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Chapter 1

Background and Objectives

1.1 Introduction

An operational ampli�er is a high-gain direct-coupled ampli�er that is normally used in
feedback connections. If the ampli�er characteristics are satisfactory, the transfer function
of the ampli�er with feedback can often be controlled primarily by the stable and well-known
values of passive feedback elements.

The term operational ampli�er evolved from original applications in analog computation
where these circuits were used to perform various mathematical operations such as summa-
tion and integration. Because of the performance and economic advantages of available units,
present applications extend far beyond the original ones, andmodern operational ampli�ers
are used as general purpose analog data-processing elements.

High-quality operational ampli�ers1 were available in the early 1950s. These ampli�ers
were generally committed to use with analog computers and were not used with the 
exi-
bility of modern units. The range of operational-ampli�er usage began to expand toward
the present spectrum of applications in the early 1960s as various manufacturers developed
modular, solid-state circuits. These ampli�ers were smaller, much more rugged, less ex-
pensive, and had less demanding power-supply requirements than their predecessors. A
variety of these discrete-component circuits are currently available, and their performance
characteristics are spectacular when compared with older units.

A quantum jump in usage occurred in the late 1960s, as monolithic integrated-circuit
ampli�ers with respectable performance characteristics evolved. While certain performance
characteristics of these units still do not compare with those ofthe better discrete-component
circuits, the integrated types have an undeniable cost advantage, with several designs avail-
able at prices of approximately $0.50. This availability frequently justi�es the replacement
of two- or three-transistor circuits with operational ampli�ers on economic grounds alone,
independent of associated performance advantages. As processingand designs improve, the
integrated circuit will invade more areas once considered exclusively the domain of the dis-
crete design, and it is probable that the days of the discrete-component circuit, except for
specials with limited production requirements, are numbered.

There are several reasons for pursuing a detailed study of operational ampli�ers. We must

1An excellent description of the technology of this era is available in [KK56].
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2 Chapter 1. Background and Objectives
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Figure 1.1: Symbol for an operational ampli�er.

discuss both the theoretical and the practical aspects of these versatile devices rather than
simply listing a representative sample of their applications. Since virtually all operational-
ampli�er connections involve some form of feedback, a thorough understanding of this process
is central to the intelligent application of the devices. While partially understood rules
of thumb may su�ce for routine requirements, this design methodfails as performance
objectives approach the maximum possible use from the ampli�erin question.

Similarly, an appreciation of the internal structure and function of operational ampli�ers
is imperative for the serious user, since such information is necessary to determine various
limitations and to indicate how a unit may be modi�ed (via, for example, appropriate con-
nections to its compensation terminals) or connected for optimum performance in a given
application. The modern analog circuit designer thus needs to understand the internal func-
tion of an operational ampli�er (even though he may never design one) for much the same
reason that his counterpart of 10 years ago required a knowledge of semiconductor physics.
Furthermore, this is an area where good design practice has evolved to a remarkable degree,
and many of the circuit techniques that are described in the following chapters can be applied
to other types of electronic circuit and system design.

1.2 The Closed-Loop Gain of an Operational Ampli�er

As mentioned in the introduction, most operational-ampli�er connections involve feedback.
Therefore the user is normally interested in determining theclosed-loop gainor closed-loop
transfer function of the ampli�er, which results when feedback is included. As weshall
see, this quantity can be made primarily dependent on the characteristics of the feedback
elements in many cases of interest.

A prerequisite for the material presented in the remainder of this book is the ability
to determine the gain of the ampli�er-feedback network combination in simple connections.
The techniques used to evaluate closed-loop gain are outlinedin this section.

1.2.1 Closed-Loop Gain Calculation

The symbol used to designate an operational ampli�er is shown in Figure 1.1. The ampli�er
shown has a di�erential input and a single output. The input terminals marked { and +
are called the inverting and the non-inverting input terminals respectively. The implied
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Figure 1.2: Inverting operational-ampli�er connection.

linear-region relationshipo among input and output variables2 is

Vo = a(Va � Vb) (1.1)

The quantity a in this equation is the open-loop gainor open-loop transfer functionof
the ampli�er. (Note that a gain of a is assumed, even if it is not explicitly indicated inside
the ampli�er symbol.) They dynamics normally associated with this transfer function are
frequently emphasized by writinga(s).

It is also necessary to provide operating power to the operational ampli�er via power-
supply terminals. Many operational ampli�ers use balanced (equal positive and negative)
supply voltages. The various signals are usually referenced to the common ground connec-
tion of these power supplies. Ther power connections are normally not included in diagrams
intended only to indicate relationships among signal variables, since eliminating these con-
nections simpli�es the diagram.

Although operational ampli�ers are used in a myriad of con�gurations, many applications
are variations of either the inverting connection (Fig. 1.2) or the noninverting connection
(Fig. 1.3). These connections combine the ampli�er with impedances that provide feedback.

The closed-loop transfer function is calculated as follows for the inverting connection.
Because of the reference polarity chosen for the intermediatevariable Va,

Vo = � aVa (1.2)

2The notation used to designate system variables consists of a symbol and a subscript. This combination
serves not only as a label, but also to identify the nature of the quantity as follows:

Total instantaneous variables:
lower-case symbols with upper-case subscripts.

Quiescent or operating-point variables:
upper-case symbols with upper-case subscripts.

Incremental instantaneous variables:
lower-case symbols with lower-case subscripts.

Complex amplitudes or Laplace transforms of incremental variables:
upper-case symbols with lower-case subscripts.

Using this notation we would write vI = VI + vi , indicating that the instantaneous value of vI consists of
a quiescent plus an incremental component. The transform ofvi is Vi . The notations Vi (s) is often used to
reinforce the fact that Vi is a function of the complex variables.
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Figure 1.3: Noninverting operational-ampli�er connection.

where it has been assumed that the output voltage of the ampli�er is not modi�ed by the
loading of theZ1 � Z2 network. If the input impedance of the ampli�er itself is highenough
so that the Z1 � Z2 network is not loaded signi�cantly, the voltageVa is

Va =
Z2

Z1 + Z2
Vi +

Z1

Z1 + Z2
Vo (1.3)

Combining Eqns. 1.2 and 1.3 yields

Vo = �
aZ2

Z1 + Z2
Vi �

aZ1

Z1 + Z2
Vo (1.4)

or, solving for the closed-loop gain,

Vo

Vi
=

� a Z2
Z1+ Z2

1 + a Z1
Z1+ Z2

(1.5)

The condition that is necessary to have the closed-loop gain depend primarily on the char-
acteristics of theZ1 � Z2 network rather than on the performance of the ampli�er itselfis eas-
ily determined from Eqn. 1.5. At any frequencyw where the inequalityja(j! )Z1(j! )=[Z1(j! )+
Z2(j! )]j � 1 is satis�ed, Eqn. 1.5 reduces to

Vo(j! )
Vi (j! )

' �
Z2(j! )
Z1(j! )

(1.6)

The closed-loop gain calculation for the noninverting connection is similar. If we assume
negligible loading at the ampli�er input and output,

Vo = a(Vi � Va) = aVi �
aZ1

Z1 + Z2
Vo (1.7)

or

Vo

Vi
=

a
1 + [aZ1=(Z1 + Z2)]

(1.8)

This expression reduces to
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Vo(j! )
Vi (j! )

'
Z1(j! ) + Z2(j! )

Z1(j! )
(1.9)

when ja(j! )Z1(j! )=[Z1(j! ) + Z2(j! )]j � 1.
The quantity

L =
� aZ1

Z1 + Z2
(1.10)

is the loop transmissionfor either of the connections of Fig. 1.2 or 1.3. The loop trans-
mission is of fundamental importance in any feedback system because it in
uences virtually
all closed-loop parameters of the system. For example, the preceding discussion shows that
if the magnitude of the loop transmission is large, the closed-loop gain of either the in-
verting or the noninverting ampli�er connection becomes virtually independent of a. This
relationship is valuable, since the passive feedback components that determine closed-loop
gain for large loop-transmission magnitude are normally considerably more stable with time
and environmental changed than is the open-loop gaina.

The loop transmission can be determined by setting the inputs of afeedback system
to zero and breaking the signal path at any point inside the feedback loop.3 The loop
transmission is the ratio of the signal returned by the loop to a test applied at the point
where the loop is opened. Figure 1.4 indicates one way to determine the loop transmission
for the connections of Fig. 1.2 and 1.3. Note that the topologyshown is common to both
the inverting and the noninverting connection when input points are grounded.

It is important to emphasize the di�erence between the loop transmission, which is de-
pendent on properties of both the feedback elements and the operational ampli�er, and the
open-loop gain of the operational ampli�er itself.

1.2.2 The Ideal Closed-Loop Gain

Detailed gain calculations similar to those of the last section are always possible for operational-
ampli�er connections. However, operational ampli�ers are frequently used in feedback con-
nections where loop characteristics are such that the closed-loop gain is determined primarily
by the feedback elements. Therefore, approximations that indicate the ideal closed-loop gain
or the gain that results with perfect ampli�er characteristics simplify the analysis or design
of many practical connections.

It is possible to calculate the ideal closed-loop gain assuming only two conditions (in
addition to the implied condition that the ampli�er-feedback network combination is stable4)
are satis�ed.

1. A negligibly small di�erential voltage applied between the two input terminals of the
ampli�er is su�cient to produce any desired output voltage.

3There are practical di�culties, such as insuring that the various elements in the loop remain in their
linear operating regions and that loading is maintained. These di�culties complicate the determination of
the loop transmission in physical systems. Therefore, the technique described here should be considered a
conceptual experiment. Methods that are useful for actual hardware are introduced in later sections.

4Stability is discussed in detail in Chapter 4.
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Input set to zero
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Signal returned by loop

if inverting connection
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Figure 1.4: Loop transmission for connections of Fig. 1.2 and 1.3. Loop transmission is
Vr =Vt = � aZ1=(Z1 + Z2).

2. The current required at either ampli�er terminal is negligibly small.

The use of these assumptions to calculate the ideal closed-loop gain is �rst illustrated for
the inverting ampli�er connection (Fig. 1.2). Since the noninverting ampli�er input terminal
is grounded in this connection, condition 1 implies that

Va ' 0 (1.11)

Kirchho�'s current law combined with condition 2 shows that

I a + I b ' 0 (1.12)

With Eqn. 1.11 satis�ed, the currentsI a and I b are readily determined in terms of the input
and output voltages.

I a '
Vi

Z1
(1.13)

I b '
Vo

Z2
(1.14)

Combining Eqns. 1.12, 1.13, and 1.14 and solving for the ratio of Vo to Vi yields the ideal
closed-loop gain

Vo

Vi
= �

Z2

Z1
(1.15)

The technique used to determine the ideal closed-loop gain is called the virtual-ground
method when applied to the inverting connection, since in this case the inverting input
terminal of the operational ampli�er is assumed to be at groundpotential.

The noninverting ampli�er (Fig. 1.3) provides a second example of ideal-gain determi-
nation. Condition 2 insures that the voltageVa is not in
uenced by current at the inverting
input. Thus,
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Va '
Z1

Z1 + Z2
Vo (1.16)

Since condition 1 requires equality betweenVa and Vi , the ideal closed-loop gain is

Vo

Vi
=

Z1 + Z2

Z1
(1.17)

The conditions can be used to determine ideal values for characteristics other than gain.
Consider, for example, the input impedance of the two ampli�er connections shown in Fig.
1.2 and 1.3. In Fig. 1.2, the inverting input terminal and, consequently, the right-hand end
of impedanceZ1, is at ground potential if the ampli�er characteristics are ideal. Thus the
input impedance seen by the driving source is simplyZ1. The input source is connected
directly to the noninverting input of the operational ampli�er in the topology of Fig. 1.3. If
the ampli�er satis�es condition 2 and has negligible input current required at this terminal,
the impedance loading the signal source will be very high. The noninverting connection is
often used as a bu�er ampli�er for this reason.

The two conditions used to determine the ideal closed-loop gain are deceptively simple
in that a complex combination of ampli�er characteristics are required to insure satisfaction
of these conditions. Consider the �rst condition. High open-loopvoltage gain at anticipated
operating frequencies is necessary but not su�cient to guarantee this condition. Note that
gain at the frequency of interest is necessary, while the high open-loop gain speci�ed by the
manufacturer is normally measured at d-c. This speci�cation is somewhat misleading, since
the gain may start to decrease at a frequency on the order of one hertz or less.

In addition to high open-loop gain, the ampli�er must have lowvoltage o�set5 referred
to the input to satisfy the �rst condition. This quantity, de�ne d as the voltage that must
be applied between the ampli�er input terminals to make the output voltage zero, usually
arises because of mismatches between various ampli�er components.

Surprisingly, the incremental input impedance of an operational ampli�er often has rela-
tively little e�ect on its input current, since the voltage th at appears across this impedance
is very low if condition 1 is satis�ed. A more important contribution to input current often
results from the bias current that must be supplied to the ampli�er input transistors.

Many of the design techniques that are used in an attempt to combine the two conditions
necessary to approach the ideal gain are described in subsequent sections.

The reason that the satisfaction of the two conditions introduced earlier guarantees that
the actual closed-loop gain of the ampli�er approaches the ideal value is because of the
negative feedback associated with operational-ampli�er connections. Assume, for example,
that the actual voltage out of the inverting-ampli�er connection shown in Fig. 1.2 is more
positive than the value predicted by the ideal-gain relationship for a particular input signal
level. In this case, the voltageVa will be positive, and this positive voltage applied to the
inverting input terminal of the ampli�er drives the output v oltage negative until equilibrium
is reached. This reasoning shows that it is actually the negative feedback that forces the
voltage between the two input terminals to be very small.

5O�set and other problems with d-c ampli�ers are discussed in Chapter 7.
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Figure 1.5: Summing ampli�er.

