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Abstract
The method of ®nite spheres was introduced as a truly meshless technique with the goal of achieving computational
eciency in a mesh-free procedure. In this paper we report several new numerical integration rules that result in a
signi®cant reduction in computational cost. Ó 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction
The conceptual development of a truly meshless
scheme, i.e. a computational technique that does not
depend on a mesh for interpolation or integration purposes, is rather straightforward. A technique of generating interpolation functions having compact support
depending only on a scattered distribution of nodal
points on the domain needs to be adopted. This allows
the interpolation procedure to be independent of a mesh.
A variety of such meshless interpolation techniques is
now available; for example, the moving least squares
interpolation technique [1], the weighted least squares
technique [2] and methods derived using the partition of
unity paradigm [3,4]. A weighted residual scheme is used
to generate the discretized set of equations. The dierent
meshless techniques found in the literature dier, in essence, in their choice of the interpolation functions,
the particular form of the weighted residual scheme
employed and the procedure of imposing the boundary
conditions.
If a Galerkin formulation is used, an additional
hurdle is the development of an integration scheme that
is also independent of a mesh. Such integration schemes
have been speci®cally developed in the context of the
method of ®nite spheres [5]. If, on the other hand, a
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meshless technique adopts the point collocation procedure as the weighted residual scheme (for example, as in
the ®nite point method [2]), then no such diculty exists
as the governing dierential equations are used only
at the nodal points. But the quality of solution is
rather sensitive to the ``proper'' choice of the collocation
points.
The Galerkin formulation is robust and given a
reasonably large ®nite dimensional approximation space
and a suciently high order integration rule, convergence is assured. Hence the real challenge is to develop a
truly meshless scheme that is computationally ecient.
The current trend in research in meshless techniques is
towards application of the new techniques to diverse
problem areas in engineering and not on the very important issue of computational eciency. However, for
any meshless technique to ®nd eventually wide application, it must be reasonably ecient compared to the now
classical ®nite element/®nite volume techniques and it
should, of course, be reliable. With these considerations
in mind, we proposed a truly meshless technique±±the
method of ®nite spheres [5].
In the method of ®nite spheres the discretization is
performed using functions that are compactly supported
on general n-dimensional spheres and the Galerkin weak
form of the governing partial dierential equations is
integrated using specialized numerical integration rules.
The relative orientation and the region of overlap of two
spheres are completely determined by the coordinates
of their centers and their radii and this makes spherical supports attractive. The interpolation functions are
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generated using the partition of unity paradigm [3]. The
Shepard functions [6] using cubic spline weighting functions provide a low-cost partition of unity.
In the Galerkin formulation, one of the major computational costs is the numerical integration of the terms
in the weak form. In the traditional ®nite element
methods numerical integration is performed most ef®ciently using Gauss±Legendre product rules on integration domains that are n-dimensional cubes or
tetrahedra. The Gauss±Legendre quadrature rule ensures arbitrary polynomial accuracy and therefore the
stiness terms (for undistorted elements) are exactly
integrated with low cost [7]. In the method of ®nite
spheres, however, the interpolation functions are rational (non-polynomial) functions on domains and eective
numerical integration rules have to be developed.
In Ref. [8] we presented a set of integration rules for
disks, sectors and ``lens'' shaped overlap regions of disks
and concluded, from actual comparisons of computational costs and some rough theoretical estimates, that
the method of ®nite spheres was about an order of
magnitude slower than the traditional ®nite element
technique for two-dimensional problems in linear elastostatics. In this paper we present a set of improved rules
on the same computational subdomains and report a
signi®cant reduction in computational costs.
The organization of this paper is as follows. In Section 2 we review the interpolation scheme used in the
method of ®nite spheres. In Section 3 we summarize the
displacement-based method of ®nite spheres as well as
a displacement/pressure mixed formulation that we
developed to overcome volumetric ``locking'' [9]. In Section 4 we introduce several new integration rules (that,
of course, are applicable to both the displacement based
method and the displacement/pressure mixed formulation) and present an estimate of how the improved integration rules result in lower computational costs.

