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In earlier work an effective implicit time integration scheme was proposed for the finite element solution
of nonlinear dynamic problems [1,2]. The method, referred to as the Bathe method, was shown to possess
unusual stability and accuracy characteristics for the solution of problems in linear and nonlinear
structural dynamics [1–3]. In this paper we study the dispersion properties of the method, in comparison
to those of the widely used Newmark trapezoidal rule, and show that the desired characteristics of the
Bathe method for structural dynamics are also seen, and are very important, in the solution of wave
propagation problems. A dispersion analysis is given and problems are solved to illustrate the capabilities
of the scheme for the solution of wave propagation problems.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Direct time integration is widely used in the finite element solu-
tions of transient wave propagation problems, see e.g. [4,5]. How-
ever, accurate solutions are difficult to obtain because of numerical
dispersion and dissipation, resulting from period elongations and
amplitude decays [4–11]. Spurious oscillations, especially for high
wave numbers, can severely ruin the accuracy of the solution. As
waves travel, the errors from the difference between the numerical
and analytically exact wave velocities, and their amplitudes, accu-
mulate and the numerical solution can become very erroneous.

Much research effort has been focused on establishing tech-
niques that reduce the dispersion and dissipation errors. Of course,
by improving the spatial discretization, the solution can be more
accurate. Most straightforwardly, a fine mesh with a very small
time step size can be used. This strategy requires that the time step
be selected carefully, depending on the element size, otherwise the
solution errors are large even with a fine mesh [4,12,13]. Instead of
a finer mesh, a higher-order spatial discretization [14–23] may be
used to improve the solution accuracy. However, the use of higher-
order elements can be computationally expensive and may not
have the generality of the traditional finite element procedures
using low order elements.

In the solution of transient wave propagations, the errors from
the spatial and temporal discretizations appear together and affect
each other [24–29]. Analyses of these errors have led to the use of
linear combinations of consistent and lumped mass matrices
[25,30–34]. Such approach can significantly reduce the dispersion
error in one-dimensional analyses, but good accuracy in higher
dimensional general wave propagations by this technique alone
is difficult to reach.

Another approach is to reduce the solution errors by evaluating
the mass and stiffness matrices using modified spatial integration
rules [29,34,35]. Such schemes can improve the accuracy of
solutions of multi-dimensional wave propagation problems when
using certain elements and meshes. However, different integration
rules than those commonly employed in static analyses have been
proposed, and these rules may also depend on the material proper-
ties and CFL number used, which renders the approach not very
practical.

The wave propagation solutions can also be improved by
filtering spurious modes [34,36,37]. However, the filters are only
applicable to specific points in space and time. Therefore, these
techniques do not lend themselves to analyses where we want to
see the solution for all times and over the complete solution
domain (to, for example, make a movie of the calculated displace-
ments and stresses).

Many direct time integration schemes introduce numerical dis-
sipation to improve the solution by suppressing the high frequency
spurious wave modes [4,38,39]. Such schemes do not require any
additional computational effort and can be used for structural
dynamics and wave propagation problems in a uniform manner
[40]. However, to reach accurate solutions in wave propagation
problems, the introduced numerical dissipation should be large
enough to suppress the high frequency spurious waves while
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retaining good accuracy for the low frequency waves. Also, ideally,
the solution procedure does not use any adjustable parameters, ex-
cept that when employing the integration scheme, of course, an
appropriate time step size needs to be used. These are the same
desirable properties for a time integration scheme to be used in
structural dynamics [2–4]. However, the spatial discretization
and the time step size are chosen differently in structural dynamics
and wave propagation analyses, as described in Ref. [4]. Notably, in
wave propagation analyses, the time step size and the spatial dis-
cretization should be determined by considering the dispersion er-
rors introduced by the spatial and temporal discretizations.

