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Abstract—Semideformable media are materials in which certain modes of deformation are prohibited
(for example, incompressible materials). The displacement/pressure (u/p) finite element formulation can
be used to effectively analyze semideformable media. We summarize the basic characteristics of the
formulation and present some representative numerical examples in linear and nonlinear analysis.

1. INTRODUCTION

The displacement-based finite element method,
although it can be used for a wide variety of
problems, is inefficient when analyzing materials that
are almost semideformable. A material is semideform-
able when, due to its constitutive properties, certain
modes of deformation are prohibited. An important
class of semideformable materials are incompressible
materials, although, as discussed below, not all
semideformable materials are incompressible.

Much research effort over the last 20 years has
been devoted to the development of the finite element
method for the analysis of incompressible
materials [1-6]. One fruitful concept employed is the
separate interpolation of a stress variable related to
the pressure in addition to the usual displacement
interpolations. Many formulations based on this
concept have been developed, but frequently these
formulations are either quite specialized (for example,
formulations developed only for rubber-like
materials), only valid for almost incompressible
analysis or require the use of specialized solution
techniques when solving the finite element system of
equations.

In this paper, we summarize a formulation that
we recently developed that is widely applicable in
solutions involving elastic and inelastic materials
that are compressible, almost incompressible or
otherwise almost semideformable. This formulation,
called the u/p formulation, is discussed in detail in
[7]. Characteristics of this formulation include a
single derivation for a wide range of materials and
kinematic assumptions and the use of quantities
with clear physical meanings. The examples presented
in this paper show the use of the u/p formulation in
orthotropic analysis and in the analysis of rubber
components.

2. SUMMARY OF THEORY

The name of our formulation, the /p formulation,
reflects the use of separate interpolations for the
displacements and the (hydrostatic) pressure. The
basic concept underlying the u/p formulation is the
inclusion of separate pressure degrees-of-freedom in
a manner almost independent of the material
description. To achieve this, we state three reasonable
requirements that the formulation should satisfy and
then, after presenting the formulation, show that it
satisfies the requirements.

The requirements are:

(1) The tangent stiffness matrix corresponding
to the incremental displacements and
pressures should be symmetric.

(2) The pressure computed from the stress
tensor should equal the separately inter-
polated pressure.

(3) The constraint equation relating the
separately interpolated pressure to the
displacement field should incorporate, in
an average sense, the pressure—strain
material relationship.

The total Lagrangian version of our formulation
is
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where
W =the material potential (d, W=,:S,,d;su)
‘p=the pressure as computed from the displace-
ment field
‘p=the separately interpolated pressure

oP(+ )=the operation that extracts the pressure
from the material potential
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and other symbols are those used in [8]. This
formulation can be used for material descriptions
that satisfy

o P('p) =constant. 2)

Notice that the u/p formulation is stated in
potential form [ie. the variation of the internal
potential equals the variation of the external (loads)
potential]. This implies that the tangent stiffness
matrix is symmetric.

The allowed variations are those with respect to
displacement degrees-of-freedom and those with
respect to pressure degrees-of-freedom. Taking
variations of eqn (1) with respect to displacements
gives

™

1 o'p
‘;S, - - e 68, V=",
Lv[ * oP(P)( P e O *

@)

We can identify the second Piola-Kirchhoff stress
tensor as the quantity in brackets in eqn (3). Using
standard transformations and the definition of ,P('p)
given above,
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which shows that requirement (2) is satisfied.
Taking variations of eqn (1) with respect to the
separately interpolated pressure gives

1 = 4 =0 —
L.,P('ﬁ)(p P)op *dV=0 @
which is satisfied when ‘F equals ‘P in an average
sense over each element (because we later choose
pressure interpolations that are element-based). Since
‘P is evaluated from the pressure-strain material
relationship, requirement (3) is satisfied.

We observe that if ‘5 equals ‘p everywhere, the
ufp formulation reduces to the displacement-based
formulation. One consequence is that the stiffness
matrix and force vector from the u/p formulation
are identical to the results from the displacement-
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based formulation when the number of pressure
variables in each element equals the number of
integration points in the element.