2. Method of ®nite spheres shape functions
In this section we brie¯y recapitulate how we generate low-cost approximation functions using the partition
of unity paradigm [3] based on the Shepard partition of
unity functions [6].
Let X 2 Rd (d  1; 2 or 3) be an open bounded domain and let C be its boundary (see Fig. 1). Let a family
of open spheres fB xSI ; rI ; I  1; 2; . . . ; Ng form a covering for X, i.e. X  NI1 B xI ; rI , where xI and rI refer
to the center and radius of the sphere I respectively. We
associate a ``node'' with the geometric center xI of each
sphere. By S xI ; rI  we denote the surface of sphere I.
The spheres may be entirely within the domain (interior spheres) or may have nonzero intercepts with the
boundary (boundary spheres), see Fig. 1.
We de®ne a radial weighting function WI x; of the
form WI x  W sI , where sI  kx xI k0 =rI , compactly
supported on the sphere centered at node I such that
1. WI x 2 C0s B xI ; rI ,
2. WI x P 0 8 x 2 X.

sP0

We have chosen a cubic spline weighting function of the
following form (refer to Ref. [9] for an explanation):
82
>
4s2I  4s3I ;
0 6 sI 6 12
>
>
<3
4 3 1
W sI   4
1
>
4sI  4s2I
s ; 2 6 sI 6 1
>
>
3 I
:3
0;
sI > 1:
The weighting functions de®ne the Shepard partition of
unity functions [6]
WI
; I  1; 2; . . . ; N
u0I x  PN
J1 WJ
satisfying

Fig. 1. (a) A schematic of the method of ®nite spheres and (b) some shape functions in two dimensions.
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PN
0
1.
8x 2 X
I1 uI x  1
2. u0I x 2 C0s Rd ; s P 0.
The functions fu0I xg satisfy zeroth order consistency,
i.e. they ensure that rigid body modes are exactly represented.
To generate approximation spaces with higher
order consistency, a local approximation space VIh 
spanm2I fpm xg is de®ned at each node I, where pm x is
a polynomial or other function and I is an index set.
The superscript h is a measure of the size of the spheres.
The global approximation space Vh is generated by
multiplying the partition of unity function at each node I
with the functions from the local basis
Vh 

N
X
I1

u0I VIh :

Hence, any function vh 2 Vh can now be written as
vh x 

N
X

X

hIm xaIm

2

where
hIm x 

In Eqs. (4)±(8), u,  and s are the displacement, strain
and stress vectors, C is the elasticity matrix, f S is the
prescribed traction vector on the Neumann boundary
Cf , uS is the vector of prescribed displacements on the
Dirichlet boundary Cu (note that the domain boundary
C  Cf [ Cu ), f B is the body force vector (including
inertia terms), ¶ is a linear gradient operator and N is
the matrix of direction cosine components of a unit
normal to the domain boundary (positive outwards). In
R2 these vectors and matrices are written as:
u  u x; y v x; yT
  exx eyy cxy T

10

s  sxx syy sxy T

11

uS  uS x; y vS x; yT
2

xpm x

3

and hIm is a basis/shape function associated with the mth
degree of freedom aIm of node I.



3. Linear elasticity problems in R2
In this section we apply the method of ®nite spheres
to solve problems in two-dimensional elasticity. Section
3.1 summarizes the pure displacement-based formulation. In Ref. [9] we reported that the pure displacementbased formulation suers from volumetric ``locking'' in
the case of almost or fully incompressible media. Section
3.2 presents the displacement/pressure mixed formulation [9] to overcome this problem.
3.1. Displacement-based formulation
The system of governing dierential equations and
the boundary conditions for a linear elastic continuum
X 2 R2 with boundary C can be written as:
¶ s  f B  0 in X

4

  ¶ u in X

5

s  C

6

Ns  f S
u  uS

3
0
o=oy 5
o=ox

o=ox
¶  4 0
o=oy
N

T

9

f S  fxS x; y fyS x; yT

I1 m2I

u0I

2185

nx
0

0
ny

2

c12
c11
0

c11
C  4 c12
0

ny
nx

12


13

3
0
0 5
c33

where for plane stress conditions
c11 

E
1

m2

;

c12 

Em
;
1 m2

c33 

E
2 1  m

and for plane strain conditions
E 1 m
;
1  m 1 2m
E
c33 
2 1  m
c11 

c12 

Em
1  m 1

2m

;