Alternatively, consider the situation that results if positive feedback is used by interchang-
ing the connections to the two input terminals of the ampli�er. In this case, the voltageVa

is again zero whenVo and Vi are related by the ideal closed-loop expression. However, the
resulting equilibrium is unstable, and a small perturbation from the ideal output voltage
results in this voltage being driven further from the ideal value until the ampli�er saturates.
The ideal gain is not achieved in this case in spite of perfect ampli�er characteristics be-
cause the connection is unstable. As we shall see, negative feedback connections can also
be unstable. The ideal gain of these unstable systems is meaningless because they oscillate,
producing an output signal that is often nearly independent of the input signal.

1.2.3 Examples

The technique introduced in the last section can be used to determine the ideal closed-loop
transfer function of any operational-ampli�er connection.The summing ampli�er shown in
Fig. 1.5 illustrates the use of this technique for a connectionslightly more complex than the
two basic ampli�ers discussed earlier.

Since the inverting input terminal of the ampli�er is virtua l ground, the currents can be
determined as

I i 1 =
Vi 1

Z i 1

I i 2 =
Vi 2

Z i 2
...

I iN =
ViN

Z iN
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I f =
Vo

Z f
(1.18)

These currents must sum to zero in the absence of signi�cant current at the inverting input
terminal of the ampli�er. Thus

I i 1 + I i 2 + � � � + I iN + I f = 0 (1.19)

Combining Eqns. 1.18 and 1.19 shows that

Vo = �
Z f

Z i 1
Vi 1 �

Z f

Z i 2
Vi 2 � � � � �

Z f

Z iN
ViN (1.20)

We see that this ampli�er, which is an extension of the basic inverting-ampli�er connection,
provides an output that is the weighted sum of several input voltages.

Summation is one of the \operations" that operational ampli�ers perform in analog
computation. A subsequent development (Section 12.3) will show that if the operations
of gain, summation, and integration are combined, an electrical network that satis�es any
linear, ordinary di�erential equation can be constructed. This technique is the basis for
analog computation.

Integrators required for analog computation or for any other application can be con-
structed by using an operational ampli�er in the inverting connection (Fig. 1.2) and making
impedanceZ2 a capacitorC and impedanceZ1 a resistorR. In this case, Eqn. 1.15 shows
that the ideal closed-loop transfer function is

Vo(s)
Vi (s)

= �
Z2(s)
Z1(s)

= �
1

RCs
(1.21)

so that the connection functions as an inverting integrator.
It is also possible to construct noninverting integrators using an operational ampli�er

connected as show in Fig. 1.6. This topology precedes a noninverting ampli�er with a low-
pass �lter. The ideal transfer function from the noninverting input of the ampli�er to its
output is (see Eqn. 1.17)

Vo(s)
Vi (s)

=
RCs + 1

RCs
(1.22)

Since the conditions for an ideal operational ampli�er preclude input current, the transfer
function from Vi to Va can be calculated with no loading, and in this case

Va(s)
Vi (s)

=
1

R1C1s + 1
(1.23)

Combining Eqns. 1.22 and 1.23 shows that the ideal closed-loop gain is

Vo(s)
Vi (s)

=
1

R1C1s + 1
RCs + 1

RCs
(1.24)

If the two time constants in Eqn. 1.24 are made equal, noninverting integration results.
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Figure 1.6: Noninverting integrator.
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Figure 1.7: Log circuit.

The comparison between the two integrator connections hintsat the possibility of re-
alizing most functions via either an inverting or a noninverting connection. Practical con-
siderations often recommend one approach in preference to the other. For example, the
noninverting integrator requires more external components than does the inverting version.
This di�erence is important because the high-quality capacitors required for accurate inte-
gration are often larger and more expensive that the operational ampli�er that is used.

The examples considered up to now have involved only linear elements, at least if it is
assumed that the operational ampli�er remains in its linear operating region. Operational
ampli�ers are also frequently used in intentionally nonlinear connections. One possibility is
the circuit shown in Fig. 1.7.6 It is assumed that the diode current-voltage relationship is

iD = I S(eqvD =kT � 1) (1.25)

whereI S is a constant dependent on diode construction,q is the charge of an electron,k is
Boltzmann's constant, andT is the absolute temperature.

If the voltage at the inverting input of the ampli�er is negligibly small, the diode voltage
is equal to the output voltage. If the input current is negligibly small, the diode current and
the current iR sum to zero. Thus, if these two conditions are satis�ed,

6Note that the notation for the variables used in this case combines lower-case variables with upper-
case subscripts, indicating the total instantaneous signals necessary to describe the anticipated nonlinear
relationships.
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�
vi

R
= I S(eqvO =kT � 1) (1.26)

Consider operation with a positive input voltage. The maximumnegative value of the
diode current is limited to � I S. If vI =R > I S, the current through the reverse-biased diode
cannot balance the currentI R . Accordingly, the ampli�er output voltage is driven negative
until the ampli�er saturates. In this case, the feedback loop cannot keep the voltage at
the inverting ampli�er input near ground because of the limited current that the diode can
conduct in the reverse direction. The problem is clearly not with the ampli�er, since no
solution exists to Eqn. 1.26 for su�ciently positive values ofvI .

This problem does not exist with negative values forvI . If the magnitude of iR is
considerably larger thanI S (typical values for I S are less than 10� 9A), Eqn. 1.26 reduces to

�
vI

R
' I SeqvO =kT (1.27)

or

vO '
kT
q

ln(
� vI

RI S
) (1.28)

Thus the circuit provides an output voltage proportional tothe log of the magnitude of the
input voltage for negative inputs.

1.3 Overview

The operational ampli�er is a powerful, multifaceted analog data-processing element, and
the optimum exploitation of this versatile building block requires a background in several
di�erent areas. The primary objective of this book is to help the reader apply operational
ampli�ers to his own problems. While the use of a \handbook" approach that basically
tabulates a number of con�gurations that others have found useful is attractive because of
its simplicity, this approach has de�nite limitations. Superior results are invariably obtained
when the designer tailors the circuit he uses to his own speci�c,detailed requirements, and
to the particular operational ampli�er he chooses.

A balanced presentation that combines practical circuit andsystem design concepts with
applicable theory is essential background for the type of creative approach that results in op-
timum operational-ampli�er systems. The following chapters provide the necessary concepts.
A second advantage of this presentation is that many of the techniques are readily applied
to a wide spectrum of circuit and system design problems, and the material is structured to
encourage this type of transfer.

Feedback is central to virtually all operation-ampli�er applications, and a thorough un-
derstanding of this important topic is necessary in any challenging design situation. Chap-
ter 2 through 6 are devoted to feedback concepts, with emphasisplaced on examples drawn
from operational-ampli�er connections. However, the presentation in these chapters is kept
general enough to allow its application to a wide variety of feedback systems. Topics covered
include modeling, a detailed study of the advantages and limitations of feedback, determi-
nation of responses, stability, and compensation techniques intended to improve stability.
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Simple methods for the analysis of certain types of nonlinearsystems are also included. This
indepth approach is included at least in part because I am convinced that a detailed under-
standing of feedback is the single most important prerequisite to successful electronic circuit
and system design.

Several interesting and widely applicable circuit-design techniques are used to realize
operational ampli�ers. The design of operational-ampli�er circuits is complicated by the
requirement of obtaining gain at zero frequency with low drift and input current. Chapter 7
discusses the design of the necessary d-c ampli�ers. The implications of topology on the
dynamics of operational-ampli�er circuits are discussed in Chapter 8. The design of the
high-gain stages used in most modern operational ampli�ers andthe factors which in
uence
output-satge performance are also included. Chaper 9 illustrates how circuit design tech-
niques and feedback-system concepts are combined in an illustrative operational-ampli�er
circuit.

The factors in
uencing the design of the modern integrated-circuit operational ampli-
�ers that have dramatically increased ampli�er usage are discussed in Chapter 10. Several
examples of representative present-day designs are included.

A variety of operational-ampli�er applications are sprinkled throughout the �rst 10 chap-
ters to illustrate important concepts. Chapter 11 and 12 focuson further applications, with
major emphasis given to clarifying important techniques andtopologies rather than concen-
trating on minor details that are highly dependent on the speci�cs of a given application
and the ampli�er used.

Chapter 13 is devoted to the problem of compensating operational ampli�ers for optimum
dynamic performance in a variety of applications. Discussion ofthis material is deferred un-
til the �nal chapter because only then is the feedback, circuit, and application background
necessary to fully appreciate the subtleties of compensating modern operation ampli�ers
available. Compensation is probably the single most importantaspect of e�ectively ap-
plying operational ampli�ers, and often represents the di�erence between inadequate and
superlative performance. Several examples of the way in which compensation in
uences the
performance of a representative integrated-circuit operational ampli�er are used to reinforce
the theoretical discussion included in this chapter.
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Problems

P1.1 Design a circuit using a single operational ampli�er that provides an ideal input-output
relationship

Vo = � Vi 1 � 2Vi 2 � 3Vi 3

Keep the values of all resistors used between 10 and 100 k
. Determine the loop
transmission (assuming no loading) for your design.

P1.2 Note that it is possible to provide an ideal input-output relationship

Vo = Vi 1 + 2Vi 2 + 3Vi 3

by following the design for Problem 1.1 with unity-gain inverter. Find a more e�ecient
design that produces this relatinship using only a single operational ampli�er.

P1.3 An operatinal ampli�er is connected to provide an inverting gain with an ideal value
of 10. At low frequencies, the open-loop gain of the ampli�er is frequency independent
and equal toa0. Assuming that the only source of error is the �nite value of open-loop
gain, how large shoulda0 be so that the actual closed-loop gain of the ampli�er di�ers
from its ideal value by less than 0.1%?

P1.4 Design a single-ampli�er connection that provides the ideal input-output relationship

vo = � 100
Z

(vi 1 + vi 2)dt

Keep the values of all resistors you use between 10 and 100 k
.

P1.5 Design a singlue-ampli�er connection that provides the idealinput-output relationship

vo = +100
Z

(vi 1 + vi 2)dt

using only resistor values between 10 and 100 k
. Determine the loop transmission of
your con�guration, assuming negligible loading.

P1.6 Determine the ideal input-output relationships for the two connections shown in Fig.
1.8.

P1.7 Determine the ideal input-output transfer function for the operational-ampli�er con-
nection shown in Fig. 1.9. Estimate the value of open-loop gainrequired such that the
actual closed-loop gain of the circuit approaches its ideal value at an input frequency
of 0.01 radian per second. You may neglect loading.

P1.8 Assume that the operational-ampli�er connection shown in Fig. 1.10 satis�es the
two conditions stated in Section 1.2.2. Use these conditions to determine the output
resistance of the connection (i.e., the resistance seen by the load).
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Figure 1.8: Di�erential-ampli�er connections.
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P1.9 Determine the ideal input-output transfer relationship for the circuit shown in Fig.
1.11. Assume that transistor terminal variables are related as

iC = 10� 13e40vBE

whereiC is expressed in amperes andvBE is expressed in volts.

P1.10 Plot the ideal input-output characteristics for the two circuits shown in Fig. 1.12.
In part a, assume that the diode variables are related byiD = 10� 13e40vD , where iD

is expressed in amperes andvD is expressed in volts. In partb, assume thatiD = 0,
vD < 0, and vD = 0, iD > 0.

P1.11 We have concentrated on operational-ampli�er connectionsinvolving negative feed-
back. However, several useful connections, such as that shown in Fig. 1.13, use positive
feedback around an ampli�er. Assume that the linear-region open-loop gain of the am-
pli�er is very high, but that its output voltage is limited to � 10 volts because of
saturation of the ampli�er output stage. Approximate and plot the output signal for
the circuit shown in Fig. 1.13 using these assumptions.

P1.12 Design an operational-almpli�er circuit that provides an ideal input-output relation-
ship of the form

vO = K 1evI =K 2

whereK 1 and K 2 are constants dependent on parameter values used in your design.
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Figure 1.12: Nonlinear circuits.
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Chapter 13

Compensation Revisited

13.1 Introduction

Proper compensation is essential for achieving optimum performance from virtually any so-
phisticated feedback system. Objectives extend far beyond simply guaranteeing acceptable
stability. If stability is our only concern, the relatively unimaginative approaches of lowing
loop-transmission magnitude or creating a su�ciently low-frequency dominant pole usually
su�ce for systems that do not have right-half-plane poles in their loop transmissions. More
creative compensation is required when high desensitivity over an extended bandwidth, wide-
band frequency response, ideal closed-loop transfer functionswith high-pass characteristics,
or operation with uncertain loop parameters is essential. Thetype of compensation used can
also in
uence quantities such as noise, drift, and the class of signals for which the system
remains linear.

A detailed general discussion has already been presented in Chapter 5. In this chap-
ter we become more speci�c and look at the techniques that are most appropriate in the
usual operational-ampli�er connections. It is assumed that theprecautions suggested in
Section 11.3.2 have been observed so that parasitic e�ects resulting from causes such as in-
adequate power-supply decoupling or feedback-network loading at the input of the ampli�er
do not degrade performance.

It is cautioned at the outset that there is no guarantee that particular speci�cations
can be met, even with the best possible compensation. For example, earlier developments
have shown how characteristics such as the phase shift from a pure time delay or a large
number of high-frequency poles set a very real limit to the maximum crossover frequency of
an ampli�er-feedback network combination. Somewhat more disturbing is the reality that
there is usually no way of telling when the best compensation fora particular application
has been realized, so there is no clear indication when the trial-and-error process normally
used to determine compensation should be terminated.

The attempt in this chapter is to introduce the types of compensation that are most
likely to succeed in a variety of applications, as well as to indicate some of the hazards
associated with various compensating techniques. The suggested techniques for minor-loop
compensation are illustrated with experimental results.

