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a b s t r a c t
We demonstrate the existence of spurious modes in ﬁnite elements with incompatible modes when a
geometrically nonlinear displacement analysis with small displacements and strains is performed. The
spurious modes are a direct consequence of the incompatibility of the elements with displacement
boundary conditions. We derive a critical compressive strain condition analytically, and show that the
critical strain can be quite small, with small displacements, if the geometric aspect ratio of the elements
is large but still practical. In numerical examples we give further insight and results in correspondence
with the analytical theory, and demonstrate that spurious modes can be triggered in practical small strain
analyses when using elements with incompatible modes.
Ó 2014 Elsevier Ltd. All rights reserved.

1. Introduction
The two-dimensional 4-node and three-dimensional 8-node
incompatible modes ﬁnite elements (here now referred to as ICM
elements) have been proposed in Ref. [1], improved for element
geometric distortions in Ref. [2] and extensively used for many
years. As the formulation of the ICM elements is quite well known,
we do not give the formulation details here; for a general description of the elements, see for example Ref. [3]. The key advantage of
these elements, as compared with the elements not containing
incompatible modes, is that the ICM elements do not exhibit shear
locking when subjected to pure bending. The undistorted ICM
elements pass the linear analysis patch tests, and, with proper
corrections, the distorted elements also pass these tests [2,3].
The elements are in fact a special case of the ‘enhanced strain
elements’ (referred to as EAS elements) proposed in Ref. [4] and
extensively studied, see for example Refs. [5–11] and the
references therein. The concept of enhancing the strain assumptions in ﬁnite elements is quite appealing to avoid locking
phenomena but it was also shown that the EAS elements, and
hence ICM elements, are in fact unstable in large strain conditions
[8–10]. To remedy the behavior of the elements, a stabilization
technique was proposed [11] with the use of deformation
dependent stabilization parameters. While perhaps useful,
⇑ Corresponding author. Tel.: +1 6179265199.
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however, in our developments of ﬁnite element procedures we
prefer to not use such factors [3,12].
Although the ICM elements are perhaps best suited to model
pure bending, in practice the elements are used in very complex
nonlinear analyses in which the elements are subjected to a wide
variety of stresses and boundary conditions. Thus it is valuable to
understand the behavior of these elements in as many situations
as possible. In fact, the present paper is motivated by an attempt
to explain the unexpected and unphysical results obtained in the
analysis of a large industrial problem involving only small strains.
The purpose of the present paper is to demonstrate the
existence of spurious modes (displacement patterns with zero or
negative energy) in meshes of geometrically nonlinear ICM
elements subjected to only small displacement and small strain conditions. The spurious modes are associated with the incompatibility
of the incompatible modes with the boundary conditions, and the
spurious modes are triggered when the strains reach a certain
critical value. The critical value is highly dependent on the element
geometric aspect ratios, with elements having a large aspect ratio
giving a small critical value.
In Section 2, we derive the tangent bending modulus of a twodimensional undistorted rectangular 4-node ICM element, assuming geometric nonlinear conditions, and a linear elastic material
with zero Poisson’s ratio. The theoretical results show that even
in small displacements only, the element can become unstable.
In Section 3, we present some numerical examples that illustrate and give insight into the derived theoretical results, and that
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show the spurious modes for various element assemblages in twoand three-dimensional analyses. We also include the results of a
practical analysis case.
Finally we give some closing remarks in Section 4.
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2. Derivation of the element critical strain criterion
In the derivation of the critical strain condition, we make
various simplifying assumptions in order to have a clear derivation
and obtain insight into the reasons for the instability to occur.
These assumptions will be introduced during the derivation.
The principle of virtual work for the total Lagrangian formulation is [3]

dW ¼

Z

Sij deij dV

Z 

@Sij
Dekl deij þ Sij Ddeij
@ ekl



Z

(b) Homogeneous deformation applied

u12

u11

Incremental
compatible
displacements

Homogeneous
deformation
u13

u 14

ðEðDe11 de11 þ De22 de22 Þ þ 4GDe12 de12 þ S11 Dde11
ð3Þ

in which S11 ¼ Ee11 ; S22 ¼ Ee22 ; S12 ¼ 2Ge12 and the symmetries of
Sij and eij are employed.
i
Using the deﬁnition eij ¼ 12 ðui;j þ uj;i þ uk;i uk;j Þ where ui;j ¼ @u
, ui
@xj
are the displacement components, xi are the (original) coordinate
components, and k is an index used in conjunction with the
Einstein summation convention, we obtain for small strains