E and m being Young's modulus and Poisson's ratio of
the material, respectively.

on Cf

7

3.1.1. Variational formulation
We consider the following variational indicator [7]
Z
1 T
 uC u dX R:
14
P u 
X 2

on Cu :

8

The term R accounts for the externally applied body
forces, surface tractions and applied displacements,

in X
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Z
R

X

uT f B dX 

Z

uT f S dC 

Cf

Z
Cu

f uT u

with

uS  dC
15

2

BJn x; y  ¶ HJn

where f u is the traction vector on the Dirichlet boundary
and may be expressed as
f u  NC u:

16

Invoking the stationarity of P we obtain the following
weak form:
Find u 2 H 1 X such that
Z
Z
 T

T vC u dX
 vCNT u  vT NC u dC
X

Z


X

Cu

Z

T B

v f dX 

Cf

vT f S dC

Z
Cu

T vCNT uS dC

1

8 v 2 H X

17

HJn x; yaJn  H x; yU

N X
X

18

where
a11

a12



aJn

vJn 

In this equation the various matrices and vectors are as
follows:
Z
BTIm CBJn dX
24
KImJn 

Hence, the discretized versions of Eqs. (10) and (11) are
 x; y 

f Im 

HIm f B dX

XI

where XI  X \ B xI ; rI .
If I is a node associated with an ``internal sphere'',
then
^f Im  0

BJn x; yaJn  B x; yU

20

where Cf  [I2Nf CfI , Nf being the index set of such
nodes.
On the other hand, if the sphere corresponding to
node I has nonzero intercept on the Dirichlet boundary,
then
^f Im 

N X
X

where

s x; y 

CBJn x; yaJn  CB x; yU

21

J 1 n2I

where the strain±displacement matrix B x; y in Eq. (20)
is partitioned as
B x; y   B10 x; y B11 x; y   

BJn x; y    

fUIm

Z

KUImJn 
and

and

KUImJn aJn

27

J 1 n2I

J1 n2I

N X
X

25

C fI

is the vector of nodal unknowns at node J corresponding
to the nth degree of freedom (uJn and vJn are the nodal
variables for the x- and y-direction displacements at
node J corresponding to the nth degree of freedom). The
nodal shape function matrix corresponding to the nth
degree of freedom is


h x; y
0
HJn x; y  Jn
:
19
0
hJn x; y

N X
X

23

from compact support.
If the sphere corresponding to node I has nonzero
intercept on the Neumann boundary, then
Z
^f Im 
HIm f S dC
26

   T

is the vector of nodal unknowns, and
aJn  uJn

KImJn aJn  f Im  ^f Im :

J1 n2I

Z

J 1 n2I

U   a10

22

XI

3.1.2. Nodal interpolations
We have the following approximation for the displacement ®eld
N X
X

3
0
ohJn =oy 5:
ohJn =ox

3.1.3. Discrete equations
Using Eqs. (18)±(21) in Eq. (17) we obtain the discretized system of algebraic equations corresponding to
node I and degree of freedom m

where H 1 X is the ®rst order Hilbert space [7].

u x; y 

ohJn =ox
x; y  4 0
ohJn =oy

fUIm 

Z
CuI

Z

CuI

HIm NCBJn dC 

BTIm CNT uS dC

CuI

BTIm CNT HJn dC

28

29

where Cu  [I2Nu CuI , Nu being the index set of such
nodes. Note that the stiness matrix KU is symmetric.
A point to note is that we may incorporate the
Dirichlet conditions by the special arrangement of nodes
on the boundary as discussed in Ref. [5].
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3.2. Displacement/pressure mixed formulation

f u  NCD D u

For an almost incompressible medium in plane strain
conditions, we write the constitutive relationship in the
following form (holding, of course, for fully compressible and fully incompressible media as well):

with N now containing a fourth column of zeros.
Invoking the stationarity of P we obtain the following weak form:
Find u 2 H 1 X and p 2 L2 X such that
Z h
Z h
i
T
T
D vCD D u V vp dX
D vCD NT u
X
Cu
Z
i
D D
T
vT NIp dC
 v NC  u dC 
Cu
Z
Z
Z
T
vT f B dX 
vT f S dC
D vCD NT uS dC


s

pI  2GD

30

where I is the vector corresponding to the Kronecker
delta, G is the shear modulus
G

