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present the current ADINA-F
capabilities
for fluid flow analysis. The fluid can be
considered to be an incompressible or compressible medium. Free surfaces and the full interactions with
structures in two- and three-dimensional
conditions
can be analyzed. The basic formulations
and finite
Abstract-We

element discretizations
are briefly discussed,

used are described, the techniques for the solution of the finite element equations
and the results of various demonstrative
analyses are given.

1. INTRODUCTION

advances
have been accomplished
during recent years in the analysis of general fluid
flows and fluid flows with structural interactions.
The
use of finite elements has made it possible to analyze
general fluid flows, with or without heat transfer, in
complex geometries
at high Reynolds
and Peclet
numbers, and to analyze the full interactions between
structures and fluid flows.
The objective of this paper is to give an overall view
of some capabilities for such analyses and to discuss
various important
issues pertaining
to the solution
techniques. The view is limited to the analysis capabilities that we have developed in the ADINA-F finite
element program.
In the next section we present the general continuum mechanics
equations
used. The mathematical
models of the fluids are based on Eulerian
or
arbitrary
Lagrangian-Eulerian
descriptions
to
allow direct coupling to structures
represented
by
Lagrangian
descriptions [ 11. The fluids are modeled
as compressible or incompressible
media with various
material laws.
In Section 3 we then describe our finite element
discretization
of the mathematical
models. The finite
elements satisfy the inf-sup condition for incompressible (or almost incompressible)
behavior and appropriate upwinding
techniques
are employed for the
analysis of high Reynolds and Peclet number flows.
Our techniques for the automatic meshing are also
mentioned.
If structural interactions
are considered,
the fluid finite element mesh will, in general, be much
finer than the structural
mesh and the interface
conditions between the two models are appropriately
included in the analysis.
Tremendous

We briefly summarize in Section 4 our procedures
for the solution
of the finite element equations.
Implicit and explicit integration can be used.
In Section 5, we then present some results obtained
in the solution of various fluid flow problems with, in
some cases, structural interactions.
Finally, we conclude the presentation
in Section 6 with some general
remarks regarding our continuing
developments
in
this area.
2. MATHEMATICAL
MODELS
INCLUDING STRUCTURAL

FOR FLUID FLOWS
INTERACTIONS

The first step in an analysis of a fluid flow (or
structural problem) consists of defining the geometry,
material data, and boundary conditions,
see Fig. 1.
The geometry may be created by the analyst or be
imported from the data of a CAD program. Once this
basic information
is available, in a second step the
analyst defines the mathematical
model to be solved.
The information
process&d in these steps is largely
independent
of the type of numerical method to be
used in solving the mathematical
model except that,
of course, the available solution procedures should be
able to solve the model.
2.1. Zncompressibte jRuidJlow equations
In many practical fluid flow situations,
the fluid
flows approximately
as an incompressible
medium. In
such cases the mathematical
model assuming total
incompressibility
is appropriately
employed.
The
governing equations are, using a Cartesian reference
frame (x,, i = 1,2,3), index notation and the usual
summation convention.
Momentum

P(~+v,,,v,)=7
,,,,
+_fF,

tSome of the original figures for this paper were generated
with a color-producing terminal and submitted in color.
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Physical problem

CAD data
Import data from
CAD program

1
Geometry
Definition of geometry,
material data,
boundary conditions

I
Mathematical model
Definition of mathematical model,
e.g., 2-D or 3-D flow,
incompressible or compressible flow,
inviscid or viscous flow,
material models used,
structural interactions,

Solution of model
Finite element solution of selected
mathematical model, including assessment
solution accuracy

of

1
1 Interpretation

of results

1

Fig. I. Process of fluid flow analysis.
Constitutive
rI, = -A,

(2)

+ Ge,,

l

where n, are the components
of the unit normal to
the fluid surface and f f are the components
of the
traction vector;
prescribed temperature,
-6, on the surface Sn

Continuity
0 = Qs, ;
ur,, = 0.