The Bathe time integration method has been shown to be very
effective in linear and nonlinear structural dynamics [1–3,41]. The
objective of this paper is to present a study of the scheme and
show that the method is, indeed, also quite effective in the solution
of wave propagation problems. In the following, we study the dis-
persion properties of the Bathe method and the Newmark trape-
zoidal rule (also herein referred to simply as trapezoidal rule)
using 2-node and 4-node elements in one- and two-dimensional
(1D and 2D) analyses. Based on the dispersion analysis, and the
accuracy obtained in the wave modes that need to be represented
accurately, we show that the properties of the Bathe scheme, valu-
able for structural dynamics, are also valuable for the solution of
wave propagation problems. Finally, to illustrate our findings, we
give the solutions of various problems using the Newmark trape-
zoidal rule and the Bathe method. While we consider in this paper
only linear analysis, since the Bathe method is used without
parameters to be adjusted [1–3], the conclusions reached here
are directly applicable and are also of much value when consider-
ing nonlinear analyses.

2. A dispersion analysis

In this section, we analyse the dispersion errors resulting from
the spatial discretization coupled with the temporal discretization.
We consider the Bathe method and the Newmark trapezoidal rule.
For this purpose, we analyse the solution obtained for the scalar
wave governed by

@2u
@t2 � c2

0r2u ¼ 0 ð1Þ

where u is the field variable and c0 is the wave velocity. Here, body
forces are not considered since we focus on the dispersion associ-
ated with the propagations of disturbances due to initial conditions.
The associated finite element discretization gives [4]

M€Uþ c2
0KU ¼ 0 ð2Þ

where K and M are the stiffness and mass matrices, and for element
(m) with volume V (m)

MðmÞ ¼
Z

V ðmÞ
HðmÞ

T

HðmÞdV ðmÞ ð3Þ

KðmÞ ¼
Z

V ðmÞ
ðrHðmÞÞTðrHðmÞÞdV ðmÞ ð4Þ

Here H(m) and U are the element interpolation matrix and the nodal
values of the solution, respectively. The matrices M and K in Eq. (2)
are obtained by the usual summation process [4]. In the actual eval-
uations, we use a unit cross-sectional area in 1D solutions and a unit
thickness in 2D solutions in accordance with Eq. (1). Note that we
use the ‘consistent’ mass matrix in the solutions.

In the Bathe method, the following relations are employed [2]

tþDt=2 _U ¼ t _Uþ Dt
4

� �
ðt €Uþ tþDt=2 €UÞ ð5Þ
tþDt=2U ¼ tUþ Dt
4

� �
ðt _Uþ tþDt=2 _UÞ ð6Þ

tþDt _U ¼ 1
Dt

tU� 4
Dt

tþDt=2Uþ 3
Dt

tþDtU ð7Þ

tþDt €U ¼ 1
Dt

t _U� 4
Dt

tþDt=2 _Uþ 3
Dt

tþDt _U ð8Þ

Using Eq. (2) at times t, t + Dt/2 and t + Dt, where t denotes the cur-
rent time and Dt the time step, with Eqs. (5)–(8), we obtain a linear
multistep form of the Bathe method

ð72Mþ 8c2
0Dt2KÞtþDtUþ ð�144Mþ 5c2

0Dt2KÞtþDt=2U

þ ð72Mþ 5c2
0Dt2KÞtU ¼ 0 ð9Þ

Using the definition of the CFL number, CFL ¼ c0Dt
h , where h is the

‘characteristic length’ of a finite element (or fundamental length
used) [4], Eq. (9) becomes

ð72Mþ 8cKÞtþDtUþ ð�144Mþ 5cKÞtþDt=2U
þ ð72Mþ 5cKÞtU ¼ 0 ð10Þ

where c = CFL2h2.
In the Newmark method, the equations used are [4]

tþDt _U ¼ t _Uþ ½ð1� dÞt €Uþ dtþDt €U�Dt ð11Þ

tþDtU ¼ tUþ t _UDt þ 1
2
� a

� �
t €Uþ atþDt €U

� �
Dt2 ð12Þ

where a and d are the Newmark parameters. Using Eq. (2) for the
equilibrium at times t � Dt, t and t + Dt with Eqs. (11) and (12)
we obtain, for the case d = 1/2, the linear multistep form of the
Newmark method

ðMþ ac2
0Dt2KÞtþDtUþ ð�2Mþ ð1� 2aÞc2

0Dt2KÞtU
þ ðMþ ac2

0Dt2KÞt�DtU ¼ 0 ð13Þ

or,

ðMþ acKÞtþDtUþ ð�2Mþ ð1� 2aÞcKÞtU
þ ðMþ acKÞt�DtU ¼ 0 ð14Þ

Then setting a = 1/4 we obtain the equations for the Newmark trap-
ezoidal rule. It appears here that the computational effort in the
Bathe method is twice that used in the Newmark method (because
in the Bathe method, the solution at the half step is used), but we
shall see that this is not the case when solutions of optimal accuracy
are sought (see Section 3.1).

