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SOME COMPUTATIONAL CAPABILITIES FOR NONLINEAR FINITE ELEMENT ANALYSIS *
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The computational capabilities available in the current version of the computer program ADINAfor stress analysis of
structures and continua are described. The program can be employed effectivelyfor various linear and nonlinear static and
dynamic finite element analyses. The solutions of some problems using ADINAare presented to indicate the solution
capabilities of the program.

1. Introduction
In recent years it has been recognized to an increasing
extent that the capability of performing effective
linear and nonlinear analysis can be a very important
asset in the design of structures. A particularly important area in which nonlinear analysis must be carried
out is the design of nuclear power generating plants
[1 ]. The safety of a structure may be increased and the
cost reduced if an accurate analysis can be performed.
Primarily, linear and nonlinear analyses of complex
structures have become possible through the use of
electronic digital computers operating on discrete
representations of the actual structure [ 2 - 5 ] .
At the Second International Conference on Structural Mechanics in Reactor Technology a paper on
the computer program NONSAP was presented [6].
Since that time we have continued with the research
and development of nonlinear analysis capabilities.
The final phase of these activities has been the implementation of the techniques developed in the computer
program ADINA, which can be employed effectively
for static and dynamic, linear and nonlinear analysis.
The computer program ADINA (Automatic Dynamic
* Expanded version of Invited Paper M4/l* presented at the
4th International Conference on Structural Mechanics in
Reactor Technology, San Francisco, California, 15-19
August 1977.

Incremental Nonlinear Analysis) is a significant further
development of the programs NONSAP and SAP IV
[7]. Our objective in this paper is to survey the current
capabilities of the code, and thus report on our latest
and current activities. Since the program ADINA is a
further development of the program NONSAP, to
make this presentation self-contained and comprehensive, some overlap with the material presented in [6]
is necessary.
The research that we are conducting in the area of
nonlinear finite element analysis and the associated
development of ADINA is expected to continue over
the years to come, and this paper can be regarded as a
progress report on our activities.
It should be pointed out that the theory and numerical techniques used in ADINA are not presented in
this paper, but can be found in refs. [4,8-17], where
more sample solutions are also given. Also, in this
paper we summarize only our developments in the
capabilities for stress analysis of structures and continua. The associated research and development in heat
transfer analysis capabilities and analysis of field
problems is described elsewhere [18,19].
The structural systems that can be analyzed using
ADINA can be composed of combinations of a number of different finite elements. The program presently
contains the following element types:
(a) three-dimensional truss element;
(b) two-dimensional plane stress and plane strain

430

K.J. Bathe et al. / Computational capabilities for nonlinear finite element analysis

element;
(c) three-dimensional plane stress element;
(d) two-dimensional axisymmetric shell or solid
element;
(e) three-dimensional solid element;
(f) three-dimensional thick shell element; and
(g) three-dimensional beam element.
The nonlinearities may be due to large displacements, large strains, and nonlinear material behavior.
The material descriptions presently available are as
follows.

For the truss elements: (a) linear elastic, (b) nonlinear elastic, (c) thermo.elastic, (d) elastic-plastic,
(e) thermo-elastic-plastic and creep;
for the two-dimensional elements: (a) isotropic
linear elastic, (b) orthotropic linear elastic, (c) isotropic
thermo-elastic, (d) curve description model, (e) concrete model, (f) elastic-plastic materials, von Mises or
Drucker-Prager yield condition, (g) thermo-elasticplastic-creep, yon Mises yield condition, (h) MooneyRivlin material;
for the three-dimensional elements: (a) isotropic
linear elastic, (b) orthotropic linear elastic, (c) isotropic
thermo-elastic, (d) curve description model, (e) concrete model, (f) elastic-plastic materials, von Mises
yield condition, (g) thermo-elastic-plastic-creep, von
Mises yield condition;

using an incremental solution of the equations of
equilibrium. In dynamic analysis, implicit time integration (the Newmark or Wilson methods) or explicit
time integration (the central difference method) can
be employed. Before the incremental solution is carried out, the applicable constant structure matrices,
namely the linear effective stiffness, linear stiffness,
mass, and damping matrices, and the load vectors are
assembled and stored on low-speed storage. During
the step-by-step solution the linear effective stiffness
matrix is updated for the nonlinearities in the system.
Therefore, only the nonlinearities are dealt with in the
time integration and no efficiency is lost in linear
analysis.
In this paper we first describe the different options
available in ADINA for static and dynamic analysis,
and then present the analysis results of some sample
problems. We conclude the paper with a discussion of
future important research and program developments.
2. The incremental equilibrium equations of structural
systems
The incremental nodal point equilibrium equations
for an assemblage of nonlinear finite elements have
been derived in refs. [8-11]. At time t we have, using
implicit time integration,
Mt+At0 + ct+At0+ tKU =

t+AtR- tF,

and using explicit time integration,
Mtu + ctI~l = tR - tF,

for the beam element: (a) linear elastic, (b) elasticplastic, yon Mises yield condition.
Program ADINA is an out-of-core solver, i.e. the
equilibrium equations are processed in blocks, and
very large finite element systems can be considered.
Also, all structure matrices are stored in compacted
form, i.e. virtually only nonzero elements are processed,
resulting in maximum system capacity and solution
efficiency.
In addition to out-of-core solution of the equilibrium equations, there is also virtually no high-speed
storage limit on the total number of finite elements
that can be used. To obtain maximum program capacity, the finite elements are processed in groups according to their type and whether they are linear or
nonlinear elements.
The finite element system response is calculated

(la)

(lb)

where
M = constant mass matrix,
C = constant damping matrix,
t K = tangent stiffness matrix at time t,
tR, t+AtR = external load vectors applied at time t,
t + At,
tF = nodal point force vector equivalent to the
element stresses at time t,
to, t+At(j = vectors of nodal point velocities at time t,
t + At,
tO, t+At~j = vectors of nodal point accelerations at
time t, t + At, and
U = vector of nodal point displacement increments from time t to time t + At, i.e.
U = t+Atu

-- t u .

It should be noted that eq. (la) reduces to the
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Table 1
S u m m a r y of step-by-step integration. Static analysis or d y n a m i c analysis using implicit time integration (the Wilson 0 - m e t h o d or
Newmark m e t h o d ) , or explicit time integration (the central difference method).
Initial Calculations
1. F o r m linear stiffness matrix K, mass matrix M and damping matrix C, whichever is applicable.
Calculate the following constants:
tol < 0.01 ; nitem >i 3; in static analysis 0 = 1 and go to 3.
Wilson O-method: 0 /> 1.37, usually 0 = 1.4, r = OAt:
a 0 = 6/T 2
a I = 3/7a 2 = 2a I
a3 = 2
a4 = 2
a 8 = 1 - 3/0

a 5 = r/2
a 9 = At~2

a 6 =ao/O

a 7 = --a2/O

alO = At2/6.

Newmark m e t h o d : 0 = 1.0, 8 ) 0.50, a >/0.25(0.5 + 8) 2, r = At:
a 0 = 1/(aAt 2)
a I = 8/(aAt)
a 2 = 1/(aAt)
a 4=8/a-1
a 5=At(8/a-2)/2
a 6 =a 0
a 8 = -a 3
a 9 = At(1 -- 8)
al0 =5At.
Central difference m e t h o d :
al = l/2At

a o = 1/Zxt 2

a 2 =2a 0

a3 = 1/(2a) - 1
a7 = - a 2

a 3 = l / a 2.

2. Initialize ° U , ° 0 , ° 0
For central difference m e t h o d only, calculate A t u f r o m initial conditions:
A t u = 0 U + At 0 0 + a 3

00.

