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1. Introduction

Although much research effort has been spent on solving
wave propagation problems, the accurate solution of many such
problems is frequently still difficult, in particular when multi-
scale behavior is involved. Of course, in general, a numerical
solution needs to be employed [1,2]. However, when wave num-
bers vary in magnitude over the domain, the wave numbers
may be very large in certain regions, in particular where there
is resonance, requiring a fine mesh to capture this fine-scale
variation accurately. In this case, if conventional numerical
methods are used, even though most of the domain should
not require a fine mesh, we still have to provide the fine dis-
cretization for the entire domain. The reason is that the waves
will travel throughout the domain and we cannot predict pre-
cisely prior to the analysis where resonance will occur. Indeed,
frequently, it is the objective of the analysis to detect the re-
gions of resonance.

A specific example in mind is the solution of waves in plasmas.
Applying radio-frequency waves in order to raise plasma tempera-
tures is an important subject of research for nuclear fusion. Much
effort has been directed to uncover the mechanisms of electromag-
netic wave propagations in plasmas (see Refs. [3,4] and the refer-
ences therein) and computer programs to solve wave
propagations in plasmas have been developed [5–7]. Since in these
ll rights reserved.
numerical solutions also the phenomenon of mode conversion
needs to be addressed, the usual numerical techniques to solve
wave propagation problems are not efficient.

To solve wave propagation problems accurately, the spectral
method [8] or spectral finite element method have been used
[9–11] and good results have been obtained in certain analyses.
However, these methods can be computationally expensive, and
more importantly, the methods show intrinsic difficulties in satis-
fying the boundary conditions for arbitrary-shaped domains. Since
in many wave propagation analyses, the domain considered is geo-
metrically complex, the available spectral techniques may not be
effective.

Another possibly more efficient approach is to utilize basic
interpolation functions that are enriched with waves. This means
in essence to construct special interpolation functions that are
more amenable to capture the desired response. This approach is
rather natural to increase the effectiveness of the finite element
method for the solution of specific problems, and has been pursued
for a long time, like for example (that is, not giving an exhaustive
list of references) in the analysis of wave propagations [12–14],
global local solutions [15,16], piping analyses [17], the develop-
ment of beam elements [18], and in fluid flow analyses [19,20].
Such methods have lately also been referred to as partition of unity
methods or extended finite element methods, see for example [21–
24]. In addition, recently, discontinuous Galerkin methods [25] and
related techniques have been researched for the solution of wave
propagation problems, but these techniques are computationally
very expensive to use.
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Whenever such a problem-specific method is proposed, the
generality for a specific class of problems and effectiveness are cru-
cial. For plasma wave problem solutions, Pletzer et al. proposed a
wave-packet approach using the Gabor functions as envelopes
[26]. Although this method has several good features, five param-
eters need to be selected, where it is difficult to find near optimal
choices. Also, since the values of the Gabor functions are nonzero in
the entire calculation domain, a cutoff value has to be defined. Fur-
thermore, it is difficult to incorporate general boundary conditions.

Our objective in this paper is to present a finite element scheme
in which basic finite element interpolations are used enriched with
wave packets. The method is quite simple and is based on the stan-
dard finite element method [1] and spectral method [8], but does
not have the above-mentioned disadvantages. It turns out that
the resulting interpolation functions have the same structure as
those proposed in References [12,13] but can be applied to a much
broader range of problems. Specifically, the procedure can also be
used to solve a range of plasma wave propagation problems, for
example in which mode conversion occurs. In these cases, waves
with dramatically different wavelengths can exist in localized re-
gions, which are determined by sophisticated plasma models con-
sidering kinetic effects. An important point is that the governing
equations corresponding to the kinetic models include integrals,
since the dielectric tensor is evaluated by integrating over the
whole of velocity space and past particle trajectory time. For that
reason, the methods referenced above [12–14,21,22] cannot di-
rectly be used to solve such plasma wave problems, because they
use solutions of some specific differential equations. Our approach
utilizes classical finite element interpolations with spectral enrich-
ments, and can be applied to the equations including integrals as
well as general differential equations. The combined interpolation
technique can be used to easily satisfy Dirichlet boundary condi-
tions and solve for many different wave numbers in one solution.

