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This paper presents an Arbitrary Lagrangian Eulerian (ALE) formulation derived from the Reynolds trans-
port theorem to accurately solve certain problems of three-dimensional unsteady Newtonian flows with
free surfaces. The analysis problems addressed are those without breaking waves or waves spilling over
obstructions. The proposed method conserves mass very accurately and obtains stable and accurate
results with large time steps, and even when using rather coarse meshes. The continuum mechanics
equations are formulated and the three-dimensional Navier–Stokes equations are solved using a ‘flow
condition based interpolation’ (FCBI) scheme for a tetrahedral finite element using finite volume con-
cepts. Various example solutions are given to indicate the effectiveness of the solution schemes.
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1. Introduction

Free surface fluid flow analyses solve problems with continu-
ously moving fluid domains. Many industries require free surface
solutions, such as vehicle dynamics and earthquake engineering.
If free surfaces are not correctly calculated and designed for, the
dynamic system may be affected with possible dangerous conse-
quences, for example, an instability may arise due to the fluid
motion in large fuel tanks.

Because of the importance of correct free surface solutions,
many researchers have attempted to develop methods to calculate
incompressible free surface flows in various fields, see for example
Refs. [1–10] and the references therein. The Volume of Fluid (VOF)
method is a well-known scheme for an Eulerian approach and uses
density functions. This approach can ensure mass conservation but
a serious disadvantage of the method is that it does not accurately
capture free surfaces and interfaces especially in the calculation of
three-dimensional flow problems. Another widely used free sur-
face flow calculation method is the level set scheme. This method
makes it relatively easy to capture a free surface accurately, using a
function which has zero value contour on the free surface as an
identifier. However, while the method has desirable capabilities
to establish free surfaces and interfaces, difficulties arise in con-
serving the total mass of the fluid. Of course, these two approaches
can also be combined to reach a more effective scheme. An impor-
tant Lagrangian approach for free surface analyses is the Smoothed
Particle Hydrodynamics (SPH) method. The SPH scheme is
attractive because a simulation does not require a mesh.
However, the disadvantages are that artificial constants such as
smoothing factors are used and the method may induce spurious
oscillations; thus, it can be difficult to find an accurate solution.

In this paper, we develop an improved numerical method that
accurately establishes the free surfaces and robustly achieves mass
conservation without requiring any a posteriori mass conservation
treatment. The formulation uses an arbitrary Lagrangian–Eulerian
(ALE) method with a special focus on the condition of accurate
mass conservation during long-time response.

The finite element method is employed because of its strong
mathematical foundation and the possibility to directly evaluate
the Jacobians used for the Newton–Raphson iterations [11]. For
the effective solution of the three-dimensional fluid flows governed
by the Navier–Stokes equations, we develop a weak formulation of
the tetrahedral MINI element (slightly modified) with step weight-
ing functions and flow-condition-based interpolations (FCBI) for
the trial functions in the convective terms [12–14]. This approach
ensures that the inf–sup condition for modeling incompressible
response is passed and stability is maintained regarding the con-
vective terms for high Reynolds number flows. The contribution
in the paper is the formulation and the specific 3D element given
for the free surface flow conditions considered herein.

In the next sections we first present the finite element formula-
tion and then we give illustrative example solutions.

2. Finite element formulation

In this section, we present a finite element ALE formulation for
the transient solution of incompressible fluid flows with free
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surfaces or interfaces. ALE approaches have of course been amply
pursued, see e.g. [15–18], but we focus here on using the
Reynolds transport theorem in implicit time integration to achieve
a formulation that is effective when using large time steps and
coarse finite element meshes.

2.1. Governing equations

Considering the complete fluid flow domain, we have the kine-
matic relation for the free surface

ðu� umÞ � n ¼ on Sf � ½0; T� ð1Þ

and the mass conservation equation

@q
@t
þr � qu ¼ 0 in Vf � ½0; T� ð2Þ

where n is the unit normal vector on the free surface Sf (and also
used on any fluid domain), Vf denotes the complete fluid domain

(see Fig. 1), q is the mass density, u is the fluid velocity, um is the
velocity of an underlying medium of observation, which in the
ALE formulation is the mesh velocity, and T denotes the time span
considered. We assume zero surface tension, and while not explic-
itly noted variables are of course a function of the spatial coordi-
nates x and time t.