2.1. A dispersion error analysis in the 1D case

In the one-dimensional case, the general solution of Eq. (1), for
one wave traveling along the coordinate x, has the form of
Aeiðk0x�x0tÞ, where x0 is the frequency of the wave mode and
k0 = x0/c0 is the corresponding wave number. The numerical solu-
tion takes in general the form [29]

t
xu ¼ Akeiðkx�xtÞ ð15Þ

where x and k = x/c are the numerical frequency and the corre-
sponding wave number, respectively. The numerical wave speed c
is different from the exact wave speed c0, and the difference is a
function of the wave number; therefore, this difference results in
general analysis in artificial dispersion. In addition, we have that,
for unconditionally stable implicit methods (in linear analysis),
the amplitude of the wave as numerically calculated usually de-
creases due to numerical damping [4]. An exception is the Newmark
trapezoidal rule, where this damping effect is not present. As we
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shall see below, the Bathe method does possess the damping prop-
erty in such a way that surprisingly accurate solutions are obtained.

We now consider a regular mesh with nodes equally spaced Dx
apart along the x axis, then the solution to the finite element sys-
tem at time ntDt and location nxDx is

ntDt
nxDx u ¼ AkeiðknxDx�xntDtÞ ¼ AkeikDxðnx�ntðCFLÞðc=c0ÞÞ ð16Þ

where the subscript and superscript denote the nodal value at nxDx
and time ntDt.

For the 2-node element, the corresponding mass matrix M and
stiffness matrix K of the finite element equations are

M ¼ Dx
6

2 1 0 � � � 0
1 4 1 � � � 0

0 1 4 1 ..
.

..

. . .
. ..

.

0 � � � � � � 1 2

0
BBBBBBB@

1
CCCCCCCA

ð17Þ
K ¼ 1
Dx

1 �1 0 � � � 0
�1 2 �1 � � � 0

0 �1 2 �1 ..
.

..

. . .
. ..

.

0 � � � � � � �1 1

0
BBBBBBB@

1
CCCCCCCA

ð18Þ

Now substituting from Eqs. (16)–(18) into Eq. (10) with h = Dx, and
considering the equation of the middle node of a two element
patch, we obtain for the Bathe method a relation between the val-
ues of the CFL number = c0Dt

Dx , c/c0, wave number k, and the element
size Dx. The results are given in Fig. 1 in terms of the wavelength k
and the element size used.

As seen in Fig. 1, there is no CFL number that makes every wave
mode have the same wave speed. However, an important property
seen in Fig. 1 is that using CFL = 1, we will have all wave modes
with kDx < 2 to be almost non-dispersive, whereas all higher fre-
quency modes have dispersion. These higher frequency modes
should therefore not be included in a solution that contains many
wave modes and that can be approximated by only using the wave
modes kDx < 2.
Fig. 1. Relative wave speed errors of the Bathe method for various CFL numbers;
results for discarded wave modes are given by dotted lines.
This is indeed accomplished when using the Bathe method: the
wave modes with Dt/T > 0.3, where T is the wave period, are in es-
sence discarded in the numerical solution due to numerical damp-
ing [3]. Namely, using the definition of the CFL number, we can
rewrite kDx in terms of Dt/T as
kDx ¼ 2p c0

c
1

CFL
Dt
T

ð19Þ
Therefore, for CFL ’ 1, since the numerical wave speed is approxi-
mately equal to the exact wave speed, that is, we can use c/c0 ’ 1,
we see that wave modes with kDx J 0:6p are not participating in
the total solution (these discarded wave modes are presented as
dotted lines in Fig. 1 for various CFL numbers). The important point
to notice is that with CFL = 1, the Bathe method solves for every par-
ticipating wave mode very accurately so that the total solution is al-
most non-dispersive.