3. F o r m effective linear coefficient matrix.
In implicit time integration or static analysis: I( = K + ao M + a l C ;
in explicit time integration: l~l = a0M + a IC.
4. In linear static analysis and linear d y n a m i c analysis using implicit time integration triangularize I(.
For Each Time Step
A. In linear analysis
(i) F o r m effective load vector.
In static analysis or implicit time integration:
t+ r ~ = t R + 0(t + At R _ tR) + M(ao t U + a2 t o + a3 tO) + C(a I tU + a4 tO + a s tO);
in explicit time integration:
tR = t R + a 2 M ( t U _ t - A t u ) + M r - A t U _ t F .
(ii) Solve for displacement increments.
In static analysis and implicit time integration:
](t+ru = t+rk;

U = t + ' r u - tU ;

in explicit time integration:
/~lt+ At U = t ~ .
(iii) Go to C.
B. In nonlinear analysis
(i) In static analysis or implicit time integration if a new stiffness matrix is to be formed, update K for nonlinear stiffness effects
to obtain t ~ ; triangularize t ~ :
t ~ = LDL T .
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Table 1 (continued)
(ii) Form effective load vector.
In static analysis or implicit time integration:
t + r ~ = t R + 0 ( t + A t R _ t R ) + M ( a 2 t0 + a 3 t U )

+C(a4 t 0 +a5 t 0 ) -

tF;

in explicit time integration:
t ~ - t R + a2M(tU _ t - A t u ) + ~/lt-At U _ tF.
(iii) Solve for displacement increments.
In static analysis or implicit time integration using latest D, L factors:
LDLTU = t+rl~;
in explicit time integration:
M t + A t U = tR.

(iv) If required iterate for static or dynamic equilibrium (in implicit time integration):
U (0) = U,

i = 0;

then

(a) i = i + 1.
(b) Calculate (i - 1)st approximation to accelerations, velocities, and displacements:
t + r ~ j ( i - l ) = a o U ( i - I ) _ a2 t o _ a3 tO;

t+r0(i-l)

= a l U ( i - 1 ) _ a4 t O _ a5 tO;

t + ~ ' u ( i - 1 ) = u ( i - I ) + tu.
(c) Calculate (i - 1)st effective out-of-balance loads:
t + r ~ ( i - 1 ) = t R + o ( t + A t R _ tR) _ M t + z 0 ( i - l ) - c t + r 0 ( i - l )

- t+rF(i-l).

(d) Solve for ith correction to displacement increments:
LDLTAU(i) = t + r R ( i - l).
(e) Calculate new displacement increments:
U (i) = u ( i - 1 ) + Au(i).
(f) Iteration convergence ff (ll Au(i)u2/

max
IIJUll2) < tol.
/'=At ..... t, t + r

If convergence: U = U (i) and go to C;
if no convergence and i < nitem: go to (a); otherwise restart using new stiffness matrix reformation strategy and/or a
smaller time step size.
C. Calculate new accelerations, velocities, and displacements
Wilson 0-method:
t+AttJ=a6 U+aTt 0+aat0,
t + A t 0 = t O + a 9 ( t + A t 0 + t0) ,
t+ A t u = t u + At t o + a l o ( t + A t o + 2 t O ) .

Newmark method:
t + A t O = a6U + a7 tU + a8 t O ,
t + A t ~ j = t O + a 9 t0 + a l 0

t+At0,

t+Atu=tu+u.
Central difference method:
to = al(t+AtU _ t-Ato) ,
to = a o ( t + A t u

_

2tu + t-Atu)

.
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incremental equilibrium equations in static analysis if
mass and damping effects are not included. As was
discussed in [8-11], the solution of eq. (la) yields,
in general, approximate displacement increments U.
To improve the solution accuracy (and in some cases
to prevent the development of instabilities) it may be
necessary to use equilibrium iteration in each or preselected time steps. In this case we consider the equilibrium equations
Mt+Atlj(i) + ct+Atl)(0 + tKAU(0 = t+At R _

i= 1,2, 3 .... ,

t+AtF(i-l) '
(2)
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element matrices and vectors can therefore be performed
by using the element matrices in compact form together
with identification arrays which relate element degrees
of freedom to structure degrees of freedom.
In the program ADINA either a lumped or consistent mass matrix may be used. In addition, concentrated masses corresponding to selected degrees of
freedom can be input. Damping can only be specified
in the form of concentrated nodal point dampers.
The advantages of lumped mass and consistent mass
analysis have been discussed in [4].

where M, C, tK, and t+atR are as defined above, and
t + A t 0 ( 0 ' t+At(j(O, t + A t u ( / ) = t+Ato(i--l)+ Au(i) are

2.2. Boundary conditions

the approximations to the accelerations, velocities,
and displacements obtained in iteration i. The first
iteration, i.e. i = 1 in eq. (2), corresponds to the solution of eq. (la)where AU O) = U, t+ Atu(O) = t u ,
t+At0(1) = t+At~j, t+Atu(l ) = t+At~j, t+AtF(0) = tF.

If a displacement component is zero, the corresponding equation is not retained in the structure
equilibrium equations, eqs. (1) and (2), and the corresponding element stiffness and mass terms are disregarded. If a non-zero displacement is to be specified f
a t a degree of freedom i, say Ui = x, the equation

The vector of nodal point forces t+AtF(i-1) is work
equivalent to the element stresses in the configuration
corresponding to the displacements t+ Atlj(i-1). The
approximations to the velocities and accelerations,
t+At[j (i) and t+at~j(i), respectively, depend on the
time integration scheme used [4].
It should be noted that the solution scheme used
in eq. (2) corresponds to a modified Newton iteration.
In the program ADINA, the central difference
method is employed in explicit time integration and
the Newmark method or the Wilson method can be
employed in implicit time integration of the dynamic
response. Table 1 summarizes the algorithm for linear
or nonlinear, static or dynamic analysis. The specific
operations performed during the step-by-step solution
are discussed in section 3.4.

kUi = kx ,

(4)

need be added, where k > > kip Therefore, the solution
of eqs. (1) and (2) must give Ui = x. Physically, eq.
(4) can be interpreted as adding at the degree of freedom i a spring of large stiffness k and specifying a load
which, because of the relatively flexible structure at this
degree of freedom, produces the required displacement
x. This approach simplifies programming problems
which are normally associated with specifying displacements.
In ADINA, nonzero deflection boundary conditions
must be specified by using the truss element to provide
the stiffness k in eq. (4) and applying the load R i =Kx,
since a special boundary element (as used for example
in SAP IV [7]) is not available.

2.1. Element to structure matrices and force vectors

3. Program organization

The structure matrices in table 1 are formed by
direct addition of the element matrices and vectors
[4] ; for example
K --

Km,

(3)

m

where K m is the stiffness matrix of the mth element.
Although Km is formally of the same order as K, only
those terms in Km which pertain to the element
degrees of freedom are nonzero. The addition of the

The complete solution process in program ADINA
is divided into four distinct phases.
(1) Finite element mesh and element data input. In
this phase the control information and the nodal point
input data are read and generated by the program. The
equation numbers for the active degrees of freedom at
each nodal point are established. The initial conditions
are read. The element data are read and generated, the
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element connectivity arrays are calculated and all element information is stored on tape.
(2) Assemblage o f constant structure matrices.
Before the solution of eqs. (lb) or (2) is carried out,
the linear structure stiffness, mass, and damping matrices are assembled and stored on tape (or other lowspeed storage). In addition, the effective linear structure stiffness matrix is calculated and stored (see
table 1).
(3) Load vector calculations. The externally applied
load vectors for each time (load) step are calculated
and stored on tape.
(4) Step-by-step solution. During this phase the
solution of eqs. (lb) or (2) is obtained at all time
points. In addition to the displacement, velocity, and
acceleration vectors (whichever applicable), the element stresses are calculated and printed. Before the
time integration is performed, the lowest frequencies
and corresponding mode shapes may be calculated.
It need be noted that these basic steps are independent of the element type used and are the same for
either a static or dynamic analysis. However, only
those matrices actually required in the analysis are
assembled. For example, no mass and damping matrices
are calculated in static analysis, and no stiffness matrix
is calculated when explicit time integration is employed.
UNIT 1