351
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13.2 Compensation When the Operational-Ampli�er
Transfer Function is Fixed

Many available operational ampli�ers have open-loop transfer functions that cannot be al-
tered by the user. This in
exibility is the general rule in the case of discrete-component
ampli�ers, and many integrated-circuit designs also include internal (and thus �xed) com-
pensating networks. If the manufacturers' choice of open-looptransfer function is acceptable
in the intended application, these ampli�ers are straightforward to use. Conversely, if loop
dynamics must be modi�ed for acceptable performance, the choices available to the designer
are relatively limited. This section indicates some of the possibilities.

13.2.1 Input Compensation

Input compensation consists of shunting a passive network betweenthe input terminals of
an operational ampli�er so that the characters of the added network, often combined with
the properties of the feedback network, alter the loop transmission of the system advanta-
geously. This form of compensation does not change the ideal closed-loop transfer function
of the ampli�er-feedback network combination. We have already seen an example of this
technique in the discussion of lag compensation using the topology shown in Figure 5.13.
That particular example used a noninverting ampli�er connection, but similar results can be
obtained for an inverting ampli�er connection by shunting animpedance from the inverting
input terminal to ground.

Figure 13.1 illustrates the topology for lag compensating theinverting connection. The
loop transmission for this system (assuming that loading at the input and the output of the
ampli�er is insigni�cant) is

L(s) = �
a(s)R1

(R1 + R2)
(RCs + 1)

[(R1jjR2 + R)Cs + 1]
(13.1)

The dynamics of this loop transmission include a lag transfer function with a pole located
at s = � [1=(R1jjR2 + R)C]and a zero located ats = � 1=RC.

The example of lead compensation using the topology shown in Figure 5.11 obtained the
lead transfer function by paralleling one of the feedback-network resistors with a capacitor.
A potential di�culty with this approach is that the ideal clo sed-loop transfer function is
changed. An alternative is illustrated in Figure 13.2. Since component values are selected
so that R1C1 = R2C2, the ideal closed-loop transfer function is

Vo(s)
Vi (s)

= �
R2=(R2C2s + 1)
R1=(R1C1s + 1)

= �
R2

R1
(13.2)

The loop transmission for this connection in the absence of loading and following some
algebraic manipulation is

L(s) = �
a(s)R1R

(R1R2 + R1R + R2R)
[(R1C1)s + 1]

[(R1jjR2jjR)(C1 + C2)s + 1]
(13.3)
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Figure 13.1: Lag compensation for the inverting ampli�er connection.

-

+

R2

R1

R a(s)Vi

Vo

C1

C2 = C1R1/R2

Figure 13.2: Lead compensation for the inverting ampli�er connection.

A disadvantage of this method is that it lowers d-c loop-transmission magnitude compared
with the topology that shunts R2 only with a capacitor. The additional attenuation that
this method introduces beyond that provided by theR1 � R2 network is equal to the ratio
of the two break frequencies of the lead transfer function.

This basic approach can also be used to combine lead and lag transfer functions in
one loop transmission. Figure 13.3 illustrates one possibility for a noninverting connection.
The equality of time constants in the feedback network insuresthat the ideal gain for the
connection is

Vo(s)
Vi (s)

=
R1 + R2

R1
(13.4)

Some algebraic reduction indicates that the loop transmission(assuming negligible loading)
is

L(s) = �
a(s)R1

(R1 + R2)
(RCs + 1)( R1C1s + 1)

f RR1CC1s2 + [( R1jjR2 + R)C + R1C1]s + 1g
(13.5)

The constraints among coe�cients in the transfer function related to the feedback and shunt
network guarantee that this expression can be factored into a lead and a lag transfer function,
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Figure 13.3: Lead and lag compensation for the noninverting ampli�er connection
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Figure 13.4: Unity-gain follower with input compensation

and that the ratios of the singularity locations will be identical for the lead and the lag
functions.

The way that topologies of the type described above are used depends on the dynamics
of the ampli�er to be compensated and the load connected to it.For example, the HA2525
is a monolithic operational ampli�er (made by a process more involved than the six-mask
epitaxial process) that combines a unity-gain frequency of 20MHz with a slew rate of 120
volts per microsecond. The dynamics of this ampli�er are such that stability is guaranteed
only for loop transmissions that combine the ampli�er open-loop transfer function with an
attenuation of three or more. Figure 13.4 shows how a stable, unity-gain follower can be
constructed using this ampli�er. Component values are selected so that the zero of the
lag network is located approximately one decade below the compensated loop-transmission
crossover frequency. Of course, the capacitor could be replaced by all short circuit, thereby
lowering loop-transmission magnitude at all frequencies. However, advantages of the lag
network shown include greater desensitivity at intermediate and low frequencies and lower
output o�set for a given o�set referred to the input of the ampli�er.

There are many variations on the basic theme of compensating with a network shunted
across the input terminals of an operational ampli�er. For example, many ampli�ers with
�xed transfer functions are designed to be stable with direct feedback provided that the
unloaded open-loop transfer function of the ampli�er is not altered by loading. However, a
load capacitor can combine with the open-loop output resistance of the ampli�er to create
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a pole that compromises stability. Performance can often be improved in these cases by
using lead input compensation to o�set the e�ects of the second pole in the vicinity of the
crossover frequency or by using lag input compensation to force crossover below the frequency
or by using lag input compensation to force crossover below the frequency where the pole
associated with the load becomes important.

In other connections, an additional pole that deteriorates stability results from the feed-
back network. As an example, consider the di�erentiator shown in Figure 13.5a. The ideal
closed-loop transfer function of this connection is

Vo(s)
Vi (s)

= � s (13.6)

It should be noted at the outset that this connection is not recommended since, in addition
to its problems with stability, the di�erentiator is an inher ently noisy circuit. The reason is
that di�erentiation accentuates the input noise of the ampli�er because the ideal gain of a
di�erentiator is a linearly increasing function of frequency.

Many ampli�ers are compensated to have an approximately single-pole open-loop transfer
function, since this type of transfer function results in excellent stability provided that the
load element and the feedback network do not introduce additional poles. Accordingly, we
assume that for the ampli�er shown in Figure 13.5a

a(s) =
105

0:01s + 1
(13.7)

If loading is negligible, the feedback network and the ampli�er open-loop transfer function
combine to produce the loop transmission

L(s) = �
105

(0:01s + 1)( s + 1)
(13.8)

The unity-gain frequency of this function is 3:16 � 103 radians per second and its phase
margin is less than 2� .

Stability is improved considerably if the network shown in Figure 13.5(b) is added at
the input of the ampli�er. In the vicinity of the crossover frequency, the impedance of
the 10� �F capacitor (which is approximately equal to the Thevenin-equivalent impedance
facing the compensating network) is much lower than that of the network itself. Accordingly,
the transfer function from Vo(s) to Va(s) is not in
uenced by the input network at these
frequencies. The lead transfer function that relatedVb(s) to Va(s) combines with other
elements in the loop to yield a loop transmission in the vicinityof the crossover frequency

L(s) ' �
106(1:8 � 10� 3s + 1)
s2(1:8 � 10� 4s + 1)

(13.9)

(Note that this expression has been simpli�ed by recognizing that at frequencies well above
100 radians per second, the two low-frequency poles can be considered located at the origin
with appropriate modi�cation of the scale factor.) The unity-gain frequency of Equation 13.9
is 1:8 � 103 radians per second, or approximately the geometric mean of the singularities of
the lead network. Thus (from Equation 5.6 the phase margin of this system is 55� .
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Figure 13.5: Di�erentiator. ( a) Uncompensated. (b) With input lead compensation.

One problem with the circuit shown in Figure 13.5b is that its output voltage o�set is
20 times larger than the o�set referred to the input of the ampli�er. The output o�set can
be made equal to ampli�er input o�set by including a capacitor in series with the 10� k

resistor, thereby introducing both lead and lag transfer functions with the input network. If
the added capacitor has negligibly low impedance at the crossover frequency, phase margin
is not changed by this modi�cation. In order to prevent conditional stability this capacitor
should be made large enough so that the phase shift of the negativeof the loop transmission
does not exceed� 180� at low frequencies.

13.2.2 Other Methods

The preceding section focused on the use of a shunt network at the input of the operational
ampli�er to modify the loop transmission. In certain other cases,thee feedback network can
be changed to improve stability without signi�cantly altering the ideal closed-loop transfer
function. As an exampe, consider the circuit shown in Figure 13.6. The ideal closed-loop
transfer function for this circuit is

Vo(s)
Vi (s)

= �
s

3 � 10� 4s + 1
(13.10)

and thus if functions as a di�erentiator at frequencies wellbelow 3:3 � 103 radians per
second. The transfer function from the output of the operational ampli�er to its inverting
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Figure 13.6: Di�erentiator with feedback-network compensation

input via the feedback network includes a zero because of the 30� 
 resistor. The resulting
loop transmission is

L(s) = �
a(s)(3 � 10� 4s + 1)

s + 1
(13.11)

If it is assumed that the ampli�er open-loop transfer function is the same as in the previous
di�erentiator example [a(s) = 105=(0:01s + 1)], Equation 13.11 becomes

L(s) ' �
107(3 � 10� 4s + 1)

s2
(13.12)

in the vicinity of the unity-gain frequency. The unity-gain frequency for Equation 13.12 is
approximately 4� 103 radians per second and the phase margin is 50� . Thus the di�erentiator
connection of Figure 13.6 combines stability comparable to that of the earlier example with a
higher crossover frequency. While the ideal closed-loop gain includes a pole, the pole location
is above the crossover frequency of the previous connection. Since the actual closed-loop gain
of any feedback system departs substantially from its ideal value at the crossover frequency,
this approach can yield performance superior to that of the circuit shown in Figure 13.5.

In the examples involving di�erentiation, loop stability was compromised by a pole in-
troduced by the feedback network. Another possibility is that acapacitive load adds a pole
to the loop-transmission expression. Consider the capacitively loaded inverter shown in Fig-
ure 13.7. The additional pole results because the ampli�er hasnonzero output resistance
(see the ampli�er model of Figure 13.7b). If the resistor valueR is much larger thanRo and
loading at the input of the ampli�er is negligible, the loop transmission is

L(s) = �
a(s)

2(RoCL s + 1)
(13.13)

The feedback-path connection can be modi�ed as shown in Figure 13.8a to improve stability.
It is assumed that parameter values are selected so thatR � Ro+ RC and that the impedance
of capacitor CF is much larger in magnitude thanRo at all frequencies of interest. With
these assumptions, the equations for the circuit are

Va =
Vi + Vo

2[(RCF =2)s + 1]
+

Vb(RCF =2)s
(RCF =2)s + 1

(13.14)
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Figure 13.7: Capacitively loaded inverter. (a) Circuit. ( b) Ampli�er model.

Vb =
a(s)Va(RCCL s + 1)
(Ro + RC )CL s + 1

(13.15)

Vo = �
a(s)Va

(Ro + RC )CL s + 1
(13.16)

These equations lead to the block diagram shown in Figure 13.8b.
Two important features are evident from the block diagram orfrom physical arguments

based on the circuit con�guration. First, since the transfer functions of blocks 1 and 2
are identical and since the outputs of both of these blocks are summed with the same
sign to obtain Va, the ideal output is the negative of the input at frequencieswhere the
signal propagated through path 1 is insigni�cant. We can arguethe same result physically,
since Figure 13.8a indicates an ideal transfer functionVo = � Vi if feedback throughCF is
negligible.

The second conclusion involves the stability of the system. If theloop is broken at the
indicated point, the loop transmission is

L(s) = � a(s)
[(RCF =2)s]

[(RCF =2)s + 1]
(RCCL s + 1)

[(Ro + RC )CL s + 1]
�

a(s)
2[(Ro + RC )CL s + 1][( RCF =2)s + 1]

(13.17)
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Figure 13.8: Feedback-network compensation for capacitively loaded inverter. (a) Circuit.
(b) Block diagram.
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At su�ciently high frequencies, Equation 13.17 reduces to

L(s) ' �
a(s)RC

Ro + RC
(13.18)

because path transmission of path 1 reaches a constant value, while that of path 2 is progres-
sively attenuated with frequency. If parameters are chosen so that crossover occurs where
the approximation of Equation 13.18 is valid, system stabilityis essentially una�ected by
the load capacitor. The same result can be obtained directly from the circui of Figure 13.5a.
If parameters are chosen so that at the crossover frequency! c

1
CL ! c

� Ro + RC and Ro � 1
CF ! c

� R
2

the feedback path around the ampli�er is frequency independent at crossover.
Previous examples have indicated how dynamics related to the feedback network or the

load can deteriorate stability. Stability may also su�er if an active element that provides
voltage gain greater than one is used in the feedback path, since this type of feedback element
will result in a loop-transmission crossover frequency in excess ofthe unity-gain frequency
of the operational ampli�er itself. Additional negative phaseshift then occurs at crossover
because the higher-frequency poles of the ampli�er open-loop transfer function are signi�cant
at the higher crossover frequency.

The simple log circuit described in Section 11.5.4 demonstrates this type of di�culty. The
basic circuit is illustrated in Figure 13.9a. We recall that the ideal input-output transfer
relationship for this circuit is

vO = �
kT
q

ln
vI

RI S
(13.19)

where the quantity I S characterizes the transistor.
A linearized block diagram for the connection, formed assuming that loading at the input

and the output of the ampli�er is negligible, is shown in Figure 13.9b. Since the quiescent
collector current of the transistor is related to the operating-point value of the input voltage
VI by I F = VI =R, the transistor transconductance is

gm =
qVI

kTR
(13.20)

Consequently, the loop transmission for the linearized system is

L(s) = � a(s)
qVI

kT
(13.21)

If it is assumed that the maximum operating-point value of the input signal is 10 volts, the
feedback network can provide a voltage gain of as much as 400.It is clear that few ampli�ers
with �xed open-loop transfer functions will be compensated conservatively enough to remain
stable with this increase in loop-transmission magnitude.