(3)

l

prescribed

heat flux into the surface

(64
S,

Heat transfer

where we have, v,, velocity of fluid flow in direction
xi; p, mass density, constant; TV,,components of stress
tensor; fa, components
of body force vector; p,
pressure; 6,, Kronecker delta; p, fluid viscosity, velocity and temperature
dependent; e,, components
of
velocity strain tensor = 1/2(v,,, + u,,,); cP, specific heat
at constant pressure, temperature-dependent;
0, temperature;
k, thermal
conductivity,
temperaturedependent;
qB, rate of heat generated
per unit
volume, temperature-dependent.
The boundary
conditions
corresponding
to eqns
(l)-(4) are:
l prescribed
fluid velocities, z?,, on the surface S,

(54

t’, = 4ls,.;
l

prescribed

tractions,

j’s, on the surface
r,,n, =f?ls,

S,
(5b)

where qs is the heat flux into the body. We note
that for eqns (5) and (6) &US/= S, S, nS,= 0 and
S, US, = S, S,, nS, = 0, where S is the total surface
area of the fluid body.
The heat flow input in eqn (6b) comprises the effect
of actually applied distributed heat flow and the effect
of convection and radiation heat transfer.
In addition, we have for a free surface S(x,, t) the
boundary conditions
dS
z

+s,,v,=o

(7)

and

v,=(Po+cf~++)‘

(8)

where D is the surface tension coefficient, p0 is
the ambient pressure, and R,,R, are the radii of
curvature of the free surface.

Finite element

analysis

of incompressible

The above fluid flow equations
correspond
to
laminar flow. Turbulence
conditions
can be represented using various turbulence models, including
the k-c model.
Equations (1H4) are in conservative
form

and compressible

The conservative

fluid flows

form of these equations

,t+V(F-G)=S

is still

%+V(F-G)=S

where now, for the compressible

au
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flow conditions,

(9)

with
(10)

For use in Section

3.2 we also define

(11)
where
(12)

0

s=

fB
[ fB.v+qB

(13)

1

where, E, specific energy = 1/2v. v + e; e, internal
energy; q, heat flux = -kVQ.
In this mathematical
model,
we assume that
de = c, d0 where c, is the specific heat at constant
volume, and c, = cp.
2.2. Compressible fluid jaw

equations

When the Mach number of the fluid velocities is
larger than about 0.2, the compressibility
effects of
the fluid need to be included.
The governing
equations of the mathematical
model of a compressible fluid are, using index notation as in eqns (1)+4).
Momentum

(14)
Constitutive
7,) = - (P -

Auk,,
16,+

%e,j.

and H is the enthalpy, equal to E t-p/p.
Comparing
the governing equations of compressible fluid flow with those of the incompressible
flow,
we notice the commonalities,
but for eqn (18) we need
to use the equations of state
P = P(Pa 0)

c-9

e = e(p, 0)

(23)

which for a perfect
gas give p =p/((c, - cc)e)
and e = c,0. However, a more general description
as implied in eqns (22) and (23) is valuable (see
Section 3.4).
The basic solution variables in the incompressible
fluid flow equations
are the unknown
velocity,
pressure and temperature.
We also employ the same
variables for the solution of the compressible
fluid
flow equations, and also the boundary conditions are
then those given in eqns (5) and (6). A consequence
of using the same solution variables to describe the
incompressible
and compressible
fluid mathematical
models. is that we can have in one finite element

(15)

Continuity

g + (PVJ,, = 0.
Energy

a( PE)
at +(pv,~-v,~,,+q,),,=fh+qB,
where now P is of course
second
viscosity
factor
1 = -2/3P).

(17)

not constant, and /z is the
(in Stokes’
hypothesis

Fig. 2. Fluid

in rigid

cavity subjected
(no-flow test).

to gravity

loading
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analysis regions modeled by both the compressible
and incompressible
fluid flow models.
2.3. Arbitrary

Lagrangian-Eulerian

formulation

For the analysis of fluid flows with structural interactions, it is effective to use an arbitrary LagrangianEulerian (ALE) formulation to describe the fluid flow
[2,3]. This formulation can IX directly coupled with a
Lagrangian formulation
for the structural response.