Eq. (1) is the kinematic relation on the free surface that is
included to satisfy the condition of mass conservation and cor-
rectly identify the moving free surface. The mass conservation con-
dition for the interior, Eq. (2) looks as used in compressible flows
but we use it here for incompressible flows because we know that
the density at a fixed point may change in time due to the motion
of the free surface through the fixed point.

In the fluid domain, we name X the moving control volume and
C the surface that encloses the control volume. Using the Reynolds
transport theorem, the mass conservation equation in a moving
control volume is

d
dt

Z
X
qdXþ

Z
C
qðuc � nÞdC ¼ 0 ð3Þ

where n is here the outward pointing unit normal to C, and uc

denotes the convective velocity given by

uc ¼ u� um ð4Þ

Hence we haveZ
C
qðu � nÞdC ¼ � d

dt

Z
X
qdXþ

Z
C
qðum � nÞdC ð5Þ

The momentum equation using the Reynolds transport theorem is

d
dt

Z
X
qudXþ

Z
C
q uucþpI�l ruþruT

� �� �
�ndC¼

Z
X

gqdX ð6Þ
Ω

fS

Γ

fV

n

Fig. 1. Complete fluid domain with a free surface.
where g is the gravitational acceleration vector. Note that the iner-
tial term accounts for the time rate of change of control volume size.
In Eq. (6), we used the stress s given as

s ¼ sðu;pÞ ¼ �pI þ l ruþ ðruÞT
n o

ð7Þ

with I the identity tensor, p the pressure and l the viscosity.
The essential boundary conditions are

u ¼ uS; x 2 Sv ð8Þ

and the natural boundary conditions are

s � n ¼ f S; x 2 Sf ð9Þ

where uS is the prescribed velocity on the boundary Sv , f S is the pre-
scribed traction on the boundary Sf , with S ¼ Sv [ Sf and Sv \ Sf ¼ ;,
for the fluid domain, where S denotes the complete boundary.

To solve the momentum and mass conservation equations, Eqs.
(5) and (6), we use a Petrov–Galerkin variational formulation in the
subspaces Uh, Vh and Wh for the velocities and subspaces Ph and Q h

for the pressure p. The finite element formulation is:
Find u 2 Uh;v 2 Vh and p 2 Ph such that for all w 2Wh and

q 2 Q h

d
dt

Z
X

qqdXþ
Z

C
qq½ðu� umÞ � n�dC ¼ 0 ð10Þ

d
dt

Z
X

w½qu�dXþ
Z

C
w½qvfðu� umÞ � ng�dC�

Z
C

w½sðu; pÞ � n�dC

¼
Z

X
w½qg�dX ð11Þ

In Eqs. (10) and (11), the trial functions in Uh and in Ph are the con-
ventional finite element interpolations for velocity and pressure,
respectively. We select these to satisfy the inf–sup condition of
the analysis of incompressible media [19]. The advection term,
which is not considered in the Stokes flow assumptions, requires
different trial functions in Vh from the functions in Uh. The trial
functions in Vh should lead to stability of the method when higher
Reynolds number flows are considered and we use the
flow-condition-based interpolation approach [12]. Step weight
functions are chosen in the spaces Wh and Qh, to achieve local con-
servation of momentum and mass, respectively. Hence the formula-
tion is in fact a hybrid between the traditional finite element and
finite volume formulations.

2.2. 3D tetrahedral MINI element

The motivation for the development of the tetrahedral element
is to be able to generate meshes for complicated 3-D geometries.
However, for simple geometries we can use meshes based on hex-
ahedra that are subdivided into tetrahedra. One hexahedron is
divided into 6 tetrahedral elements, see Fig. 2.

To establish an FCBI scheme for tetrahedral grids that can be
used to solve problems with complex geometries, we develop the
MINI tetrahedral element using interpolations to satisfy the inf–
sup condition, to give stability in the convective terms, and to sat-
isfy mass and momentum conservation locally [11,12,19].

