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AN EFFICIENT ALGORITHM FOR ANALYSIS OF
NONLINEAR HEAT TRANSFER WITH PHASE CHANGES

W. DONALD ROLPH IIT AND KLAUS-JURGEN BATHEZ}:
Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts, U.S.A.

SUMMARY

A new, simple and effective finite element procedure is presented for the practical solution of heat
transfer conditions with phase changes. In this method, a fixed finite element mesh is employed, and a
relatively coarse finite element mesh and large time step can be used in the incremental solution. The
results of various numerical studies using the algorithm are presented that demonstrate the effectiveness
of the procedure.

INTRODUCTION

Finite element analyses of heat transfer processes can be valuable in various areas of engineering
design. In this paper we are concerned with the analysis of temperature distributions and heat
flow when phase changes take effect. A problem of this kind is also referred to as the Stefan
problem.' Practical applications are encountered in the analysis of the formation of ice,
permafrost conditions and welding problems.'™

The basic difficulty in the finite element modelling of heat transfer problems with phase
changes lies in that the transformation between phases is accompanied by either absorption
or liberation of latent heat in the phase transition zone. The physics of the problem leads to
atemperature solution with discontinuous temperature gradients at the phase transition surface.
To date, several authors have used analytical, finite difference and finite element methods to
analyse such problems,' ™' but for practical analysis the use of a finite element method appears
to be most promising. Of the procedures presented, the technique of Ichikawa and Kikuchi'""'?
is attractive because of its stability and accuracy characteristics. A disadvantage of the method
is that it requires the use of a freezing index as the state variable, instead of temperature,
which means that the procedure cannot easily be added to existing conventional finite element
computer programs for heat transfer analysis.

A method that can directly be employed in conventional finite element computer programs
is the procedure proposed by Morgan et al.” However, this technique must be used with care,
because for a given phase change temperature interval Ag; the time step used must be small
enough that the change in temperature during one time step, in a region undergoing a change
of phase, is less than A6, Hence, the procedure cannot be used in the analysis of a pure
substance for which A6y is zero, and may require an unrealistically small time step in a practical
solution.

The objective in this paper is to present an algorithm that is very simple and effective for
the analysis of nonlinear temperature conditions with phase changes. In the procedure we use
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a fixed finite element mesh and relatively large time steps. Restrictions on the time step size
and mesh configurations are greatly reduced by comparison with previously published methods,
and no special conditions on the phase change temperature interval need be satisfied. Moreover,
the procedure is easily implemented in conventional finite element computer programs for
nonlinear heat transfer analysis.

In this paper we first summarize the governing equations to be solved and then present the
details of our algorithm for solution. Finally, we give the results of some sample solutions
that demonstrate the effectiveness of the proposed solution technique.

GOVERNING EQUATIONS, BOUNDARY AND INITIAL CONDITIONS

The equation of conservation of energy considered in this study may be written in a Cartesian
space as
—dq:/9x; +q® = pch (1)
where
qi = —ki; 06/ dx;

and 6 is the temperature, k; are conductivity coefficients. The variables p, ¢ and q” are the
mass density, the specific heat and the rate of heat generation per unit volume, respectively.
It should be noted that in equation (1) the thermal properties can be a function of position
and temperature.

Considering a three-dimensional body, see Figure (1), the following boundary conditions
may be specified:

Specified temperature. The temperature can be prescribed at a specific surface of the body,
denoted by S, in Figure (1).

Specified heat flux. The heat flow input may be prescribed at specific points or surfaces of
the body

q° =qn; (2)
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Figure 1. Three-dimensional body under heat transfer conditions
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where ¢° is the heat flow input on surface S, and the n; are the components of a unit vector
n normal to the surface S,.

Convection boundary conditions. Considering convection boundary conditions we have
q°=h(0.—6°)

and h is the convection heat transfer coefficient, which may be temperature-dependent, and
6, and 6° are the environmental and surface temperatures, respectively.

Radiatior boundary conditions. Considering radiation boundary conditions we have
q° =« (6, - 6°)
where 6, is the temperature of the external radiation source and « is a radiative coefficient,
k= h (62 +6%)(6,+6%)

The variable 4, is determined from the Stefan-Boltzmann constant, the emissivity of the
radiant and absorbing materials and the geometric view factors.

