, we simply interpolate the normal strain bi-
linearly over the element using the nodal values directly calculated
from the displacement assumptions. These nodal values will be
zero for a constant bending situation even when the nodal director
vectors are not normal to the shell mid-surface described by txM.
Therefore, the assumed transverse normal strain is described by

t
0~e

AS
33ðr; s; nÞ ¼ t

0~e
AS
33

��
Const: þ

t
0~e

DI
33

��
r;s;n �

t
0~e

DI
33

��
r;s;n¼0

� 	
; ð19Þ

where

t
0~e

AS
33

��
Const: ¼

1
4
ð1þ rÞð1þ sÞt0~e

DI
33

��
r¼1
s¼1
n¼0

þ 1
4
ð1� rÞð1þ sÞt0~e

DI
33

��
r¼�1
s¼1
n¼0

þ 1
4
ð1� rÞð1� sÞt0~e

DI
33

��
r¼�1
s¼�1
n¼0

þ 1
4
ð1þ rÞð1� sÞt0~e

DI
33

��
r¼1

s¼�1
n¼0

:

ð20Þ

The behavior of this interpolation is thoroughly analyzed in Ref.
[26]. All the other strain components are directly obtained using
Eq. (15).
3.3. Displacement/pressure (u/p) formulation

Unlike shell elements based on the plane stress assumption,
shell elements using the full three-dimensional constitutive law
suffer also from volumetric locking in incompressible, (or almost
incompressible) analysis, just like the elements used in the analysis
of solids [1].

The mixed formulation known as the displacement/pressure (u/
p) formulation has been proven to be effective for the analysis of
incompressible conditions [1,27]. Therefore, we adopt this formu-
lation for the three-dimensional shell element. The key step of
using the u/p formulation is to determine the interpolation of the
assumed independent pressure field. In the 4/1 plane strain ele-
ment, the pressure field is assumed to be constant which means
that strictly the element does not pass the inf–sup condition
[1,28]. This is observed when regular meshes and special boundary
conditions are used [1]. However, in practice, hardly flat and non-
.0, E = 1.0 � 104; (a) the whole model, (b) single element representation (only radial



Table 4
Normalized radial displacement of the pressurized cylinder at r=R

Thickness (t) 0.1 1.0 2.0 5.0

ur
ur janal

���
r¼R

v = 0.3 5 DOF 0.9962 0.9643 0.9294 0.8234
7/9/11 DOF 0.9998 0.9998 0.9998 0.9980

v = 0.499999 5 DOF 0.9915 0.9203 0.8472 0.6495
7/9/11 DOF 0.9998 0.6150 0.0905 0.0025
7/9/11 DOF (u/p) 0.9998 0.9998 0.9998 0.9987
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Fig. 7. Stress distributions in the pressurized cylinder when t = 0.1, Pi = 2.0, Po = 8.0.
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Fig. 8. Stress distributions in the pressurized cylinder when t = 2.0, Pi = 40, Po = 160.
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distorted shell elements are employed, and therefore the following
pressure variation is proposed for the element

p ¼ p0 þ p1 � n: ð21Þ

Note that the pressure is assumed to be constant on each plane gi-
ven by a fixed value of n and vary linearly through the shell thick-
ness. The linear pressure distribution is introduced considering
bending. The cost increase by using this formulation is negligible
since only two additional pressure degrees of freedom are added
to each element and these can be statically condensed out prior
to the assemblage of the element stiffness matrix.

Since the 4/1 flat plane strain element (four nodes for displace-
ments and a constant pressure) does not satisfy the inf–sup condi-
tion for incompressible analysis, there are very special element
configurations and boundary conditions in which the shell element
will also show checkerboard pressures. However, as mentioned al-
ready above, these will hardly be encountered in practice, and,
also, can be identified in the post-processing of the results by plot-
ting the pressure bands [1,31]. A 4-node plane strain element that
satisfies the inf–sup condition is presented in Refs. [32,33]. The
interpolation used in these references could be employed for the
shell element but uses enhanced strains and would render the shell
element in computations considerably more expensive.

4. Numerical studies

In this section, we illustrate some important features of our
shell element through the results of several test problems. We



Fig. 9. Single element test for ill-conditioning: (a) director vectors are normal to the mid-surface, (b) director vectors are rotated 30� from the normal direction.