To derive the finite element force vector and
stiffness matrix, it is necessary to employ chain
differentiation. The results may be placed in the
form

2 5 - o

where

‘KUU, 'KUP, 'KPP=partitions of the tangent
stiffness matrix

‘FU = vector corresponding to element stresses
‘FP = out-of-balance pressure constraints vector
!+ “R=external loads vector

@ =increments in displacement variables
p=increments in pressure variables

and the entries of these matrices are given in [7].
As in displacement-based finite element analysis, an
equilibrium solution is one in which the right-hand-
side of eqn (5) is identically zero.

We could solve the equations in the above form.
However, because we use pressure discretizations
that are discontinuous between elements, it is more
efficient to statically condense out the pressure
degrees-of-freedom at the element level. This process
yields an element stiffness matrix and force vector
involving only displacement degrees-of-freedom, and
these matrices are then assembled into the global
stiffness matrix and force vector in the usual way.

We note that in contact analysis, we use the out-
of-balance force vector 'R — FU in calculating
reactions, not the out-of-balance force vector
produced from the static condensation procedure.

An important consideration when using the u/p
formulation is the selection of the number of pressure
degrees-of-freedom per element. We consider, as
mentioned above, pressure interpolations that are
element-based, i.e. for two-dimensional elements,

‘P="p, +'pr +'ps+prs+ ..,

where ‘p,, ‘p,... are internal element variables and
r,s are the isoparametric coordinates. Much research
has been conducted to determine the best number
of pressure variables for similar formulations [9-11]
and, based on the Brezzi-Babu$ka condition, a
conservative approach is to use a nine-node
isoparametric element with three pressure variables
in two-dimensional analysis and to use a 27-node
isoparametric element with four pressure variables
in three-dimensional analysis. These elements are
abbreviated below as 9/3 and 27/4 elements,
respectively.
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3. NUMERICAL EXAMPLES

We now present some sample analyses. These
analyses were run using the ADINA system [12].
Unless otherwise specified, the following solution
procedures are employed. A 3 x 3 Gaussian integra-
tion is used to integrate the clement stiffness matrices
and force vectors in two-dimensional analysis and
3x3x3 Gaussian integration is used in three-
dimensional analysis. A simple load stepping
algorithm is employed; for each load step, the
prespecified load (or displacement) increment is
applied and full Newton equilibrium iterations are
used to reestablish equilibrium. Note that no special
procedures, such as those described in [4] and [5),
are employed.

3.1 Orthotropic linear elasticity analysis of a cylinder
under internal pressure

As an example analysis in which the u/p
formulation is effectively used for a semideformable
material that is not incompressible, we consider the
axisymmetric analysis of an orthotropic cylinder
under internal pressure loading (Fig. 1). The material
constants for the cylinder are

E,=10°¢ MPa, E,=10° MPa, E,=10° MPa
0.25 0.25

v,,=—§—, Ve, =0.25, v =—
G,=4x10° MPa,

where r, 6, z denote the coordinate axes and g is a
number used to control the degree of orthotropy.
The pressure-strain relationship for this material is

(7

=
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~ 315y =553 + 10y, 6

+ 25, + 25'%_]
and we note that when g=1/6, the pressure becomes

decoupled from the strains; ie. the material must
deform so as to satisfy the requirement

C
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Inner radius = O.1m
Quter rodius=02m

Internal pressure P

Material constants:
Er+Eq E,;

Yro 'z Yoz

Plane strain conditions
in z direction

Fig. 1. Orthotropic cylinder under internal pressure.

%,err + 'en + 'e::=0' (7)
Equation (7) shows that the material is semideform-
able.

Our four element finite element mesh is shown in
Figure 2. Table 1 shows the root-mean-square
pressure, defined by

1. dV
= \/I'—I”H—V- @®)

for different values of g when nine-node displacement-
based elements and 9/3 u/p formulation elements are
used. The displacement-based element mesh locks,
with the root-mean-square pressure increasing by a
factor of 260, whereas the u/p element mesh does
not lock. Figure 3 shows stress graphs from the 9/3
clement mesh solution for g=0.16666667 and it is
seen that the solution is quite accurate.

3.2 Analysis of rubber components

We use the following form of the Mooney-Rivlin
material description when analyzing rubber-like
materials:

H=CGL " =3+ COL ™ =)
+ %x 2 = 1), ©)

where C,, C, are the Mooney-Rivlin material
constants, .I,, I, ./, are the invariants of the
Cauchy-Green deformation tensor and « is a bulk
modulus. The factors of jJ,”'?, ;1,”*® that appear
are necessary to make the pressure-strain relationship

simple, ie.