In a slight modification, instead of using the usual cubic bubble
for the MINI element, we use a linear hat function [11].

Fig. 3 shows a MINI element in which the velocity is defined at
five nodes, at the local node numbers 1–5, while the pressure is
defined at four nodes, at the local node numbers 1–4, in order to
satisfy the inf–sup condition [11]. The flux is calculated with inter-
polated values at the centers of the surfaces of the control volumes
for the nodes.



Fig. 2. A hexahedron with its tetrahedral elements.
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Fig. 3. The 3-D MINI element, showing the control volume for node 5 (used for the
momentum equations); the four domains xi; i ¼ 1; . . . ;4 of the element are:
x1 = domain with nodes 2, 3, 4 and 5, x2 = domain with nodes 1, 3, 4 and 5,
x3 = domain with nodes 1, 2, 4 and 5, x4 = domain with nodes 1, 2, 3 and 5.
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The 3-dimensional interpolations for the usual velocities and
pressure are given by [11]

u ¼ hu
i ûi ð12Þ

p ¼ hp
i p̂i ð13Þ

where ûi and p̂i are the nodal velocity and pressure variables, at the
local node i, respectively, and we imply summation over i. The unit
step weight functions in Wh and Qh are for the control volumes per-
taining to the velocity nodes (for the momentum equations) and the
pressure nodes (for the continuity equations), respectively, see
Fig. 4.

In order to reach a stable solution scheme for higher Reynolds
numbers, v in the convection term uses interpolations derived
using flow conditions. The scheme is based on using the flow con-
ditions on the faces of the element with an analytical
1-dimensional advection–diffusion equation. In each of the four
domains, x1, x2, x3 and x4, considering the respective faces that
belongs to the region, the velocity is factored into parallel-to-face
components vk and normal-to-face components v?. For the
parallel-to-face components, the flow-condition-based interpola-
tion is applied and for the perpendicular components the usual lin-
ear interpolation is used
vk ¼ hv
ikv ik ¼ hv

i v ik ð14Þ
v? ¼ hv

i?v i? ¼ hu
i v i? ð15Þ

where i is the local node number on the face considered. For the
interpolation of the usual velocity and pressure, we use linear inter-
polations (see Tables 1 and 2).

Of course, for the parallel-to-face components using the
1-dimensional analytical solution of fluid flow (the flow condi-
tions) different schemes could be designed. We use a simple
scheme that is as follows for domain 1 using its external surface,
see Figs. 5 and 6.

First we interpolate, using the flow conditions at the vertex
nodes, the velocities along the edges of the face, see Fig. 5; hence
the velocities at points P23, P34 and P42 are obtained. For each edge
(or line referred to below) the interpolation established from the
information on the edge, with the convection velocity in the direc-
tion of the edge, is applied to both the tangential and perpendicular
components of the velocity along the edge. Next, the vertex nodes
2, 3 and 4 and the opposite mid-edge points P34, P42 and P23 define
three lines that intersect at the mid-face point P234. By applying the
flow condition interpolation along these three lines in the way as
for the edges, see Fig. 6, we obtain three different interpolations
of values for each velocity component at the mid-face point which
we average.

By solving the 1-D advection–diffusion equation on the element
edge, we obtain (see Fig. 5):

vP23
k ¼ eRe23 � e0:5Re23

eRe23 � 1
v2k þ

e0:5Re23 � 1
eRe23 � 1

v3k;

Re23 ¼
q 1

2 ðu2
c þ u3

c Þ � ðx3 � x2Þ
� �

l
ð16Þ

where x3 and x2 are the position vectors of nodes 3 and 2, and u2
c

and u3
c are the convective velocities at nodes 2 and 3. The

parallel-to-face velocities at the other two mid-edge points are cal-
culated similarly:

vP34
k ¼ eRe34 � e0:5Re34

eRe34 � 1
v3k þ

e0:5Re34 � 1
eRe34 � 1

v4k;

Re34 ¼
q 1

2 u3
c þ u4

c

� �
� ðx4 � x3Þ

� �
l

ð17Þ
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Fig. 4. Typical control volumes and control surfaces: (a) volume for space Wh , the control volume is obtained by triangles formed using mid-face points and mid-edge points
and (b) volume for space Qh , the control volume is obtained by triangles formed using mid-face points, mid-edge points and node 5.
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Table 1
Trial functions in Uh for the usual velocity.