For the Newmark trapezoidal rule, using Eqs. (16)–(18) and (14)
with h = Dx, and considering the equation corresponding to the
middle node of a two element patch, we obtain the relation be-
tween the values of CFL, c/c0, wave number k, and the element size
Dx shown in Fig. 2. The wave modes with kDx < 2 become almost
non-dispersive with CFL = 0.65. However, wave modes with
kDx > 2 are dispersive, because they are not damped out, see
Fig. 2. Therefore, as in the Bathe method, there is no CFL number
which makes the solution from all participating wave modes
non-dispersive – but different from the Bathe method, the trape-
zoidal rule does not eliminate the dispersive modes from the solu-
tion. Hence the solution will generally show a significant
dispersion error, as shown for specific examples in Section 3,
where also the CFL numbers 1.0 for the Bathe method and 0.65
for the trapezoidal rule are discussed as being the optimal numbers
to use.

We focused here on the dispersion properties of the methods.
However, it should be noted that for an accurate solution of wave
propagation problems, it is also necessary to have good solution
accuracy in the calculation of the wave modes that are participat-
ing in the response. Therefore, time integration methods that have
good spectral radii curves might produce good dispersion charac-
teristics, but might not be effective because the errors in the calcu-
lation of the low modes are too large, see Figs. 3–5 [3,4,42–44].
Fig. 2. Relative wave speed errors of the trapezoidal rule for various CFL numbers.



Fig. 3. Spectral radii of approximation operators, case n = 0, for various methods;
q(A) = 1.0 for the Newmark trap. rule and when a = 1/2, d = 1/2 in the Newmark
method.

Fig. 4. Percentage period elongations for various methods.

Fig. 5. Percentage amplitude decays for various methods; results for Newmark
(trap. rule) and Newmark (a = 1/2, d = 1/2) are identical.
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2.2. A dispersion error analysis for the 2D case

In two-dimensional analyses, the general solution of Eq. (1) for
a plane wave is given by u ¼ A ei ðk0x cosðhÞþk0y sinðhÞ�x0tÞ, and the corre-
sponding numerical solution is

t
x;y u ¼ Akeiðkx cosðhÞþky sinðhÞ�xtÞ ð20Þ

For a mesh with nodes equally spaced with distance h along both x
and y axes (Dx = Dy = h), the solution of the finite element system at
time ntDt and location nxh, nyh is

ntDt
nxh;nyhu ¼ Akeiðknxh cosðhÞþknyh sinðhÞ�xntDtÞ

¼ Akei khðnx cosðhÞþny sinðhÞ�ntðCFLÞðc=c0ÞÞ ð21Þ

where h is the angle, from the x-axis, at which the wave is
propagating.

As in the 1D case, substituting the above expression into the lin-
ear multistep formula, and looking at the equation corresponding
to the middle node of a patch of elements, which now consists of
four square finite elements, we obtain a relation between
CFL = c0Dt/h, c/c0, the wave number k, and the element size h.

For the four-node element, the row of the global mass matrix
corresponding to the middle node at (x,y) is

h2

36
½0 � � �0 1 4 1 4 16 4 1 4 1 0 � � � 0� ð22Þ

Therefore, the MtU term for the node at (x,y) is

h2

36
16 t

x;y u þ 4 x�h;y
tuþ xþh;y

tu þ x;y�h
tu þ x;yþh

tu
� �h

þ t
x�h;y�h u þ xþh;y�h

tu þ x�h;yþh
tu þ xþh;yþh

tu
� �i

ð23Þ

Also, the corresponding row of the global stiffness matrix K is

1
3
½0 � � � 0 � 1 � 1 � 1 � 1 8 � 1 � 1 � 1 � 1 0 � � �0� ð24Þ

Therefore, the KtU term for the node is

1
3

8 x;y
tu � x�h;y

tu þ xþh;y
tu þ x;y�h

tu þ x;yþh
tu þ x�h;y�h

tu
�h

þ xþh;y�h
tu þ x�h;yþh

tu þ xþh;yþh
tu
�i

ð25Þ

Using Eqs. (21), (23), (25), and (10), we obtain for the Bathe method
the results for various propagating angles shown in Fig. 6(a). As in
the 1D case, there is no CFL number that makes every wave mode
have the same wave speed.