Table 5
CK for different element thickness, see Fig. 9 (E = 1.0 � 107, v = 0.3)

t 1 0.1 0.01 0.001

5 DOF (a) 3.8315 5.8217 7.8216 9.8216
(b) 4.0434 6.0365 8.0364 10.0364

7 DOF (a) 5.1716 7.1632 9.1632 11.1632
(b) 5.3384 7.3318 9.3318 11.3318

9 DOF (a) 5.1716 7.1632 9.1632 11.1632
(b) 5.4338 7.4268 9.4267 11.4267

11 DOF (a) 5.1732 7.1633 9.1632 11.1632
(b) 5.4349 7.4268 9.4267 11.4267

3D 8-node Solid element (a) 3.8963 7.8753 11.8750 15.5166

(a) director vectors are normal to the mid-surface, (b) director vectors are rotated
30� from the normal direction.
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Fig. 10. Eigenvalues of single element (11-DOF, E = 1.0 � 107, v = 0.3, t = 0.1).

Fig. 11. Eigenvalues and condition numbers (director vectors normal to the mid-
surface).
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surface.
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use our shell element with 5, 7, 9, or 11 degrees of freedom per
node, see Table 2, which also lists the orders of numerical integra-
tion used. The element with 5 degrees of freedom at each node is
the MITC4 shell element. Here, we use ‘‘t” for the original shell
thickness instead of 0a used above.

4.1. A cantilever beam under in-plane tangential tractions on the top
and bottom surfaces

We consider a cantilever beam of rectangular cross-section with
tangential in-plane tractions applied on its top and bottom sur-
faces. Of course, for normal tractions, the exact solution through
the thickness is obtained (see also Section 4.2). In this problem,
the in-plane quadratic and cubic displacement functions corre-
sponding to q1, q2, c1 and c2 play an important role in the prediction
of the stress field. Three load cases are tested as shown in Table 3,
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Fig. 13. The hyperboloid shell problem; E = 2.0 � 1011; t = 0.01; po = 1.0 � 106.

Table 6
Clamped-clamped boundary (v = 0.333333)

Strain energy Max. magnitude
of V-displacement

Max. magnitude
of U/W-displacement

5 DOF 5.33891E+02 6.99667E�04 1.35918E�03
7 DOF 5.27460E+02 7.01485E�04 1.35438E�03
9 DOF 5.28865E+02 7.02342E�04 1.35637E�03
11 DOF 5.28915E+02 7.02341E�04 1.35635E�03

Table 7
Clamped-clamped boundary (v = 0.499999)

Strain energy Max. magnitude
of V-displacement

Max. magnitude
of U/W-displacement

5 DOF 5.70978E+02 7.56065E�04 1.46331E�03
7 DOF 0.40085E+02 0.34764E�04 0.18041E�03
9 DOF 0.74792E+02 0.57580E�04 0.34114E�03
11 DOF 1.18613E+02 1.38555E�04 0.36024E�03
u/p-7 DOF 5.55900E+02 7.59076E�04 1.45204E�03
u/p-9 DOF 5.58361E+02 7.60885E�04 1.45701E�03
u/p-11 DOF 5.58467E+02 7.60881E�04 1.45706E�03

Table 8
Free-free boundary (v = 0.333333)

Strain energy Max. magnitude
of V-displacement

Max. magnitude
of U/W-displacement

5 DOF 4.53983E+05 1.04082E+00 2.10145E+00
7 DOF 4.53820E+05 1.04044E+00 2.10070E+00
9 DOF 4.55217E+05 1.04372E+00 2.10719E+00
11 DOF 4.55237E+05 1.04377E+00 2.10728E+00

Table 9
Free-free boundary (v = 0.499999)

Strain energy Max. magnitude
of V-displacement

Max. magnitude
of U/W-displacement

5 DOF 3.81804E+05 0.87391E+00 1.76575E+00
7 DOF 0.02886E+05 0.00198E+00 0.00846E+00
9 DOF 1.45692E+05 0.33107E+00 0.66385E+00
11 DOF 1.79671E+05 0.40899E+00 0.82209E+00
u/p-7 DOF 3.81421E+05 0.87293E+00 1.76395E+00
u/p-9 DOF 3.82368E+05 0.87517E+00 1.76836E+00
u/p-11 DOF 3.82384E+05 0.87520E+00 1.76843E+00
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using L = 20.0, t = 1.0, q = 10.0, E = 1.0 � 105, v = 0.3. The beam is
meshed with 41 elements along its length. We report the stresses
as evaluated along the vertical centerline of the element located at
the center of the beam, where edge effects are negligible. The ana-
lytical values for the stresses are derived in the Appendix.