Program ADINA is an out-of-core solver and allocates storage in BLANK COMMON dynamically during
the different phases of solution. On some computers
the total storage required can be dynamically adjusted
up to the maximum high speed storage available during
the execution process. If this option is not available,
the maximum high speed storage to be used is fixed
and the storage required in each phase is checked so
that the maximum is not exceeded.
In the solution the highest numbered high speed
storage locations are reserved for element group information. For the analysis, the finite elements of the
complete assemblage need be divided into element
groups according to their type, the nonlinear formulation, and the material model used (see section 5).
Each element group must consist of the same type of
elements, must use one nonlinear formulation, and
only one specific material model. The data pertaining
to each individual element group is stored in the element group information. The maximum storage
required for any one of the element groups is MAXEST.
The use of the element groups reduces input-output
transfers during the solution process, since the data of
the elements is retrieved in blocks during the solution
of eqs. (lb) and (2) and element stress calculations.
Fig. 1 shows the low speed storage layout used for the
UNIT 2
(Random access unit)

Linear Element

Nonlinear Element

Group Storage

Linear element
group l .~

Linear element
group 2

Linear element
group "NEGL"~---

Group Storage

- Ll
Storage
Locations
---L2

--~LNEGL

Nonlinear element!
group 1
~NL l
Storage
Nonlinear element Locations
group 2

NL2

INonlinear element
group "NEGNL~_.

~NLNEGNL

Ll, NLl , L2, NL2 . . . . . LNEGL' NLNEGNL ~ MAXEST
Both reading and writing
during time integration

Fig. l. Auxfliary storage organization for element group information.
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OVERLAY(0,0)
ADINA

[ (length without
BLANKCOMMON =
I OVERLAY(1,O)
ADINI
(length=3100)

OVERT
LR
AU
YSS
(2,0)

OVERT
LO
AD
YMF
(3,0)
E

(length-5200)

(length=6000)l

f

OVERLAY(3,1)
ELT2D3

5800)(*)

[ . . . .THREDM

BEAM

I OVERLAY(6,0) [
FREQS

(length=4800)

(length=3700)

J

(length=6000)

I

OVERLAY(3,9)
EL2DI4

.....
see TABLE 3

i

I

OVERLAY(4,1)
ELT3D3

(*)

OVERLAY(4,7).
EL3DI2
see TABLE4

length in decimal and
rounded up to nearest
hundred

Fig. 2. Overlaystructure of ADINA.

element group information.
To further improve high speed storage capacity,
ADINA has an overlay structure, as shown in fig. 2.
The overlay structure has been chosen to correspond
to the four phases of execution listed above and considering the element library, the material models
available, and the eigensystem calculation option. The
(0, 0) overlay consists of the main program and driving
subroutines. The first level of overlays is made up of the
input phase subroutines in OVERLAY (1,0), the element subroutines in OVERLAY (2, 0) to OVERLAY
(5, 0) and the subroutines for the eigensystem solution
in OVERLAY (6, 0). The second level of overlays
consists of the different material models. The program
is thus modular and special purpose programs can be
assembled with ease.
3.1. Finite element mesh and element data input

The nodal point information read during the input
phase consists of the boundary condition codes (stored
in the ID array) and the global X, Y, Z coordinates of
each nodal point. The number of rows in the ID array is
equal to the maximum number of degrees of freedom

:Ly
~2

4

6

NODAL POINT LAYOUT OF TRUSS

'E,,I
I

2 3

4

5

6

DEGREES
OF F REEDOM

2
IDT=

4

5
6
7

NODAL POINT
NUMBERS

Fig. 3. Nodal point layout of truss example and ID array as
read and/or generated.
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, r-....
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PoN,s LMo

[o

Fig. 4. ID array of truss example after allocation of equation
numbers to active degrees of freedom.

Fig. 5. Connection array (vector LM) for a typical element of
the truss example.

admitted at a nodal point (NDOF). For example, in a
two-dimensional analysis without rotational degrees o f
freedom NDOF = 2.
It need be noted that the user should allow only
those degrees o f freedom which are compatible with
the elements connected to a nodal point. The program
can deal with a m ax i m u m o f six possible degrees o f
freedom (three translations and three rotations) at

each nodal point, and all non-active degrees of freedom
need be deleted. Specifically, a '1' in the ID array
denotes that no equation shall be associated with the
degree o f freedom, whereas a '0' indicates that this is
an active degree o f freedom [4]. Fig. 3 shows the ID
array for a simple truss structure as it was read and/or
generated by the program. Once the complete ID and
X, Y, Z arrays have been obtained, equation numbers

Table 2
Auxiliary storage units in ADINA
Read/write
unit number

Linear
static analysis

Linear
dynamic analysis

1

Nonlinear
static analysis

linear element group data

2

not used

nonlinear element group data
(random access)

3

load vectors

4

linear stiffness matrix

7

Nonlinear
dynamic analysis

not used

effective linear
coefficient matrix

not used

effective linear
coefficient matrix

ID array; displacement (velocity and acceleration if applicable) vectors and
nonlinear element group data for restart (saved at restart save intervals)
nodal point coordinates for pressure load calculations

9

LDLT factor of (effective) stiffness matrix

10
11

12

not used

(1) mass matrix
(2) damping vector
not used

13
56
Unit 5 = input; unit 6 = output.

(random access)