The essence of the ALE formulation
is that the
spatial position for the evaluation of the total time
derivative of the variables of a fluid particle is not
fixed in space, but is allowed to move. The motion is
selected in the solution of the equations
but does
not necessarily
correspond
to the particle motion
(which would be the case in a pure Lagrangian
formulation).
Let v, be the velocity of the spatial position used

(b)

Fig. 3(a, b). Caption opposite.

Finite element

analysis

of incompressible

and compressible
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fluid flows
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Fig. 3. Analysis of airflow between concentric cylinders due to temperature
difference of cylinders. (a)
Cylinders with analysis data rz/r, = 3.14, 8, - tJ = 13°C Grashof number = 122,000. (b) Finite element
mesh used of 9/4-c elements. (c) Predicted isotherms. (d) Predicted streamlines.

for the time derivative of a variable, then the total
time derivative of that variable is given by [2, 31
d(.)
6(.)
= z
+ (v - vm) V(.)
dt

(24)

where 6(.)/& is the time derivative with respect to
the spatial position. We use eqn (24) to express the
total time derivatives
in eqns (9) and (18), and
prescribe the velocity v, in the finite element solution
process.
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3. FINITE ELEMENT EQUATIONS

The finite element solution of the continuum mechanics equations,
given in the previous section, is
achieved using the Galerkin variational
procedure,
with special techniques embedded, to be able to solve
high Reynolds and Peclet number flows. The use of
such techniques is necessary if the solution of complex fluid flows is to be achieved with reasonable and
currently widely available computational
resources.
3.1. Finite
condition

elements

used.

Importance

of inf-sup

For low Reynolds and Peclet number flows the
application
of the usual Galerkin
method yields,
using eqns (9) and (18) for the weighting function hi

=

h,G,dS

(25)

ss
where G, denotes the values in G in the direction of
the unit normal n to the surface S of the complete
domain considered.
The weighting functions h, are of course given by
the
particular
finite
elements
used
in
the
discretizations.
The finite element used for incompressible
fluid
flow analysis should satisfy the inf-sup condition [l].
If this condition is satisfied, the element is optimal for
the velocity and pressure interpolations
employed;
that is, the discretizations
using the element are stable
and have the “best” error bounds that we can expect
for the interpolations
used. For example, if element
biquadratic
velocities
and a linear pressure
are
assumed, then the error in velocities is of o(h3) and
the error in the stresses is o(h*).
Let V,, be the finite element space of the velocities,
with V*E Vh, (and the subscript
h denoting
the
element “size” of the mesh considered) and Qk be the
finite element space of the pressures, with qh E Qh.
Then the inf-sup condition is given by

c

We are using for the analysis of low Reynolds
and Peclet number incompressible
two-dimensional
flows the biquadratic
velocity/temperature
and
bilinear pressure (Qz - Q, or 9/4-c) quadrilateral
and
for
high
Reynolds
and
Peclet
element,
number incompressible
flows and compressible
twodimensional
flows a triangular
element with three
corner nodes for velocity, temperature
and pressure
and an additional internal node for velocity (i.e. the
4/3-c element). For three-dimensional
solutions, the
corresponding
three-dimensional
elements are used.
These elements satisfy the inf-sup condition.
3.2. Upwinding procedure
Peclet number flows

for

high Reynolds and

For high Reynolds and Peclet number flows, an
upwinding
procedure
is embedded
in the finite
element equations. The essence of our formulation is
to use the Galerkin procedure on the diffusive flux of
the equations and a control volume type procedure
on the convective flux. We have implemented
the
formulation
for the triangular
and tetrahedral
element discretizations.
Considering inviscid compressible flow G* = 0 and
let us define [5]
V F* = IlVh, IIAkA,Uk

(27)

where
A ,a
k

Vhk.F*
aU ( iiVh,II >

A,UI, = U, - U,

(28)

and U, and Ui are the values of U at nodal points k
and i of the element considered.
The spectral decomposition
of A, is given by
A, = PkDkP,’

(29)

where P, and P, ’ store, respectively, the right and left
eigenvectors,
and Dk stores the corresponding
eigenvalues. We apply the upwinding in the characteristic
directions given by Pk.
In viscous flow we use

q,divv,dV

where p is a constant independent
of the mesh [I].
Elements
that satisfy the inf-sup
condition
are
summarized
in Refs [I] and [4].
While the use of elements that satisfy the inf-sup
condition is necessary when the mathematical
model
is that of an incompressible
fluid, such elements are
also most effective in the analysis of compressible
flows. Namely, in regions of low velocities, almost
incompressible
flow conditions
may be encountered
in a compressible
flow solution.

hiV.F*+Vhi.G*

=hi]IVh,II(A,

-&)A,U,

(30)

where in the case of compressible
flow we still have
a decomposition
similar to eqn (29)
A,-Bk=PkDkP,‘.