We first present the numerical procedure in detail and then give
the solutions of some test problems, including a problem model-
ling wave behavior in plasmas. We show that the proposed finite
element method gives more accurate results than the conventional
finite element method for wave propagation problems. While we
only consider one-dimensional linear problems, there is consider-
able intrinsic potential of the method to be effective for multi-
dimensional and even nonlinear solutions.
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Fig. 1. Schematic diagram of a linear wave-packet interpolation function.
2. Finite element wave-packet approach

The method proposed here is based on three important fea-
tures: the technique can be thought of as using the interpolations
of the traditional finite element method enriched by waves, the
resultant global coefficient matrix is sparse as in finite element
methods, and the boundary conditions are easily incorporated.
The purpose of this section is to describe each feature in detail.

2.1. Foundation of the numerical method

The basis of the proposed scheme is a weak form of the
weighted residual method [1]. Consider a general one-dimensional
ordinary differential equation written as L[u] + f(x) = 0, where L is
an ordinary differential operator. Let û be an approximate numer-
ical solution. The numerical solution û is determined such that the
following integral equation is satisfied:Z

X
hðxÞðL½û� þ f ðxÞÞdXþ

Z
C

hðxÞðB½u� � B½û�ÞdC ¼ 0; ð1Þ

where h(x) is a weight function, B is an operator for the boundary
term, X and C denote the calculation domain and its boundary,
respectively. Using the standard Galerkin approach, the numerical
solution and the weight function are given by the same type of
interpolation functions, which are formulated next.

2.2. Linear, quadratic and Hermitian wave-packet interpolation
functions

The interpolation functions are constructed by multiplying
sinusoidal functions by well-known finite element interpolation
functions. First, the numerical solution û and the weight function
h are expressed using the linear or quadratic wave-packet interpo-
lation functions g(i,j) as follows:

ûðxÞ ¼ gði;jÞðxÞuði;jÞ; hðxÞ ¼ g�ði0 ;j0 ÞðxÞhði0 ;j0Þ; ð2Þ

where the superscript * denotes the complex conjugate; u(i,j), hði0 ;j0 Þ
are nodal complex variables in the coordinate-frequency space
identified by the global node number i (i

0
) and the harmonic number

j (j
0
). Here the summation convention applies to the subscripts i and

j. Since our methods utilize a finite element interpolation function as
an envelope function, the value of the envelope function is one at
some nodal point xk and zero at every xj (j – k). This allows the func-
tions g(i,j) to be defined locally as follows.
For the linear case:

gða;jÞðnÞ ¼
1
2
ð1þ nanÞ exp i2pmj xe þ

Dx
2

n

� �� �
: ð3Þ

For the quadratic case:

gða;jÞðnÞ ¼
nan
2
ð1þ nanÞ þ ð1� n2

aÞð1� n2Þ
� �

exp i2pmj xe þ
Dx
2

n

� �� �
;

ð4Þ
where i, xe, Dx and n are the imaginary unit, the x-coordinate at the
center of an element, the length of an element and the coordinate
variable in the calculation space (�1 6 n 6 1), respectively; the
physical space is then related to the calculation space by
x = xe + (Dx/2)n. The subscript a denotes the local node number,
and the values of na are n1,2 = �1, 1 for the linear case and
n1,2,3 = �1, 1, 0 for the quadratic case, respectively. The wave num-
bers 2pmj are determined by mj = jm, where m is the fundamental fre-
quency and j is an integer in the range �(NF � 1)/2 6 j 6 (NF � 1)/2
with the cutoff number of harmonics NF. Here NF P 1 is an odd inte-
ger. The schematic profile of a linear wave-packet interpolation
function is shown in Fig. 1. As we will see in numerical examples
in Section 4, the quadratic wave-packet interpolation is actually
more effective.