Phase change interfaces. In the case of a phase change (of a pure substance}, the following
boundary conditions must be satisfied at the phase transition interface:

0 = Hf

3)
onsS (
AgS dS=d:pL%/ !

where 6, p, L are the phase change temperature, mass density and latent heat per unit mass
of the material currently converted, and V is its volume. Equation (3) states that at the
interface Sy separating the phases heat is liberated or absorbed at a rate proportional to the
volumetric rate of conversion of the material, d V/ds, and that this heat must be balanced by
the heat flow Ag® from the interface. In equation (3) the plus sign is for the case of liberation
of heat (solidification) and the minus sign is for the case of absorption of heat (melting).

In addition to the boundary conditions the initial temperature distribution must be given
in a transient analysis.

FINITE ELEMENT FORMULATION

For finite element analysis it is necessary to write the governing equations in integral form,
and then develop an incremental step-by-step solution. In the following exposition, we use
the notation and procedures already defined in References 13-15. We assume that the
conditions at time t have been calculated, and that the temperatures are to be determined
for the time ¢+ At, where At is the time increment. Using the Galerkin procedure and implicit
time integration the heat flow equilibrium equations for the three-dimensional body considered
at time ¢ + At are

J 66/T1+Ark t+AT ydv=z+Ato+Jscd85t+A1h(r+At8 _t+At65) dS
v

+J‘ SOSHA:K(HAtOr_HAth) dS (4)
S,

dr
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where the superscript ¢+ Ar denotes ‘at time t+Af’, § means ‘arbitrary variation in the
temperatures that satisfy the temperature boundary conditions’,

oTo[2 2 2]
0xy GX2 ax:; ’

and, using conductivity principal co-ordinate directions,

kin O 0
k= 0 kz')_ O
0 0 ks

In equation (4), S, and S, are the surface areas with convection and radiation boundary
conditions, respectively, and ‘**'Q is the ‘virtual work of the external heat flow input to the
system at time ¢+ A¢’. The quantity ‘**'Q includes the effects of surface heat flow inputs, ‘“*'q®,
internal heat generation, *'q”, temperature-dependent heat capacity, **‘c, and latent heat

A
effects, ‘**'Q,. Hence

H-AXQ:J‘ 808 :+A:qs dS+J 50(:+Azq8 -p 1+A1c z+Ax9') dV+t+A(QI (5)
Sa v

Equation (4) is a nonlinear equation in the unknown temperatures of the body. The equation
is solved effectively by linearizing it about the conditions at time ¢, and then discretizing the
incremental equations using isoparametric finite element procedures.>'® Considering a given
finite element mesh, the resulting finite element equations are in a modified Newton—Raphson
iteration

(th+:Kc+tKr)A9(i):t+AtQ(i)+r+Ath(i~1)+1+Ath(i—1)_1+AtQk(x‘—1) (6)

where 'K*, 'K and 'K’ are the conductivity, convection and radiation matrices, respectively;
and the vectors T2Q¢Y, AQTTD apd 4'Q*Y "V are the nodal point heat flow vectors
corresponding to convection, radiation and conduction effects, respectively. Also, the nodal
point temperatures are given by

t+At0(i) — t+At0(i-1) +AB(:‘)
)

!

. i .
t+Ate(l) - t0+0(l) e(l) - Ao(l)
=1

and the nodal point heat flow input vector is

r+ArQ(i)_: J- HSTt+Ath dS_(J'

v 0%

t+Ar

HT:+Ath dV+J p H—Atc(i~1) HTH dV) é(i)+t+AtQ$i~1) (8)

Sq
where “"*'QYV is a result of the latent heat effects and is calculated as described in the
following section.

The modified Newton-Raphson iteration in equation (6) has been used extensively without
convergence difficulties, but the iteration may be accelerated using a full Newton or quasi-
Newton iteration.'®

Considering equation (6) with “41QE " not included we note that these equilibrium relations
are the usual equations solved in finite element analysis of nonlinear heat transfer. The equation
can be solved effectively using the «-method of time integration.mgls. We discuss in the next
section how Q™" is evaluated to include in a simple and effective manner the effects of
phase changes when Euler backward integration (i.e. @ = 1) is utilized.
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EFFECT OF PHASE CHANGE

The essence of our procedure is to construct the latent heat flow vector in equation (8) using
the enthalpy of the system

t+At .
MA'HZJ‘ {J p'c’d d7'+J‘
\'4 0 (8]