1
2

e11  u1;1 ; e22  u2;2 ; e12  ðu1;2 þ u2;1 Þ
De11  Du1;1 ;

De22  Du2;2 ;

1
De12  ðDu1;2 þ Du2;1 Þ
2

ð5a; b; cÞ

ð6a; b; cÞ
so that Eq. (3) becomes

EðDu1;1 du1;1 þ Du2;2 du2;2 Þ dV þ

Z

Incremental
Homogeneous incompatible
displacements
deformation

Undeformed

(d) Incompatible displacements due to
incremental bending
Fig. 1. 2D 4-node ICM element under homogeneous deformation and incremental
bending.

GðDu1;2 du1;2

þ Du1;2 du2;1 þ Du2;1 du1;2 þ Du2;1 du2;1 Þ dV
Z
Z
þ S11 ðDu1;1 du1;1 þ Du2;1 du2;1 Þ dV þ S22 ðDu1;2 du1;2
Z
þ Du2;2 du2;2 Þ dV þ S12 ðDu1;1 du1;2 þ Du2;1 du2;2
þ Du1;2 du1;1 þ Du2;2 du2;1 Þ dV

(c) Incremental bending applied,
compatible displacements shown

ð4a; b; cÞ

Dde11 ¼ Du1;1 du1;1 þ Du2;1 du2;1 ; Dde22 ¼ Du1;2 du1;2 þ Du2;2 du2;2 ;
Dde12 ¼ 12 ðDu1;1 du1;2 þ Du2;1 du2;2 þ Du1;2 du1;1 þ Du2;2 du2;1 Þ

DdW ¼

Homogeneous deformation

ð2Þ

þ S22 Dde22 þ 2S12 Dde12 Þ dV

Z

Undeformed

Undeformed
dV

where the D denotes an increment.
In the following we assume small strain conditions with linear
isotropic elasticity, Poisson’s ratio equal to zero and planar
deformations in the x1–x2 plane. Eq. (2) becomes

DdW ¼

(a) Initial configuration

ð1Þ

where dW is the virtual work, Sij is the 2nd Piola–Kirchhoff stress
tensor, referred to the original conﬁguration, eij is the Green–
Lagrange strain tensor, referred to the original conﬁguration and
the integral is performed over the original volume. For brevity, we
have dropped the left super- and subscripts commonly used to
indicate the time and reference conﬁguration [3].
The increment in the principle of virtual work can be written

DdW ¼

L1

x1

ð7Þ

We now consider the single rectangular two-dimensional 4node ICM element shown in Fig. 1. This element is ﬁrst subjected
to a homogeneous deformation that produces the stresses S11,

S22, S12. Since this deformation is homogeneous, the incompatible
modes in the element are not triggered.
Now consider the following incremental nodal displacements:
Du11 ¼ Du31 ¼ L42 Dh, Du21 ¼ Du41 ¼  L42 Dh in which the superscript
denotes the node number and in which Dh controls the magnitude
of the displacement. Here Dh represents an incremental rotation as
shown in the ﬁgure (assuming small strains, the original value of L2
is used instead of the deformed value). The incremental nodal
displacements cause an internal incremental displacement within
the element of
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Du1 ¼

L3

L2
rs Dh
4

ð8Þ

where r, s are the element isoparametric coordinates.
Simultaneously, an incremental incompatible displacement of