Another possibly more efficient wave-packet approach can be
established by employing Hermitian cubic beam functions [1]
where then the nodal values and also the derivative values at the
nodes are used. This makes the expressions for the numerical solu-
tion and the weight function slightly different from Eq. (2):

ûðxÞ ¼ gði;jÞðxÞ~uði;jÞ; hðxÞ ¼ g�ði0 ;j0 ÞðxÞ~hði0 ;j0Þ: ð5Þ

Here the Hermitian wave-packet interpolation functions comprise
two different expressions:

gði;jÞ ¼ g1
ði;jÞ ~uði;jÞ ¼ uði;jÞ for 1 6 i 6 Nx;

¼ g2
ðk;jÞ; ¼ u0ðk;jÞ for Nx þ 1 6 i 6 2Nx

ð6Þ
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(same applies to ~hði;jÞ), where Nx is the total number of nodes, and
the value of the subscript k is related to the value of i by k = i � Nx.
In a similar way to the linear and quadratic wave-packet interpola-
tions, these functions in Eq. (6) can be written locally as follows:

g1
ða;jÞðnÞ ¼

1
4
ðnþ naÞ2ð�nanþ 2Þ exp i2pmj xe þ

Dx
2

n

� �� �
;

g2
ða;jÞðnÞ ¼

Dx
8
ðnþ naÞ2ðn� naÞ exp i2pmj xe þ

Dx
2

n

� �� �
;

ð7Þ

where n1,2 = �1, 1. The real-valued profiles of the Hermitian wave-
packet interpolation functions are shown in Fig. 2.

For a real-valued solution, we can easily derive the following
restrictions from Eqs. (2) and (5):

uða;jÞ ¼ u�ða;�jÞ;u
0
ða;jÞ ¼ u0�ða;�jÞ; ð8Þ

where the equation involving derivatives is of course only consid-
ered for the Hermitian wave-packet interpolation functions. These
relations reduce the number of unknowns to half and consequently,
the size of the global matrix to a quarter. Using Eq. (8), for example,
we can modify the linear wave-packet interpolation functions as
follows:

ûðxÞ ¼ ga
ða;0Þuða;0Þ þ

XðNF�1Þ=2

j¼1

gb
ða;jÞu

ðRÞ
ða;jÞ þ gc

ða;jÞu
ðIÞ
ða;jÞ

h i
¼ gða;mÞ~uða;mÞ;

ð9Þ

with

ga
ða;0Þ ¼

1
2
ð1þ nanÞ;

gb
ða;jÞ ¼ ð1þ nanÞ cos 2pmj xe þ

Dx
2

n

� �� �
;

gc
ða;jÞ ¼ �ð1þ nanÞ sin 2pmj xe þ

Dx
2

n

� �� � ð10Þ

gða;mÞ ¼ ga
ða;0Þ ~uða;mÞ ¼ uða;0Þ for m ¼ 0;

¼ gb
ða;jÞ; ¼ uðRÞða;jÞ for 1 6 m 6 ðNF � 1Þ=2;

¼ gc
ða;kÞ ¼ uðIÞða;kÞ for ðNF � 1Þ=2þ 1 6 m 6 NF � 1;

ð11Þ

where uðRÞða;jÞ, uðIÞða;jÞ are the real and imaginary parts of u(a,j), respec-
tively, and the subscripts j, k and m in Eq. (11) are related to one an-
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Fig. 2. Profiles of the Hermitian wave-packet interpolation functions together with their
Re½g2

ða;jÞ � vs. n.
other by j = m, k = m � (NF � 1)/2. Of course, if we consider a general
plasma wave, the numerical solution is always complex, and hence
Eqs. (8)–(11) are not applicable.

An interesting observation is that for j = 0 all the wave-packet
interpolation functions given in Eqs. (3), (4), and (7) reduce to
the usual finite element interpolation functions as a result of
mj = jm = 0. Thus, for NF = 1, the present interpolation scheme con-
sists only of the conventional finite element interpolation func-
tions, and indeed the present wave-packet approach is identical
to the conventional finite element method when NF = 1 (see Sec-
tion 2.3). We will see that this property leads to the straightfor-
ward treatment of the boundary conditions.

The present scheme results in a relatively low computational
cost since the global matrix is sparse. This sparsity is due to the lo-
cal interpolation of wave packets. As an example, we show the dis-
tribution of the global matrix elements for the case of using the
Hermitian functions in Fig. 3, where the nonzero regions are
block-diagonalized with a regular bandwidth of 3NF.