Typical relationships between the enthalpy and temperature are shown schematically in
Figure 2. In our scheme, the heat flow due to latent heat at node k, "**'Q{c ", is calculated
by defining Q) 01a1,x to be total latent heat flow available at node k& (where Qo 1S pL/ At
integrated over the contributory nodal volume), 8}’ to be the ith approximation to the total
temperature increment at node k from ‘9, to ""*'g,, and considering pure substances and alloys

as follows:

t+Ar

pL df} dVv 9

At the beginning of each time (load) step i =1, "'Q{} =0

1

temperature §

|
|
|
I
|
I
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entholpy H

Figure 2(a). Enthalpy-temperature relationship for a pure substance with Ag; =0
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Figure 2(b). Enthalpy—temperature relationship for an alloy with phase transition temperature interval greater than
zero. The latent heat L and constant heat capacity ¢ are defined to correspond to the total enthalpy increment during
phase transformation
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Pure substance (A0; =)
Case (a); temperature is outside phase change:

‘9.<6; and V6 <6

or
t t+Ar 5 (i)
61( > 0[ and 8& > 0[
then
g — gt
AQix =0

Case (b); temperature passes through phase change temperature:

0 = 6,

or

‘0. <6 and 6V =6;
or

‘6.>6, and ‘%6 <@,
then

0 =6;~"0«
AQf =~ [ Lp eI~ dv
Vi

where the volume integration is performed over the volume V) associated (in a finite element
sense) with node k, until

Z AQ%,IIZ = j:Ol,total,k

where we sum over all iterations (and + is for solidification, while — is for melting) and for
cases (a) and (b) we have

t+A16(ki) - rek +0_§ki)
t+At () t+ A1y (i~1) ()
Lk = Qi " +AQk

Alloy substance (A8;>0)
Case (a); temperature is outside phase change temperature interval:

‘6. <6; and 40} <
or
‘6> 0,+A8 and T4 >6,+ A6,
then
6y =6y

AQi% =0
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Case (b); temperature passes through phase change temperature interval:

0]‘ = 'Gk = Gf + A0f

or
‘9 <6 and 0y =6
or
‘0> 0,+A6; and ‘"0 <6, + A6,
then

: 1 ;

AQY; = _J - pc*(ﬂi’) - 0f+ tgk) dv
v, At

where the volume integration is performed over the volume V) associated (in a finite element

sense) with node k, and

1

A6; 1
() ()

. . A (i)
gy = 65— O +[&} Ab;
Ql,tmal,k

c*=

until
Z AQﬁfﬁ - j:Ql.total.k

where we sum over all iterations (and + is for solidification, while — is for melting) and it
should be noted that the specific heat is assumed constant (as defined in Figure 2b) during
phase transformation. For cases (a) and (b) we have

+A i) ali

! 102 _ rek + 02)
t+A1 (1) __ t+AL (-1 i)
Lk = Qx  +AQi

The algorithm for alloy substances reduces to the algorithm for pure substances when
A#; = 0. These constraints enforce nodal temperatures passing through the phase transition to
reach a temperature consistent with the amount of latent heat liberated or absorbed. Our
procedure is quite simply implemented using a diagonal heat capacity matrix (which uncouples
the nodal enthalpies), a vector for accumulating latent heat liberated or absorbed, and a vector
storing the total latent heat available at each node.

It should be noted that both the heat flow balance and enthalpy conditions are explicitly
imposed in this formulation. The finite element mesh and time step size for a specific analysis
can therefore largely be chosen by considering the accuracy predicted on the temperatures
when phase changes are neglected. In particular, as noted in the sample solutions, the phase
change front may advance over several elements in a single time step, and the phase front
location is predicted accurately with a relatively coarse finite element mesh and relatively
large time steps.

SAMPLE SOLUTIONS

We have incorporated our algorithm for predicting the propagation of a phase change front
into the ADINAT computer program'* and analysed a variety of problems. In the following,
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we present the solution of two test cases analysed previously by a number of researchers. In
the first two analyses Ad; = 0 which represents a physical condition not readily modelled with
the algorithm of Morgan et al.® In the third analysis Af;= 10°F. In all analyses the Euler
backward time integration scheme (« = 1) and lumped heat capacity matrices were used.”