Du2 ¼ ð1  r2 ÞDa

ð9Þ

is introduced, where Da is the magnitude of the incremental incompatible mode (Da represents a length rather than an angle; a is customarily used to represent the magnitude of an incompatible
mode). Thus there are two independent incremental degrees of
freedom, Dh and Da, and two corresponding variations, dh and da.
Since the element is rectangular, we do not need to include the
corrections to the incompatible modes shape functions required
for the element to pass the patch test.
Clearly

L2
1
s Dh; Du1;2 ¼ r Dh;
2
2L1
4
¼  r Da; Du2;2 ¼ 0
L1

Using the bending moment of inertia I ¼ 122 (for unit thickness), and
the incremental curvature Dv ¼ DL1h (again assuming small strains
since the original value of L1 is used), we see that the tangent
bending modulus is

ðEIÞjtangent

 2 !
DF h
L1
¼
¼ EI 1 þ ðe11 þ e22 Þ
Dv
L2

When both the displacements and strains are small, the Green–
Lagrange strains are very close to the inﬁnitesimal strains, and
the 2nd Piola–Kirchhoff stresses are very close to the Cauchy stresses, so under small displacement / small strain conditions, Eqs. (17)
and (19) reduce to

k¼

 2 ! 3
L1
L2
E þ ðs11 þ s22 Þ
L2
12L1

Du1;1 ¼
Du2;1

ð10a; b; c; dÞ

Using Eqs. (5), (6) and (10), and performing the indicated integrals,
Eq. (7) becomes in matrix form


k11
DdW ¼ ½ dh da 
k12

k12
k22



Dh
Da


ð11Þ

where
L3

1 L2
k11 ¼ ðE þ S11 Þ 12L2 1 þ ðG þ S22 Þ L12

ð12a; b; cÞ

k12 ¼  2L32 G
k22 ¼ ðG þ

2
S11 Þ 16L
3L1

The incremental forces conjugate to the incremental displacements
are thus



 
DF h
k11
¼
DF a
k12

k12
k22



Dh
Da


ð13Þ

Using the condition DFa = 0 we obtain

DF h ¼ kDh

ð14Þ

where

!
2
k12
L32
G2
L1 L2
k ¼ k11 
¼ ðE þ S11 Þ
þ G þ S22 
k22
12L1
G þ S11 12

ð15Þ

is the tangent stiffness associated with Dh. The incremental force
DFh can be interpreted as an incremental bending moment DM.
We now assume that the strains are small, then the magnitudes
of S11, S22 are much smaller than E, G. The terms in parentheses in
Eq. (15) can be approximated by

E þ S11  E

ð16aÞ

ðEIÞjtangent ¼ EI 1 þ ðe11 þ e22 Þ

k¼

ð21Þ


 2  L3
2
ðEIÞjtangent ¼ L1 k11 ¼ ðE þ S11 Þ þ ðG þ S22 Þ LL12
12
0
!2 1
G
L
1
AEI
 @1 þ
E L2

ð22Þ

(using small strain assumptions). The tangent bending modulus is
seen to be too stiff due to shear locking, and the shear locking effect
is worsened as the ratio LL12 increases. This shear locking is the
primary motivation for introducing the incompatible modes.
4-node ICM element
(1) The absence of the shear modulus in Eq. (17) shows that
shear locking is not present in the ICM element.
(2) For zero strains, the tangent bending modulus from Eq. (19)
is EI. Of course this result is expected since the purpose of
incompatible modes is to represent the case of pure bending.
(3) There is a critical value of the sum e11 + e22, corresponding to
a zero tangent bending modulus:

 2
L2
ðe11 þ e22 Þjcrit ¼ 
L1

ð23Þ

Homogeneous
deformation

ð16bÞ

ð17Þ

M

Then using S11 ¼ Ee11 ; S22 ¼ Ee22 , where e11 ; e22 are the strains
corresponding to the homogeneous deformations, Eq. (17) becomes