In the first load case, the resultant axial force and shear force are
zero but the bending moment is nonzero. As shown in Fig. 3, all
shell element solutions give the same correct axial stress distribu-
tion. However, only the 11-DOF shell element predicts the correct
shear stress distribution satisfying the zero resultant shear force
condition and the traction boundary conditions on the top and bot-
tom surfaces, sxzjn = ±1 = q.

In the second load case, the resultant shear force and bending
moment are zero, but the axial force is nonzero. Fig. 4 shows the
calculated stress distributions. In this case, both, the 9-DOF shell
element and the 11-DOF shell element give the analytical solutions
because the cubic displacement function has no effect on the finite
element solution.
In the third load case, the resultant axial force and bending mo-
ment are nonzero, but the resultant shear force is zero. Fig. 5 gives
the calculated results. The predicted transverse shear stress is quite
different using the various element assumptions. Only the 11-DOF
shell element gives an accurate solution satisfying the traction
boundary conditions on the top and bottom surfaces, sxzjn=1=q,
sxzjn = �1 = 0. This result must be expected, since the case is a linear
superposition of cases 1 and 2.

Here, in general, the 11-DOF shell element with the quadratic
distribution of the transverse shear stress through its thickness
must be used to accurately capture the effect of tangential trac-
tions on the top and bottom shell surfaces (satisfying the traction
boundary conditions).
4.2. Pressurized cylinder

We consider the pressurized cylinder problem shown in
Fig. 6. We use this problem to test the predictive capabilities



Fig. 14. The quadrant of a cantilevered cylinder under in-plane tractions; E = 1.0 � 104, v = 0.3, length = 40, thickness = 0.1: (a) case of applied longitudinal traction (q = 0.1);
(b) case of applied circumferential traction (q = 0.007).
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Fig. 15. The deformed shapes when the traction is applied in the longitudinal direction.
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of our shell element in the analysis of a thick-walled structure. A
one element model is used, see Fig. 6b. Note that, since the cyl-
inder can only expand or contract in the radial direction due to
symmetry, the degrees of freedom for the in-plane quadratic and
cubic displacement functions (q1,q2,c1,and c2) have no effect in
the solution of this problem, i.e. the 9-DOF and 11-DOF shell ele-
ments will give the same result as the 7-DOF element.

The analytical solutions of this plane strain problem (ezz = 0) for
the radial displacement ur, and the radial and circumferential
stress srr and shh are

ur ¼
PiR

2
i � PoR2

o

2ðkþ GÞðR2
o � R2

i Þ
� r þ R2

i R2
oðPi � PoÞ

2GðR2
o � R2

i Þ
� 1

r
; ð22-aÞ

srr ¼
PiR

2
i � PoR2

o

R2
o � R2

i

� R2
i R2

oðPi � PoÞ
R2

o � R2
i

� 1
r2 ; ð22-bÞ

shh ¼
PiR

2
i � PoR2

o

R2
o � R2

i

þ R2
i R2

oðPi � PoÞ
R2

o � R2
i

� 1
r2 ; ð22-cÞ

where Ro and Ri are the outer and inner radii, respectively, Po and Pi

are the applied pressures, k and G are the Lamé constants, and
Ri 6 r 6 Ro.



Fig. 17. The effective stress at the top and bottom surfaces in Case (a) of Fig. 14.
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Table 4 lists the predicted radial displacement of the cylinder
mid-surface, and shows that the displacement obtained using the
7-DOF shell element is in good agreement with the analytical solu-
tion, even when the cylinder is rather thick. However, in the (al-
most) incompressible case, the 7-DOF shell element needs to be
used with the proposed assumed pressure field. Of course, if the
cylinder is thin, both, the 5-DOF and 7-DOF shell elements give vir-
tually the same result for the mid-surface displacement. Figs. 7 and
8 show the predicted radial and hoop stresses for the thin and thick
cases.
4.3. Test case for conditioning of the stiffness matrix

In these problem solutions, we study the conditioning of the
stiffness matrices when the thickness of the shell decreases and