Trial function i n g f

hu
1 ¼ 1� n� g� f� /=4 1 0 0 0

hu
2 ¼ n� /=4 2 1 0 0

hu
3 ¼ g� /=4 3 0 1 0

hu
4 ¼ f� /=4 4 0 0 1

hu
5 ¼ / 5 1/4 1/4 1/4

where

/ ¼

4ð1� n� g� fÞ in region x1
4n in region x2
4g in region x3
4f in region x4

2
664 .
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vP42
k ¼ eRe42 � e0:5Re42

eRe42 � 1
v4k þ

e0:5Re42 � 1
eRe42 � 1

v2k;

Re42 ¼
q 1

2 ðu4
c þ u2

c Þ � ðx2 � x4Þ
� �

l ð18Þ

The values Re23, Re34 and Re42 are the element Reynolds numbers
of the convective velocities in the directions of the element edges.

The procedure to find the velocity at the mid-face point P234 is
to apply the flow condition interpolation along the internal lines

v2—P34
k ¼ eRe234 � e0:67Re234

eRe234 � 1
v2
k þ

e0:67Re234 � 1
eRe234 � 1

vP34
k ;

Re234 ¼
q 1

3 ðu2
c þ u3

c þ u4
c Þ � 1

2 ðx3 þ x4Þ � x2
� �� �

l
ð19Þ

v3—P42
k ¼ eRe342 � e0:67Re342

eRe342 � 1
v3
k þ

e0:67Re342 � 1
eRe342 � 1

vP42
k ;

Re342 ¼
q 1

3 ðu2
c þ u3

c þ u4
c Þ � 1

2 ðx2 þ x4Þ � x3
� �� �

l
ð20Þ

v4—P23
k ¼ eRe423 � e0:67Re423

eRe423 � 1
v4
k þ

e0:67Re423 � 1
eRe423 � 1

vP23
k ;

Re423 ¼
q 1

3 ðu2
c þ u3

c þ u4
c Þ � 1

2 ðx2 þ x3Þ � x4
� �� �

l
ð21Þ
Table 2
Trial functions in Ph for the pressure.

Trial function i n g f

hP
1 ¼ 1� n� g� f 1 0 0 0

hP
2 ¼ n 2 1 0 0

hP
3 ¼ g 3 0 1 0

hP
4 ¼ f 4 0 0 1
where v2—P34
k is the parallel-to-face velocity at P234 using the 1-D

flow condition interpolation between points 2 and P34; v3—P42
k is

the parallel-to-face velocity at P234 using the 1-D flow condition
interpolation between points 3 and P42; and v4—P23

k is the
parallel-to-face velocity at P234 using the 1-D flow condition inter-
polation between points 4 and P23. The final parallel-to-face velocity
then assumed at the mid-face point is

vP234
k ¼ 1

3
v2—P34
k þ v3—P42

k þ v4—P23
k

� �
ð22Þ

To complete the interpolation, the vertex nodes, mid-edge points
and the mid-face point define six inner triangles (for instance,
points 2, P23 and P234 in Figs. 5 and 6 define one inner triangle).
We calculate the velocity values in the inner triangles by linear
interpolation of the velocities at the corner points of the triangle.