A method that can be used to reduce the high voltage gain of the feedback network
is illustrated in Figure 13.10. By including a transistor emitter resistor equal in value to
the input resistor, we �nd that the maximum voltage gain of the resultant common-base
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Figure 13.9: Evaluation of log-circuit stability. ( a) Circuit. ( b) Linearized block diagram.

ampli�er is reduced to one. Note that the feedback e�ectivelyconstrains the voltage at the
emitter of the transistor to be logarithmically related to input voltage independent of load
current, and thus the ideal transfer relationship of the circuit is independent of load. Also
note that at least in the absence of signi�cant output-current drain, the maximum voltage
across the emitter resistor is equal to the maximum input voltage so that output-voltage
range is often unchanged by this modi�cation.

It was mentioned in Section 11.5.4 that the log circuit can exhibit very wide dynamic
range when the input signal is supplied from a current source, since the voltage o�set of the
ampli�er does not give rise to an error current in this case. Figure 13.10b shows how input
lag compensation can be combined with emitter degeneration to constrain loop-transmission
magnitude without deteriorating dynamic range for current-source inputs.

13.3 Compensation By Changing the Ampli�er Trans-
fer Function

If the open-loop transfer function of an operational ampli�er is �xed, this constraint, com-
bined with the requirement of achieving a speci�ed ideal closed-loop transfer function,
severely restricts the types of modi�cations that can be made to the loop transmission
of connections using the ampli�er. Signi�cantly greater 
exibility is generally possible if the
open-loop transfer function of the ampli�er can be modi�ed. There are a number of available
integrated-circuit operational ampli�ers that allow this type of control. Conversely, very few
discrete-component designs are intended to be compensated by the user. The di�erence may
be historical in origin, in that early integrated-circuit ampli�ers used shunt impedances at
various nodes for compensation (see Section 8.2.2) and the large capacitors required could
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Figure 13.10: Reduction of loop-transmission magnitude for log circuit. (a) Use of emitter
resistor. (b) Emitter resistor combined with input lag compensation.

not be included on the chip. Internal compensation became practical as the two-stage design
using minor-loop feedback for compensation evolved, since much smaller capacitors are used
to compensate these ampli�ers. Fortunately, the integrated-circuit manufacturers choose to
continue to design some externally compensated ampli�ers after the technology necessary
for internal compensation evolved.

In this section, some of the useful open-loop ampli�er transfer functions that can be ob-
tained by proper external compensation are described, and a number of di�erent possibilities
are analytically and experimentally evaluated for one particular integrated-circuit ampli�er.

13.3.1 General Considerations

An evident question concerning externally compensated ampli�ers is why they should be
used given that internally compensated units are available. The answer hinges on the wide
spectrum of applications of the operational ampli�er. Sincethis circuit is intended for use in
a multitude of feedback applications, it is necessary to choose its open-loop transfer function
to insure stability in a variety of connections when this quantity is �xed.

The compromise most frequently used is to make the open-loop transfer function of the
ampli�er dominated by one pole. The location of this pole is chosen such that the ampli-
�er unity-gain frequency occurs below frequencies where other singularities in the ampli�er
transfer function contribute excessive phase shift.

This type of compensation guarantees stability if direct, frequency-independent feedback
is applied around the ampli�er. However, it is overly conservative if considerable resistive
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attenuation is provided in the feedback path. In these cases, the crossover frequency of the
ampli�er with feedback drops, and the bandwidth of the resultant circuit is low. Conversely,
if the feedback network or loading adds one or more intermediate-frequency poles to the loop
transmission, of if the feedback path provides voltage gain, stability su�ers.

However, if compensation can be intelligently selected as a function of the speci�c ap-
plication, the ultimate performance possible from a given ampli�er can be achieved in all
applications. Furthermore, the compensation terminals makeavailable additional internal
circuit nodes, and at times it is possible to exploit this availability in ways that even the man-
ufacturer has not considered. The creative designer working with linear integrated circuits
soon learns to give up such degrees of freedom only grudgingly.

In spite of the clear advantages of user-compensated designs, internally compensated
ampli�ers outsell externally compensated units. Here are some ofthe reasons o�ered by the
buyer for this contradictory preference.

(a) The manufacturers' compensation is optimum in my circuit. (This is true in about 1 %
of all applications.)

(b) It's cheaper to use an internally compensated ampli�er since components and labor
associated with compensation are eliminated. (Several manufacturers o�er otherwise
identical circuits in both internally and externally compensated versions. For example,
the LM107 series of operational ampli�ers is identical to theLM101A family with the
single exception that a 30-pF compensating capacitor is included on the LM107 chip.
The current prices of this and other pairs are usually identical. However, this excuse
has been used for a long time. As recently as 1970, unit prices ranged from $0.75 to
$5.00more for the compensated designs depending on temperature range. Alot of
30-pF capacitors can be bought for $5.00.)

(c) Operational ampli�ers can be destroyed from the compensatingterminals. (Operational
ampli�ers can be destroyed from any terminals.)

(d) The compensating terminals are susceptible to noise pickup sincethey connect to low-
signal-level nodes. (This reason is occasionally valid. For example, high-speed logic
can interact with an adjacent operational ampli�er through the compensating termi-
nals, although inadequate power-supply bypassing is a far more frequent cause of such
coupling.)

(e) Etc.

After su�cient exposure to this type of rationalization, it is d i�cult to escape the con-
clusion that the main reason for the popularity of internally compensated ampli�ers is the
inability of many users to either determine appropriate open-loop transfer functions for var-
ious applications or to implement these transfer functions once they have been determined.
A primary objective of this book is to eliminate these barriers to the use of externally com-
pensated operational ampli�ers.

Any detailed and speci�c discussion of ampli�er compensating methods must be linked to
the design of the ampli�er. It is assumed for the remainder of this chapter that the ampli�er
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Figure 13.11: Operational ampli�er compensated with a two-port network.

to be compensated is a two-stage design that uses minor-loop feedback for compensation.
This assumption is realistic, since many modern ampli�ers share the two-stage topology, and
since it is anticipated that new designs will continue this trend for at least the near future.

It should be mentioned that the types of open-loop transfer functions suggested for
particular applications can often be obtained with other than two-stage ampli�er designs,
although the method used to realize the desired transfer function may be di�erent from that
described in the material to follow.

Figure 13.11 illustrates the topology for an ampli�er compensated with a two-port net-
work. This basic con�guration has been described earlier in Sections 5.3 and 9.2.3. While the
exact details depend on speci�cs of the ampli�er involved, the important general conclusions
introduced in the earlier material include the following:

(a) The unloaded open-loop transfer function of a two-stage ampli�er compensated this way
(assuming that the minor loop is stable) is

a(s) =
Vo(s)

Va(s) � Vb(s)
'

K
Yc(s)

(13.22)

over a wide range of frequencies.

The quantity K is related to the transconductance of the input-stage transistors, while
Yc(s) is the short-circuit transfer admittance of the network.

Yc(s) =
I n (s)
Vm (s)

�
�
�
�
�
Vn =0

(13.23)

This result can be justi�ed by physical reasoning if we remember that at frequencies
where the transmission of the minor loop formed by the second stageand the compen-
sating network is large, the input to the second stage is e�ectively a virtual incremental
ground. Furthermore, the current required at the input to the second stage is usually
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very small. Thus it can be shown by an argument similar to that usedto determine
the ideal closed-loop gain of an operational ampli�er that incremental changes in cur-
rent from the input stage must be balanced by equal currents into the compensating
network. System parameters are normally selected so that major-loop crossover occurs
at frequencies where the approximation of Equation 13.22 isvalid and, therefore, this
approximation can often be used for stability calculations.

(b) The d-c open-loop gain of the ampli�er is normally independent of compensation. Ac-
cordingly, at low frequencies, the approximation of Equation 13.22 is replaced by the
constant valuea0. The approximation fails because the usual compensating networks
include a d-c zero in their transfer admittances, and at low frequencies this zero de-
creases the magnitude of the minor-loop transmission below one.

(c) The approximation fails at high frequencies for two reasons. The minor-loop transmis-
sion magnitude becomes less than one, and thus the network no longer in
uences the
transfer function of the second stage. This transfer function normally has at least
two poles at high frequencies, re
ecting capacitive loadingat the input and output of
the second stage. There may be further departure from the approximation because
of singularities associated with the input stage and the bu�er stage that follows the
second stage. These singularities cannot be controlled by minorloop since they are
not included in it.

(d) The open-loop transfer function of the compensated ampli�er can be estimated by plot-
ting both the magnitude of the approximation (Equation 13.22) and of the uncom-
pensated ampli�er transfer function on common log-magnitudeversus log-frequency
coordinates. If the dominant ampli�er dynamics are associatedwith the second stage,
the compensated open-loop transfer-function magnitude is approximately equal to the
lower of the two curves at all frequencies. The uncompensated ampli�er transfer func-
tion must re
ect loading by the compensating network at the input and the output
of the second-stage. In practice, designers usually determine experimentally the fre-
quency range over which the approximation of Equation 13.22is valid for the ampli�er
and compensating networks of interest.

Several di�erent types of compensation are described in the following sections. These
compensation techniques are illustrated using an LM301A operational ampli�er. This in-
expensive, popular ampli�er is the commerical-temperature-range version of the LM101A
ampli�er described in Section 10.4.1. Recall from that discussion that the quantity K is
nominally 2 � 10� 40 for this ampli�er, and that its speci�ed d-c open-loop gain istypi-
cally 160,000. Phase shift from elements outside the minor loop(primarily the lateral-PNP
transistors in the input stage) becomes signi�cant at 1 MHz, and feedback connections that
result in a crossover frequency in excess of approximately 2 MHz generally are unstable.

A number of oscilloscope photographs that illustrate various aspects of ampli�er per-
formance are included in the following material. A single LM301A was used in all of the
test circuits. Thus relative performance re
ects di�erencesin compensation, loading, and
feedback, but not in the uncompensated properties of the ampli�er itself. (The fact that this
ampli�er survived the abuse it received by being transferred from one test circuit to another
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Figure 13.12: Open-loop transfer function for one-pole compensation.

and during testing is a tribute to the durability of modern integrated-circuit operational
ampli�ers.)

13.3.2 One-Pole Compensation

The most common type of compensation for two-stage ampli�ers involves the use of a single
capacitor between the compensating terminals. Since the short-circuit transfer admittance
of this \network" is Ccs whereCc is the value of the compensating capacitor, Equation 13.22
predicts

a(s) '
K

Ccs
(13.24)

The approximation of Equation 13.24 is plotted in Figure 13.12 along with a represen-
tative uncompensated ampli�er transfer function. As explained in the previous section, the
compensated open-loop transfer function is very nearly equalto the lower of the two curves
at all frequencies.

The important feature of Figure 13.12, which indicates the general-purpose nature of
this type of one-pole compensation, is that there is a wide range of frequencies where the
magnitude ofa(j! ) is inversely proportional to frequency and where the angle of this open-
loop transfer function is approximately� 90� . Accordingly, the ampli�er exhibits essentially
identical stability (but a variable speed of response) for many di�erent values of frequency-
independent feedback connected around it.

Two further characteristics of the open-loop transfer function of the ampli�er are also
evident from Figure 13.12. First, the approximation of Equation 13.24 can be extended to
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zero frequency if the d-c open-loop gain of the ampli�er is known, since the geometry of
Figure 13.12 shows that

a(s) '
a0

(a0Cc=K )s + 1
(13.25)

at low and intermediate frequencies. Seconds, if the unity-gain frequency of the ampli�er
is low enough so that higher-order singularities are unimportant, this frequency is inversely
related to Cc and is

! u =
K
Cc

(13.26)

Stability calculations for feedback connections that use this type of ampli�er are simpli�ed
if we recognize that provided the crossover frequency of the combination lies in the indicated
region, these calculations can e based on the approximation ofEquation 13.24.

Several popular internally compensated ampli�ers such as theLM107 and the � A741
combine nominal values ofK of 2 � 10� 40 with 30-pF capacitors for Cc. The resultant
unity-gain frequency is 6:7 � 106 radians per second or approximately 1 MHz. This value
insures stability for any resistive feedback networks connected around the ampli�er, since,
with this type of feedback, crossover always occurs at frequencies where the loop transmission
is dominated by one pole.

The approximate open-loop transfer function for either of these internally compensated
ampli�ers is a(s) = 6 :7 � 106=s. This transfer function, which is identical to that obtained
from an LM101A compensated with a 30-pF capacitor, may be optimum in applications that
satisfy the following conditions:

(a) The feedback-network transfer function from the ampli�er output to its inverting input
has a magnitude of one at the ampli�er unity-gain frequency.

(b) Any dynamics associated with the feedback network and output loading contribute less
than 30� of phase shift to the loop transmission at the crossover frequency.

(c) Moderately well-damped transient response is required.

(d) Input signals are relatively noise free.

If one ore more of the above conditions are not satis�ed, performance can often be
improved by using an externally compensated ampli�er that allows 
exibility in the choice of
compensating-capacitor value. Consider, for example, a feedback connection that combines
a(s) as approximated by Equation 13.24 with a frequency-independent feedbackf 0. The
closed-loop transfer function for this combination is

A(s) =
a(s)

1 + a(s)f 0
=

1
f 0

"
1

(Cc=Kf 0)s + 1

#

(13.27)

The closed-loop corner frequency (in radians per second) is

! h =
Kf 0

Cc
(13.28)
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This equation shows that the bandwidth can be maintained at the maximum value consistent
with satisfactory stability (recall the phase shift of terms ignored in the approximation of
Equation 13.24) if Cc is changed withf 0 to keep the ratio of these two quantities constant.
Alternatively, the closed-loop bandwidth can be lowered to provide improved �ltering for
noisy input signals by increasing the size of the compensating capacitor. A similar increase
in capacitor size can also force crossover at lower frequencies to keep poles associated with
the load or a frequency-dependent feedback network from deteriorating stability.