E
2 1  m

31

X

and E and m are Young's modulus and Poisson's ratio of
the material, respectively; D is the vector of deviatoric
strain components,
V
I
3

D  

32

where V is the volumetric strain,
V  exx  eyy :

33

jV

34

where the bulk modulus j is
j

E
31

2m

:

35

In addition, we note that the vector of deviatoric stresses
sD  s  pI

36

is related to the vector of deviatoric strains by the following constitutive relationship
sD  CD D :

37

3.2.1. Variational formulation
We consider the following variational indicator [7]:

Z 
1 DT
1 p2
pV u dX R
P u; p 
 uCD D u
2 j
X 2
38
The term R accounts for the externally applied body
forces, surface tractions and applied displacements,
Z
Z
Z
T B
T S
R
u f dX 
u f dC 
f uT u uS  dC
X

Cf

Cf

40

Cu

8 v 2 H 1 X

41

Z
h
pi
dX 
q V u 
qIT NT u dC
j
X
Cu
Z

qIT NT uS dC 8 q 2 L2 X

Z

Cu

Note that in Eq. (30) the out-of-plane stress and strain
components are now included [7]. The pressure in the
body is
p

pNI

Cu

39
where f u is the traction vector on the Dirichlet boundary
Cu and may be expressed as

42

where H 1 X and L2 X are the ®rst order Hilbert space
and Lebesgue space of square integrable functions, respectively.
3.2.2. Nodal interpolations
We use the same approximation for the displacement
®eld as in Eq. (18), and choose the following approximation for the pressure ®eld
p x; y 

N X
X
J 1 n2I

hpJn x; ypJn  Hp x; yP

43

where P   p10 p11 p12    pJn    T is the vector
of nodal point unknowns corresponding to the pressure
degrees of freedom. The shape function hpJn x; y at node
J corresponding to the nth degree of freedom is also
generated using the partition of unity paradigm. This
construction of the pressure approximation space results
in a continuous pressure ®eld.
It should be noted, however, that the choice of the
displacement and pressure interpolation spaces is critical
to the success of the mixed formulation scheme. In Ref.
[9] we have identi®ed several combinations of these two
spaces that result in a stable formulation.
The approximations for the strains in Eqs. (32) and
(33) are
D x; y 

N X
X
J1 n2I

D
BD
x; yU
Jn x; yaJn  B

44

and
V x; y  BV x; yU

45

where BD and BV are the corresponding strain interpolation matrices.
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3.2.3. Discrete equations
Using the displacement and pressure approximations
in Eqs. (41) and (42) we obtain the following discrete
sets of equations corresponding to node I and degree of
freedom m
"

N X K
X
uuImJn

KupImJn

KTupImJn

KppImJn

J1 n2I

#

aJn





pJn



f Im
0



 bf Im

46

Z
fUuIm 
and
fUpIm 

CuI

D T S
BDT
Im C N u dC

55

hpIm IT NT uS dC

56

Z
CuI

where Cu  [I2Nu CuI ; Nu being the index set of such
nodes.

where
Z
KuuImJn 

D D
BDT
Im C BJn dX

XI

Z
KupImJn 

BTVIm hpJn dX

XI

1
j

KppImJn 

47

Z
XI

48

hpIm hpJn dX

49

and
Z
f Im 

XI

HIm f B dX

50

where XI  X \ B xI ; rI . If I is a node associated with
an ``interior sphere'', then, of course
^f Im  0
If the sphere corresponding to node I has a nonzero
intercept on the Neumann boundary Cf , then
^f Im 