Of course, the dispersion error depends on the propagating an-
gle. As seen, the Bathe method cuts the highly dispersive parts off
effectively, and for the case CFL = 1, the largest dispersion error is
less than 6%, for the direction p/4 (Fig. 6(a)).

An interesting point is that for a larger angle of propagation,
lower curves are seen in Fig. 6. We observed a similar trend in
the 1D analysis � a larger CFL number results in a lower curve in
Figs. 1 and 2. Therefore, larger angles of propagation introduce er-
rors in the same way as larger CFL numbers for a given c0Dt; in
other words, waves propagating at a non-zero angle behave as if
the element size were shorter than h.

Indeed for waves with propagating angle h, the CFL number that
results into the smallest dispersion error can be estimated from the
expression (obtained with some arithmetic)



Fig. 6. Relative wave speed errors of the Bathe method for various propagating angles, using CFL = 1, calculated for various effective fundamental lengths; results for
discarded wave modes are shown by dotted lines.
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c� c0

c0
¼� 1

1152
ð96ðcos2 h�cos4 hÞþ41CFL2�48ÞðkhÞ2þOððkhÞ4Þ ð26Þ

From this expression we can identify that an approximate opti-
mal CFL value is 1.0 when h = 0 and we use this CFL number also
when the angle is greater than zero. For values of h > 0, we calcu-
late the time step size Dt by holding CFL = 1 and considering the
effective fundamental length to be h�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2 cos2 hð1� cos2 hÞ

p
.

Note that, as intuition might also suggest, to obtain the best results
when the wave is propagating at the angle p/4, we should consider
the element fundamental length to be h=

ffiffiffi
2
p

and not
ffiffiffi
2
p

h.
Fig. 6 shows the dispersion characteristic curves of the Bathe

method with CFL = 1 for various propagating angles and for various
fundamental lengths. For each case, the solution accuracy of the
wave with the propagating angle is excellent when the optimum
effective element length is used.

For the Newmark trapezoidal rule, we obtain the dispersion
relation from Eqs. (21), (23), (25), and (14), and for h = 0, the best
CFL number is identified to be 0.65. The results when using
CFL = 0.65 are shown in Fig. 7(a), and we note again that the trap-
ezoidal rule also has no CFL number which makes every wave
mode have the same propagating speed.
The dispersion error using the trapezoidal rule also depends
upon the propagating angle since this effect is due to the spatial
discretization. However, more severely, the dispersion error of
shorter wavelength modes is quite large and these are participat-
ing in the total solution unlike in the Bathe method.

Also, as in the Bathe method, for the propagating
angle h, the effective element length is best reduced to h�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2 cos2 hð1� cos2 hÞ
p

. Fig. 7 shows the dispersion characteristic
curves of the trapezoidal rule using CFL = 0.65 for various propa-
gating angles and for various fundamental lengths. The error is re-
duced when the optimal effective element length is used.

However, we should note that in actual practical analyses, the
wave will travel in all directions across elements, and hence a good
rule is to choose at least six elements to represent the smallest
important excited wavelength (see also Section 3.2).
3. Wave propagation solutions

In this section, we present the performance of the Bathe method
in the solution of wave propagation problems through several
numerical examples. First, we solve a one-dimensional impact



Fig. 7. Relative wave speed errors of the trapezoidal rule for various propagating angles, using CFL = 0.65, calculated for various effective fundamental lengths.

Fig. 8. 1D bar impact problem, c0 = 5000; applied velocity at left end is 1 for time
t > 0; initial displacement and velocity are zero.
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problem and focus on the influence of the CFL number on the
numerical dispersion properties and the resulting spurious oscilla-
tions. We then solve a 2-D transient scalar wave problem and focus
on the dispersion properties that depend on the propagating angle.
Finally we solve a Lamb problem with two types of external load-
ing using the Bathe method and the trapezoidal rule, and compare
the results with the analytical solution.

3.1. 1-D bar impact

We consider the impact of an elastic bar on a rigid wall, see
Fig. 8 for which the governing wave equation is

@2u
@x2 ¼

1
c2

0

@2u
@t2 ð27Þ

For the material properties used, the wave speed c0 is 5000. The
elastic bar is idealized using 1-D 2-node elements of size Dx = 0.05.