Figure 13.13 shows the small-signal step responses for the LM301A test ampli�er con-
nected as a unity-gain follower (f 0 = 1). Part a of this �gure illustrates the response with
a 30-pF compensating capacitor, the value used in similar, internally compensated designs.
This transient response is quite well damped, with a 10 to 90 % risetime of 220 ns, implying
a closed-loop bandwidth (from Equation 3.58) of approximately 107 radians per second or
1.6 MHz.1

The response with at 18-pF compensating capacitor (Figure 13.13b) trades considerably
greater overshoot for improved rise time. Comparing this response with the second-order
system responses (Figure 3.8) shows that the closed-loop transientis similar to that of a
second-order system with� = 0:47 and ! n = 13:5 � 106 radians per second. Since the
ampli�er open-loop transfer function satis�es the conditionsused to develop the curves of
Figure 4.26, we can use these curves to approximate loop-transmission properties. Fig-
ure 4.26a estimates a phase margin of 50� and a crossover frequency of 11� 106 radians
per second. Since the value off is one in this connection, these quantities correspond to
compensated open-loop parameters of the ampli�er itself.

Figure 13.13c illustrates the step response with a 68-pF compensating capacitor. The
response is essentially �rst order, indicating that crossover now occurs at a frequency where
only the dominant pole introduced by compensation is important. Equation 13.27 predicts
an exponential time constant

� =
Cc

Kf 0
(13.29)

under these conditions. The zero to 63% rise time shown in Figure 13.12c is approximately
300 ns. Solving Equation 13.29 forK using known parameter values yields

K =
Cc

� f 0
=

68pF
300ns

= 2:3 � 10� 40 (13.30)

We notice that this value for K is slightly higher than the nominal value of 2� 10� 40 ,
re
ecting (in addition to possible experimental errors) a somewhat higher than nominal
�rst-stage quiescent current for this particular ampli�er.2 Variations of as much as 50%

1If the ampli�er open-loop transfer function were exactly �rst order, the closed-loop half-power frequency
in this connection would be identically equal to the unity-gain frequency of the ampli�er itself. However, the
phase shift of higher-frequency singularities ignored in the one-pole approximationintroduces closed-loop
peaking that extends the closed-loop bandwidth.

2The quiescent �rst-stage current of this ampli�er can be measured directly by connecting anammeter
from terminals 1 and 5 to the negative supply (see Fiugre 10.19). The estimated value ofK is in excellent
agreement with the measured total (the sum of both sides) quiescent current of 24� A for the test ampli�er.
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Figure 13.13: Step response of unity-gain follower as a function of compensating-capacitor
value. (Input-step amplitude is 40 mV.) ( a) Cc = 30pF. (b) Cc = 18pF. (c) Cc = 68pF.



370 Chapter 13. Compensation Revisited

Figure 13.13: Continued.

from the nominal value for K are not unusual as a consequence of uncertainties in the
integrated-circuit process.

The ampli�er was next connected in the noninverting con�guration shown in Figure 13.14.
The value ofR1 was kept less than or equal to 1 k
 in all connections to minimize the loading
e�ects of ampli�er input capacitance. Figure 13.15a shows the step response for a gain-of-ten
connection (R1 = 1 k
, R2 = 9 k
) with Cc = 30pF. The 10 to 90% rise time has increased
signi�cantly compared with the unity-gain case using identical compensation. This change
is expected because of the change inf 0 (see Equation 13.27).

Figure 13.15b is the step response when the capacitor value is lowered to get anovershoot
approximately equal to that shown in Figure 13.13a. While this change does not return rise
time to exactly the same value displayed in Figure 13.13a, the speed is dramatically improved
compared to the transient shown in Figure 13.15a. (Note the di�erence in time scales.)

Our approximate relationships predict that the e�ects of changing f 0 from 1 to 0.1 could
be completely o�set by lowering the compensating capacitor from 30 pF to 3 pF. The actual
capacitor value required to obtain the response shown in Figure13.15b was approximately
4.5 pF. At least two e�ects contribute to the discrepancy. First, the approximation ignores
higher-frequency open-loop poles, which must be a factor if there is any overshoot in the
step response. Second, there is actually somepositive minor-loop capacitive feedback in the
ampli�er. The schematic diagram for the LM101A (Figure 10.19) shows that the ampli�er
input stage is loaded with a current repeater. The usual minor-loop compensation is con-
nected to the output side of this current repeater. However, the input side of the repeater
is also brought out on a pin to be used for balancing the ampli�er. Any capacitive between
a part of the circuit following the high-gain stage and the input side of the current repeater
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301A

Figure 13.14: Noninverting ampli�er.

provides positive minor-loop feedback because of the inversion of the current repeater. An
excellent stray-capacitance path exists between the ampli�er output (pin 6) and the balance
terminal connected to the input side of the current repeater (pin 5).3 Part of the normal
compensating capacitance is \lost" cancelling this positive feedback capacitance.

The important conclusion to be drawn from Figure 13.15 is that, by properly selecting
the compensating-capacitor value, the rise time and bandwidth of the gain-of-ten ampli�er
can be improved by approximately a factor of 10 compared to the value that would be
obtained from an ampli�er with �xed compensation. Furthermore, reasonable stability can
be retained with the faster performance.

Figures 13.16 and 13.17 continue this theme for gain-of-100(R1 = 100
, R2 = 10 k
)
and gain-of-1000 (R1 = 10
, R2 = 10 k
) connections, respectively. The rise time for 30-pF
compensation is linearly related to gain, and has a 10 to 90% value of approximately 350
microseconds in Figure 13.17a, implying a closed-loop bandwidth of 1 kHz for an internally
compensated ampli�er in this gain-of-1000 connection. Compensating-capacitor values of 1
pF for the gain-of-100 ampli�er and just a pinch (obtained with two short, parallel wires
spaced for the desired transient response) for the gain-of-1000 connection result in overshoot
comparable to that of the unity-gain follower compensated with 30 pF. The rise time does
increase slightly at higher gains re
ecting the fact that the uncompensated ampli�er high-
frequency open-loop gain is limited. However, a rise time of approximately 2 � s is obtained
in the gain-of-1000 connection. The corresponding closed-loop bandwidth of 175 kHz rep-
resents a nearly 200:1 improvement compared with the value expected from an internally
compensated general-purpose ampli�er.

It is interesting to note that the closed-loop bandwidth obtained by properly compen-
sating the inexpensive LM301A in the gain-of-1000 connectioncompares favorably with
that possible from the best available discrete-component, �xed-compensation operational
ampli�ers. Unity-gain frequencies for wideband discrete units seldom exceed 100 MHz; con-

3A wise precaution that reduces this e�ect is to clip o� pin 5 close to the can when the ampli�er is used in
connections that do not require balancing. This modi�cation was not made to the demonstration ampli�er
in order to retain maximum 
exibility. Even with pin 5 cut close to the can, there i s some header capacitance
between it and pin 6.
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Figure 13.15: Step responses of gain-of-ten noninverting ampli�er. (Input-step amplitude
is 40 mV.) (a) Cc = 30pF. (b) Cc = 4 :5pF.
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sequently these single-pole ampli�ers have closed-loop bandwidths of 100 kHz or less in
the gain-of-1000 connection. The bandwidth advantage compared with wideband internally
compensated integrated-circuit ampli�ers such as the LM118 is even more impressive.

We should realize that obtaining performance such as that shownin Figure 13.17b re-
quires careful adjustment of the compensating-capacitor value because the optimum value is
dependent on the characteristics of the particular ampli�erused and on stray capacitance.
Although this process is di�cult in a high-volume production situation, it is possible, and,
when all costs are considered, may still be the least expensive wayto obtain a high-gain
wide-bandwidth circuit. Furthermore, compensation becomes routine if some decrease in
bandwidth below the maximum possible value is acceptable.

13.3.3 Two-Pole Compensation

The one-pole compensation described above is a conservative, general-purpose compensa-
tion that is widely used in a variety of applications. There are, however, many applications
where higher desensitivity at intermediate frequencies thanthat a�orded by one-pole magni-
tude versus frequency characteristics is advantageous. Increasing the intermediate-frequency
magnitude of a loop transmission dominated by a single pole necessitates a corresponding
increase in crossover frequency. This approach is precluded insystems where irreducible
phase shift constrains the maximum crossover frequency for stableoperation.

The only way to improve intermediate-frequency desensitivity without increasing the
crossover frequency is to use a higher-order loop-transmission rollo� at frequencies below
crossover. For example, consider the two ampli�er open-loop transfer functions

a(s) =
105

10� 2s + 1
(13.31)

and

a0(s) =
105(10� 6s + 1)
(10� 4s + 1) 2

(13.32)

The magnitude versus frequency characteristics of these two transfer functions are compared
in Figure 13.18.

Both of these transfer functions have unity-gain frequenciesof 107 radians per second
and d-c magnitude of 105. However, the magnitude ofa0(j! ) exceeds that ofa(j! ) at all
frequencies between 100 radians per second and 106 radians per second. The advantage
reaches a factor of 100 at 104 radians per second.

The same advantage can be demonstrated using error coe�cients. If ampli�ers with
open-loop transfer functions given by Equations 13.31 and 13.32 are connected as unity-gain
followers, the respective closed-loop gains are

A(s) =
a(s)

1 + a(s)
=

105

10� 2s + 1 + 10 5
(13.33)

and
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Figure 13.16: Step responses of gain-of-100 noninverting ampli�er. (Input-step amplitude
is 40 mV.) (a) Cc = 30pF. (b) Cc = 1pF.
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Figure 13.17: Step responses of gain-of-1000 noninverting ampli�er. (Input-step amplitude
is 4 mV.) (a) Cc = 30pF. (b) Very small Cc.
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Figure 13.18: Comparison of magnitudes of one- and two-pole open-loop transfer functions.

A0(s) =
a0(s)

1 + a0(s)
=

105(10� 6s + 1)
(10� 4s + 1) 2 + 105(10� 6s + 1)

(13.34)

The corresponding error series are

1 � A(s) '
10� 2s + 1

10� 2s + 105
= 10� 5 + 10� 7s � � � � + (13.35)

and

1 � A0(s) '
10� 8s2 + 2 � 10� 4s + 1

10� 8s2 + 0:1s + 105
= 10� 5 + 2 � 10� 9s + � � � + (13.36)

Identifying error coe�cients shows that while these two systemshave identical values for
e0, the error coe�cient e1 is a factor of 50 times smaller for the system with the two-pole
rollo�. Thus, dramatically smaller errors result with the two-pole system for input signals
that cause thee1 term of the error series to dominate.

It is necessary to use a true two-port network to implement this compensation, since
the required s2 dependence ofYc cannot be obtained with a two-terminal network. The
short-circuit transfer admittance of the network shown in Figure 13.19,

I n (s)
Vn (s)

=
RC1C2s2

R(C1 + C2)s + 1
(13.37)

has the required form. The approximate open-loop transfer function with this type of com-
pensating network is (from Equation 13.20)

a(s) '
K
Yc

'
K 0(�s + 1)

s2
(13.38)
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Vn R

C1 C2

In

Yn = In/Vn

Two-port network

of high-gain stageof high-gain stage
This side from output This side to input

Figure 13.19: Network for two-pole compensation.

where� = R(C1 + C2) and K 0 = K=RC1C2.

An estimation of the complete open-loop transfer function basedon Equation 13.38 and
a representative uncompensated transfer function are shown in Figure 13.20. We note that
while this type of transfer function can yield signi�cantly improved desensitivity and error-
coe�cient magnitude compared to a one-pole transfer function, it is not a general-purpose
compensation. The zero location and constantK 0 must be carefully chosen as a function
of the attenuation provided by the feedback network in a particular application in order
to obtain satisfactory phase margin. While lowering the frequency of the zero results in
a wider frequency range of acceptable phase margin, it also reduces desensitivity, and in
the limit leads to a one-pole transfer function. This type of open-loop transfer function
is also intolerant of an additional pole introduced in the feedback network or by capacitive
loading. If the additional pole is located at an intermediate frequency below the zero location,
instability results. Another problem is that there is a wide range of frequencies where the
phase shift of the transfer function is close to� 180� . While this transfer function is not
conditionally stable by the de�nition given in Section 6.3.4, the small phase margin that
results when the crossover frequency is lowered (in a describing-function sense) by saturation
leads to marginal performance following overload.

In spite of its limitations, two-pole compensation is a powerful technique for applications
where signal levels and the dynamics of additional elements in the loop are well known. This
type of compensation is demonstrated using the unity-gain inverter shown in Figure 13.21.
The relatively low feedback-network resistors are chosen to reduce the e�ects of capacitance
at the inverting input of the ampli�er. This precaution is particularly important since the
voltage at this input terminal is displayed in several of the oscilloscope photographs to
follow. An LM310 voltage follower (see Section 10.4.4) was usedto isolate this node from
the relatively high oscilloscope input capacitance for these tests. The input capacitance of
the LM310 is considerably lower than that of a unity-gain passive oscilloscope probe, and
its bandwidth exceeds that necessary to maintain the �delity of the signal of interest.

The approximate open-loop transfer function for the ampli�er with compensating-network
values as shown in Figure 13.21 is (from Equation 13.38 using the previously determined value
of K = 2:3 � 10� 40 )
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Figure 13.20: Open-loop transfer function for two-pole compensation.
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Figure 13.21: Unity-gain inverter with two-pole compensation.
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a(s) '
1:7 � 1013(9 � 10� 7s + 1)

s2
(13.39)

Since the value off 0 for the unity-gain inverter is 1/2, the approximate loop transmission
for this system is

L(s) ' �
0:85� 1013(9 � 10� 7s + 1)

s2
(13.40)

The crossover frequency predicted by Equation 13.40 is 7:7 � 106 radians per second,
and the zero is located at 1:1 � 106 radians per second, or a factor of 7 below the crossover
frequency. Consequently, the phase margin of this system is tan� 1(1=7) = 8 � less than that of
a unity-gain inverter using one-pole compensation adjusted for the same crossover frequency.