 2 !
EL32
L1
k¼
1 þ ðe11 þ e22 Þ
12L1
L2

 2 !
L1
L2

where eij is the inﬁnitesimal strain tensor and sij is the Cauchy
stress tensor.
The incremental deformation corresponding to the imposed
bending is shown in Fig. 2, and we can make the following
observations:
4-node element without incompatible modes: The bending
modulus of this element can be obtained by setting Da = 0, then
the tangent bending modulus is given by Eq. (12a):

so that Eq. (15) becomes

 2 ! 3
L1
L2
E þ ðS11 þ S22 Þ
L2
12L1

ð20Þ

When L1  L2, the critical value of e11 + e22 is very small, thus the
small strain assumptions made throughout this derivation are valid



G2
1
G þ S22 
¼ G þ S22  G
1 þ S11 =G
G þ S11
 G þ S22  Gð1  S11 =GÞ ¼ S11 þ S22

ð19Þ

ð18Þ

M
Undeformed

Incremental
deformation

Fig. 2. Total displacements due to incremental bending.
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when L1  L2. We will assume that L1  L2 throughout our further
discussion.
(4) The situation of having only the strain e11 nonzero is shown
in Fig. 3. The compressive axial force associated with this
critical strain is

Pjcrit

 2
L2
12EI
¼ ðEL2 Þ
¼ 2
L1
L1

ð24Þ

which compares quite well with the Euler buckling load
2
PjEuler ¼ pL2EI for a beam with both ends pinned. Clearly only an
1
upper bound to the Euler buckling load can be expected, since
the bending shape used in the element (Eq. (9)) is only an approximation to the Euler buckling mode shape.
Three-dimensional 8-node ICM element: The corresponding
three-dimensional 8-node ICM element contains the same critical
strain as the two-dimensional 4-node ICM element (since the
two-dimensional incompatible mode shapes are used in the
three-dimensional element). For example, considering an undistorted brick element with side lengths L1, L2, L3, subjected to a

2
L2
.
compressive strain e22, the critical strain is e22 jcrit ¼  maxðL
1 ;L3 Þ

B

A

C

D

E=1E6
=0

L1 =5
Not drawn to scale

(a) Initial geometry, showing dimensions and nodes
Prescribed traction

u/2

u/2

Prescribed traction

(b) Transverse traction boundary conditions
v/2
u/2

3. Numerical examples
We present in this section the results of various example solutions. These ﬁnite element solutions illustrate the results of our
simple theory and also show that the instabilities can easily arise
in practice. When we refer to strain values, we always mean
Green–Lagrange strains, even though these strains are numerically
small.

L2 =0.5

u/2
v/2

(c) Transverse displacement boundary conditions

3.1. One element bending tests
The purpose of these tests is to illustrate the results given in
Section 2, and to show some of the fundamental characteristics
of the responses of different element types.
A single two-dimensional rectangular element is subjected to
homogeneous deformation, then incremental bending, as shown
in Fig. 4. The element dimensions are shown in Fig. 4a and the element length/width ratio is 10/1. The Poisson ratio is assumed to be
zero.
The homogeneous deformation in the longitudinal (horizontal)
direction is always applied as a prescribed displacement. The
homogeneous deformation in the transverse (vertical) direction is
applied in two ways: as a transverse prescribed traction (Fig. 4b),
and as a transverse prescribed displacement (Fig. 4c). The
incremental rotation is applied as an additional prescribed rotation
of Dh = 0.001 radians (Fig. 4d). Combining all of the above, the
boundary conditions are
All models:

u L2
u L2
u L2
u L2
uA1 ¼ þ Dh; uB1 ¼   Dh; uC1 ¼  þ Dh; uD1 ¼  Dh
2 4
2 4
2 4
2 4

Deformation,

11= crit

M

M

(d) Incremental bending
Fig. 4. One element bending tests.