As an illustration, consider a one-dimensional sine-wave prob-
lem described by u00 + a2u = 0 in the range 0 6 x 6 1 subject to the
boundary conditions u(0) = 0, u0(1) = a. Here a is a constant with
cos a = 1. The exact solution for this problem is then given by
u = sin (ax). Fig. 4a shows a numerical solution obtained by the lin-
ear finite element wave-packet approach for a = 4p, m = 0.5, Nx = 2
and NF = 9. As seen, with only one element used, we obtain virtu-
ally the exact analytical results. This is the desired result since
the method is based on the Fourier decomposition technique so
that any smooth function should be reproduced by the combina-
tion of sinusoidal waves with different wave numbers regardless
of the value of Nx. Fig. 4b is a semi-log plot of the error norm, which
is defined by k � k � ½

R
ðu� ûÞ2dx=

R
u2dx�1=2, as a function of NF. We

notice that the error decreases logarithmically with the number of
harmonics for NF P 5. Due to this feature, the present wave-packet
approach can yield more accurate results compared to the conven-
tional finite element method by orders of magnitude.

2.3. Imposing the boundary conditions

An important feature of the present method is the ease of
imposing the boundary conditions. Consider a one-dimensional
problem governed by a second-order differential equation. When
imposing the Dirichlet boundary condition, we choose a weight
function whose value is forced to be zero at the boundary in the
(b)
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Fig. 3. An example of the structure of the global matrix for the analysis using the
Hermitian finite element wave-packet method.
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Fig. 4. The numerical results obtained by the linear finite element wave-packet
method for m = 0.5, Nx = 2: (a) the calculated wave for NF = 9; (b) the norm of error as
a function of NF.
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same way as in the conventional Galerkin finite element methods.
But an important point to notice is that the interpolated nodal val-
ues u(i,j) (or ~uði;jÞ) are not identical to the nodal values of the numer-
ical solution ûðxÞ. Thus, for example, if we intend to exactly satisfy
the Dirichlet boundary condition at the boundary x = xb (the right-
hand side boundary), the following equality must be satisfied:

ûðxbÞ ¼ gði;jÞðxbÞuði;jÞ ¼ ub ðfor the linear=quadratic caseÞ;
ûðxbÞ ¼ gði;jÞðxbÞ~uði;jÞ ¼ ub ðfor the Hermitian caseÞ

ð12Þ

For ub being real, Eq. (12) leads to

PðNF�1Þ=2

j¼�ðNF�1Þ=2
cosð2pmjxbÞuðRÞðNx ;jÞ � sinð2pmjxbÞuðIÞðNx ;jÞ

h i
¼ ub;

PðNF�1Þ=2

j¼�ðNF�1Þ=2
sinð2pmjxbÞuðRÞðNx ;jÞ þ cosð2pmjxbÞuðIÞðNx ;jÞ

h i
¼ 0;

8>>>><
>>>>:

ð13Þ

where we note that Eq. (13) does not lead to a unique solution for
NF > 1. However, the following choice always satisfies the boundary
condition for any m and xb:

uðRÞðNx ;jÞ ¼ ub for j ¼ 0;

¼ 0 for j – 0;

uðIÞðNx ;jÞ ¼ 0 for any j:

ð14Þ

This corresponds to the concept of imposing the exact boundary va-
lue in the conventional finite element component (j = 0). Note that
Eq. (14) is consistent with the statement in Section 2.2; the present
scheme reduces to the conventional finite element method for
NF = 1.