not used

(1) mass matrix
(2) damping vector

effective nonlinear stiffness matrix
mode shape vectors and frequencies

not used

nodal point temperatures
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are associated with all active degrees of freedom, i.e.
the zeroes in the ID array are replaced by corresponding equation numbers, and each '1' is replaced
by a zero, as shown in fig. 4 for the simple truss
example of fig. 3.
A second important part of the input phase is the
reading and generating of element group information
for each element group. Specifically, the element coordinates, the material properties, and the element connectivity arrays are established. Also, working vectors
which store required element strains, stresses and other
variables are initialized. For each element group this
information is processed together (in the element group
information) and then written together in one block
on secondary storage. During the next phases of the
solution, therefore, the required element data can be
read in blocks, sequentially one block at a time, into
the same high speed storage locations.
The element connectivity array (vector LM) of an
element is established from the ID array and the specified nodal points of the assemblage pertaining to the
element. The connectivity array for a typical element
of the truss example is shown in fig. 5.
It should be noted that the reading and generating
of the element data of one group requires only one
call of the specific element overlay needed since all
elements in one group are of the same kind. After all
element information has been established, the ID and
X, Y, Z arrays are no longer required, and the corresponding storage area is used for the formation of the
constant structure matrices and later for the solution
of the equations of equilibrium.
3. 2. Formation o f constant structure matrices
All structure matrices which are not time dependent
are calculated before the time integration is carried
out. At this stage it is necessary to distinguish between
the different kinds of analyses possible, namely whether
a linear or nonlinear, static or dynamic analysis is
required. The storage allocation during this phase is
such that all required linear structure matrices are
assembled using the same high-speed storage locations.
Table 2 shows the low speed storage used corresponding to the different analyses. The assemblage of a
structure matrix is effected by reading the data of all
required element groups in succession, and by calculating and adding the element matrices to the structure
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matrix, as was discussed in section 2.1.
It should be noted that in linear analysis the structure stiffness or effective stiffness matrix is triangularized directly after assemblage. In the step-by-step
solution only forward reductions and back-substitutions of the (effective) load vectors are then required.
3.3. Calculation o f external load vectors
The external loading in the analysis can consist of
concentrated nodal point loading and surface pressure
loading. In addition, gravity loading can be specified.
The loads are assumed to vary with time as expressed
by time functions and load multipliers defined in the
input.
3.4. Step-by-step solution
The main phase in the analysis is the step-by-step
solution of the equilibrium equations, eqs. (lb) and
(2). The algorithm used was presented in table 1. Since
the program can perform static and dynamic, linear
and nonlinear analyses, it is convenient to consider the
different types of analyses as follows.
(1) Linear static analysis. In a linear static analysis,
all element groups are linear and only the linear stiffness matrix is calculated in the matrix assemblage
phase. The stiffness matrix is triangularized before
entering the step-by-step solution phase. It should be
noted that this solution corresponds to a linear dynamic analysis, in which mass and damping effects are
neglected. Therefore, in linear static analysis, solutions
for multiple load cases can be obtained by varying the
loads with time so as to obtain one individual load case
at each time step.
(2) Linear dynamic analysis. In a linear dynamic
analysis all elements are linear, with mass and possibly
damping effects included. The mass matrix may be
diagonal (lumped mass analysis) or banded (consistent
mass analysis) and additional concentrated masses
may be specified at selected degrees of freedom. The
damping matrix C is assumed to be diagonal.
If explicit time integration (the central difference
method) is employed, a diagonal mass matrix must be
used.
(3) Nonlinear static analysis. In nonlinear static
analysis linear and nonlinear element groups are defined.
Damping and mass effects are neglected.
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Before the step-by-step solution the linear stiffness
matrix corresponding to the linear elements of the
complete element assemblage was calculated (see table
1). This matrix is now updated in preselected load
steps by the stiffness matrices of the nonlinear elements
to form the current tangent stiffness matrix. The specific load steps at which a new tangent stiffness matrix
is to be calculated are input to the program.
Depending on the nonlinear formulations and the
nonlinear material models used, and also depending
on the magnitude of the load steps, the accuracy of
the solution may be significantly increased using equilibrium iteration. The program load steps at which equilibrium iterations shall be performed can be defined in
the input control data.
(4) Nonlinear dynamic analysis. A nonlinear dynamic
analysis using implicit time integration (Newmark or
Wilson method) is carried out essentially in the same
way as a nonlinear static analysis, but mass and possibly damping effects are included. The mass and
damping matrices are defined as in linear dynamic
analysis. It should be noted that the structure mass
and damping matrices are calculated before the stepby-step solution (see table 1).
If explicit time integration (the central difference
method) is employed, a diagonal mass matrix must be
used.

4. The compacted storage scheme and solution of
equations
An important aspect is the efficient storage of the
structure matrices and an effective solution of the
equilibrium equations. The storage scheme need be
optimized in order to obtain maximum capacity. The
effective solution of the equations is necessary to
reduce total solution cost.
In the program ADINA a compacted storage scheme
is used in which all structure matrices are stored as onedimensional arrays and only the elements below the
'skyline' of the matrices are processed [4]. Fig. 6
shows, as an example, the element pattern in a typical
stiffness matrix before and after triangularization. It
should be noted that zero elements within the skyline
in general do not remain zero during the equation
solution and are therefore stored, whereas all elements
outside the skyline are not considered.

X = NONZERO
O:

ELEMENT

ZEROELEMENT
-- ~ / - - ~ C O L U M N

HEIGr~"~

~-~00rO~O

0,0

\XlOlX

\Tx

\x

00lO

o l o o o l o OlO

x,x'-~--~olo om

xlx olo,o oloi
\xlx ootz olo I

, oxlo o
\

SYMMETRIC

xlx xlxl
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Fig. 6. Typical element pattern in a stiffness matrix using
block storage.

Fig. 6 also shows the block storage scheme used for
the stiffness and mass matrices in out-of-core solution.
The number of blocks and the number of columns per
each block are calculated by the program prior to the
assemblage process and depend on the total high speed
storage available during the matrix assemblage and
time integration phases. It should be noted that the
number of columns per block vary and hence optimum
advantage is taken of the high speed storage available
for solution.
The solution of equations is obtained using the outof-core linear equation solver COLSOL. This subroutine
uses, in essence, Gauss elimination on the positive
definite symmetrical system of equations, but operates
colunmwise on the coefficient matrix [4]. The block
operations performed during the solution process are
shown in fig. 7. The same solution algorithm is used in
all analysis types, i.e: in linear, nonlinear, static or
dynamic analysis, and consists of the LDL T decomposition of the stiffness matrix (or effective stiffness ma-
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2

trix), and the reduction and back-substitution of the
(effective) load vector. For example, in linear static
analysis, the equations are KU = R and the program
calculates
K = LDL x ,

(5)

LV = R ,

(6)

DLTu = V ,

(7)

where L and D are a lower triangular and a diagonal
matrix, respectively [4].

3

Py

AVAILABLE
NONLINEAR FORMULATIONS

AVAILABLE
MATERIAL MODELS

a.

LINEARANALYSIS

a.

ISOTROPICLINEAR ELASTIC

b.

MATERIALLYNONLINEARONLY

b.

ORTUOTROPICLINEAR ELASTIC

c.

UPDATEDLAGRANGIAN

c.

ISOTROPICTHERMO-ELASTIC

d.

TOTALLAGRANGIAN

d.

CURVEDESCRIPTIONNONLINEARMODEL
FOR ANALYSISOF GEOLOGICALMATERIALS
(INCLUDING TENSIONCUT-OFF AND
TENSION RELEASE) plane strain and
a x i s ~ t r i c only)
CONCRETEMODEL(INCLUDINGCRACKING
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5. The element library
In the current version of program ADINA, general
truss, beam, two and three-dimensional isoparametric
(or subparametric) elements are available [4,8]. Corresponding to the nonlinearities in the system, four
different analysis procedures may be considered for a
finite element.

f.

ISOTHERMALPLASTICITYMODELS;
VON MISESYIELD CONDITION{ISOTROPIC
OR KINEMATICHARDENING)OR DRUCKERPPJ~GERYIELD CONDITION
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OR KINEMATICHARDENING)

h.

ISOTROPlCNONLINEARELASTIC, INCOMPRESSIBLE (M(}ONEY-RIVLINMATERIAL)
(plane stress only)

Fig. 9. Two-dimensional plane stress, plane strain and axisymmetric elements.
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Fig. 10. Three-dimensional solid and thick shell element.
(1) Linear elastic analysis. The displacement of the
element are assumed to be negligibly small and the
strains infinitesimal. The material is isotropic or orthotropic linear elastic.
(2) Materially nonlinear only analysis. The displace-

ments of the element are negligibly small, and the strains
are infinitesimal. The material stress-strain description
is nonlinear.
(3) Total lagrangian formulation. The element may
experience large displacements and large strains. The
material stress-strain relationship is linear or nonlinear.
(4) Updated lagrangian formulation. The element
may experience large displacements and large strains.
The material stress-strain description is linear or nonlinear.
The linear elastic analysis does not allow for any
nonlinearities, whereas the materially nonlinear only
analysis includes material nonlinearities, but no geometric nonlinearities [8]. The total lagrangian and updated lagrangian formulations may include all nonlinearities, and which formulation should be employed
depends essentially on the definition of the material
model used, as described in the next section.
In the following, the finite elements and material
models currently available in ADINA are summarized.
It should be noted that a particular element group
must consist of finite elements of the same type, described by one of the four element formulations above,
and must use one material model only. Since all four
formulations and all material models have not been
implemented for all element types, it is important to
identify the nonlinear formulations and material
models currently available in ADINA for a specific
element type, as illustrated in figs. 8 - 1 1 .

5.1. Truss element
A variable-number-nodes three-dimensional truss
element is available in ADINA. The element is assumed
to have constant area, and may be used in linear elastic
analysis, materially nonlinear and/or large displacement
geometric nonlinear analysis. In the large displacement
analysis the updated lagrangian formulation is used.
The element can be employed with a linear elastic,
nonlinear-elastic, thermoelastic, elastic-plastic, and
thermo-elastic-plastic and creep material model [8].