R
CfI

HIm f S dC
0


51

where Cf  [I2Nf CfI ; Nf being the index set of such
nodes.
On the other hand, if the sphere corresponding to
node I has a nonzero intercept on the Dirichlet boundary Cu , then
"
#
)
 (
N X KU
X
KUupImJn
fUuIm
aJn
uuImJn
^f Im 
KUTupImJn
0
fUpIm
pJn
J 1 n2I
52
where
Z
KUuuImJn 

CuI

HIm NCD BD
Jn dC 

Z
CuI

D T
BDT
Im C N HJn dC

53
Z
KUupImJn 

CuI

HIm NIhpJn dC

54

4. Improved numerical integration schemes
Ecient numerical integration of the terms in the
local weak forms without using a background mesh is
challenging because the shape functions are rational
(nonpolynomial) functions and the integration domains
are spheres or truncated spheres. Moreover, the overlaps
of spheres give rise to general ``lens'' shaped regions.
Hence, specialized integration rules are needed. In Ref.
[5] we concentrated on two-dimensional domains and
developed Gaussian product rules that have certain degrees of polynomial accuracy. We reported that about
144 integration points were required per disk.
In this section we discuss several improved numerical
integration rules for two-dimensional conditions. The
integration domains that we consider are ``interior
disks'' (disks that have nonzero intercepts with the domain boundary), ``boundary sectors'' (disks intercepted
by the domain boundary) and the ``lens'' shaped regions
of overlap of two disks.
4.1. Integration on an interior disk
Let us consider the solution of Poisson's equation on
a square domain as shown in Fig. 2(a) using a regular
arrangement of nine nodes and a linear local basis. A
typical term of the stiness matrix is

Z 
ohIm ohJn ohIm ohJn
KImJn 

dX
57
ox ox
oy oy
XI
where I; J 2 f1; . . . ; 9g and m; n 2 f0; 1g. hIm is the shape
function at node I corresponding to the mth degree of
freedom. In Fig. 2 we show some of the integrands
corresponding to the node at the center of the square
I  5. We observe that it is quite dicult to obtain
global polynomial ®ts to these functions. Hence a high
order Gauss integration rule was required in Ref. [5].
It is possible to develop piecewise quadrature formulas by subdividing the disk into subdomains and
developing simple quadrature rules on these subdomains. Such a scheme is expected to perform better than
the Gaussian product rules since the integration is then
performed in a piecewise manner.
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Fig. 2. (a) A regular arrangement of nine nodes is shown on the domain on which a Poisson problem is de®ned. Some of the integrands
in Eq. (57), namely (b) K5050 , (c) K5051 and (d) K5151 are shown corresponding to the node I  5.

We have implemented a piecewise midpoint quadrature rule for the interior disk (see Fig. 3(a)) by subdividing the disk using concentric circles and radial lines
and evaluating the integral on each of the subdomains as
the area of the subdomain multiplied by the integrand
evaluated at the centroid of the subdomain. Hence, for
the integral of a function f x; y on a disk (X) of radius
R0 we use the following approximation
Z Z
nh X
nr
X
f x; y dx dy '
Dij f rj cos hi ; rj sin hi  58
X

i1

j1

where nh is the number of sectors in which the disk is
subdivided and nr is the number of subdivisions along
each radius. Here
rj 

j

2

hi  i

j

j  1=3
Dr
1=2
1=2Dh

where
Dr 

R0
nr

Dh 

2p
:
nh

The weight


1
Dh Dr2
Dij  j
2
is the area of the subdomain and is independent of the
circumferential direction.
In Ref. [5] we used, for this integral, the following
integration rule due to Peirce [10] which provides an
arbitrary polynomial accuracy of degree k  4m  3,
m  0; 1; 2; . . . ; in x  r cos h and y  r sin h
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Fig. 3. Integration on an ``interior'' disk of radius 1.0. In (a) the integration points corresponding to the piecewise midpoint
quadrature rule (Rule 1) are shown. In this rule the integration points are the centroids of the subdomains (hatched) while the areas are
the integration weights. In (b) the integration points corresponding to the integration rule in Eq. (59) are shown (Rule 2). In (c) the
integration stations corresponding to a Gauss±Legendre product rule (Rule 3) are shown. In (d) Rules 1, 2 and 3 are used to evaluate
the area of the disk.