For the example shown in Fig. 7, the interpolation of vk is
simply

vk ¼ ð1� r � sÞv2k þ rvP23
k þ svP234

k ð23Þ

Table 3 lists the interpolation functions, here f ðjÞi is the ith interpo-
lating coefficient for the element face that corresponds to region j

~v ðjÞk ¼
X4

i¼1;i–j

f ðjÞi v ik ð24Þ

In the table we use linear interpolation between node 5 and the face
point reached by projection onto the element face, i.e.,

v ðjÞk ¼ ð/
ðjÞÞv ðjÞ5k þ ð1� /ðjÞÞ~v ðjÞk , where /ðjÞ is the linear bubble function

in region j.
For example, considering the inner triangular region shown in

Fig. 7, combining Eqs. (16)–(23) gives the values f ð1Þj , j = 2, 3, 4:
2
23P

34P42P

234P

3

Fig. 5. The 1-D advection–diffusion solution assumption procedure along the
element edges.



f ð1Þ2 ¼
s
3

e0:67Re234 � 1
eRe234 � 1

þ eRe342 � e0:67Re342

eRe342 � 1
eRe42 � e0:5Re42

eRe42 � 1
þ e0:5Re23 � 1

eRe23 � 1
eRe423 � e0:67Re423

eRe423 � 1

� 	
þ ð1� r � sÞ þ r

eRe23 � e0:5Re23

eRe23 � 1

� 	
ð25Þ

f ð1Þ3 ¼
s
3

e0:67Re342 � 1
eRe342 � 1

þ eRe423 � e0:67Re423

eRe423 � 1
eRe23 � e0:5Re23

eRe23 � 1
þ e0:5Re34 � 1

eRe34 � 1
eRe234 � e0:67Re234

eRe234 � 1

� 	
þ r

e0:5Re23 � 1
eRe23 � 1

� 	
ð26Þ

f ð1Þ4 ¼
s
3

e0:67Re423 � 1
eRe423 � 1

þ eRe234 � e0:67Re234

eRe234 � 1
eRe34 � e0:5Re34

eRe34 � 1
þ e0:5Re42 � 1

eRe42 � 1
eRe342 � e0:67Re342

eRe342 � 1

� 	
ð27Þ

2

234P

3

4

23P

34P42P

Fig. 6. The 1-D advection–diffusion solution assumption procedure through the
element face’s center.
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Fig. 7. An inner triangle in an element face that belongs to region 1 in isoparametric
coordinates.

Table 3
Trial functions in Vh for the velocity component parallel to the element faces.

Trial
function

x1 x2 x3 x4

hv
1k 0 ð1� 4nÞf ð2Þ1 ð1� 4gÞf ð3Þ1 ð1� 4fÞf ð4Þ1

hv
2k ð4nþ 4gþ 4f� 3Þf ð1Þ2

0 ð1� 4gÞf ð3Þ2 ð1� 4fÞf ð4Þ2

hv
3k ð4nþ 4gþ 4f� 3Þf ð1Þ3 ð1� 4nÞf ð2Þ3

0 ð1� 4fÞf ð4Þ3

hv
4k ð4nþ 4gþ 4f� 3Þf ð1Þ4 ð1� 4nÞf ð2Þ4 ð1� 4gÞf ð3Þ4

0

hv
5k 4ð1� n� g� fÞ 4n 4g 4f
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The scheme of interpolation satisfies the completeness condition,
the velocity values are continuous over the element assemblage,
the FCBI interpolation values are always positive and at small
Reynolds numbers, convergence to the usual interpolation values
is reached. The element satisfies the patch test [11]. In addition,
the solution scheme shows good stability as we shall demonstrate
in Section 3.

2.3. Time rate of change of mass matrix

The unsteady part in Eq. (11) includes a time rate of change of
mass which when discretized becomes

d
dt

Z
X

w½qu�dX) d
dt
ðM ûÞ ¼ dM

dt
ûþM

dû
dt
¼ dM

dt
ûþM â ð28Þ

where w is the weight function of the momentum equation, which
is a unit step function for the FCBI method and M is the mass matrix,
and û and â are the nodal velocity vector and the nodal acceleration
vector, respectively. Clearly the inertia is highly dependent on the
configuration change of the mesh. For the calculation of this term,
we define the mass rate of change and the acceleration using the
trapezoidal rule of time integration. The standard formulae are
applied and Newton–Raphson iterations are performed to solve
the assembled finite element equations in each time step [11].