\

AVAILABLE
NONLINEAR FORMULATIONS

AVAILABLE
MATERIAL MODELS

a.

LINEARANALYSIS

a.

ISOTROPICLINEAR ELASTIC

b.

MATERIALLYNONLINEARONLY

b.

c.

UPDATEDLAGRANGIANWITH LARGE
DISPLACEMENTS BUT SMALL STRAINS

ELASTIC-PLASTIC(PERFECTLYPLASTIC OR ISOTROPIC STRAIN
HARDENING, RECTANGULARAND
PIPE SECTION)

Fig. 11. Three-dimensional beam element.

5.2. Plane stress and plane strain element
A variable-number-nodes isoparametric finite element is available for two-dimensional plane stress and
plane strain analysis. The element is assumed to lie in
the Y - Z global coordinate plane. The element may
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have from 4 to 8 nodes, where any one of the nodes
5 - 8 can be omitted. A 3-node triangular element can
be formed by having nodes 3 and 4 coincide. The
variable-number-nodes option allows affective modelling from coarse to finer finite element meshes.
The plane stress element can also be employed in
the general three-dimensional X - Y - Z space, i.e. the
element need not lie in the Y - Z plane, but then it
must be a fiat element (all nodes must lie in one
plane).
The plane stress and plane strain elements can be
used in all four formulations. The material models
available are summarized in fig. 9.
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section properties can be modelled. On the other hand,
in the geometric and material nonlinear analysis only
a rectangular or pipe cross-section can be used. In the
large displacement analysis the updated Lagrangian
formulation is employed assuming small strain conditions.
6. The material models

The variable-number-nodes element described above
is also available for axisymmetric two-dimensional
analysis of shells or solids (with axisymmetric loading).

All material models available in ADINA are discussed
in [8], and are only briefly summarized below. In addition to assigning a specific material model to an element, the element can also be used in an 'element
birth' or 'element death' option. In the element birth
option the element is not active until its time of birth,
and in the element death option the element becomes
inactive at its time of death. These options are useful
in construction/excavation analysis, and are available
for all elements.

5. 4. Three-dimensional solid or thick shell element

6.1. Truss element material models

A general three-dimensional isoparametric element
with a variable number of nodes from 8 to 21 can be
used. The first 8 nodes are the corner nodes of the
element, nodes 9 to 20 correspond to midside nodes
and node 21 is a center node. The element can be
used for three-dimensional analysis of solids and thick
shells. Trapezoidal and wedge elements can be formed
by having nodes coincide. As for the two-dimensional
elements, the possibility of choosing different element
node configurations allows effective finite element
modelling.
The three.dimensional element can be used in all
four formulations. The material models currently
available for the three-dimensional element are summarized in fig. 10.

The truss element material behavior can be described
by means of five models.
(1) Linear elastic material. The material can be
linear elastic defined by Young's modulus only.
(2) Nonlinear elastic material. The nonlinear elastic
material behavior is defined by specifying the stress as
a piece-wise linear function of the current strain. Thus,
the total stress and the tangent modulus are directly
defined in terms of the total strain.
(3) Thermo-elastic material. A thermo-elastic material model can be employed in which the Young's
modulus and the mean coefficient of thermal expansion
vary as a function of temperature.
(4) Elastic-plastic material. The nonlinear elasticplastic material model is defined by means of the initial
Young's modulus, the yield stress and the strain hardening modulus. Isotropic or kinematic strain hardening
can be assumed.
(5) Thermo-elastic-plastic-creep m o d e l A thermoelastic-plastic and creep model can be employed. This
model is an extension of the elastic-plastic model to
include creep and thermal strains. The plasticity can
be described using linear isotropic or kinematic hardening conditions. The creep strain accumulation in
cyclic loading conditions is taken into account using
auxiliary strain hardening rules [ 15,20].

5.3. Axisymmetric shell or solid element

5. 5. Three-dimensional beam element
A three-dimensional beam element is available. The
element is assumed to be prismatic and straight. A
typical element is shown in fig. 11. The element can
be used in linear elastic analysis, and in geometric and[
or material nonlinear analysis. In the linear elastic
analysis the section properties of the beam element in
the local beam axes r, s, t (see fig. 11) are directly input
to the program, and therefore beams with arbitrary
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6.2. Two-dimensional element material models
The stress-strain relationship of the two-dimensional elements can be described by various linear and
nonlinear material models. In the definition of a mate°
rial model it may have been assumed that a specific
nonlinear formulation is used. The application of the
different material models is discussed in [8 ], where
the assumptions used are pointed out. Table 3 summarizes all material models that can be used with the
two-dimensional continuum elements and shows the
overlays and subroutines employed.
(1) Isotropic and orthotropic linear elastic material.
The stress-strain relationships are defined by means
of the constant Young's moduli and Poisson's ratio.
In orthotropic analysis different axes of orthotropy
can be used for each element.
(2) Isotropic thermo-elastic model An isotropic
thermo-elastic model can be employed in which the
Young's modulus, Poisson's ratio and the mean coefficient of thermal expansion vary as a function o f temperature.
(3) Curve description model The curve description
model is available for the analysis of geological materials. In the model, the instantaneous bulk and shear
moduli are defined by piece.wise linear functions of

the current volumetric strain. An explicit yield condition is not used, and whether the material is loading
or unloading is defined by the history of the volumetric strain only.
In the analysis of some problems, tensile stresses
due to applied loading cannot exceed the in-situ gravity
pressure. In such conditions the model can be used to
simulate either tension cut-off (yielding) or tensile
failure (cracking). In the option of tension cut-off the
material assumes reduced stiffness in the direction of
a tensile stress which exceeds the gravity pressure in
magnitude. In the option of tensile failure, the stiffness is reduced in the same way, but in addition the
tensile stress (being equal to the gravity pressure) is
released, i.e. a failure surface is formed perpendicular
to the direction of the tensile stress that exceeds the
gravity in-situ pressure.
(4) Concrete model A model to describe the nonlinear stress-strain relation, stress-induced orthotropy,
tensile failure, compression crushing and post-failure
behavior of concrete including strain softening is available [8,14].
(5) Isothermal elastic-plastic material models. Isothermal elastic-plastic analysis using a plastic potential
function can be carried out. The plasticity relations
employed are based on the yon Mises yield condition

Table 3
two-dimensional material models
Model number
1
2
3
4
5
6
7
8
9
10
11
12
13
14

Material

Overlay

Subroutine

isotropic linear elastic
orthotropic linear elastic
isotropic thermo-elastic
curve description
concrete
(empty)
Drucker-Prager
isothermal elastic-plastic (isotropic hardening)
isothermal elastic-plastic (kinematic
hardening)
thermo-elastic-plastic and creep (isotropic
hardening)
thermo-elastic-plastic and creep (kinematic
hardening)
(empty)
Mooney-Rivlin
user-supplied

(3, 0)
(3, 0)
(3, 1)
(3, 2)
(3, 2)
(3, 3)
(3, 4)
(3, 5)
(3, 5)

STSTL
STSTL
ELT2D3
ELT2D4
ELT2D4
ELT2D6
ELT2D7
ELT2D8
ELT2D8

(3, 6)

EL2D10

2200

(3, 6)

EL2D10

2200

(3, 7)
(3, 8)
(3, 9)

EL2D 12
EL2D 13
EL2D14

300

* R o u n d e d up to nearest hundred.