On the other hand, the proposed method only approximately
satisfies the Neumann boundary conditions, again as in the conven-
tional finite element method. For the linear or quadratic wave-
packet approach, the value of the weight function at the boundary
can be arbitrary. The boundary term in the discretized equation is
calculated in the same way as in standard finite element methods.
For the Hermitian wave-packet approach, we specify h0ði;jÞ ¼ 0 at the
Neumann boundary and choose the boundary nodal values in a
similar way to the Dirichlet boundary condition as follows:

u0ðRÞðNx ;jÞ ¼ u0b for j ¼ 0;

¼ 0 for j – 0;

u0ðIÞðNx ;jÞ ¼ 0 for any j:

ð15Þ

Here we assume that the Neumann boundary condition is imposed
at x = xb. In general, the above choice does not exactly satisfy the
Neumann boundary condition because

dû
dx

����
x¼xb

¼ 2
Dx

dg1
ða¼2;jÞðnÞ

dn
uða¼2;jÞ þ

dg2
ða¼2;jÞðnÞ

dn
u0ða¼2;jÞ

 !�����
n¼1;x¼xb

¼ 2
Dx

dg1
ð2;jÞðnÞ
dn

uð2;jÞ

�����
n¼1;x¼xb

þ u0b

ð16Þ

In general, the first term on the right-hand side is nonzero so that
dû=dxjx¼xb

–u0b. For NF = 1, the scheme reduces to the conventional
Hermitian finite element method, and then the Neumann boundary
condition is exactly satisfied.

3. A required condition in the fundamental frequency

In the present scheme, we need to specify three numerical
parameters: Nx, NF and m. Here we derive one required condition
for a proper choice of m related to the value of Nx.

First of all, an important point is that every integral in the lo-
cally discretized equations can be written in the following form:

I ¼
Z 1

�1

X
n¼0

Cnn
n

 !
expðanþ bÞdn; ð17Þ
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Fig. 5. Numerical solutions of the wave propagation problem through different
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where

a ¼ ipðmj � mj0 ÞDx; b ¼ i2pðmj � mj0 Þxe: ð18Þ

Here n P 0 takes integer values, and Cn are the coefficients deter-
mined depending on the differential equations considered. Now let

FðnÞ ¼
Z 1

�1
nn expðanþ bÞdn: ð19Þ

Then Eq. (17) is simply expressed by I ¼
P

n¼0CnFðnÞ. Consider first
the case of mj – mj0 (i.e., j – j0). For n P 1 one can rewrite Eq. (19) as
follows:

FðnÞ ¼ nn

a
expðanþ bÞ

� �1

�1
� n

a
Fðn� 1Þ: ð20Þ

For n = 0 we have:

Fð0Þ ¼
Z 1

�1
eanþbdn ¼ 1

a
ðeaþb � e�aþbÞ: ð21Þ

Thus, using Eqs. (20) and (21) we obtain F(n) for any value of n
through successive calculations. For mj ¼ mj0 ðj ¼ j0Þ, the integral in
Eq. (19) is easily solved as follows:

FðnÞ ¼
Z 1

�1
nndn ¼ 1

nþ 1
½1� ð�1Þnþ1�: ð22Þ

These analytical expressions are desirable since we do not need to
apply any numerical integration to the integral shown in Eq. (17);
consequently, the computation of each term is fast without a
numerical error due to numerical integration.

Now, using Eqs. (20)–(22), consider the following two impor-
tant limits: |a| ?1 and |a| ? 0. Assume that a given differential
equation is discretized by properly choosing finite element wave-
packet interpolation functions. For |a| ?1, we find that
jIj¼j0 j=jIj–j0 j ! 1 and jIj¼j0 j ! 1 for j – 0 in a non-sparse block
(i, i0), where jIj¼j0 j and jIj – j0 j are the integrals obtained by adding
up all the discretized derivative terms for j = j0 and j – j0, respec-
tively, expressed in the form of Eq. (17). On the other hand, for
|a| ? 0, we find that jIj – j0 j=jIj¼j0 j ! 1 and jIj – j0 j ! 1 in a non-
sparse block (i, i0). Of course, the numerical solutions for these
cases do not make any sense. Therefore, a required condition
should be |a| � 1, i.e., mDx � 1, for which the magnitude of every
term in Eq. (17) is about like in the conventional finite element dis-
cretization (j = j0 = 0). The physical interpretation of this constraint
is that the waves in the wave packet should have at least one
wavelength in an element (see Fig. 1).