(31)

However, in the case of incompressible
flow we use
directly the left-hand side in eqn (30) with F* and
G* replaced by F and G. In both cases the upwinding
is applied to the flow directed through the element
faces and can be implemented very effectively for the
triangular and tetrahedral
elements used.

Finite element analysis of incompressible and compressible fluid flows
It is important to note that this “surface-directed”
upwinding
procedure
does not change the basic
Galerkin finite element equations (given in eqn (25))
when the Reynolds and Peclet numbers are small.
Hence, in the case of small convective effects (small
element Reynolds and Peclet numbers), the solution
procedure
reduces to solving the usual Galerkin
equations.

3.3. Meshing
For the solution of a fluid flow problem, in general,
a large number of finite elements is needed in the
discretization.
Since in certain regions a fine mesh
may be required, whereas in other regions a rather
coarse mesh may be sufficient, relatively small and
large elements are generally used with transition
zones.

(4
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4. Analysis of flow in pipe connections.
distribution.
(c) Predicted pressure

(a) Finite
distribution

Our approach is to consider the complete geometry
of the fluid (and structure
when interactions
are
included)
as an assemblage
of large “geometric
elements” or “macro-elements”
that are defined by
geometric entities only. Each geometric element is
relatively large and consists of points, lines and
surfaces, as defined by the analyst or imported from
a CAD program. Given a complete geometry, there
is no unique set of geometric elements, but the analyst
selects these to naturally divide the complete domain.
The meshing of the geometric elements is then performed by either rule-based
procedures
or a free
meshing algorithm
that is based on the advancing
front method [6]. Each meshed geometric element is
assigned by the analyst to an element group.
The element mesh density is prescribed
by the
analyst either by assigning a certain element size to
a complete geometric element or different element
sizes to the points, lines and surfaces defining that
geometry.
It is important
to recognize that the meshing is
performed directly on the geometry data. The boundary conditions
(prescribed
velocities,
temperature,

element

mesh

used.

(b) Predicted

pressm -e

in additional pipe connection.

tractions, etc.) are also defined for the geometry data
(see Fig. 1). In the mesh generation these boundary
conditions
are automatically
transferred
to the
element nodes.
The use of geometric elements is somewhat natural,
in that the complete
fluid and structure
are
represented as an assemblage of entities that individually have uniform properties and that can also be
meshed effectively (that is, for which we can obtain
discretizations
with
good
element
geometric
properties).
If structural
interactions
are considered,
the
meshes of the structural geometric elements will in
general be much coarser than those of the adjoining
fluid geometric elements. The compatibility
in the
motions of the structural and fluid domains is maintained by the ALE formulation
for the fluid and by
kinematically
enforcing the fluid nodal points to lie
on the surface of the structural model.
3.4. Material

data

The constitutive
fluid mathematical

data
mode1

of the incompressible
(viscosity,
conductivity,

201
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channels
Fig. 5. (a-c). Caption overleaf.

etc.) can be constant,
temperature-,
time- or fluidvelocity dependent.
The compressible
fluid can be an ideal gas or its
constitutive
behavior can be defined by the general
relations in eqns (22) and (23). For the use of these
equations,
the internal energy and mass density are
defined by straight line segments as a function of
pressure and temperature.
The solution procedure
interpolates
between the straight line definitions.