Length *

500
3100
3100
900
800
800
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and the Drucker-Prager yield condition. Both yield
criteria to describe material behavior have been employed extensively in practice [21,22]. Using the yon
Mises yield criterion, linear isotropic hardening or
kinematic hardening can be assumed. In analyses using
the Drucker-Prager yield condition, the material is
assumed to be elastic-perfectly plastic.
(6) Thermo-elastic-plastic and creep m o d e l Thermoelastic-plastic and creep analysis using a plastic potential
can be carried out [15]. The material model is an
extension of the isothermal elastic-plastic model to
include creep and thermal strains. The plasticity can
be described using linear isotropic or kinematic hardening conditions. Creep strain accumulation in cyclic
loading conditions is taken into account using auxiliary
strain hardening rules.
(7) M o o n e y - R i v l i n material model A hyperelastic,
incompressible material model is available for the
analysis of rubber-like materials [23]. The stressstrain relationship is defined using the Mooney-Rivlin
material constants. In ADINA the model can only be
used in plane stress analysis.
6. 3. Three-dimensional element material models
All two-dimensional material models except for the
Mooney-Rivlin and Drucker-Prager material models
are also available for the three-dimensional elements.
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Table 4 summarizes the material models that can be
used with the three-dimensional continuum elements
and shows the overlays and subroutines employed.
6.4. Beam element material models
The beam element material behavior can be described
by means of two models.
(1) Linear elastic material The material can be
linear elastic defined by Young's modulus and Poisson's
ratio.
(2) Elastic-plastic isothermal material The material
can be elastic.plastic, described using the yon Mises
yield criterion with linear isotropic hardening or perfectly plastic conditions.

7. E i g e n s y s t e m s o l u t i o n

The calculation of frequencies and mode shapes is
important at various instances. For the estimation of
resonance conditions the frequencies of the system
must be evaluated. In dynamic analysis it is necessary
to select a suitable time step At. The time increment
must be small enough for solution accuracy, but for a
cost effective solution it should not be unnecessarily
small. In order to estimate an appropriate time step,
it may be necessary to solve for the fundamental fre-

Table 4
Three-dimensional material models
Model number
1
2
3
4
5
6
7
8
9
10
11
12

Material

Overlay

Subroutine

isotropic linear elastic
orthotropic linear elastic
isotropic thermo-elastic
curve description
concrete
(empty)
(empty)
isothermal elastic-plastic (isotropic hardening)
isothermal elastic-plastic (kinematic
hardening)
thermo-elastic-plastic and creep (isotropic
hardening)
thermo-elastic-plastic and creep (kinematic
hardening)

(4, 0)
(4, 0)
(4, 1)
(4, 2)
(4, 2)
(4, 3)
(4, 4)
(4, 5)
(4, 5)

STST3L
STST3L
ELT3D3
ELT3D4
ELT3D4
ELT3D6
ELT3D7
ELT3D8
ELT3D8

(4, 6)

EL3D10

2300

(4, 6)

EL3D 10

2300

user-supplied

(4, 7)

EL3D 12

* Rounded up to nearest hundred.

Length *

400
3900
3900
700
700
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quencies of the system [4,12]. For these purposes an
eigensolution routine has been incorporated into
ADINA.
The algorithm considers the solution of the generalized eigenproblem

that the analysis cost can increase considerably in outof-core solution because of the necessary low speed
storage reading and writing.

°K~b= 602 M~I),

8. Analysis restart

(8)

where °K is the tangent stiffness matrix at time 0, M
is the mass matrix of the system, and co and ~ are a
free vibration frequency and mode shape vector, respectively. The mass matrix can be diagonal (lumped
mass assumption) or banded (consistent mass assumption), and the stiffness matrix OK is assumed to be at
least positive semidefinite. The complete solution to
eq. (8) can be written as
(9)

° K @ = Mit~l-~ 2 ,

where • is a matrix with its columns equal to the
mass-orthonormalized eigenvectors and f~2 is a diagonal matrix of the corresponding eigenvalues, i.e.
0 = [~1~2 .... ,¢Pn] ;

~ 2 = diag(w2).

(10)

The solution algorithm used in ADINA is the determinant search method presented in [4,13]. Basically,
the algorithm combines triangular factorization and
vector inverse iteration in an optimum manner to calculate the required eigenvalues and eigenvectors; these
are obtained in sequence starting from the least dominant eigenpair ( w 2 , ~ 1), where it may be noted that
the lowest eigenvalues may be zero, i.e. the algorithm
can also be used to calculate the rigid body modes. An
efficient accelerated secant iteration procedure, which
operates on the characteristic polynomial
p ( w 2) = det(K - w2M),

(11)

is used to obtain a shift near the next unknown ~.igenvalue. The eigenvalue separation theorem (Stur n
sequence property) is employed in this iteration. Each
determinant evaluation requires a triangular factorization of the matrix K - 6o2M. Once a shift near the
unknown eigenvalue has been obtained, inverse iteration is used to calculate the eigenvector and the eigenvalue is calculated accurately by adding the Rayleigh
quotient correction to the shift value.
The eigensolution can be carried out for in-core
and out-of-core systems. However, the determinant
search algorithm is most effective for the in-core solution of small-banded systems and it should be realized

In non linear analysis it is frequently the case that
the response of a structure has been calculated for
some time (load) steps and that on interpretation of
the results it is decided to analyze the structure for
more time (load) steps. Also, changes in the solution
strategy with respect to the time step size, equilibrium
iteration and stiffness reformation may be required at
an intermediate stage (often after a convergence failure).
If either possibility is anticipated, the program can be
used to restart at preselected time steps.

9. Data checking, pre- and post-processing
In the analysis of large structural systems it is important to be able to check the data read and generated
by the program. For this purpose an option is given in
which the program simply reads, generates, and prints
all data. It can also be requested that the program read
the nodal point and element data from a tape created
by a pre-processor. Also, the program can store all
input data as well as nodal response and/or element
stress outputs on tapes, so that plotting and evaluation
of the data and output using post-processors is possible

[17].
10. Installation of ADINA on different computers
The computer program ADINA has been written
using standard FORTRAN IV, and has been developed
to be run directly on IBM, CDC, and UNIVAC equipment. The control cards to generate the overlay structure for these machines, and appropriate single or
double precision arithmetic, are in the program in the
form of comment cards. Different comment cards
must be activated depending on which specific machine
is used.
The solution arrays are stored in BLANK COMMON
and the total storage required must be less than or
equal to MTOT. The variable MTOT, which is initialized
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in the main program ADINA, dimensions the blank
common storage. Hence, by using a different value for
MTOT the size of the program can be reduced or
increased. For the individual solution arrays the appropriate high speed storage for single or double precision
arithmetic is allocated using the variable ITWO, which
is also initialized in the main program ADINA, and set
equal to '1' and '2' in single and double precision
arithmetic, respectively.
In the implementation of ADINA it need be realized
that two of the read/write units used by the program,
namely units 2 and 10, are random access devices (see
table 2).
Since ADINA can be run directly on IBM, CDC,
and UNIVAC machines, it is anticipated that the
program can also be installed with relative ease on
other equipment.

11. Sample analyses
The program ADINA has been applied to the solution of various types of problems during the program

developmental and verification phase [5,8], and by
the users of the program [17]. In this section we
present the analysis results to some problems in order
to give some indication of the applicability of the
program. In addition to the problem solutions presented
here and documented in [5,8,17] the program could,
of course, also be employed for the analysis of the
problems considered in [6].
11.1. Thermo-elastic-plastic static analysis o f a thickwalled cylinder
The thick-walled cylinder shown in fig. 12 was subjected to varying internal pressure and temperature.
Plane strain conditions were assumed and the cylinder
was modelled using four 8-node axisymmetric elements.
The material of the cylinder was assumed to be
elastic-perfectly plastic and obey the von Mises yield
condition. Since displacements and strains are small,
the analysis was carried out for material nonlinearities
only.
In the first analysis the temperature was held constant at 70°C and the pressure was increased to the
point of collapse. Fig. 13 shows the radial displacement
response of the cylinder as a function of internal pressure and fig. 14 gives the stress distribution through the
wall at a given value of pressure. Excellent agreement
with the solution by Hodge and White was obtained
[24].
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In the second analysis both the cylinder pressure
and temperature were varied, as shown in fig. 15, where
also the radial displacement response is given. Fig. 16
shows the residual stress distribution through the wall
at time t = 10, i.e. when the pressure was reduced to
zero.
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The wave propagation produced by a suddenly
applied strip load to an infinite elastic half space was
analyzed. Fig. 17 depicts the finite element idealization employed for the analysis and the loading applied.
Fig. 18 shows the stress response at point A (indicated in fig. 17) calculated using ADINA and an analytical solution [25]. The analysis was performed using
lumped and consistent mass approximations and for
the time integration the central difference method
and Newmark method were used. It is seen that with
this finite element mesh and time step selection accurate
results have been obtained.