4. Numerical examples

In this section, we illustrate the performance of the finite ele-
ment wave-packet approach using three test problems. First, we
solve a wave propagation through different media, then we solve
the problem described by the Airy-type equation, whose exact
solutions are available for comparison with the numerical results.
Finally we solve a more difficult problem which models the
mode-conversion behavior of the radio-frequency waves in plas-
mas described by the Wasow equation. We take the last two exam-
ples from Ref. [26]. In all solutions we use uniform meshes and
when we compare solution accuracies with the accuracy obtained
using the conventional finite element method we employ the fact
that the solutions are real and use the same number of unknowns
(see Section 2.2).

4.1. Wave propagation through different media

Consider the wave propagation problem through different med-
ia described by the following equation:
d2u

dx2 þ a2u ¼ 0; 0 6 x 6 2; ð23Þ

where a2 ¼ a2
I for 0 6 x < 1 and a2 ¼ a2

II for 1 < x 6 2. We assume
that sin aI = sin aII = 0 and cos aI = cos aII subject to the boundary
conditions u(0) = 0 and u0(2) = aII. The exact solution is then
uI = (aII/aI)sin (aIx) in the range 0 6 x < 1 and uII = sin (aIIx) in
1 < x 6 2. Here we consider two cases: aI = 8p, aII = 4p in case 1
and aI = 64p, aII = 8p in case 2.

The discretized equation for Eq. (23) is:Z
Xe

dg�ða;j0 Þ
dx

dgðb;jÞ
dx
�a2g�ða;j0 Þgðb;jÞ

 !
dx �uðb;jÞ �g�ða;j0 Þ

du
dx

����
Neumann boundary

¼ 0:

ð24Þ

As for the parameters used in the numerical scheme, we set the
number of envelope positions (i.e., nodes), the cutoff number of har-
monics and the fundamental frequency to Nx = 9, NF = 5, m = 1.8
(Nx = 21, NF = 11, m = 6.0) for the linear, quadratic wave-packet
methods and Nx = 5, NF = 5, m = 1.5 (Nx = 11, NF = 11, m = 6.0) for the
Hermitian wave-packet method in case 1 (case 2).

The profiles of the numerical solutions obtained by the Hermi-
tian wave-packet method are shown in Fig. 5. Fig. 6 shows the
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Fig. 7. Comparison of the numerical error for the wave propagation problem
through different media between the finite element wave-packet method and the
conventional finite element method: (a) case 1; and (b) case 2.
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Fig. 6. Comparison of the numerical error for the wave propagation problem
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comparison of the numerical error (û� u) for the linear, quadratic
and Hermitian wave-packet approaches. As seen, the error is con-
siderably smaller if we use higher-order envelope functions,
although the difference between the quadratic and Hermitian
wave packets is small. Fig. 7 shows the comparison of the numer-
ical error between the present wave-packet method and the con-
ventional finite element method with Nx = 25 in case 1 and
Nx = 121 in case 2, both of which utilize the Hermitian interpola-
tion functions. We see that the numerical results obtained using
the Hermitian wave-packet method are several orders of magni-
tude more accurate than the results obtained using the standard fi-
nite element method. Especially, the result in Fig. 7b demonstrates
that a sufficient number of harmonics yields rapid convergence for
a smooth function as for the standard Fourier series (see Fig. 4b).

4.2. Airy-type equation

Second, the methods are applied to the following second-order
differential equation:

d2u

dx2 þ a2ð1� 2xÞu ¼ 0; 0 6 x 6 1; ð25Þ

whose exact solution is described by the Airy function: u =
Ai[(a/2)2/3(2x � 1)]. Here the coefficient a is fixed at 21p/2 (the same
value as in Ref. [26]), and the corresponding boundary conditions are
given by u0(0) = �8.3239 and u0(1) =�9.8696� 10�5. Fig. 8 shows the
profile of the corresponding exact solution. The fundamental
frequency, the numbers of envelope positions and Fourier modes
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Fig. 9. Comparison of the numerical error for the Airy-type equation among the
three different wave-packet methods.
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are m = 2.0, Nx = 9 for the linear, quadratic cases, Nx = 5 for the Hermi-
tian case, and NF = 5.