Z Z
X

f x; y dx dy '

4X
m1 X
m1
i1

Dij f rj cos hi ; rj sin hi 

j1

59
where
1. hi1

spaced radii and the integration weights are independent
of angular position (see Fig. 3(b)).
Both this rule and the piecewise midpoint quadrature rule (58) are superior to a simple Gauss±Legendre
product rule on the disk used in [11]
Z

Z Z
2p
hi  k1
;

2. Dij  4 m1Pp 0

m1

rj2 

i  1; 2; . . . ; 4 m  1
R R20 Pm1 r2  2
dr ; j  1; 2; . . . ; m  1
0
r2 r2
j

3. The ri2 are the m  1 zeros of Pm1 r2 , the Legendre
polynomial in r2 of degree m  1, orthogonalized on
0; R20 .
Since a Gauss±Chebyshev rule automatically arises in
the h-direction, the integration points are on equally

X

f x; y dx dy 
'

Z

R0
y R0

Ny
Nx X
X
i1

X y

x X y

f x; y dx dy

Dij f xi ; yj 

60

j1

where Nx and Ny are the number of integration points
chosen along the x- and y-directions, respectively, and
Dij  Wi x Wjy is the product of the usual Gaussian weights
Wi x and Wjy for the x- and y-directions (see Fig. 3(c)).
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This integration rule is inecient which is demonstrated
in Fig. 3(d) where we consider the simple problem of
computing the area of a unit circle (where f x; y  1)
using these three rules.
In Fig. 4 we compare the convergence for the integral
in Eq. (57) for the node I  5 for m  0 and 1 when
the rules (58) and (59) are used. In rule (58) equal numbers of sectors and concentric circles are chosen. It can
be seen that the simple mid point quadrature rule (58)

2191

oers convergence within 49 integration points on the
disk.
4.2. Integration on a boundary sector
``Boundary sectors'' are the disks that have nonzero
intercept on the domain boundary. In Ref. [5] we categorized the boundary sectors into two major groups
depending on the angle u0 that the radii joining the

Fig. 4. Convergence for three integrals in Eq. (57) is shown in (a) and (b), corresponding to I  5 and m  0 and 1, using two dierent
integration schemes. The solid lines correspond to the piecewise midpoint quadrature rule and the chain dotted lines correspond to the
rule in Eq. (59). Notice that in (a) the integration requires over 100 points to converge (we used 144 points) when using the rule in Eq.
(59), whereas 49 points are sucient when the piecewise midpoint rule is used.
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center of the disk to the two intercepts of the disk on S
make interior to the domain:
Type I sector: u0 6 p (see Fig. 5(a)). The piecewise
midpoint quadrature rule (58) applies with the modi®cation
u
Dh  0
nh

In Ref. [5] we proposed the following ``engineering solution''
Z Z
X

f x; y dx dy '

4X
m1 X
m1
i1

Dij f rj cos hi ; rj sin hi 

j1

61

Fig. 5. Integration points on a boundary sector. (a) Type I boundary sector with u0 6 p. (b) Type II boundary sector with u0 > p. (c)
Convergence for three integrals as in Eq. (57) is shown, corresponding to I  1 and m  0 and 1, using two dierent integration
schemes. The solid lines correspond to the piecewise midpoint quadrature rule and the chain dotted lines correspond to the ``engineering solution'' in Eq. (61). Notice the superior convergence properties of the piecewise midpoint rule for these integrals.
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where Dij  Ai Bj with
weights on an interval 
Z R2
0 P
1
m1
Bj  0
2
r2
2Pm1 rj  0

Ai being the usual Gaussian
h0 ; h0  and
r2  2
dr
rj2

j  1; 2; . . . ; m  1:

The integration points ri are the positive square roots of
the zeros of the Legendre polynomial Pm1 r2  in r2 of
degree m  1 (m  0; 1; 2; . . .), orthogonalized on 0; R20 :
However, the radial coordinates of the integration
points hj are chosen as the zeros of the Legendre polynomial P4 m1 h in h of degree 4 m  1, orthogonalized
on  h0 ; h0 .
In Fig. 5(c) we compare the convergence for several
integrals of the form (57) where the sector corresponding
to node 1 in Fig. 2(a) is considered. Clearly the piecewise
midpoint quadrature rule outperforms the previously
proposed rule (61).
Type II sector: u0 > p (see Fig. 5(b)). We may integrate over this type of boundary sector by ®rst decomposing it into a sector for which the rule of the type I
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sector can be used and a triangle as shown in Fig. 5(b).
A piecewise midpoint quadrature rule is used for the
triangular region as well.
4.3. Integration on the lens
In Ref. [8] we concluded that a Gauss±Legendre
product rule of the form
Z Z
Z y0 Z X2 y
f x; y dx dy 
f x; y dx dy
XIJ

y y0

'

Nx
X

Ny
X

i1

j1

x X1 y

Dij f xi ; yj 
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RR
can be used to numerically evaluate
f x; y dx dy,
XIJ
where XIJ  B xI ; rI  \ B xJ ; rJ  6 0 is the ``lens'' shaped
region of overlap of two disks (see Fig. 6(a)). It was also
noted that such a rule requires a rather large number of
points to integrate f x; y  1 on the domain, as shown
in Fig. 6(c). However, we noted in Ref. [8] that this rule

Fig. 6. Numerical integration on the lens. Some integration points generated using a Gauss±Legendre product rule, see (a), and
piecewise midpoint quadrature rule, see (b), of Section 4.3 are shown on the intersection of two disks of radii 0.8 and 1.0, respectively,
with center-to-center distance of 0.9. Absolute errors as a function of number of integration points when f x; y  1 is shown in (c).
Note that the piecewise midpoint quadrature rule is eective.
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is superior to using a mapping of the lens to a unit circle
as proposed in Ref. [11] since the Jacobian required in
that case is a complicated function.
In this section we describe a new integration scheme
to evaluate the integral on the lens (see Fig. 6(b)). We
choose Ny integration points along the line AB. These
points can correspond to either a Gauss quadrature
scheme or a piecewise midpoint quadrature scheme. We
subdivide the lens into strips of width equalP
to the inNy
tegration weights Wjy : This is possible since j1
Wjy 
length AB. The area of the jth strip, Aj , may be computed analytically.
Now we draw a straight line, of length lj , parallel to
the x-axis through each integration point along AB and
choose Nx integration points along each of these lines.
Once again, either a piecewise midpoint or a Gaussian
quadrature scheme may be used. Let Wi x be the weight
associated
the ith integration point, such that
P x with
lj  Ni1
Wi x . We may now write down an integration
rule
Z Z
XIJ

where

f x; y dx dy '

Nx
X

Ny
X

i1

j1

Dij f xi ; yj 

63

Dij 

Aj Wi x
:
lj

Notice that the integration P
weight Dij is the fraction of
x
the area of the jth strip and Ni1
Dij  Aj . If f x; y  1,
then this integration rule is exact (see Fig. 6(c)). Let us
denote, by scheme 1 the case when a piecewise midpoint
quadrature rule is used along AB as well as along the xaxis and by scheme 2 the case when piecewise midpoint
rules are used along AB but a Gauss±Legendre rule is
used along the x-axis.
In Fig. 7 we consider the convergence for three integrals of the type (57). Three dierent numerical integration schemes are compared: scheme 1, scheme 2 and
our previous integration rule in Eq. (62). We observe
that schemes 1 and 2 are comparable and each is better
than the rule in Eq. (62). We choose to use scheme 1 in
our computations.
4.4. Computational costs
The improved integration rules result in a substantial
reduction in computational cost for the pure displacement based as well as the displacement/pressure mixed
formulation schemes presented in Section 3. In Ref. [8]