4. SOLUTION OF FINITE ELEMENT EQUATIONS
The equations
obtained
for the finite element
discretization
are, considering
transient conditions,

+)+Wi,,,t)($=~

where

the nodal

vectors

(32)

of velocities,

pressure

and

202
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ADINA-F

(e)

Fig. 5. Caption opposite

are 0, fi and 6, respectively, and M and
corresponding
to the flow
conditions
at time r.
We use the Euler methods for the time integration
of eqn (32) [l]. In implicit integration
of the incompressible or compressible
flow equations
the Euler
backward method or trapezoidal rule is employed on
all solution variables.
In explicit integration
of the compressible
fluid
flow equations,
all solution variables are integrated
temperature

K(9,@,6,t) are matrices

explicitly using the Euler
time step limit is

At <

forward

method

AL
min
(elements)
m
(
>

and the

(33)

where AL is the characteristic
element side length,
p(I&) is the spectral radius of 4, and we take the
minimum over all elements.

Finite element

(f)

analysis

of incompressible

and compressible

fluid flows
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(g) Predicted pressure distribution.
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However,
in explicit integration
of the incompressible fluid flow equations,
the Euler forward
method
is only used for the momentum
and
energy equations,
whereas the continuity
equation
is still integrated
implicitly.
The use of implicit
integration
of the continuity
equation is necessary
to preserve
the stability
of the time integration
and mass conservation.
In this case, the time step
limit is

At <

AL

min

(34)

(elements), u , + 2 &
(

)

where u is the velocity through the element face and
v is the kinematic viscosity, v = p/p.
In a program
option, the applicable
time step
limit is automatically
evaluated
during the finite
element solution and the actual time step size used
is determined
as the critical
time
step size
multiplied
by a user-specified
factor,
the CFL
(Courant-Friedrichs-Lewy)
number.
Of course, if implicit integration
is used, the time
step in the solution is only limited by the solution
accuracy to be achieved and the requirement
that
convergence in the iterative solution of the equations

must be obtained
in each time step. A tangent
coefficient matrix is computed and for the equation
solution,
the biconjugate
gradient
method
or
GMRES
procedure
is used with an incomplete
Cholesky preconditioner
[7].
To obtain the steady-state
solution, implicit integration is usually used, and in this case the transient
effects can be totally neglected. However, explicit
integration can also be employed, in which case many
time steps may be needed to reach the steady state.
The advantage of using the explicit solution scheme
lies in that relatively large systems can be solved for
given hardware
resources,
because no coefficient
matrix is computed.
5. SOLUTION

RESULTS OF SOME ANALYSIS
PROBLEMS

To illustrate the solution capabilities described in
the previous sections, we present next the results of
some analyses. All these analyses have been run using
the ADINA system on engineering workstations.
5.1. NofEow test
We consider a viscous fluid subjected to gravity
loading in a rigid cavity, see Fig. 2. Zero velocities are
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(9)

Fig. 6. Compressible fluid flow along compression corner. (a) Geometry and data; Mach number = 11.68,
Reynolds number = 248,600. (b) Finite element mesh used. (c) Predicted velocity distribution. (d)
Predicted pressure. (e) Predicted temperature. (f) Predicted Mach number distribution. (g) Comparison
of pressure coefficient, predicted vs experimental results.

5.4. Analysis of fluidJow

in a flow device

prescribed
on the walls, but the velocities on the
surface and the interior are left free. The analytical
solution gives, of course, zero velocities everywhere
and a linear pressure distribution.
The elements used
provide this analytical solution in one solution step
and one iteration of a steady-state analysis (a second
iteration is actually used to measure the iteration
convergence).
This solution
is easily obtained
because
the
finite elements
satisfy the inf-sup condition
(see
Section 3.1).

The fluid flow in the device schematically shown in
Fig. 5(a-c) has been determined.
The velocity and
temperature
are prescribed at the inlet. Heat is supplied on the front and back walls, while the side and
top walls are adiabatic.
The temperatures
of the
structure and the fluid have been determined
simultaneously by a conjugate heat transfer analysis. The
finite element mesh used is given in Fig. 5(d) and (e)
and Fig. 5(f) and (g) shows velocity and pressure
distributions.