Fig. 18. The deformed shapes when the traction is applied in the circumferential
direction.
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Fig. 19. Displacement in z-direction of point B in Fig. 14b.
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the material becomes incompressible. The degree of ill-condition-
ing can be measured by the condition number defined as [1],

condðKÞ ¼ kmax

kmin
; ð23Þ

where kmax and kmin are the maximum and minimum eigenvalues of
the stiffness matrix K with rigid body modes excluded. For compar-
ison purposes, we use CK

CK ¼ log10fcondðKÞg: ð24Þ

First, a single element with two different orientations of director
vectors as shown in Fig. 9 is tested. The results are listed in Table
5. We see that the condition number of the 3D-shell element with
more than five degrees of freedom is for the thin case only about
an order of magnitude larger than for the MITC4 shell element with
five degrees of freedom. This increase in the condition number is
small when compared to the increase for the 3D solid element. Note
that condðKÞ � Oðt�2Þ for all shell elements while condðKÞ � Oðt�4Þ
for the 3D solid element with the thickness, t. When the director vec-
tors are not normal to the shell mid-surface as shown in Fig. 9b, the
condition number only slightly increases. This is shown in Fig. 10.

Next, we consider a plate modeled with a 10 � 10 element
mesh, see Fig. 11, and solve for the eigenvalues and condition num-
bers, see Ref. [17] for a similar example. We see that the condition
numbers of our shell element with 7–11 degrees of freedom are
only slightly larger than for the MITC4 element. Therefore, in the
analysis of shell structures in which 3D effects shall be predicted,
the element proposed here is much more reliable than the 3D solid
element.

Finally, the single element with an almost incompressible mate-
rial is considered. In this case, we have inevitably an ill-condi-
tioned stiffness matrix because, for 3D type elements, we have at
least one very large eigenvalue corresponding to the volumetric
deformation mode. In Fig. 12, the displacement-based (without
pressure degrees of freedom) shell element shows eight very large
eigenvalues that cause the element to be too stiff and lock, see Ta-
bles 4, 7 and 9. If we use the element with the u/p formulation, see
the assumed pressure field in Eq. (21), only two very large eigen-
values which correspond to the volumetric expansion mode (the
constant pressure mode) and a bending mode (the linear pressure
mode through the thickness) are observed. It appears natural to
therefore try to use only the constant pressure field (p = p0) in
the u/p formulation, but then the element has a spurious zero en-
ergy mode corresponding to the bending mode. Hence, the pres-
sure assumption in Eq. (21) is more appropriate.

4.4. Hyperboloid shell problems

These shell problems were proposed and studied by Chapelle
and Bathe [2,29,30] and provide excellent test problems for shell
elements. We solve the problems here to investigate the perfor-
mance of our shell discretizations in the almost incompressible
case.

The geometry of the shell mid-surface is given by (see Fig. 13)

x2 þ z2 ¼ 1þ y2; y 2 ½�1;1�: ð25Þ

The hyperboloid mid-surface is subjected to the smoothly varying
periodic pressure

pðhÞ ¼ p0 cosð2hÞ: ð26Þ

If the shell is clamped on both ends, the problem is a membrane-
dominated problem, and if the shell is free on both ends, the prob-
lem is a bending-dominated problem. We use a 16 � 16 uniform
mesh of elements to solve the two problems.

Some results are listed in Tables 6–9. When the material is
compressible (see Tables 6 and 8), each shell model gives similar
results in both the membrane and bending dominated cases. How-
ever, when the material is nearly incompressible (see Tables 7 and
9), the shell elements based on the full three-dimensional constitu-
tive law experience volumetric locking while the 5-DOF MITC4
shell element of course does not lock. Note that, by using the u/p
formulation, the volumetric locking of the shell elements using
the three dimensional constitutive law is successfully removed
in, both, the membrane and bending dominated cases.

4.5. A quadrant of a cantilevered cylinder under in-plane tangential
tractions

A quadrant of a cantilevered cylinder under in-plane tangential
tractions is tested. The tractions are applied in the longitudinal
direction for one case and the circumferential direction for the
other case as depicted in Fig. 14. In order to see how the load posi-
tions affect the solutions, the deformation-dependent tractions are
applied on the top, middle and bottom surfaces for each case.