11.3. Large deflection analysis o f a simply supported
plate

t

Fig. 15. Load, temperature history, elastic-plastic displacement
response of thick-walled cylinder.

The simply supported plate subjected to a uniformly
distributed pressure shown in fig. 19 was analyzed for
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its large deflection response. Nine 16-node three-dimensional elements were used to model one-quarter of the
plate. The element stiffness matrices were calculated
using the standard 2 × 2 × 2 Gauss integration [4],
and the total lagrangian formulation was employed.
P ( t ) = LOAD MAGNITUDE AT TIME t
INTHE NEGATIVE z DIRECTION

Fig. 19 shows the displacement response predicted
by ADINA when 8 steps were used to reach the total
applied load. The ADINA results are compared with
the response calculated by Levy [26]. In addition,
fig. 19 shows the deflections calculated by ADINA
_J

o.;2

>~

0,09

<
~:

0.06

°m

==

I CB . . . . . . . . . . .

~ii!

!i !! !

~'~o.0

i "

i.0

. . . . .

4 NODE ELEMEN'I'S
TIME STEP = 0,125 SEC.

0.0

OISTJId~ICEALONG yAXIS, IN.
EXIotOOEDVIEW OFTHE STRIP LOAD

\

TIME, SECONDS

9.0
0.00

TIME VARIATION OF
LOAD AT POINT (y=z =0.0)

z~

J ~ . , ~ , ~ - ' ~ "

a'yy

-0.03
-0.06

~, -o.o9
-0.12

~.iiiiiii I I

.

.

.

.

"Illllll I I I
OD

-0.15

IIIIIIII I I
IIIIIII I'II
IIIIIIII I I
llIIIIIIII I I

II IN.

IlliIIIll
lillllll I 1_
k

,, ,N.

--X-X--

-0.24

•

"l

\N..
k

ANALYTICAL SOLUTION
i

-0"300

NEWMARK AND
CENTRAL DIFFERENCE
LUMPED MASS
NEWMARK
CONSISTENT MASS

-0.27

F i g . 1 7 . F i n i t e element idealization of infinite elastic half-

space.

-0.18
-0.2 I

I
2

I
3

J
i
I
I
4
.5
6
7
T I M E , SECONDS

F i g . 1 8 . Stresses at point A (z = 2 . 0 , 2

"~
I
8

J
9

.~

= 0 . 0 ) o n center line,

K.J. Bathe et al.

448

Computational capabilities for nonlinear finite element analysis
P/2

ALL EDGES
S IMPLY
P

/

I

I

[

/

hL

-F

Beam

P/2
~,,- 6 " ~

i

J

L
V

I

~

-I

x=i

J I

i--

~

L,NEA~
FoRSOLUTION

X"'.~

2 , 4 - - CONCENTRATED
LOAD
22--

/

3-

:

15

~'

27

33

E = 107 psl

'

,× AD,NA
SOLUT,ONS
':OR
/X ~
CONCENTR&TEDLOAD
X/

X 26 STEPS, T L
0

8

_-

I".- 2 0
Cross

section

2/D

i

:

_

_

=I~ - ~ s ~ - - - ~ 2 ~ , - , ~ - + - ~

Finite

element

~deolizotion

STEPS, 1: L.

zo
0

9

~:o22

w
26--

P/2

I

I

SUPPORTED "-~

P/4

18

/

(~ 1,6
(~ 1.4

/

)

~

LINEAR SOLUTION
Ol STRIBUTED LOAD

1.2
/

~ 0,8
~ 0,6

SOLUTION FOR DISTRIBUTED
3/D

/'/

~

eAOINA SOLUTION FOR
DISTRIBUTED LOAD
S STEPS, T. L.

Material

0.4
02

Finlte e l e m e n t

P r o p e r t ie s

Eocon = 6 1 0 0

io

20
30
40po 2
LOAD PARAMETER K =

O"u

= - 322.5 k s i

o"t = .45B ksi

eu

= - 0 0 ~ in/=n

eccon = - O . O 0 2 i n / l n

#con : 0217 x 1 0 " 3 s l u g s / i n 3
Psi = 0 7 3 4 x 1 0 " 3 s l u g s / i n ~
"r/r,
0.0001
"r/s = ? 5

o-c = - 3 . 7 4

ksi

Yea n

=02

Est

= 30000kSl

ETst : 300Wsi

50

ideohzohon

ksi

o'yKt = 4 4 . 0 k s i

=

Fig. 19. Center deflection of a simply supported square plate.

Fig. 20. Analysis of a simply supported reinforced concrete
beam.

when the plate is subjected to a concentrated load at
its center. In this case two different load increment
sizes were used. It is noted that the deflections predicted in the 8 steps differ by only a small amount
from the deflections calculated with 26 increments.

loading scheme used is also shown in this figure. The
results of analysis for Ast = 0.62 in 2 are compared with
the response predicted by Suidan and Schnobrich [27],
who assumed a linear stress-strain relationship for the
concrete, with the constant Young's modulus equal to
WITH EQUILIBRIUM ITERATION

11.4. Static and dynamic analysis of a reinforced concrete beam
The simply supported reinforced concrete beam
subjected to two symmetric concentrated loads, as
shown in fig. 20, was analyzed using ten 6-node concrete, plane stress elements and ten steel truss elements.
The material properties of the concrete were idealized
using the concrete model with the parameters given in
fig. 20. Materially nonlinear only response was assumed,
i.e. large displacement effects were neglected.
The nonlinear static response of the structure with
different amounts of reinforcement was analyzed. Fig.
21 gives the calculated transverse displacements at the
midspan of the beam, for Ast = 0.62 and 2.00 in 2. The
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il.5. Analysis of a pipe whip problem
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The cantilever pipe shown in fig. 24 was analyzed
for its dynamic response. The pipe was subjected to a
step loading at its free end and had a stop with a gap.
Six beam elements with a pipe section were employed
to model the pipe and a nonlinear elastic truss element
was used to model the gap element. The structural
model and loading represent a pipe whip problem,
In this analysis small displacements and elasticperfectly plastic material conditions have been assumed,
Fig. 24 shows the beam tip deflection as a function of
time as predicted by ADINA [16]. The analysis results
using the beam model are also compared with the
response predicted when six 8-node isoparametric
elements are employed to model the pipe [29].

in2

I
0.6

J

,

I
ko

L

ZONE OFTENSILE FAILURE (gh/hl

Fig. 22. Zones of tensile failure for the simply supported
beam.

11.6. Ultimate load analysis of a plate with edge crack

E0 of this analysis, and modeled the steel reinforcement as a smeared stiffness added to the concrete.
The depths of tensile failure across the beam thickness
at the constant moment section for the two different
reinforcements are shown in fig. 22. For comparison
the analytical results for the penetration of tensile
failure obtained by Krahl et al. [28] are also shown.
The beam was also analyzed for its dynamic response when subjected instantaneously to the concentrated loads. A lumped mass matrix was used in the
analysis. The displacement response predicted by
ADINA is shown in fig. 23.
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The plate containing an edge crack shown in fig. 25
was analyzed for its ultimate load behavior when subjected to uniform displacement boundary conditions.
Fig. 26 shows the finite element mesh used in this
analysis and the displacement boundary conditions
imposed. The material was assumed to be elastic-perfectly plastic, and 2 × 2 Gauss numerical integration
was employed.
In the first analysis all crack tip elements (see fig.
26) were joined at a single crack tip node. The cal-

/

~,, =o.oo,

~x~

xk

.