2.4. Penalty method for stabilization

Since the problem is highly nonlinear and unsteady, the
barycenter node requires a special stabilization. Due to its small
volume, by the nature of the tetrahedral geometry, a near singular
behavior of the coefficient matrix in the Newton–Raphson itera-
tions can occur. To suppress uncontrolled behavior, a small penalty
is applied which increases with the difference in the center node
velocity values to the average velocity values of the four corner
nodes. The penalty should not have a significant effect on the solu-
tion while providing stability [11]. Therefore, Eq. (11) is amended
to become

d
dt

Z
X

w½qu�dXþ
Z

C
w½qvfðu� umÞ � ng�dC�

Z
C

w½sðu; pÞ � n�dC

þ keT
5 u5 �

1
4
ðu1 þ u2 þ u3 þ u4Þ

� 	
¼
Z

X
w½qg�dX ð29Þ

with eT
5 ¼ 0 0 0 0 1½ �.

The additional force and the stiffness due to the penalty given
by

F�5 ¼ k u5 �
1
4
ðu1 þ u2 þ u3 þ u4Þ

� 	
ð30Þ

k�51 ¼ �
k
4
; k�52 ¼ �

k
4
; k�53 ¼ �

k
4
; k�54 ¼ �

k
4
; k�55 ¼ k ð31Þ

In the solution we use k to be 10�3 times the maximum absolute
stiffness value corresponding to the momentum equations of the
center node. In our studies we have observed that the solution
change due to this very slight penalty is negligible, yet the penalty
renders the method quite stable.

3. Numerical examples

In this section we present some experiences that we have
obtained with the solution scheme. We emphasize the robustness
of the scheme, giving reasonable solutions even when rather large
time steps and rather coarse meshes are used.
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In the ALE solutions, a scheme needs to be used to calculate the
mesh velocities um at the nodes of the finite element meshes. For
the geometrically simple problems of a fluid in a tank that we con-
sider, we have simply employed the free surface velocities and
interpolated the mesh nodal velocities linearly from the free sur-
face to the bottom of the tank.
(b) 

0 0.5 1
0

0.5
3-D FCBI

x

z

Ghia et. al. [20]
linear [14]
2-D FCBI[14]

1

3.1. 2D cavity driven flow problem

This problem has been used abundantly in the evaluation of
numerical solution schemes for fluid flows. Fig. 8 describes the
problem.

The solution of this problem does of course not require the ALE
formulation and we merely solve the problem to study the solution
accuracy obtained with the 3D tetrahedral element. We consider
the conditions at Reynolds numbers 1000 and 10,000 with a mesh
of 40 hexahedra in each direction x, z. Four layers of hexahedra are
used in the y direction in our 3-dimensional solution, merely to
check the solution symmetry.

Fig. 9 shows the computed horizontal and vertical velocity pro-
files at the mid-surfaces at Reynolds numbers 1,000 and 10,000.
The results are compared with those given by Ghia et al. [20] and
by Kohno and Bathe [14]. Good agreement is seen.
3-D FCBI

z 0.5
3.2. 2-D sloshing in a rectangular tank

We consider the sloshing of a fluid in a tank that is excited in its
longitudinal direction only. The problem is designed to maintain
symmetry and experimental data are available, see Fig. 10. The
excitation input is given as x ¼ �0:005ð1� cos 6:85tÞ, where t is
(a)

(b)

1
0
0

du
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦z

y x

0
0
0

wu
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

1

0 1

Fig. 8. Square cavity problem (a) definition of problem (0 6 x 6 1, 0 6 y 6 1 and
0 6 z 6 1) and (b) mesh used; ud = velocity of top moving wall; uw = velocity at
three stationary walls.

x

0
0.50 1

Fig. 9. Vertical velocity profile at the horizontal mid-surface at z ¼ 0:5 and
horizontal velocity profile at the vertical mid-surface at x ¼ 0:5 (a) Re = 1,000 case
and (b) Re = 10,000 case.

Water

Rigid 
open tank 

0.3d m=

0.02m

0.6H m=
2P

1P

0.6L m=

0.02m

0.3m

y

x

z

Fig. 10. Problem definition and parameters for liquid sloshing in a rectangular tank.
time. A mesh of 14� 4� 14 hexahedra is used with the time step
Dt ¼ 0:03 s, whereas Ref. [17] used the time step 0.001 s. The fluid
material is water with l ¼ 0:001 kg=ðm sÞ and density,
q ¼ 1000 kg=m3; also g ¼ 9:81 m=s2 is used. The same fluid mate-
rial properties and gravitational acceleration are used in Section 3.3.