5.2. Analysis of convection of air between concentric
cylinders

5.5. Analysis of high Mach number fluid flow atong
plate with corner

The flow of air and its temperature
distribution
between two concentric
cylinders,
with the inner
cylinder at a higher temperature,
was analyzed, see
Fig. 3(a). Experimental
results have been published
for this problem [8].
We used the finite element mesh shown in Fig. 3(b)
and obtained the solution results given in Fig. 3(c)
and (d). These solutions compare very well with the
available laboratory
test results [8].

We analyzed the fluid flow along the compression
corner shown in Fig. 6(a). The finite element mesh is
given in Fig. 6(b) and Fig. 6(c-f) shows the predicted
velocity, pressure, temperature
and Mach number
distributions.
The fluid is at a Mach number of
11.68.
These results compare quite well with those given
in Ref. [9], as shown in Fig. 6(g).

5.3. Analysis of flows in pipe connections
The fluid flows in the pipe connections
shown in
Fig. 4 were solved. The objective of the analyses was
to predict the flow of the fluid, and in particular the
pressure drop from inlet to outlet. Figure 4(a) and (b)
show a typical finite element mesh used and some
solution
results. Figure 4(c) shows the pressure
solution results for an additional
pipe connection.

5.6. Analysis of impinging water jet
A water jet is impinging on a rigid wall as shown in
Fig. 7(a). The final shape of the jet and the flow in the
jet are to be determined.
We assumed axisymmetric
conditions. Figure 7(b) shows the finite element mesh
for an initially assumed shape of the jet. Figure 7(c)
shows the finite element mesh when the jet reaches its
equilibrium
shape, and Fig. 7(d) and (e) give the
predicted pressure and velocity distributions
in the
jet.

Finite element analysis of incompressible and compressible hid
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Fig. 7. Analysis of an impinging water jet. (a) Geometry and data. (b) Initially assumed geometry (also
shows finite element mesh used). (c) Finite element mesh at flow equilibrium of jet. (d) Predicted pressure
distribution.
(e) Predicted velocity distribution.

5.1. Analysis

of parachute

‘Lfree-faN” conditions

We analyzed the fluid-structure
interaction
problem of a parachute falling in steady-state conditions,
as schematically
shown in Fig. 8(a). Assuming
axisymmetric
conditions,
we used the structural
model shown in Fig. 8(b).
Some solution results are given in Fig. 8(c) and (d).
The velocity and pressure distributions
correspond to
conditions
that we should expect, see Ref. [lo].

5.8. Analysis
Ioading

of

container

subjected

to jluid-flow

The container
shown in Fig. 9(a) is a thin
shell structure loaded by the fluid flow. We used
the meshes shown in Fig. 9(b) and (c), respectively, for the structure and the fluid. Note that
the
finite
elements
representing
the structure
are much
larger
than
those
representing
the
fluid.

Finite element analysis of incompressible and compressible fluid flows

209
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1

Fig. 8. (a, b) Caption overleaf.

Figures
9(d)-(f)
show some solution
results.
As seen, the fluid flow causes relatively
large
deformations
in the shell container.

6. CONCLUDING

for

REMARKS

We have briefly surveyed some solution capabilities
general fluid flow analyses. These capabilities

represent a powerful tool but, of course, the field of
computational
fluid dynamics (CFD) is rapidly progressing and continuous
further developments
are
needed. These developments
pertain, for example, to
the efficient use of self-adaptive
techniques and the
implementation
of the solution procedures on parallel
processing
machines.
We are pursuing
these and
other developments
and see an exciting future for the
application
of our CFD procedures.
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Fig. 8. Analysis of a freely falling parachute.
configuration
and deformed conliguralion.

(a) Geometry.
(c) Predicted

(b) Finite clement mesh of structure, in initial
air flow. (d) Predicted pressure distribution.

(4

Flow outlet

(b)

(cl

ADINA
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Figures

9. (a-c)

Caption
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overleaf.
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(d)

(e)

ADINA

ADINA-F

ADINA-F

Fig. 9. Analysis of container subjected to fluid flow loading. (a) Geometry. (b) Mesh of eight-node shell
elements used for container.
(c) Mesh used for fluid in container.
(d) Deformed
structural
mesh
(deformations
are drawn to the same scale as the structure). (e) Predicted velocities in fluid. (f) Predicted
pressure in fluid.

Finite

element

analysis

of incompressible
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