Transverse prescribed traction:
Traction along line AB = Traction along line CD
Transverse prescribed displacements:

v
u2 along line AB ¼ ;
2

u2 along line CD ¼ 

v
2

In the ﬁnite element solution, the general total Lagrangian formulation is used [3], containing as a special case the theory in Section 2.
In the ﬁrst solution step, the homogeneous deformation is applied,
and in the second solution step, the incremental rotation is
imposed. The conjugate reaction force DM obtained from the
second solution step is then used to calculate the bending modulus
EI ¼ DM DL1h.
Four homogeneous deformation cases are run:
(1) No deformation: e11 = e22 = 0
(2) e11 ¼ 0:01; e22 ¼ 0
(3) e11 ¼ 0; e22 ¼ 0:01
(4) e11 ¼ e22 ¼ 0:005

Buckling mode

Undeformed

Fig. 3. Buckling mode due to incremental bending.

In cases 2–4, the homogeneous deformations correspond to the
critical strain condition given by Eq. (23).
For each homogeneous deformation case, the two transverse
boundary conditions of prescribed traction and prescribed
displacement are run.
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Finally three different element types are used: 4-node elements
(without incompatible modes), 4-node ICM elements and
quadratic 8-node elements (without incompatible modes).
The results are given in Table 1. In this table, the bending
modulus
is normalized by the analytical bending modulus
3
L
E 122 ¼ 1:04167E5. We observe the following:

displacement boundary condition matches the results from
the 4-node element. This is all physically realistic.

3.2. Bending of an assemblage of 3 elements, transverse displacement
boundary conditions

(1) Physically the transverse traction boundary condition
should result in a much softer bending modulus than the
transverse prescribed displacement boundary condition,
since pure bending is permitted with the transverse
prescribed traction boundary condition, and pure bending
is suppressed by the transverse prescribed displacement
boundary condition. We are not trying to accurately
compute the bending modulus for the transverse prescribed
displacement boundary condition, but we do expect that this
bending modulus be much stiffer than the bending modulus
corresponding to the transverse traction boundary
condition.
(2) For the 4-node element, the same results are obtained with
both transverse boundary conditions, and these results are
much stiffer than the analytical beam bending modulus. This
result is expected, since the 4-node element does not include
a bending deformation shape.
(3) For the 4-node ICM element, the same results are obtained
with both transverse boundary conditions, and these results
are in agreement with the theory of Section 2. However the
results are physically unrealistic for the transverse
prescribed displacement boundary condition. This must be
expected, since the displacements corresponding to the
incompatible mode do not satisfy the transverse prescribed
displacement boundary condition.
(4) For the 8-node element, the response for the transverse
traction boundary condition matches the results from the
4-node ICM element, and the response for the transverse

The assemblage of three elements shown in Fig. 5a is subjected
to transverse displacement boundary conditions and incremental
rotations, similar to the tests in Section 3.1. The problem dimensions are chosen so that the critical strain is 0.01, as in Section 3.1.
The general total Lagrangian formulation is again employed and
the Poisson ratio is assumed to be zero.
The longitudinal strain is always 0. The transverse strain is
varied from 0 to 0.01.
The results are given in Table 2.
4-node element assemblage: For zero transverse strain, the
bending modulus is much larger than the analytical beam bending
modulus. When the critical strain is imposed in the transverse
direction, the bending modulus decreases only slightly.
4-node ICM element assemblage: For zero transverse strain, the
bending modulus is about nine times larger than the analytical
beam bending modulus. When the critical strain is imposed in
the transverse direction, the bending modulus decreases to zero.
The incremental deformations of the 4-node ICM element
assemblage are shown, magniﬁed by a factor of 500, in Fig. 5b
and c. Fig. 5b shows the actual incremental deformations, including the contribution from the incompatible modes, and Fig. 5c
shows the incremental deformations not including the incompatible modes (which is how deformed ICM elements are typically
plotted in practice). The corresponding total longitudinal stresses
are also shown in Fig. 5c.
Thus we see that the critical strain criterion is applicable to an
assemblage of ICM elements, when the adjacent elements can form
an interlocking (hour-glass) pattern.