Figure 13.22 compares the step responses of the inverter-connected LM301A with one-
and two-pole compensation. Parta of this �gure was obtained with the lower end of the 15-
k
 resistor removed from ground as indicated in Figure 13.21. In this case the compensating
element is equivalent to a single 15-pF capacitor. Note that Equation 13.24 combined with
the value f 0 = 1=2, which applies to the unity-gain inverter, predicts a 7:7 � 106-radian-per-
second crossover frequency for 15-pF compensation. The same result can be obtained by
realizing that at frequencies beyond the zero location the parallel impedance of the capacitors
in the two-pole compensating network must be smaller than that of the resistor, and thus
removing the resistor does not alter the ampli�er open-loop transfer function substantially
in the vicinity of crossover.

The response shown in Figure 13.22a is quite similar to that shown previously in Fig-
ure 13.13a. Recall that Figure 13.13a was obtained with a unity-gain follower (f 0 = 1) and
Cc = 30 pF. As anticipated, lowering f 0 and Cc by the same factor results in comparable
performance for single-pole systems.

There is a small amount of initial undershoot evident in the transient of Figure 13.22a.
This undershoot results from the input step being fed directly to the output through the
two series-connected resistors. This fed-forward signal can drive the output negative initially
because of nonzero output impedance and response time of the ampli�er. The magnitude of
the initial undershoot would shrink if larger-value resistors were used around the ampli�er.

The step response of Figure 13.22b results with the 15-k
 resistor connected to ground
and is the response for two-pole compensation. Three e�ects combine to speed the rise
time and increase the overshoot of this response compared to the single-pole case. First,
the phase margin is approximately 8� less for the two-pole system. Second, theT network
used for two-pole compensation loads the output of the second stage of the ampli�er to a
greater extent than does the single capacitor used for one-pole compensation, although this
e�ect is small for the element values used in the present example. The additional loading
shifts the high-frequency poles associated with limited minor-loop transmission toward lower
frequencies. Third, a closed-loop zero that results with two-pole compensation also in
uences
system response.

The root-locus diagram shown in Figure 13.23 clari�es the third reason. (Note that
this diagram is not based on the approximation of Equation 13.40, but rather on a more
complete loop transmission assuming a representative ampli�er using these compensating-
network values.) With the value ofa0f 0 used to obtain Fiugre 13.22b, one closed-loop pole is
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Figure 13.22: Step responses of unity-gain inverter. (Input-step amplitude is� 40 mV.)
(a) One-pole compensation. (b) Two-pole compensation. (c) Repeat of part b with slower
sweep speed.
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Figure 13.22: Continued.
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Figure 13.23: Root-locus diagram for inverter with two-pole compensation.
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quite close to the zero at� 1:1� 106 sec� 1 regardless of the exact details of the diagram. Since
the zero is in the forward path of the system, it appears in the closed-loop transfer function.
The resultant closed-loop doublet adds a positive, long-duration \tail" to the response as
explained in Section 5.2.6. The tail is clearly evident in Figure 13.22c, a repeat of part b
photographed with a slower sweep speed. The time constant of the tail is consistent with
the doublet location at approximately � 106 sec� 1.

We recall that this type of tail is characteristic of lag-compensated systems. The loop
transmission of the two-pole system combines a long 1=s2 region with a zero below the
crossover frequency. This same basic type of loop transmission results with lag compensation.

The root-locus diagram also shows that satisfactory damping ratio is obtained only over
a relative small range ofa0f 0. As a0f 0 falls below the optimum range, system performance
is dominated by a low-frequency poorly damped pole pair as indicated in Figure 13.23. As
a0f 0 is increased above the optimum range, a higher-frequency poorly damped pole pair
dominates performance since the real-axis pole closest to the origin is very nearly cancelled
by the zero.

The error-reducing potential of two-pole compensation is illustrated in Figure 13.24.
The most important quantity included in these photographs is the signal at the inverting
input of the operation ampli�er. The topology used (Figure 13.21) shows that the signal at
this terminal is (in the absence of loading) half the error between the actual and the ideal
ampli�er output. Part a of this �gure indicates performance with single-pole compensation
achieved via a 15-pF capacitor. The upper trace indicates the ampli�er output when the
signal applied from the source is a 20-volt peak-to-peak, 10-kHz triangle wave. The signal
is, to within the resolution of the measurement, the negative ofthe signal applied by the
source. The bottom trace is the signal at the inverting input terminal of the operational
ampli�er.

The approximate open-loop transfer function from the inverting input to the output of
the test ampli�er is

� a(s) = �
2:3 � 10� 3

1:5 � 10� 11s
= �

1:5 � 107

s
(13.41)

with a 15-pF compensating capacitor. The input-terminal signal illustrated can be justi�ed
on the basis of a detailed error-coe�cient analysis using this value for a(s). A simpli�ed
argument, which highlights the essential feature of the errorcoe�cients for this type of
compensation, is to recognize that Equation 13.41 implies that the operational ampli�er
itself functions as an integratoron an open-loop basis. Since the ampli�er output signal is
a triangle wave, the signal at the inverting input terminal (proportional to the derivative
of the output signal) must be a square wave. The peak magnitude ofthe square wave at
the input of the operational ampli�er should be the magnitudeof the slope of the output,
4 � 105 volts per second, divided by the scale factor 1:5 � 107 volts per second per volt from
Equation 13.41, or approximately 27 mV. This value is con�rmed by the bottom trace in
Figure 13.24a to within experimental errors.

Part b of Figure 13.24 compares the output signal and the signal applied to the inverting
input terminal of the operational ampli�er with the two-pol e compensation described earlier.
A substantial reduction in the ampli�er input signal, and thus in the error between the actual
and ideal output, is clearly evident with this type of compensation. There are small-area
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Figure 13.24: Unity-gain inverting-ampli�er response with triangle-wave input. (Input am-
plitude is 20 volts peak-to-peak.) (a) One-pole compensation� upper trace: output; lower
trace; inverting input of operation ampli�er. ( b) Two-pole compensation� upper trace: out-
put; lower trace: inverting input of operational ampli�er. ( c) Repeat of lower trace, part b,
with faster sweep speed.



384 Chapter 13. Compensation Revisited

Figure 13.24: Continued.

error pulses that occur when the triangle wave changes slope. These pulses are di�cult to
observe in Figure 13.24b. The time scale is changed to present one of these error pulses clearly
in Figure 13.24c. Note that this pulse is e�ectively an impulse compared to the time scale
of the output signal. As might be anticipated, when compensation that makes the ampli�er
behave like a double integrator is used, the signal at the ampli�er input is approximately
the second derivative of its output, or a train of alternating-polarity impulses.

Equation 13.39 shows that

a(s) '
1:7 � 1013

s2
(13.42)

at frequencies below approximately 106 radians per second for the two-pole compensation
used. A graphically estimated value for the area of the impulse shown in Figure 13.24c is
5 � 10� 8 volt-seconds. Multiplying this area by the scale factor 1:7 � 1013 volts per second
squared per volt from Equation 13.42 predicts a change in slopeof 8:5� 105 volts per second
at each break of the triangle wave. This value is in good agreement with the actual slope
changing of 8� 105 volts per second.

We should emphasize that the comparisons between one- and two-pole compensation
presented here were made using one-pole compensation tailoredto the attenuation of the
feedback network. Had the standard 30-pF compensating-capacitor value been used, the
error of the one-pole-compensated con�guration would have been even larger.
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13.3.4 Compensation That Includes a Zero

We have seen a number of applications where the feedback network or capacitive loading at
the output of the operational ampli�er introduces a pole into the loop transmission. This
pole, combined with the single dominant pole often obtained via minor-loop compensation,
will deteriorate stability.

Figure 13.25 shows how capacitive loading decreases the stability of the LM301A when
single-pole compensation is used. The ampli�er was connected as a unity-gain follower and
compensated with a single 30-pF capacitor to obtain these responses. The load-capacitor
values used were 0.01� F and 0.1 � F for parts a and b, respectively.

These transient responses can be used to estimate the open-loop output resistance of
the operational ampli�er. We know that the open-loop transfer function for this ampli�er
compensated with a 30-pF capacitor is

a(s) '
7:7 � 106

s
(13.43)

in the absence of loading. This transfer function is also the negative of the unloaded loop
transmission for the follower connection. When capacitive loading is included, the loop
transmission changes to

L(s) ' �
7:7 � 106

s(RoCL s + 1)
(13.44)

whereRo is the open-loop output resistance of the ampli�er andCL is the value of the load
capacitor.

The ringing frequency shown in Figure 13.25b is approximately 1:1 � 106 radians per
second. Since this response is poorly damped, the ringing frequency must closely approximate
the crossover frequency. Furthermore, the poor damping also indicates that crossover occurs
well above the break frequency of the second pole in Equation 13.44.

These relationships, combined with the known value forCL , allow Equation 13.44 to be
solved forRo, with the result

Ro '
7:7 � 106

! 2
cCL

= 65
 (13.45)

One simple way to improve stability is to include a zero in the unloaded open-loop transfer
function of the ampli�er to partially o�set the negative phase shift of the additional pole
in the vicinity of crossover. If a series resistor-capacitor network with component valuesRc

and Cc is used for compensation, the short-circuit transfer admittance of the network is

Yc =
Ccs

RcCcs + 1
(13.46)

The approximate value for the corresponding unloaded open-loop transfer function of the
ampli�er is

a(s) '
K (RcCcs + 1)

Ccs
(13.47)
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Figure 13.25: Step response of capacitively loaded unity-gain follower with one-pole com-
pensation. (Input-step amplitude is 40 mV.) (a) 0.01-� F load capacitor. (b) 0.1-� F load
capacitor.
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Figure 13.26: Unloaded open-loop transfer function for compensation that includes a zero.

An estimation of the complete, unloaded open-loop transfer with this type of compensa-
tion, based on Equation 13.47 and representative uncompensated ampli�er characteristics,
is shown in Figure 13.26. Note that in this case the slope of the approximating function is
zero when it intersects the uncompensated transfer function. The geometry involved shows
that the approximation fails at lower frequencies than was the case with other types of
compensation.

The approximate loop transmission for the unity-gain followerwith capacitive loading
and this type of compensation is

L(s) ' �
K (RcCcs + 1)

Ccs(RoCL s + 1)
(13.48)

Appropriate Rc and Cc values for the LM301A loaded with a 0.1-� F capacitor are 33 k

and 30 pF, respectively. Substituting these and other previously determined values into
Equation 13.48 yields

L(s) ' �
7:7 � 106(10� 6s + 1)
s(6:5 � 10� 6s + 1)

(13.49)

The crossover frequency for Equation 13.49 is 1:4 � 106 radians per second and the phase
margin is approximately 55� , although higher-frequency poles ignored in the approximation
will result in a lower phase margin for the actual system.

The step response of the test ampli�er connected this way is shown in Figure 13.27a.
Although the basic structure of the transient response is far superior to that shown in
Figure 13.25b, there is a small-amplitude high-frequency ringing superimposed on the main
transient. This component, at a frequency well above the major-loop crossover frequency,
re
ects potential minor-loop instability.
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Figure 13.27: Step response of unity-gain inverter loaded with 0.1� F capacitor and com-
pensated with a zero. (Input-step amplitude is 40 mV for parts a and b, 2 mV for part
c.) (a) With series resistor-capacitor compensation. (b) With compensating network of
Figure 13.29. (c) Smaller amplitude input signal.
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Figure 13.27: Continued.

Figure 13.28 illustrates the mechanism responsible for the instability. This diagram
combines an idealized model for the second stage of a two-stage ampli�er with a compensating
network. (The discussion of Section 9.2.3 justi�es this generalmodel for a high-gain stage.)
When the crossover frequency of the loop formed by the compensating network is much higher
than 1=Ri Ci , the second stage input looks capacitive at crossover. If the compensating-
network transfer admittance is capacitive in the vicinity ofcrossover, the phase margin of
the inner loop approaches 90� . Alternatively, if the compensating network is resistive, the
input capacitance introduces a second pole into the inner-loop transmission and the phase
margin of this loop drops.

The solution is to add a small capacitor to the compensating network as indicated in
Figure 13.29. The additional element insures that the network transfer admittance is capac-
itive at the minor-loop crossover frequency, thus improving stability. The approximate loop
transmission of the major loop is changed from that given in Equation 13.49 to

L(s) ' �
7:7 � 106(10� 6s + 1)

s(6:5 � 10� 6s + 1)(10 � 7s + 1)
(13.50)

The e�ect on the major loop is to introduce a pole at a frequency approximately a factor of
7 above crossover, thereby reducing phase margin by 8� .

The step response shown in Figure 13.27b results with this modi�cation. An interesting
feature of this transient is that it also has a tail with a duration that seems inconsistent with
the speed of the initial rise. While there is a zero included in the closed-loop transfer function
of this connection since the zero in Equation 13.50 occurs in the forward path, the zero is
close to the crossover frequency of the major loop. Consequently, any tail that resulted from
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ai0Va

t s+1
Ci Ri

Figure 13.28: Model for second stage of a two-stage ampli�er.

33 kW 30 pF

3 pF

Figure 13.29: Compensating network used to obtain transients shown in Figures 13.27b
and 13.27c.

a doublet formed by a closed-loop pole combining with this zero would have a decay time
consistent with the crossover frequency of the major loop. In fact, the duration of the tail
evident in Figure 13.27b is reasonable in view of the 1:4 � 106 radian-per-second crossover
frequency of the major loop. The inconsistency stems from aninitial rise that is too fast.

The key to explaining this phenomenon is to note that the output-signal slope reaches a
maximum value of approximately 6� 104 volts per second, implying a 6-mA charging current
into the 0.1-� F capacitor. This current level is substantially above the quiescent current
of the output stage of the LM301A, and results in a lowered outputresistance from the
active emitter follower during the rapid transition. Consequently, the pole associated with
capacitive loading moves toward higher frequencies duringthe initial high-current transient,
and the speed of response of the system improves in this portion.