¢
|
|
|
|

Fig. 2. Four 9/3 element mesh for orthotropic cylinder.

Table 1. Root-mean-square pressure vs g for orthotropic
cylinder problem

g Prlﬂl rms
(disp-based) (u/p)

1 27.78 27.78
0.5 25.53 25.51
0.2 21.28 19.38
0.17 85.39 17.77
0.167 754.7 17.59
0.1667 3919 17.57
0.16667 6752 17.56
0.166667 7281 17.57
0.1666667 7338 17.57
0.16666667 7343 17.57
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Fig. 3. Stress line graphs for orthotropic cylinder. (a) Hoop
stress. (b) Pressure.

P=—xGL’ - 1) (10)

We regard the bulk modulus not as a penalty
parameter but rather as a material property of the
rubber. Hence we model rubber as a slightly
compressible material, an assumption with some
experimental justification.

A similar approach may be used to derive an
Ogden material relationship with a bulk modulus [7].

3.2.1. Analysis of a rubber ring. A problem of
practical engineering importance is the determination
of stresses within a toroidal rubber ring that is
pressed between two plates. In our previous paper,
we employed a plane strain idealization; however,
on further thought, we decided that an axisymmetric
idealization as shown in Fig. 4 is more appropriate.
Two cases are considered here, frictionless contact
and frictional contact with a Coulomb coefficient of
0.7.

An approximate force—deflection relationship based
on experimental data is given by Lindley as [13]

R A\? A\
—”dDE=l.25 (—t-i) + 50 (Td) ,

(11)
where R is the applied load, D is the mean ring
diameter, d is the diameter of the rubber cross-
section, E is the Young’s modulus (assumed constant)
and A is the applied displacement. This equation fits
experimental data obtained from rubber rings
vulcanized from a gum compound.

An approximate analytical solution based on a
plane strain idealization and the compression
modulus concept is given by [14]

(12)

where

k =empirical factor less than unity, used in computing
the compression modulus.

We idealize the rubber using a Mooney-Rivlin
description with constants given in Fig. 4. The finite
element mesh employed is shown in Fig. 5 and
includes 54 9/3 elements. Contact surfaces (shown
with thick lines) are used to model the contact
conditions.

In the finite element analyses, we apply a total
displacement of 0.3 cm in 10 equal load steps. The
resulting force—deflection curves are shown in Fig. 6
and the deformed meshes are shown in Fig. 7. We
observe that the friction prevents expansion of the
ring in the radial direction and hence, when friction
is included, the assumption of plane strain defor-
mation is valid. Observing the force—deflection
curves, we see that the addition of friction stiffens
the ring, as expected. The two comparison solutions
are both softer than the finite element solution with
friction and these differences are probably due to
the approximations made in deriving eqn (12) and
also to our choice of material relationship.

Figure 8 shows the pressures within the ring for
a deflection of 0.3cm. The effect of friction is to
increase the pressure for a given deformation. The
pressure bands are continuous, indicating that the
mesh is sufficiently refined [15]. Notice that the
magnitude of the pressure is on the order of the
material shear modulus.

3.2.2 Torsion of a rubber cylinder. The solid
rubber cylinder shown in Fig. 9 is constrained in
the axial direction and is twisted by the applied
moment. This problem was solved analytically by

Rivlin, assuming total incompressibility. The
solutions are [16]
[0
M=x(C, + Cyr Z) (13)
T 2
V=2, + 200 (). (14)

where M is the applied moment, ¥ is the axial force
(positive in compression), r is the cylinder radius, L
is the cylinder length and @ is the total angular



Some advances in the analysis of semideformable media

Mooney-Rivlin constants:
C, = 0.293MPa
02 = 0.177 MPa
K = 1410 MPa
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Fig. 4. Axisymmetric rubber ring pressed between two plates.

(a)

Fig. 5. Fifty-four 9/3 element mesh for rubber ring (thick
lines are contact surfaces).
i
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Fig. 6. Force—deflection curves for rubber ring.

displacement. (In this problem, the cylinder radius
does not change as the cylinder is twisted because
of the incompressibility constraint.)

We use the mesh layout of eight collapsed 27-
node elements shown in Fig. 10 to model the
cylinder. On the far end of the cylinder, all of the
nodes arc fixed. On the near end, the angular
displacement of the center node is prescribed and
rigid links placed between this node and the other
nodes on the near end cause the entire cross-section
to rotate by this amount. A stiff truss element is
connected to the center node and ground; this
element constrains the cylinder in the axial direction
and is used to measure the axial reaction force.