Table 1
Results for the 1-element bending tests.
Element
type

Transverse boundary
condition

Normalized EI, from
calculated solution

Comments

(a) e11 = e22 = 0
4-node
4-node
4-node ICM
4-node ICM
8-node
8-node

Traction
Displacement
Traction
Displacement
Traction
Displacement

51.00
51.00
1.00
1.00
1.00
51.00

51 times the analytical value; result as predicted by equation 22.
Same result as for transverse traction boundary condition
Same as analytical solution
Much too soft
Same result as for 4-node ICM element
Same result as for 4-node element

(b) e11 = 0.01, e22 = 0
4-node
Traction
4-node
Displacement
4-node ICM
Traction
4-node ICM
Displacement
8-node
Traction
8-node
Displacement

49.97
49.97
0.03
0.03
0.03
49.97

Nearly the same result as with e11 = e22 = 0
Same result as for transverse traction boundary condition
Nearly zero, as predicted by equation 19. This corresponds to Euler buckling.
Transverse displacement boundary conditions not matched by incompatible mode.
Same result as for 4-node ICM element
Same result as for 4-node element

(c) e11 = 0, e22 = 0.01
4-node
Traction
4-node
Displacement
4-node ICM
Traction
4-node ICM
Displacement
8-node
Traction
8-node
Displacement

50.00
50.00
0.00
0.00
0.00
50.00

Nearly the same result as with e11 = e22 = 0
Same result as for transverse traction boundary condition
Zero, as predicted by equation 19.
Transverse displacement boundary conditions not matched by incompatible mode.
Same result as for 4-node ICM element
Same result as for 4-node element

(d) e11 = e22 = 0.005
4-node
4-node
4-node ICM
4-node ICM
8-node
8-node

49.98
49.98
0.02
0.02
0.02
49.98

Nearly the same result as with e11 = e22 = 0
Same result as for transverse traction boundary condition
Nearly zero, as predicted by equation 19.
Transverse displacement boundary conditions not matched by incompatible mode.
Same result as for 4-node ICM element
Same result as for 4-node element

Traction
Displacement
Traction
Displacement
Traction
Displacement
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(a) Initial mesh
Eigenvalue (× 1E10)
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(b) Incremental deformations, including from
incompatible modes

1
0
0
-1
-2

(c) Incremental deformations from compatible
displacements only, and total longitudinal stresses

-3

Fig. 5. Bending of an assemblage of elements, transverse displacement boundary
conditions.
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0.35

Displacement
Mode 1, ICM,
Mode 1, ICM,

=0
=0.3

Mode 2, ICM,
Mode 2, ICM,

=0
=0.3

Mode 1, no ICM,

=0

Critical displacement

Fig. 7. Eigenvalues vs. compressive displacement for frequency analysis of a 2D
compressed block, unconﬁned in longitudinal direction.

80
E=1E6
=0, 0.3
=5E-9
Plane
strain

0.05

Presc.
vertical
disp.

20

Fig. 6. Frequency analysis of a plane strain compressed block, unconﬁned in the
longitudinal direction.

3.3. Frequency analysis of a two-dimensional compressed block,
unconﬁned in longitudinal direction
The block shown in Fig. 6 is compressed and a frequency
analysis is performed in the compressed conﬁguration. A uniform
mesh of 4-node ICM elements with the total Lagrangian formulation is employed. A consistent mass matrix is used in the frequency
analysis.
As the length to width ratio of the elements is 8/1, the critical
strain is 1/64, corresponding to a critical compressive displacement of 0.315.
The lowest two eigenvalues are graphed as a function of the
compressive displacement in Fig. 7. At the critical compressive
displacement, the lowest eigenvalue becomes negative, and for a
slightly larger compressive displacement, the second lowest
eigenvalue also becomes negative. The results are in excellent
agreement with the theory in Section 2.
The results are affected only slightly by the choice of Poisson’s
ratio.
Also shown for comparison is the lowest eigenvalue when
4-node elements (without incompatible modes) are used. The eigenvalue decreases only slightly over the range of compressive displacements shown. Again this result is in accordance with theory.
Fig. 8 shows the mode shape and modal longitudinal stresses of
the model with ICM elements and zero Poisson’s ratio, calculated
at the critical compressive displacement. The spurious interlocking
(hour-glass) pattern is clearly visible.