Fig. 9 gives the numerical error for the three different wave-
packet approaches. As before, the errors obtained using the high-
er-order wave-packet interpolations are much smaller than the
error obtained using the linear interpolation. Also, it is observed
that the higher-order finite element wave-packet methods are
comparable in accuracy with the Gabor element method developed
by Pletzer et al. [26]. Fig. 10 shows the comparison of the numer-
ical error between the present wave-packet method and the con-
ventional finite element method (with Nx = 25), both of which
utilize the Hermitian interpolation functions. Again, it is observed
that the numerical result using the Hermitian wave-packet method
is much more accurate; note that the error-scale differs by two or-
ders of magnitude.

4.3. Wasow equation

Lastly, we consider the numerical solution of the Wasow equa-
tion, which models the mode conversion effects of radio-frequency
waves in plasmas. The equation considered here is given by

d2

dx2þk2½1�0:5ðx�0:5Þ�
( )

d2

dx2þk2½1�160ðx�0:5Þ�
( )

uþau¼ 0;

06 x6 1; ð26Þ

where k2 = 2 � 103 and a = 8 � 106 subject to the boundary condi-
tions u(0) = 0, u(1) = 1 and u0(0) = u0(1) = 0 (the same boundary con-
ditions as in Ref. [26]). Eq. (26) implies the formation of multiscale
waves with different wave numbers by a factor of 320. Here a com-
parison is made between the finite element wave-packet method
and the conventional finite element method, both utilizing the Her-
mitian interpolation functions which can be straightforwardly ap-
plied to this fourth-order differential equation. As numerical
parameters, we choose m = 10.5, Nx = 10 and NF = 11.

Since an analytical solution to this problem is not available, we
first calculate the problem with a very fine mesh using the Hermi-
tian interpolation functions, and utilize the obtained result as a
‘‘quasi-exact” solution. Fig. 11 shows the numerical solution ob-
tained with 1000 elements. We see that the fast and slow waves
are coupled on the left half of the domain (see Fig. 11b), while only
the slow wave having a shorter wavelength is evanescent on the
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right half. This is also confirmed in Eq. (26); although the sign of
r1 = k2[1 � 0.5(x � 0.5)] is always positive in the entire domain,
the sign of r2 = k2[1 � 160(x � 0.5)] changes from positive to nega-
tive at x = 0.5. The former corresponds to propagation of the fast
wave at every point, whereas the latter corresponds to evanes-
cence of the slow wave on the right half of the domain. The mixing
of these very different waves makes it more difficult to accurately
solve the Wasow equation compared to the equations in the previ-
ous problems.

A comparison of the numerical error (û� uquasi�exact) between
the finite element wave-packet method and the conventional finite
element method is shown in Fig. 12. Again, the present wave-pack-
et approach gives a more accurate numerical result compared to
the conventional finite element solution.

5. Conclusions

We presented in this paper a finite element wave-packet meth-
od for the analysis of waves through media, and solved some illus-
trative problems. The method is in particular directed to solve
waves in plasmas accurately with a reasonable computational cost.
The key idea is to enrich the usual finite element interpolations
with wave packets. We see that this approach results into some
favorable features drawing from both, conventional finite element
and spectral methods. First, the interpolation functions are locally
defined in the same way as in the conventional finite element
methods, which is effective for programming. Second, this local
definition results in the formation of a sparse global matrix. Third,
all the integrals in the discretized equation are analytically solved,
yielding simple expressions (of course, numerical integration could
be used and probably has to be used for wave equations of higher
dimensions). Fourth, the boundary conditions are easily incorpo-
rated in the discretized equation. In fact, the Dirichlet and Neu-
mann boundary conditions are treated in a similar way as in the
conventional finite element methods. Fifth, using the wave packets
can give more accurate results than using the corresponding con-
ventional finite element methods under the same computational
costs.

Plasma wave equations can be far more complex than the one-
dimensional equations we solved here, but the one-dimensional
equations/solutions exhibit some of the fundamental characteris-
tics of these more complex waves. In further research the method
should be applied to and tested in two- and three-dimensional
solutions with nonuniform meshes. Also, a mathematical
convergence analysis should be pursued to identify the rate and
order of convergence, and the optimal value of fundamental
frequency.
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