Solidification of a semi-infinite slab of liquid

The uniform infinite slab of liquid is considered initially at zero temperature as shown in
Figure 3. At time t=0", the temperature of the surface of the liquid is reduced to —45°F
and maintained constant. The conductivity, specific heat and density of the liquid and solid
phases are assumed equal and constant. The problem was, for example, considered earlier by
G. Comini et al.,* Morgan er al.” and Ichikawa and Kikuchi."'

y (ins)
1 Q
]
/\/' §;=0°F
§5:-a5°F [0 4 x(ins)
/___/_)%D

MATERIAL PROPERTIES:

k={.08 Btu/in sec°F

pc=l.  Btusiad-°F
plL= 70.26 Btu/in?
B=-1 °F
dg _
FINITE ELEMENT MODEL /d—n-o

8 or 32 EQUALLY SPACED ONE-
DIMENSIONAL TWO NODE ELEMENTS

§%:=-as°F

Figure 3. Model for analysis of the solidification of a semi-infinite slab of liquid

In our analysis we used ditferent finite element models and time steps. Figures 4 and 5
show the 8 and 32 element solutions, respectively, when using different time steps, Az, It is
noted that in all analyses the freezing front position is very accurately predicted, even with
the 8-element model and the time step Az = 1 sec. However, for an accurate prediction of the
temperature, a finer finite element discretization and smaller time step A need be employed.
The temperature oscillations obtained are similar to those observed in the analysis of wave
propagation problems, and are due to the fact that all latent heat for the material lumped at
a node must be released or absorbed before the nodal temperature is allowed to vary. We
should also note that, in the analyses, the phase change front advanced over a number of
elements per time step.
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Solidification of a corner region

The corner of a uniform infinite container carrying a liquid with initial temperature 6; and
freezing temperature 6; is considered (see Figure 6). At time ¢ =0, the temperature of the
surface, 6°, is reduced to a temperature lower than the freezing temperature and is maintained
constant. The thermal conductivity, specific heat and density of the liquid and solid phases
are assumed equal and constant. The solution for the temperature and the position of the

~
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/ Point B

/ Point A

@©
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Kepetli Bt TSy ¢ 0r 70 A6 7O

Figure 6. Model for solution of solidification of corner region

phase transition surface depend upon the values of 6°, 6, and B assumed. The values assumed
in the two analyses performed are:

1. Liquid initially at the freezing temperature:
65=-1 =0 pB=1.5613

2. Liquid initially at a temperature higher than freezing temperature:
6°=-1  6,=03 B=025

This problem was analysed previously by Budhia and Krieth,® Comini ef al.,® Morgan et al.’
and Ichikawa and Kikuchi.'

Figures 7-10 give the solutions obtained. We note that the same basic observations regarding
the performance of our algorithm are applicable as in the solution of the solidification of the
slab of liquid (previous section).
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Figure 8. Solidification of a corner region, 8 = 1:5613: (a) non-dimensional phase front position; (b) non-dimensional
temperature profile along y = z

Solidification of a semi-infinite slab of liguid with A8, = 10°F

This problem is essentially identical to the problem described earlier and in Figure 3, with
the exception that the phase transition temperature interval is now 10°F. Two models were
analysed using ADINAT; a model of eight equal elements with a time step At =02 sec and
a model of 32 equal elements with a time step Af = 0-1 sec. The temperature response predicted
at x = 1 in. into the slab using these models is shown in Figure 11.

An analytical solution to this problem could not be established and, therefore, an alternative
numerical solution based on the integration of the enthalpy as suggested by Atthey and by
17.18 was performed. In this solution the basic equations used were

AH="H+'QAr—K'0A?

t+At0=f(t+AtH)
where the temperatures are obtained from the temperature-enthalpy relation (Figure 2).
Figure 11 also shows the response predicted in this alternative numerical solution with 64
elements and a time step Ar=0-0001sec. We observe that the results predicted with our

algorithm in ADINAT using 32 elements and a time step Af=0-1sec, are close to those
obtained by integration of the enthalpy.
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CONCLUSIONS

A simple and effective procedure for the analysis of nonlinear transient thermal problems
including phase change effects has been presented. The procedure is based on iterating with
both the enthalpy and the heat flow in the phase transition region. The method allows the
use of a relatively coarse finite element mesh and relatively large time steps, and allows the
use of a phase transition temperature interval of zero, for a pure substance, or greater than
zero for an alloy. Our current experience with the algorithm indicates that the finite element
mesh and time step size for a specific analysis including phase changes can largely be the same
as those used in the analysis of the problem neglecting phase change effects. However, a
detailed theoretical analysis of the algorithm would be very valuable. The procedure is readily
incorporated into existing finite element computer programs for nonlinear heat transfer
analysis.
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