Fig. 20. The effective stress at the top and bottom surfaces in Case (b) of Fig. 14.
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Geometrically nonlinear analyses are performed using the 11-DOF
shell element with a 10 � 9 mesh of elements in the total Lagrang-
ian framework [1]. The deformed shapes and the displacements
and effective stresses are given in Figs. 15–20. We can see that sig-
nificant response differences arise depending on how the tractions
are applied.

Note that we may obtain very similar results with the 5-DOF
MITC4 shell element by applying the resultant forces and moments
on the shell mid-surface, especially for a very thin structure as in
this problem. Here the effect of the quadratic and cubic in-plane
displacements is small enough to be neglected. However, our 11-
DOF shell element provides a direct and natural way to include
the effects of surface tractions when these are initially unknown
(e.g. imposed in a metal forming problem), vary over the shell
top and bottom surfaces and the shell thickness changes
significantly.
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5. Concluding remarks

We presented in this paper a 4-node 3D-shell element that, in
essence, represents a hierarchical improvement of the MITC4 shell
element to include some important three-dimensional effects: the
full 3D stress–strain law is used, the thickness change is included,
shell tractions can be applied on the top and bottom surfaces of the
shell, and the material can be incompressible. An important attri-
bute is that the element does not result in undue ill-conditioning
(as seen when shell surface top and bottom nodes are used in
the kinematic description of 3D-shell elements) and does not result
in instabilities (as seen with enhanced strain formulations).

There are various fields of applications for the 3D-shell element,
including all those involving large strain effects and contact. But in
particular, the given formulation provides the basic framework for
effective large strain analyses using 3D orthotropic hyperelastic or
elastic–plastic material descriptions [34–37] as encountered in
bio-engineering and metal forming.

A quite outstanding research task is the mathematical analysis
of the proposed 3D-shell element, as pursued in Refs.
[2,6,10,16,18] for other formulations.

Appendix

We consider the cantilever beam subjected to in-plane tractions
described in Table 3, and use the Airy stress function method to
solve for the stresses.

The stress equilibrium and strain compatibility conditions are
satisfied by solving the equation:

o4/
ox4 þ 2

o4/
ox2oz2 þ

o4/
oz4 ¼ 0; ðA1Þ

where

sxx ¼
o2/
oz2 ; szz ¼

o2/
ox2 ; sxz ¼ �

o2/
oxoz

ðA2Þ

with the following boundary conditions:

sxzjz¼t
2
¼ qt ; sxzjz¼�t

2
¼ �qb;

szzjz¼t
2
¼ szzjz¼�t

2
¼ 0:

ðA3Þ

The trial stress function used is

/ ¼ c0ð1þ a1xÞð1þ b1zþ b2z2 þ b3z3Þ: ðA4Þ

This function satisfies Eq. (A1).
Then the corresponding stresses are

sxx ¼
o2/
oz2 ¼ c0ð1þ a1xÞð2b2 þ 6b3zÞ;

szz ¼
o2/
ox2 ¼ 0;

sxz ¼ �
o2/
oxoz

¼ �c0a1ðb1 þ 2b2zþ 3b3z2Þ:

ðA5Þ

From the force and moment equilibrium, the resultant shear force,
axial force and bending moment at each section of the beam are

VðxÞ ¼
Z t=2

�t=2
sxz dz ¼ 0;

NðxÞ ¼
Z t=2

�t=2
sxx dz ¼ ðqt þ qbÞðL� xÞ;

MðxÞ ¼
Z t=2

�t=2
sxxzdz ¼ ðqt � qbÞðL� xÞ t

2
:

ðA6Þ

Substituting Eq. (A5) into Eq. (A6) and applying the boundary con-
ditions (A3), we obtain
a1 ¼ �
1
L
;

c0b1 ¼ �
ðqt � qbÞL

4
;

c0b2 ¼
ðqt þ qbÞL

2t
;

c0b3 ¼
ðqt � qbÞL

t2 :

ðA7Þ

Therefore the solution is
sxx ¼ ðL� xÞ ðqt þ qbÞ
1
t
þ 6ðqt � qbÞ

1
t2 z

� �
;

szz ¼ 0;

sxz ¼ �ðqt � qbÞ
1
4
þ ðqt þ qbÞ

1
t

zþ 3ðqt � qbÞ
1
t2 z2

� �
:

ðA8Þ
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