Fig. 7. Convergence for three integrals as in Eq. (57) using the integration rules on the lens. Results shown correspond to the integral
on the intersection of disks 5 and 6 using three dierent integration schemes. The solid lines correspond to a piecewise midpoint
quadrature rule along the x- and y-directions (scheme 1). The chain dotted lines correspond to a piecewise midpoint quadrature rule
along the y-direction and a Gauss quadrature rule along the x-direction (scheme 2) and the dotted lines correspond to a Gauss±
Legendre product rule as in Eq. (62).
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we considered the displacement-based method of ®nite
spheres and estimated the computational cost in solving
a general elliptic problem in d-dimensions (d  1; 2 or 3).
In addition, we compared this cost with the expense of a
similar meshless scheme using the moving least squares
approximants as well as the ®nite element technique. We
concluded that the method of ®nite spheres was computationally much more ecient than the moving least
squares based method but was about an order of
magnitude slower than the traditional ®nite element
technique for two-dimensional problems in linear elastostatics.
Assuming that the computational cost of a weighting
function or its derivative in the method of ®nite spheres
and the cost of computation of a ®nite element shape
function or its derivative are of the same order of magnitude, the ratio of the cost of computation of the global
stiness matrices in the method of ®nite spheres (TKMFS )
and the ®nite element technique (TKFEM ) may be estimated as (see Ref. [8])
!
n2 NgMFS N MFS M MFS 2
TKMFS
O
64
TKFEM
NgFEM N FEM M FEM
where the O notation signi®es asymptotic upper bound
to within a constant. The number of nodes is N and each
node is assumed to have an average connectivity of M,
i.e. the support of each node is assumed to have nonzero
overlaps with an average of M 1 other nodal supports (superscripts MFS and FEM refer to the method
of ®nite spheres and the ®nite element method, respectively). The number of functions used in the local basis
of each node in the method of ®nite spheres is denoted
by n. NgMFS is the number of integration points per
sphere and NgFEM is the number of Gaussian integration
points per ®nite element.
Let us consider the example of the square cantilevered plate in plane strain with uniformly distributed
loading on the top surface that we used in Ref. [8]. We
have rerun the problem using the improved numerical
integration schemes that we have described in this paper.
We have observed that a 8  8 regular nodal arrangement (with quadratic consistency) provides a solution
(in strain energy) which is comparable in accuracy with
the solution provided by a 25  25 mesh of nine-noded
®nite elements. We estimate
N FEM  2601;
NgFEM  9;
M FEM  25;
n6
and obtain

TKMFS
 3:
TKFEM
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This result is quite close to the comparison of actual
computational times. In Ref. [8] we noticed that this
ratio was 9. The reduction is due to the fact that we now
use 49 integration points per node as opposed to 144
used before.
If we assume that the total computational cost can be
broken down into the cost of computation of the global
stiness matrix and the solution of the set of algebraic
equations, a consequence of the estimate presented in
the last paragraph is that in terms of total computational cost the method of ®nite spheres is now about two
to ®ve times slower than the ®nite element technique for
linear elastostatic problems in two dimensions.
5. Concluding remarks
Computational eciency is the key to the eventual
success of a meshless technique. The choice of the computational subdomains, the functions used for interpolation, the techniques applied to impose the Dirichlet
boundary conditions and perform numerical integration
need to be considered in detail in the development of a
computationally ecient scheme.
In the method of ®nite spheres we have chosen lowcost approximation functions and eective techniques
for applying the Dirichlet boundary conditions. The
emphasis of our current research is on the development
of computationally ecient integration rules. The cost
of computation of the global stiness matrix scales linearly with the number of integration points used per
sphere. Hence an integration scheme that is three times
more ecient than our previous one implies that we
have reduced the computational cost substantially.
The developments reported in this paper suggest
that it is possible to obtain a meshless technique which
is ecient when compared with classical discretization
methods. Of course, more ecient integration schemes
should still be sought, and the development of ecient
techniques of distributing the nodal points, selecting the
radii of the spheres for acceptable accuracy, and computing the intersections of spheres with general boundaries need still to be addressed.

N MFS  64;

NgMFS  49;
M MFS  4;
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