We apply a total angular displacement of 0.1
radians in 10 equal load steps in two analyses, one
using displacement-based elements and the other

(b)

Fig. 7. Deformations of rubber ring for A=0.3cm.
(a) u=0.0. (b) x=0.7.

using u/p elements each with four pressure degrees
of freedom. The moment-rotation curves are shown
in Fig. 11 where we see that the two finite element
solutions agree very well with the analytical solution.
The axial force-rotation curves are shown in Fig.
12. Here the u/p element solution agrees with the
analytical solution but the displacement-based
element solution stiffens excessively as the rotation
is increased. Notice that the displacements of the
mesh are still quite small at a rotation of 0.1 radians
(Fig. 13).

3.2.3 Analysis of a conical rubber spring. As an
illustration of some of the difficulties associated with
rubber analysis, we present the partial analysis of
the conical rubber spring shown in Fig. 14. The goal
of the analysis is to determine the force—deflection
curve and the stress state at various deformations.
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Fig. 8. Pressure band plots of rubber ring for A=03cm

(plots may also be produced in color for easier visualization).
(@) #=0.0. (b) u=0.7.

N

Radius = 0.08m
M Length=0.1m

Mooney -Riviin material:

¢, = 300000 Pa
C, * 150,000 Po
NeSm x =4.5x10°Po

Cylinder constrained to hove
no displocements in the oxiol
direction.

Fig. 9. Torsion of a rubber cylinder.
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Fig. 10. Eight 27-node-element mesh for rubber cylinder.

Fig. 11. Moment-rotation curves for rubber cylinder.
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Fig. 12. Axial force-rotation curves for rubber cylinder.

Fig. 13. Deformations of rubber cylinder for #=0.1 radians.

This problem was previously considered by Zdunek
and Bercovier [6]. The geometric data was obtained
from Zdunek as the nodal point locations of the 67
9/3 element mesh shown in Fig. 15.

We employ simple load stepping with the 67 9/3
element mesh and a 67 4/1 element mesh (four-node
elements with constant pressures). Figure 16 shows
the force~deflection curves. The analyses basically
agree up to a displacement of 3.87 mm and the 67
4/1 element mesh results are comparable to those
presented by Zdunek and Bercovier. At 3.87 mm, we
find a zero eigenvalue in the tangent stiffness matrix
for the 67 9/3 element mesh and the program
solution stops. Figure 17 shows the undeformed and
deformed 67 9/3 element meshes for A=3.87 mm
and we notice that a crease has formed on the upper
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Fig. 14. Rubber spring geometry. (a) Schematic drawing.
(b) Spring cross-section.

Fig. 15. Sixty-seven 9/3 element mesh for rubber spring.

surface of the spring. This crease is the source of the
difficulty; the eigenvector associated with the zero
eigenvalue at A=3.87 mm represents an instability
at the crease (Fig. 18). We also note that the largest
pressure in the creased element is larger than the
material shear modulus.

Further analyses using refined meshes, employing
both 9/3 elements and 4/1 elements, all exhibited the
same difficulty. We hypothesize that a very fine
mesh (perhaps using rezoning) and the use of a
load-displacement constraint algorithm [12] may be
required to properly model the creasing. A very
coarse mesh, such as the 67 4/1 element mesh, does

11
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Fig. 16. Force—deflection curves for rubber spring (locations
of symbols do not necessarily correspond to solution steps).

Fig. 17. Deformations of rubber spring, 67 9/3 clement
mesh, A=3.87 mm.

Fig. 18. Eigenvector corresponding to the zero eigenvalue
of the tangent stiffness matrix, 67 9.3 clement mesh,
A=387mm.
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not model the crease at all and this is why solution
difficulties are not observed using this mesh.

4. CONCLUDING REMARKS

We have briefly reviewed a displacement-pressure
(u/p) finite element formulation intended primarily
for the analysis of almost semideformable materials,
including almost incompressible materials. The
examples presented show the use of the ufp
formulation in orthotropic analysis and in rubber
analysis.

In the orthotropic analysis, the material was
chosen so that the pressure was decoupled from the
strains, yet the material was not incompressible. The
rubber analyses demonstrated the inclusion of
contact conditions, the modeling of a simple three-
dimensional problem and some solution difficulties
associated with large pressures.
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