.

\

.

.T,/20

A,,.

s,~

,2

.

/ SOLUTION

/

90,10

0

6

12

18

24
50
TIME / ~ t I

36

42

48

Fig. 23. Nonlinear dynamic response of the simply supported beam, Newmark method, 8 = 0.50, ,- = 0.25.

K.J. Bathe et al. / Computational capabilities for nonlinear finite element analysis

450

P(t)
I"

360

_]

,N.

~-;-2--;3--;,--;~-;,-]

5.0

t, ~

"'NTfT'-f--S
z
-

---[-7;~8

__

4.0

g
i

"/'

O~TERD,AME,E.:,O

~,:

~

=~"

.~"
P(t)

/~/"

T 657 KIP

--

/GAP CLOSURE RESTRAINT:IIAM~gT~IRO05.~5,,N

I

,7

/

TIMEVARIATIO=,Nt
OF LOAO

~ 20 _

~

~~ll M
/M/
0

.,.s..,
210 ISOPARAMETRIC ELEMENT ANALYSIS"
~ SIX J8NODETELEMENTS
~
SEE, ,WITH EQUILIBRIUM ITERATION

;
.....

.

5

i/~

f

../

0 --~
0

~

~

.

.

.

.

.

.

.

.

.

S X BEAM ELEMENTS ~NO EQUILISRIUM ITERATION

J

I.O

,N.

THICKNESS : 1,125 IN.
E = 2 6 , 9 8 0 KSI
Cry-"29. I 4 KSI
p -~(~001435 SLUGS/IN. s

I

~

0,005

I

-

~

WILSON 8 , ~ : £LO00 I SEC

-

--

N~y,_,A,, .

,

,

~

I

,

~,:o.ooo2

i

,

sEc

I

~

O.OI 0
ELAPSED TIME, SECONDS

0,015

Fig. 24. Predicted displacement response in pipe whip problem.

•

/ . C R A C K TIP NODES
(RESTRAINT

ON
' ET T
-O'y

/

#

1

I.

.

2

~

0 i-"
/

,L
0.8~-

I
/

5

~

O

F, I-

v- I
I

NOCES FREE

0

'

FEND
O'y= YIELD STRESS= 3 0 , 0 0 0 psi

E :30~I0 ~psi
~, , 0.3
h =2Din

/
/

PLANE STRAIN CONDITIONS
NO,TERAT,ONS

/

_ FEND
O'N ET " h-'~-~
FEN D = TOTAL A X I A L LOAD IN PLATE

0.4[-/

O'oV2I/

~80

2

I /

n

#7~
,c

-

"CRACK
TIP

/

I

l

2h

I

I

I

I

I

I

l

I

I

2

3

4

5

6

7

8

h

I

9

EUEND

%h
Fig. 25. Load-displacement response of a plate with edge crack.

•

K.J. Bathe et al. / Computational

;-----

401n
SIDE

AND

.3’”
’

_I’

END

CONSTRAINTS
AT NEUTRAL
AXIS

Finite element mesh used for ultimate load analysis
of plate with edge crack.
PLANE

STRESS

E = 30

culated displacement response, as a function of the
applied stress, is shown in fig. 25, where the results
are also compared with the theoretical limit load [30].
It is seen that although the crack tip was constrained
against opening and a relatively coarse finite element
mesh was used, the theoretical limit load is predicted
with an error of less than 10%.
In the second analysis all element nodal points at
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the crack tip were allocated individual degrees of freedom, so that the crack could open. Fig. 25 shows that
with this finite element model the theoretical limit
load is predicted very accurately.
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11. Z Creep analysis o f a cantilever beam

The cantilever beam shown in fig. 27 was subjected
to a bending moment applied at the tip. Plane stress
conditions were assumed and the beam was modeled
using eight plane stress elements. Since displacements
and strains are small, the analysis was carried out for
material nonlinearities only. By restraining the Y-displacements at the neutral axis only the portion of the
beam above the neutral axis was included in the finite
element model.
The material of the beam was assumed to obey the
uniaxial creep law
t ec
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Fig. 28 shows the transient bending stress distribution through the beam thickness. The results approach
the steady state solution obtained by Penny and
Marriott [31 ].
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located and diametrically opposed concentrated forces.
Using the double symmetry of the structure and the
loading, only one-eighth of the cylinder was analyzed.
The boundary conditions used in the finite element
model are shown in fig. 29. Twenty-five 16-node threedimensional isoparametric elements were used, and for
the stiffness matrix calculation two-point Gauss integration both along the shell surface and across its thickness was employed. The ADINA solution for displacements and stresses at various locations on the shell is
shown and compared with an analytical solution in
figs. 30 and 31 [32].
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11.9. Thermally induced vibrations o f a simply supported
beam
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The simply supported rectangular beam shown in
fig. 32 was subjected to a step heat input along its top
surface. Using the analytical solution for the one-dimensional transient temperature distribution given by Boley
and Weiner [33], the dynamic response of the beam
was analyzed. No mechanical loads were applied. The
beam was modelled using 40, 8-node, plane stress elements. Displacements and strains were considered to
be small (i.e. no geometric nonlinearities), and a lumped
mass matrix was used.

FINITE ELEMENT MESH , FORTY 8 NODE ELEMENTS

Fig. 32. Dynamic analysis of a simply supported beam,
thermal loading.

11.8. Three-dimensional static analysis o f a thin shell
The thin cylindrical shell shown in fig. 29 was
analyzed for its static response. The cylinder is freely
supported at its ends and is loaded by two centrally
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Fig. 33 shows the neutral axis vertical deflection at
the center of the beam. It is interesting to note that the
dynamic solution oscillates about the static solution.
The static solution was obtained by considering the
same heat input, but neglecting the effect of inertia.
Excellent agreement in both cases was obtained with
the beam theory solution of Boley and Weiner [33].
11.10. Large displacement analysis o f cantilever beam
The large displacement elastic response of a cantilever beam subjected to a linearly increasing concentrated end moment was predicted using beam elements
to model the beam. Fig. 34 shows the cantilever beam
and the calculated response using ADINA. The predicted displacement response is compared with an
analytical solution [34], and it is seen that up to a
rotation of about ~ = 90 ° the analysis results are close
to the analytical solution.
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12. Conclusions
The development of general computational capabilities for linear and nonlinear analysis is an exciting
and formidable challenge, because research and development is required in a number of interrelated areas.
The proper formulation of the linear or nonlinear problem and its idealization to a representative finite element system represents one area of activity. The development of increasingly more effective procedures for
the solution of the equilibrium equations in space and
time requires additional research. The stable and efficient implementation of the formulations and solution
procedures on the computer is the last phase of the
development and constitutes another important requirement.
Our objective in this paper was to present the current capabilities of the computer program ADINA, and
thus summarize our recent developments in computational capabilities for linear and nonlinear analysis of
structures and,continua. The program can be employed
effectively for the analysis of a number of problems.
However, considering the complete area of desired
nonlinear analysis of structures and continua, in general
only limited computational capabilities are available
at present [17,35];in some cases the solutions are still
prohibitively expensive, and in other cases an analysis
is simply not possible as yet. To enhance the use of
nonlinear analysis, improved formulations, numerical
methods and computing techniques need be developed.
However, it must also be recognized that the effective
use of the techniques available in the computer programs
is a difficult task, and must be supported through
education and extensive interaction between the program users and developers.
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