For the solution, we use the Bathe method and the trapezoidal
rule. We use the CFL numbers 0.2, 1, and 2 for the Bathe method,
and the CFL numbers 0.2, 0.65, and 2 for the trapezoidal rule. For
each scheme, the corresponding time step sizes are the CFL num-
bers multiplied by 10�5.

Figs. 9–12 give the calculated results when the bar length is 10.
As we see in Figs. 1 and 2, for CFL = 0.2, short wavelength modes
have wave speeds faster than the analytical wave speed in both
time integration methods. With this CFL number, oscillations
mainly occur forward of the wave front for both methods. On the
other hand, for CFL = 2, short wavelength modes have slower wave
speeds for both schemes, and oscillations occur mainly behind the
wave front and the slope of the wave front is decreased.



Fig. 9. Velocity distributions using the Bathe method with various CFL numbers.

Fig. 10. Velocity distributions using the trapezoidal rule with various CFL numbers.

Fig. 11. Acceleration distributions using the Bathe method with various CFL
numbers.

Fig. 12. Acceleration distributions using the trapezoidal rule with various CFL
numbers.
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While both methods give very similar solutions for CFL = 0.2,
they perform quite differently for CFL = 2. The reason is that for
CFL = 0.2, the dispersion property for both methods is similar,
see the curves in Figs. 1 and 2, and in both methods wave
modes that, spatially, can only be crudely approximated are
not discarded.

However, for CFL = 2, the range of discarded wave modes in the
Bathe method is obtained as kDx=pJ 2ð� 1:1Þð1=2Þð� 0:3Þ ’ 0:33.
Therefore, since the participating (effective) wave modes are sig-
nificantly different, the total solutions from each method are also
different.

An important point is that for CFL = 1, the Bathe method dis-
cards the wave modes with large wave speed error. As a result,
only the modes with almost no wave speed error are participating
in the total solution; therefore, the solution becomes almost non-
dispersive. Of course, due to the loss of some high frequency
modes, the Fourier truncation error is a little increased. Indeed,
we observe that the effect of this increased truncation error is
not significant (e.g., the slope of the wave front is only slightly de-
creased compared to the results obtained using the trapezoidal
rule).

Since the solution using the Bathe method is not dispersive
for CFL = 1, in this case the solution is very accurate for relatively
long time simulations. Figs. 13 and 14 show the case of the bar
length = 100 (the number of elements is 2000). In the figures, the
results using the Bathe method with CFL = 1 and the trapezoidal
rule with CFL = 0.65 are shown. The solution using the Bathe
method is accurate. But when using the trapezoidal rule with
CFL = 0.65, the accuracy of the solution decreases significantly
as the wave propagates, due to the accumulation of the disper-
sion error.

Note that the CFL numbers 1 and 0.65 are also reported in Ref.
[45] as those that give the smallest global errors at a certain obser-
vation time. Since when using CFL = 1, the Bathe method gives al-
most non-dispersive solutions, we would expect that a global error
measure applied at any observation time will give that same result,
that is, a good CFL number to use is 1.

Further, it is interesting to note that using these CFL numbers
for the two schemes, the computational effort for the complete
solution using the Bathe method is not much higher than when
using the trapezoidal rule – while the increase in accuracy using
the Bathe method is most important.



Fig. 14. Acceleration distributions; blue line – Bathe method (CFL = 1); red line –
Trapezoidal rule (CFL = 0.65); for various observation times. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 15. Pre-stressed membrane problem, c0 = 1, initial displacement and velocity
are zero, computational domain is shaded.