Fig. 8. Spurious mode and modal longitudinal stresses for frequency analysis of a
2D compressed block, unconﬁned in longitudinal direction.

3.4. Frequency analysis of a compressed block, conﬁned in longitudinal
direction
The same problem as in Section 3.3 is solved, except that the
block is conﬁned in the longitudinal direction and Poisson’s ratio
is equal to zero (Fig. 9). Again, a uniform mesh of 4-node ICM
elements with the total Lagrangian formulation is employed.
Different mesh reﬁnements, all with the same element length to
width ratio of 8/1, are considered. The critical compressive
displacement (compressive displacement at which the lowest
mode has a zero eigenvalue) is plotted as a function of the number
of elements in the mesh (Fig. 10).
The longitudinal boundary condition tends to suppress the
interlocking spurious modes, so that the critical compressive displacement is higher than the theoretical value; however, as the
mesh is reﬁned, the critical compressive displacement approaches
the theoretical value. A typical spurious mode shape and the modal
longitudinal stresses are shown in Fig. 11.
3.5. Limit load analysis of a thread in a power screw
Fig. 12 shows a schematic of a power screw, and the thread
geometry of the screw. The material of the power screw is
idealized as an elastic–plastic material with bilinear isotropic

Table 2
Results for bending of an assemblage of 3 elements, transverse displacement boundary conditions.
Element type

e22

Normalized EI, from calculated solution

Comments

4-node
4-node
4-node ICM
4-node ICM

0
0.01
0
0.01

253
248
8.84
0.00

Virtually no stiffness. nonphysical spurious mode
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80

Screw

Presc.
vertical
disp.

E=1E6
=0
20
=5E-9

Nut

Fig. 9. Frequency analysis of a compressed block, conﬁned in the longitudinal
direction.

Not drawn to scale
Lead is equal to twice the pitch.

3.0
5 10

Critical compressive displacement

(a) Schematic drawing of power screw
2.5

2

1
29 o

2.0

8
1.5

0.5

10 20

1.0

7
20 40

Material properties:
40 80

0.5

80 160

E=2.07 105 N/mm2
=0.3

Theoretical value

0.0
10

100

All dimensions in mm
All fillet radii 0.1

1000

10000

100000

Number of elements
Fig. 10. Results for frequency analysis of the compressed block, conﬁned in the
longitudinal direction.

hardening. The nut is idealized as rigid, and frictionless contact is
assumed between the screw and the nut.
Fig. 13 shows a three-dimensional model of 180 degrees of the
thread. A mesh of 8-node ICM elements is used, along with a few 6node prism elements, and the total Lagrangian formulation is
employed. Notice that the pitch of the thread is included in the
mesh.
The aspect ratio of the elements in the thread is quite large,
with the elements much longer in the tangential direction than
in the other directions. However, it would lead to a very inefﬁcient
solution if a mesh with good aspect ratio elements were used for
this geometry and in practice meshes with long slender elements
are used.
An axial prescribed displacement is applied to the screw, and
the thread of the screw contacts the thread groove of the nut.
When the threads come into contact, a plastic zone forms at the
ﬁllet between the screw thread and the screw. On further loading,
a spurious mode is triggered. This mode can be visualized by
plotting (non-smoothed) bands of the effective stresses as shown
in Fig. 14.

2
y=700 N/mm
ET =2.07 103 N/mm2

(b) Thread geometry and material properties
Fig. 12. Power screw geometry.