Figure 13.27c veri�es this reasoning by illustrating the response of the capacitively loaded
follower to a 2-mV input signal step. A gain-of-10 ampli�er (realized with another appro-
priately compensated LM301A) ampli�ed the output signal to permit display at the 5 mV-
per-division level indicated in the photograph. While this transient is considerably more
noise (re
ecting the lower-amplitude signals), the relative speed of various portions of the
transient is more nearly that expected of a linear system.

The fractional change in output resistance with output current level is probably less than
25% for this ampli�er because the dominant component of output resistance is the value at
the high-resistance node divided by the current gain of the bu�er ampli�er. Consequently,
the di�erences between Figures 13.27b and 13.27c are minor. It should also be noted that
the estimated value forRo (Equation 13.45 is probably slightly low because of this e�ect.

Many applications, such as sample-and-hold circuits or voltage regulators, apply capac-



13.3. Compensation By Changing the Ampli�er Transfer Funct ion 391

itive loading to an operational ampli�er. Other connections, such as a di�erentiator, add a
pole to the loop transmission because of the transfer function of the feedback network. The
method of adding a zero to single-pole compensation can improve performance substantially
in these types of applications.

The comparison between Figures 13.25b and 13.27b shows how changing from 30-pF
compensation to compensation that includes a zero can greatlyimprove stability and can
reduce settling time by more than a factor of 10 for a capacitively loaded voltage follower.

It should be emphasize that this type of compensation is not suggested for general-purpose
use, since the compensating-network element values must be carefully chosen as a function
of loop-parameter values for acceptable stability. If, for example, the pole that introduced
the need for this type of compensation is eliminated or moved to a higher frequency, the
crossover frequency increases and instability may result.

13.3.5 Slow-Rollo� Compensation

The discussion of the last section showed how compensation can be designed to introduce a
zero into the compensated open-loop transfer function of an operational ampli�er. The zero
can be used to o�set the e�ects of a pole associated with other elements in the loop. Since
the zero location is selected as a function of other loop parameters, this type of compensation
is e�ectively speci�cally tailored for one �xed feedback network and load.

There are applications where the transfer functions of certain elements in an operational-
ampli�er loop vary as a function of operating conditions or as the components surrounding
the ampli�er change. The change in ampli�er open-loop output resistance described in
connection with Figures 13.27band 13.27c is one example of this type of parameter variation.

Operational ampli�ers that are used (often with the addition of high-current output
stages) to supply regulated voltages are another example. The total capacitance connected
to the output of a supply is often dominated by the decoupling capacitors included with
the circuits it powers. The output resistance of the power stage may also be dependent
on load current, and these two e�ects can combine to produce a major uncertainty in the
location of the pole associated with capacitive loading. One approach to stabilizing this type
of regulator was described in Section 5.2.2.

A third example of a variable-parameter loop involves the useof an operational ampli�er,
an incandescent lamp, and a photoresistor in a feedback loop intended to control the intensity
of the lamp. In this case, the dynamics of both the lamp and the photoresistor as weel as
the low-frequency \gain" of the combination depend on lightlevel.

The stabilization of variable-parameter systems is often di�cult and compromises, partic-
ularly with respect to settling time and desensitivity, are frequently necessary. This section
describes one approach to the stabilization of such systems and indicates the e�ect of the
necessary compromises on performance.

Consider a variable-parameter system that has a loop transmission

L(s) = � a(s)

 
k

�s + 1

!

(13.51)

wherek and � represent the uncertain values associated with elements external to the oper-
ational ampli�er. It is assumed that these parameters can have any positive values. If the
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ampli�er open-loop transfer function is selected such that

a(s) =
K 0

p
s

(13.52)

the phase margin of Equation 13.51 will be at least 45� for any values ofk and � , since the
phase shift of the function 1=

p
s is � 45� at all frequencies.

In order to obtain the open-loop transfer function indicatedby Equation 13.52 from a two-
stage ampli�er, it is necessary to use a network that has a short-circuit transfer admittance
proportional to

p
s. While the required admittance cannot be realized with a lumped, �nite

network, it can be approximated by the ladder structure shown in Figure 13.30. The driving-
point admittance of this network (which is, of course, equal toits short-circuit transfer
admittance) is

Yc(s) = + � � � +
(C=� 2)s

(RC=� 4)s + 1
+

(C=� )s
(RC=� 2)s + 1

+
Cs

RCs + 1
+

�Cs
� 2RCs + 1

+
� 2Cs

� 4RCs + 1
+ � � � +

(13.53)
The poles of Equation 13.53 are located at

...

pn+2 = �
� 4

RC

pn+1 = �
� 2

RC

pn = �
1

RC

pn� 1 = �
1

� 2RC

pn� 2 = �
1

� 4RC
(13.54)

...

while its zeros are located at

...

zn+2 = �
� 3

RC
zn+1 = �

�
RC

zn = �
1

�RC

zn� 1 = �
1

� 3RC

zn� 2 = �
1

� 5RC
(13.55)
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R C

aR

a2R

aC

a2C

R/a C/a

R/a2 C/a2

Figure 13.30: Network used to approximate an admittance proportional to
p

s.

...

This admittance function has poles and zeros that alternatealong the negative real axis,
with the ratio of the locations of any two adjacent singularities a constant equal to� . On
the average, the magnitude of this function will increase proportionally to the square root
of frequency since on an asymptotic log-magnitude versus log-frequency plot it alternates
equal-duration regions with slops of zero and one.

If this network is used to compensate a two-stage ampli�er, the ampli�er open-loop
transfer function

a(s) '
K

Yc(s)
(13.56)

will approximate the relationship given in Equation 13.52. If the magnitude of uncompen-
sated ampli�er open-loop transfer function is adequately high, the range of frequencies over
which the approximation is valid can be made arbitrarily wide by using a su�ciently large
number of sections in the ladder network. Note that it is also possible to make the com-
pensated transfer function be proportional to 1=sr , where r is between zero and one, by
appropriate selection of relative pole-zero spacing in the compensating network.

Since the usual objective of this type of compensation is to maintain satisfactory phase
margin in system with uncertain parameter values, guidelines for selecting the frequency ratio
between adjacent singularities� are best determined by noting how the phase of the actual
transfer function is in
uenced by this quantity. If the polesand zeros are closely spaced, the
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Figure 13.31: Maximum negative phase shift as a function of� for 1=
p

s compensation.

phase shift of the compensated open-loop transfer function willbe approximately� 45� over
the e�ective frequency range of the network. As� is increased, the magnitude of the phase
ripple with frequency, which is symmetrical with respect to� 45� , increases. The maximum
negative phase shift ofa(j! ) (see Equations 13.53 and 13.56 is plotted as a function of� in
Figure 13.31.

This plot shows that reasonably large values of� can be used without the maximum
negative phase shift becoming too large. If, for example, a spacing between adjacent sin-
gularities of a factor of 10 in frequency is used, the maximum negative phase shift is� 58� .
Since the phase ripple is symmetrical with respect to� 45� , the phase shift varies from� 32�

to � 58� as a function of frequency for this value of� . If an ampli�er compensated using
a network with � = 10 is combined in a loop with an element that produces an additional
� 90� of phase shift at crossover, the system phase margin will vary from 58� to 32� .

The performance of a 1=
p

s system is compared with that of alternatively compensated
systems using the connection shown in Figure 13.32. Providing that the open-loop output
resistance of the operational ampli�er is much lower thanR1, the R1 � C1 network adds a
pole with a well-determined location to the loop transmission of the system. The LM310
unity-gain follower is used to avoid loading the network. The3.3-k
 resistor included in
series with the LM310 input is recommended by the manufacturer to improve the stability
of this circuit. The bandwidth of this follower is high enough to have a negligible e�ect on
loop dynamics.

The circuit shown in Figure 13.32 has a forward-path transfer function equal toa(s)=(RCs+
1) and a feedback transfer function of one.

Three di�erent types of compensation were evaluated with this connection. One type
was single-pole compensation using a 220-pF capacitor. The approximate open-loop transfer
function of the LM301A is
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Compensation
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LM301A LM310

3.3 kW

Figure 13.32: Circuit used to evaluate slow-rollo� compensation.

a(s) '
106

s
(13.57)

with this compensation. The corresponding loop transmission is

L(s) = �
106

s(R1C1s + 1)
(13.58)

The closed-loop transfer function is

Vo(s)
Vi (s)

= A(s) =
1

10� 6R1C1s2 + 10� 6s + 1
(13.59)

Second-order parameters for Equation 13.59 are

! n = 103
p

R1C1
and � = 5� 10� 4

p
R1C1

As expected, increasing theR1 � C1 time constant lowers both the natural frequency and
the damping ratio of the system.

The second compensating network was an 11 \rung" ladder network of the type shown
in Figure 13.30. The sequence of resistor-capacitor values usedfor the rungs was 330 
-10
pF, 1 k
-33 pF, 3.3 k
-100 pF � � � 10 M
-0.33 � F, 33 M
-1 � F.

This network combines with operational-ampli�er parameters to yield an approximate
open-loop transfer function

a0(s) '
103

p
s

(13.60)

over a frequency range that extends from below 0.1 radian persecond to above 106 radians
per second. The value of� for the approximation is

p
10. The curve of Figure 13.31 shows

that the maximum negative phase shift of the open-loop transferfunction at intermediate
frequencies should be� 46:5� , corresponding to a peak-to-peak phase ripple of 3� .

The approximate loop transmission that results with this compensation is
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51 kW 2000 pF

220 pF

Figure 13.33: Slow-rollo� network.

L0(s) = �
103

p
s(R1C1s + 1)

(13.61)

The third compensation used the two-rung slow-rollo� network shown in Figure 13.33.
The resultant ampli�er open-loop transfer function is

a00(s) '
105(10� 4s + 1)
s(10� 5s + 1)

(13.62)

This transfer function is a very crude approximation to a 1=
p

s rollo� that combines a basic
1=s rollo� with a decade-wide zero-slope region realized by placing a zero two decades and
a pole one decade below the unity-gain frequency. Alternatively, the open-loop transfer
function can be viewed as the result of adding a lead network located well below the unity-
gain frequency to a single-pole transfer function.

The loop transmission in this case is

L00(s) = �
105(10� 4s + 1)

s(10� 5s + 1)( R1C1s + 1)
(13.63)

Bode plots for the three compensated open-loop transfer functions of Equations 13.57, 13.60,
and 13.62 are shown in Figure 13.34. Note that parameters are selected so that unity-gain
frequencies are identical for the three transfer functions.

The step responses for the test system withR1C1 = 0 are compared for the three types
of compensation in Figure 13.35. Parta shows the step response for one-pole compensation.
The expected exponential response with a 1-� s 0 to 63% rise time is evident.

Part b shows the response with the 1=
p

s compensation. An interesting feature of this
response is that while it actually starts out faster than that of the previous system with the
same crossover frequency (compare, for example, the times required to reach 25% of �nal
value), it settles much more slowly. Note that the transient shownin part b has only reached
75% of �nal value after 4.5� s (the input-step amplitude is 40 mV for both partsa and b),
while the system using one-pole compensation has settled to within 2% of �nal value by this
time. Part c is a repeat of partb with a slower sweep speed. Note that even after 180� s, the
transient has reached only 95% of �nal value. This type of veryslow creep toward �nal value
is characteristic of many types of distributed systems. Long transmission lines, for example,
often exhibit step responses similar in form to that illustrated.

Part d and e of Figure 13.35 show the response for the system using slow-rollo� compen-
sation at two di�erent time scales. The transient consists of a 1-� s time constant exponential
rise to 90% of �nal value, followed by a 100-� s time constant rise to �nal value. The reader
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Figure 13.34: Comparison of approximate open-loop transfer functions for three types of
compensation.

should use Equation 13.63 to convince himself that the long tailis anticipated in view of the
location of the closed-loop pole-zero doublet that results inthis case. Note that even with
this tail, settling to a small fraction of �nal value is substantially shorter than for the 1=

p
s

system.
Figure 13.36 indicates responses forR1C1 = 1 � s for the three di�erent types of compen-

sation. This R1 � C1 product adds a pole slightly above the resultant crossover frequency of
the loop for all of the compensations. The phase margin of the system with one pole compen-
sation is about 50� , with the resulting moderate damping shown in parta. The phase margin
for 1=

p
s compensation exceeds 90� in this case, and the main e�ect of the extra pole is to

make the initial portion of the response (see partb) look somewhat more exponential. The
very slow tail is not altered substantially. The step response of the system with slow-rollo�
compensation (Figure 13.36c) has slightly less peak overshoot (measured from the �nal value
shown in the �gure) than does the system shown in parta. The di�erence re
ects the 5�

phase-margin advantage of the slow-rollo� system. The tail is unaltered by the additional
pole.

The experimentally measured step response of the system with one-pole compensation is
shown in Figure 13.37 for a number of values of theR1 � C1 time constant. The deterioration
of stability and settling time that results as R1C1 is increased is clearly evident in this
sequence. The value for natural frequency predicted by Equation 13.59 can be veri�ed to
within experimental tolerances. However, the actual system is actually somewhat better
damped than the analysis indicates, particularly in the relatively lower-damped cases. The
unity-step response for a second-order system is

vo(t) =

"

1 �
1

p
1 � � 2

e� �! n t sin
� q

1 � � 2! n t + �
� #

(13.64)
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Figure 13.35: Comparison of step responses as a function of compensation withR1C1 = 0.
(Input-step amplitude is 40 mV.) ( a) One-pole compensation. (b) 1=

p
s compensation. (c)

Repeat of part b with slower sweep speed. (d) Slow-rollo� compensation. (e) Repeat of part
d with slower sweep speed.
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Figure 13.35: Continued.
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Figure 13.35: Continued.

where

� = tan � 1

" p
1 � � 2

�

#

This relationship shows that the exponential time constant of the envelope of the transient
should have a value of 1=�! n , or, from Equation 13.39, 2R1C1. Thus, for example, the
transient illustrated in Figure 13.37e, which has analytically determined values of! n =
3:1 � 103 radians per second and� = 1:6 � 10� 3, should have a decay time approximately
�ve times longer than that actually measured.