Fig. 13. Velocity distributions; blue line – Bathe method (CFL = 1); red line –
Trapezoidal rule (CFL = 0.65); for various observation times. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)
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3.2. 2D scalar wave propagation

Here we consider a pre-stressed membrane, see Fig. 15, for
which the transverse displacement, u, is given by the equation
@2u
@x2 þ

@2u
@y2 þ Fð0;0; tÞ ¼ 1

c2
0

@2u
@t2 ð28Þ

where c0 is the wave velocity, taken in this example equal to 1. The
load is given as

Fð0;0; tÞ ¼ 4ð1� ð2t � 1Þ2ÞHð1� tÞ; t > 0 ð29Þ

where H is the unit step function. Only the domain,
[0, 15] � [0, 15], is considered in the solution due to symmetry,
and no absorbing boundary conditions are used since the wave
does not propagate to the boundary for the solution time consid-
ered. The computational domain is idealized using six meshes of
four-node elements. The Bathe method and the trapezoidal rule
are used with the CFL numbers 1 and 0.65, respectively. For the
CFL numbers, the lengths of the side of the elements are used as
the fundamental length.

Figs. 16 and 17 show snapshots of the solution variable u, calcu-
lated using the Bathe method and the trapezoidal rule at t = 13 for
various meshes. We observe that for low spatial discretization den-
sity, both methods give spurious oscillations. However, using the
75 by 75 element mesh, the Bathe method gives a reasonably accu-
rate solution (see also Fig. 18) while the trapezoidal rule gives
noticeable spurious oscillations and even still so when using the
165 by 165 element mesh.

In Figs. 18 and 19, numerical results at time t = 13 using the 75
by 75 mesh are compared with the analytical solution. The angles
considered are 0 and p/4. The trapezoidal rule gives spurious oscil-
lations. The solution for u at the angle of zero degrees using the
Bathe method is quite accurate, but the method shows a significant
solution error in predicting the peak value of _u. As expected, using
the element side length as effective element length, the solutions
using the Bathe method and the trapezoidal rule are less accurate
for the response at p/4, see also Figs. 6 and 7. Figs. 20 and 21 show
the same results using the 105 by 105 element mesh and it is seen
that the accuracy of the solution using the Bathe method is quite
improved.

Although the Bathe method significantly improves the solution,
the dispersion curves and the results of this example indicate that
waves propagating at nonzero angles to the element sides, require
that in this analysis Dx=ðk=2Þ 6 0:2.



Fig. 16. Snapshots of displacements at time t = 13, Bathe method, CFL = 1; using
various meshes.

Fig. 17. Snapshots of displacements at time t = 13, trapezoidal rule, CFL = 0.65,
using various meshes.
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3.3. 2D elastic wave propagation

So far we considered scalar wave propagations that are charac-
terized by a single wave speed. We obtained the appropriate time
step sizes for each time integration method using the CFL numbers
to minimize the numerical dispersion of the waves with the same
phase velocity. However many physical problems are characterized
by multiple wave speeds. As an example, we consider a Lamb prob-
lem, in which waves are propagating in a semi-infinite elastic do-
main in plane strain conditions [23].

The problem is described in Fig. 22. For the material properties
used, we have the P-wave velocity = 3200 m/s, S-wave veloc-
ity = 1848 m/s, and the Rayleigh wave velocity = 1671 m/s. The
time duration for computing the waves is 0.999 s, so that the P-
wave does not reach the outer boundaries; hence it is not neces-
sary to incorporate absorbing boundary conditions. Since we are
mostly interested in the Rayleigh wave profile, we calculate the
time step sizes based on the speed of the Rayleigh wave, and use
the CFL numbers 1 and 0.65 for the Bathe method and the trapezoi-
dal rule, respectively.

We first consider the line force, a Ricker wavelet, defined as

Fð0;0; tÞ ¼ �2� 103 � ð1� 2p2 f̂ 2ðt � t0Þ2Þ expð�p2 f̂ 2ðt � t0Þ2Þ;
t > 0 ð30Þ

where the central frequency f̂ ¼ 12:5 Hz and t0 = 0.1 s. In the solu-
tion we use symmetry and a domain with a mesh of 640 � 640
four-node elements of side lengths Dx = Dy = 5 m, see Fig. 22.
Fig. 23 shows the calculated displacements at two receivers which
are located at x = 640 m and x = 1280 m from the source. The ana-
lytical solution and the numerical solutions using the Bathe method
and the trapezoidal rule are plotted. The numerical solutions using
both methods are in good agreement with the analytical solution.