The effect of the spurious mode is also evident in the force–
displacement curve (Fig. 15), in which we see that the force drops
suddenly when the spurious mode is triggered. For comparison, in
Fig 15, we also give the results obtained when the ordinary
8-node element is used (that is, when incompatible modes are not
included), and when a mixed displacement/pressure formulation
is used with the 8/1 element. Here, the 8 corner nodes are used
for the displacement interpolation and 1 pressure degree of
freedom is employed [3]. Notice that the ordinary 8-node element
mesh is too stiff, which we expect since plasticity is occurring,
plastic strains are incompressible and therefore volumetric locking
occurs in the ordinary 8-node element. The 8/1 element is
formulated to alleviate volumetric locking, and the mesh gives
results almost identical to the 8-node ICM element mesh until
the spurious mode in the ICM element assemblage is triggered.
Clearly the contact surfaces and surrounding elements are
acting as displacement boundary conditions on the ICM elements,
and the incompatible displacements in the ICM elements are not
compatible with the displacement boundary conditions.
This problem demonstrates that a spurious mode can occur in
practical ﬁnite element analysis involving only small displacements when using the ICM elements.

Fig. 11. Spurious mode shape and modal longitudinal stresses for frequency analysis of a compressed block, conﬁned in longitudinal direction.
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Prescribed vertical displacements
Z
X

Y

Symmetric boundary conditions

(a) Before spurious mode is triggered

(a) Isometric view

(b) Front view, showing thread pitch
Rigid target surface

(b) After spurious mode is triggered
Fig. 14. Effective stresses in power screw mesh.

16000

(c) Detail of front view, showing rigid target surface for nut
14000

Fig. 13. 3D ﬁnite element mesh of power screw.

4. Concluding remarks
While the difﬁculties of using elements with incompatible
modes in large strain analyses are well known, we considered in
this paper geometrically nonlinear elements subjected to only
small strains and small displacements. This is clearly a very large
ﬁeld of analysis.
In Section 2, we derived the tangent bending modulus of the
geometrically nonlinear 4-node ICM element with the following
simplifying assumptions: undistorted rectangular element, linear
elastic material, zero Poisson’s ratio, and small strains. These
simpliﬁcations were made to obtain basic insight into the element
behavior. The same derivation can also be performed with a nonzero Poisson ratio, but the effect of Poisson’s ratio is small (as long
as no incompressible conﬁned material condition is approached),
the resulting formulas are more complex and little further insight
is gained.
When the tangent bending modulus is zero in the presence of
only transverse traction boundary conditions, Euler bucking is
seen, the associated mode shape is a physical response and hence
is not spurious. But when the tangent bending modulus is zero in

Reaction force (N)

12000
10000

Spurious mode triggered

8000
6000

8-node ICM element
Ordinary 8-node element
8/1 element

4000
2000
0
0.00

0.02

0.04

0.06

0.08

0.10

0.12

Vertical displacement (mm)
Fig. 15. Force–deﬂection curves for power screw model.

the presence of transverse displacement boundary conditions, a
nonphysical response is seen: the zero tangent bending modulus
then corresponds to a spurious mode.
It is clear from the derivation that the spurious modes are
inseparable from the desirable characteristics of the ICM elements,
namely the absence of shear locking, and that the spurious modes
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are a direct consequence of the incompatibility of the incompatible
modes with prescribed displacement boundary conditions.
In Section 3, we illustrated the nonphysical response obtained
with the ICM elements. All these results are in correspondence
with the developed simple theory, and show that the element deﬁciency might be widely seen in actual ﬁnite element solutions (if
element aspect ratios are large). The fundamental reason is that
ICM elements are in practice embedded within ﬁnite element
meshes where for a typical element, the neighboring elements
and contact conditions provide in essence displacement boundary
conditions.
We did not investigate in this paper whether there are additional deﬁciencies of the ICM elements due to element geometric
distortions, but focused on the simplest case for a theoretical
analysis.
Based on the experiences presented in this paper, we recommend that the ICM elements be used with caution in geometric
nonlinear analyses, even involving only small strains, and that
when the ICM elements are used, these elements do not have a
large geometric aspect ratio.
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