The 3-D results using this relatively large time step agree well
with the experimental and the numerical results given in Ref.
[17], see Figs. 11 and 12.
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We note that the computed results with the presented scheme
are stable and no special treatment is used to achieve mass conser-
vation (of course symmetry in the y-direction is obtained). The
mass conservation error without parameter setting in our solution
is 0.0923%, while in Ref. [17] a factor is selected for a good tradeoff
between elimination of pressure fluctuation and mass
conservation.

Fig. 13 shows the sensitivity of the solution to the time step size
used and Fig. 14 gives the results obtained with different meshes.
These solutions demonstrate that the scheme is quite robust, but
the solution is more sensitive to the mesh size because the free
surface is subjected to significant curvature and a sufficiently fine
mesh is needed to represent this curvature.

Using the element size and hence mesh size values, given by h

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDxÞ2 þ ðDzÞ2

q
ð32Þ

we define the error in the height calculation at point P2 as

En ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

i
Zn

i � Zref
i

� �2
r

ð33Þ

where Zi is the z coordinate of point P2 at time step i and the refer-

ence value Zref
i is calculated with a very fine mesh. The error values

are shown in Fig. 15, where it is seen that, for the value considered,
2nd order convergence is obtained.

3.3. 3-D sloshing in a rectangular tank

We consider a 3-D sloshing problem of a fluid excited in a tank
with a near-resonance displacement input, see Fig. 16. The purpose
of solving this problem is to study the accuracy of the solution
scheme in a true three-dimensional sloshing problem.

The open tank is excited with the displacements

dx ¼ 0:005 sin 0:93xð1Þn t
� �

cos 30� and dy ¼ 0:005 sin 0:93xð1Þn t
� �

sin 30� in the x and y directions, respectively. The excitation

frequency is 0:93xð1Þn with the natural frequency given as

xð1Þn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gp tanhðphÞ

q
¼ 4:4957 s�1 where h ¼ 0:25 m ð34Þ

The results obtained in this problem are presented as for the previ-
ous problem, and comparisons with the results shown in Ref. [18]
are given in Figs. 17–19.

For comparison with the experimental data presented in Ref.
[18], we have shifted the simulation results in Fig. 18 and 19 by
0.2 s to take into account the abrupt start of the experimental mea-
surement (evidenced in Fig. 17).

Since this case is a 3-D solution, the ‘effective element length’
must include the 3rd direction
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Fig. 15. Convergence of height value at point P2 for problem in Fig. 10; Dt ¼ 0:03 s.
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h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2 þ Dy2 þ Dz2

p
ð35Þ
Fig. 20 shows the convergence obtained with Dt ¼ 0:01 s as the
mesh is being refined. The convergence rate is close to 2nd order
convergence.
4. Concluding remarks

Our objective in this paper was to present a solution scheme for
the analysis of free surface fluid flows with emphasis on being able
to use relatively large time steps and coarse meshes. Many
attempts have been made to reach an effective solution scheme
for free surface fluid flows but the requirements of stability, accu-
racy and to locally and globally conserve mass and momentum
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have proven it difficult to reach an efficient scheme that is effective
in general 3-dimensional solutions.

We use the Reynolds transport theorem in an ALE formulation,
an effective finite element formulation for a tetrahedral element
and implicit time integration in the proposed solution method.
While we have not provided a mathematical analysis of the proce-
dure, the numerical solutions given in the paper indicate that the
solution scheme is quite stable and gives good accuracy. Of course,
further numerical studies of the scheme would be very valuable
and a mathematical analysis would give insight.

However, the solution procedure is clearly only applicable to a
certain class of free surface fluid flow problems. Significant addi-
tional difficulties arise, for example, when the free surface under-
goes very large motions with breaking of waves and fluid leaving
a container. Further developments perhaps to reach a hybrid
scheme are needed to simulate such fluid flow actions reliably
and accurately.
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