Since this load type can be well approximated with only a few
harmonic functions, there are a limited number of wave modes
that are excited. Therefore, if we use a fine mesh so that all excited
wave modes are within Dx=ðk=2Þ 6 0:2 as done here, both, the
Bathe method and the trapezoidal rule give very accurate solu-
tions. Fig. 24 shows the calculated stress field at time t = 0.9196.
Color bars in Fig. 24 indicate the magnitude of the von Mises stress.

We next consider the line force defined as

Fð0;0; tÞ ¼ 2� 103 � ½Hð0:15� tÞ � 3Hð0:1� tÞ þ 3Hð0:05� tÞ�;
t > 0 ð31Þ

where H is the unit step function. The load consists now of three
step functions which renders the problem more difficult to solve
numerically. The computational domain is now discretized using a
mesh of 1600 � 1600 4-node elements of side lengths
Dx = Dy = 2 m. In Fig. 25 we see displacement results at the
receivers as a function of time, these displacements are due to the
P-, S- waves and the Rayleigh wave propagating along the surface
as in the previous load type case. While we obtain similar errors
in the solution of the P-wave using both the Bathe method and



Fig. 18. Displacement variations along the various propagating angles, at time
t = 13, 75 by 75 element mesh.

Fig. 19. Velocity variations along the various propagating angles, at time t = 13, 75
by 75 element mesh.

Fig. 20. Displacement variations along the various propagating angles, at time
t = 13, 105 by 105 element mesh.

Fig. 21. Velocity variations along the various propagating angles, at time t = 13, 105
by 105 element mesh.

Fig. 22. A Lamb problem. VP = 3200, VS = 1848, VRayleigh = 1671. Two receivers are
placed at x = 640 and x = 1280, computational domain is shaded.
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the trapezoidal rule, as expected, the solution of the Rayleigh wave
predicted using the trapezoidal rule has larger spurious oscillations
than seen when using the Bathe method.

We can see the difference in the solution accuracy also when
considering the predicted stress wave fields, as shown in Fig. 26,
where it is seen that most of the energy is transported by the
Rayleigh wave. We see that the stress waves are well predicted
using the Bathe method but the solution using the trapezoidal rule
shows in various areas undesirable spurious oscillations.
4. Concluding remarks

The objective in this paper was to present features and charac-
teristics of the Bathe time integration method in the analysis of
wave propagation problems, with emphasis on the effective use
of the method to obtain solutions of optimal accuracy. We focused
on how the direct time integration scheme significantly improves
the solution by its property to suppress undesirable oscillations
with the use of an effective CFL number (indeed, like in the solution
of structural dynamics problems, see Ref. [3])

We studied the dispersion properties of the Bathe method in
comparison with those of the widely used Newmark trapezoidal
rule. Using an appropriate time step size (CFL number) for a given



Fig. 23. Time history of displacement variations in x-direction and y-direction at the two receivers on the surface; Ricker wavelet line load.

Fig. 24. Snapshots of von Mises stress at t = 0.9196 s; Ricker wavelet line load.
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Fig. 25. Time history of displacement variations in the x- and y-directions at the two receivers on the surface; step functions line load.

Fig. 26. Snapshots of von Mises stress at t = 0.9196 s; step functions line load.
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mesh, the Bathe scheme calculates every wave accurately that can
spatially be represented and does participate in the predicted re-
sponse so that the total solution is almost non-dispersive. The
waves that cannot be spatially represented are automatically dis-
carded and therefore will not result into spurious oscillations, as
found for example with the trapezoidal rule. It is important that
the Bathe scheme does not require any additional treatment for
wave propagation problems, and no numerical parameters are to
be selected, like in the solutions of problems in structural
dynamics.

However, whenever a wave propagation problem is solved, an
appropriate spatial discretization is, of course, important. We con-
sidered here a very simple spatial discretization scheme and uni-
form meshes of simple geometries, because we wanted to focus
on the basic characteristics of the time integration methods.
Clearly, additional difficulties arise when the response in complex
geometries is analysed using meshes in which distorted elements
are present. Also, more powerful spatial discretizations should be
considered, like higher-order elements [4] and enriched finite ele-
ments specifically constructed for the analysis of wave propaga-
tions [23]. While the conclusions of this paper will also be
valuable in these cases, additional considerations will likely arise.
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