The reason for this discrepancy is as follows. An extension of the curves shown in
Figure 4.26 estimates that a damping ratio of 1:6 � 10� 3 corresponds to a phase margin of
0:184� . Accordingly, very small changes in the angle of the loop transmission at the crossover
frequency can change damping ratio by a substantial factor.

There are at least three e�ects, which (in apparent violation of Murphy's laws) combine to
improve phase margin in the actual system. First, the compensatedampli�er open-loop pole
is not actually at the origin, and thus contributes less than 90� of negative phase shift to the
loop transmission at crossover. Second, any series resistance associated with the connections
made to the capacitor adds a zero to the loop transmission that contributes positive shift at
crossover. Third, the losses associated with dielectric absorption or dissipation factor of the
capacitor also improve the phase margin of the system.

The importance of the third e�ect can be seen by comparing partseand f of Figure 13.37.
For part e (and all preceding photographs) a ceramic capacitor was used.The transient
indicated in part f , with a decay time approximately three times that of parte and within
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Figure 13.36: Comparison of step responses as a function of compensation forR1C1 = 1
� s. (Input-step amplitude is 40 mV.) (a) One-pole compensation. (b) 1=

p
s compensation.

(c) Slow-rollo� compensation.



402 Chapter 13. Compensation Revisited

Figure 13.36: Continued.

60% of the analytically predicted value, results when a low-loss polystyrene capacitor is
used in place of the ceramic unit. This comparison demonstratesthe need to use low-loss
capacitors in lightly damped systems such as oscillators.

It should also be noted that, in addition to very low damping, this type of connection
can lead to inordinately high signal levels with the possibility of saturation at certain points
inside the loop. Since the frequency of the ringing at the systemoutput is higher than the
cuto� frequency of the R1 � C1 low-pass network, the signal out of the LM301A will be larger
than the system output signal during the oscillatory period. In fact, the peak signal level at
the output of the LM301A exceeded 20 volts peak-to-peak during the transients shown in
Figures 13.37e and 13.37f . LongerR1 � C1 time constants would have resulted in saturation
with the 40-mV step input.

Figure 13.38 shows the responses of the system compensated with a 1=
p

s ampli�er rollo�
as a function of theR1 � C1 product. Several analytically predictable features of this system
are demonstrated by these responses. Since the magnitude of the loop transmission falls as
1=! 3=2 at frequencies above the pole of theR1 � C1 network and as 1=! 1=2 below the pole
location, the loop crossover frequency decreases as 1=R1C2=3

1 . A factor of 10 increase in the
R1 � C1 product lowers crossover by a factor of 102=3 = 4.64, while a three-decade change in
this product changes crossover by two decades. Comparing, for example, partsc and f or d
and g of Figure 13.38 shows that while the general shapes of these responses are similar, the
speeds di�er by a factor of 100, re
ecting the change in crossover frequency that occurs for
a factor of 1000 change in theR1 � C1 product. Part h is somewhat faster than predicted by
the above relationship because, with anR1 � C1 value of 100 seconds, the corresponding pole
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Figure 13.37: Step response of system with one-pole compensation as a function ofR1C1.
(Input-step amplitude is 40 mV.) ( a) R1C1 = 10 � s. (b) R1C1 = 100 � s. (c) R1C1 = 1 ms.
(d) R1C1 = 10 10 ms. (e) R1C1 = 100 ms. (f ) R1C1 = 100 ms with polystyrene capacitor.
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Figure 13.37: Continued.
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Figure 13.37: Continued.
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lies at frequencies below the 1=
p

s region of the compensation. (Recall that the longest time
constant in the compensating network is 33 seconds.) The 1=

p
s rollo� could be extended

to lower frequencies by using more sections in the network, butvery long times constants
would be required. The ampli�er d-c gain of approximately 105 would permit a 1=

p
s rollo�

from 10� 4 radian per second to unity gain at 106 radians per second.
The crossover frequencies for partsa, b, and c are located at factors of approximately 2.16,

4.64, and 10, respectively, above the break frequency of theR1� C1 network. Accordingly, the
pole associated with theR1 � C1 network produces somewhat less than� 90� of phase shift in
these cases, with the result that the phase margin is above 45� . This e�ect is negligible in part
d through h, and the slight di�erences in damping evident in these transients arise because of
the phase ripple of the compensating network. The actual ripple is probably larger that the
3� peak-to-peak value predicted in Figure 13.31 as a consequence of component tolerances.

The transient shown in Figure 13.38d results from a phase margin of approximately 45�

and a crossover frequency of 2:16� 103 radians per second. The curves of Figure 4.26 indicate
that the appropriate approximating second-order system in this case is one with� = 0:42
and ! n = 2:5 � 103 radians per second. The two responses shown in Figure 13.38i compare
the transient shown in part d with a second-order response using the parameters developed
with the aid of Figure 4.26. The reader is invited to guess which transient is which.

The remarkable similarity of these two transients is a further demonstration of the validity
of approximating the response of a complex system with a far simpler transient. Note that
while the actual system includes 12 capacitors (exclusive of device capacitances internal to
the operational ampli�er), its transient response can be accurately approximated by that of
a second-order system.

The transient responses shown in Figure 13.38 and Figure 13.36b illustrate how 1=
p

s
compensation can maintain remarkably constant relative stability as a system pole location
is varied over eight decades of frequency. Actually, even lower values for theR1 � C1 break
frequencies4 yield comparable results, although di�culties associated withobtaining the
very long time constants required and photographing the resulting slow transients prevented
including additional responses.

Since this type of compensation eliminates the relatively high-frequency oscillations of
the output signal, the signal levels at the output of the LM301Aare considerably smaller
than when one-pole compensation is used.

The step response of the system with slow-rollo� compensation is indicated in Fig-
ure 13.39 for values ofR1C1 from 10 � s to 100 ms. The important point illustrated in
these photographs is that the response of the system remains moderately well damped for
R1 � C1 products as large as 1 ms, and that the damping is superior to that of the system
using single-pole compensation for anyR1 � C1 shown. The reason is explained with the
aid of Figure 13.40, which is a plot of phase margin as a function of 1=R1C1 for this system.
Note that the phase margin exceeds 30� for any value ofR1C1 less than approximately 3 ms.

While the variation in phase margin with R1C1 is larger for this system than for the
system with 1=

p
s compensation, this type of compensation can result in reasonable stability

4While R1 � C1 time constants in excess of about 10 seconds cause some deviation from 1=
p

s character-
istics in the vicinity of the R1 � C1 pole, the phase margin is determined by the network characteristics at
the crossover frequency. The system phase margin will remain approximately 45� for R1 � C1 time constants
as large as 104 seconds.
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Figure 13.38: Step response of system with 1=
p

s compensation as a function ofR1C1.
(Input-step amplitude is 40 mV.) ( a) R1C1 = 10 � s. (b) R1C1 = 100 � s. (c) R1C1 = 1 ms.
(d) R1C1 = 10 ms. (e) R1C1 = 100 ms. (f ) R1C1 = 1 second. (g) R1C1 = 10 seconds. (h)
R1C1 = 100 seconds. (i ) Comparison of part d with second-order system.



408 Chapter 13. Compensation Revisited

Figure 13.38: Continued.
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Figure 13.38: Continued.
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Figure 13.38: Continued.
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Figure 13.38: Continued.

as the location of the variable pole changes from more than three decades below the unity-
gain frequency of the ampli�er upward. In exchange for the somewhat greater variation in
phase margin as a function of theR1 � C1 time constant and a more limited range of this
product for acceptable stability, the complexity of the ampli�er compensating network is
reduced from 22 to three components.

Simple slow rollo� networks typi�ed by that described above provide useful compensation
in many practical variable-parameter systems because the range of parameter variation is
seldom as great as that used to illustrate the performance of thesystem with 1=

p
s compen-

sation. Furthermore, other e�ects may combine with slow-rollo� compensation to increase
its e�ectiveness in actual systems. Consider the voltage regulator with an arbitrarily large
capacitive load mentioned earlier as an example of a variable parameter system. The series
resistance and dissipation characteristic of electrolytic capacitors add a zero to the pole asso-
ciated with the capacitive load, and this zero can aid slow-rollo� compensation in stabilizing
a regulator for a very wide range of load-capacitor values.

It is also evident that adding one or more rungs to the compensating network can increase
the range of this type of compensation when required.

13.3.6 Feedforward Compensation

Feedforward compensation was described brie
y in Section 8.2.2. This method, which di�ers
in a fundamental way from minor-loop compensation, involvescapacitively coupling the
signal at the inverting input terminal of an operational ampli�er to the input of the �nal
voltage-gain stage. This �nal stage is assumed to provide an inversion. The objective is
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Figure 13.39: Step response for system with slow-rollo� compensation as a function of
R1C1. (Input-step amplitude = 40 mV.) ( a) R1C1 = 10 � s. (b) R1C1 = 100 � s. (c)
R1C1 = 1 ms. (d) R1C1 = 10 ms. (e) R1C1 = 100 ms.
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Figure 13.39: Continued.
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Figure 13.39: Continued.

to eliminate the dynamics of all but the �nal stage from the ampli�er open-loop transfer
function in the vicinity of the unity-gain frequency.

This approach, which has been used since the days of vacuum-tube operational ampli�ers,
is not without its limitations. Since only signals at the inverting input terminal are coupled to
the output stage, the feedforward ampli�er has much lower bandwidth for signals applied to
its noninverting input and general cannot be e�ectively usedin noninverting con�gurations.5

Another di�culty is that the phase shift of a feedforward ampli� er often approaches
� 180� at frequencies well below its unity-gain frequency. Accordingly, large-signal perfor-
mance may be poor because the ampli�er is close to conditional stability. The excessive
phase shift also makes feedforward ampli�ers relatively intolerant of capacitive loading.

Feedforward is normally most useful for three or more stage ampli�ers, and results in
relatively little performance improvement for many two-stage designs because the �rst stage
of these ampli�ers is often faster than the rest of the ampli�er. The LM101A6 is an ex-
ception to this generality. Recall that the input stage of this ampli�er includes lateral-PNP
transistors. BecauseNPNtransistors are used for voltage gain in the second stage, the �rst
stage represents the bandwidth bottleneck for the entire ampli�er. 7 Since the input to the

5There have been several attempts at designing ampli�ers that use dual feed-forward paths to a di�erential
output stage. One of the di�culties with this approach arises from mismatches in the feedforward paths. A
common-mode input results in an output signal because of such mismatches. The time required for the error
to settle out is related to the dynamics of the bypassed ampli�er, and thus very long duration tails results
when these ampli�ers are used di�erentially.

6R. C. Dobkin, Feedforward Compensation Speeds Op Amp, Linear Brief 2, National Semiconductor
Corporation.

7The unity-gain output stage of this ampli�er also uses lateral-PNPtransistors. However, the bu�er stage
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Figure 13.40: Phase margin as a function of 1=R1C1 for L 00(s) = � [105(10� 4s +
1)=s(10� 5s + 1)( R1C1s + 1)].

second ampli�er stage is available as a compensating terminal,feedforward that bypasses the
narrow-bandwidth stage can be implemented by connecting a capacitor from the inverting
input terminal of the ampli�er to this compensation terminal.

The LM301A was connected as shown in Figure 13.41. Low-value resistors and the 5-pF
capacitor are used to reduce the e�ects of ampli�er input capacitance on loop transmission.
The 150-pF feedforward capacitor is the value recommended by National Semiconductor
Corporation, although other values may give better performance in some applications. This
capacitor value can be selected to minimize the signal at the inverting input terminal (which
is proportional to the error between actual and ideal output) if optimum performance is
required.

The step response of this inverter is shown in Figure 13.42. Thereis substantial overshoot
evident in this �gure, as well as some \teeth" on the rising portion of the waveform that are
probably at least partially related to high-speed grounding problems in the test set up. The
10 to 90% rise time of the circuit is approximately 50 ns, or a factor of three faster than the
fastest rise time obtained with minor-loop compensation (see Figure 13.13b).

13.3.7 Compensation to Improve Large-Signal Performance

The discussion in earlier parts of this chapter has focused on howcompensation in
uences the
linear-region performance of an operational ampli�er. Thecompensation used in a particular
connection also has a profound e�ect on the large-signal performance of the ampli�er, par-

has approximately unity small-signal voltage gain even at frequencies where the common-emitter current
gain of the lateral PNP's in this stage is zero. Thus these transistors do not have the dominant e�ect on
ampli�er bandwidth that the input transistors do.
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Figure 13.41: Unity-gain inverter with feedforward compensation.

Figure 13.42: Step response of unity-gain inverter with feedforward compensation. (Input-
step amplitude is � 80 mV.)
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Figure 13.43: Operational-ampli�er model.

ticularly the slew rateor a maximum time rate of change of output signal and how gracefully
the ampli�er recovers from overload.

The simpli�ed two-stage ampli�er representation shown in Figure 13.43 illustrates how
compensation can determine the linear operation region of the ampli�er. This model, which
includes a current repeater, can be slightly modi�ed to represent many available two-stage
integrated-circuit operational ampli�ers such as the LM101A. Elimination of the current
repeater, which does not alter the essential features of the following argument, results in a
topology adaptable to the discrete designs that do not includethese transistors.

The key to understanding the performance of this ampli�er of this ampli�er is to recognize
that, with a properly designed second stage, the input current required by this stage is
negligible when it is in its linear operating region. Accordingly,

iN = iC4 � iC2 (13.65)

This relationship, coupled with the fact that the incremental voltage change at the input of
the second stage is also small under many operating conditions, issu�cient to determine
the open-loop transfer function of ampli�er as a function of the compensating network.

Since the second stage normally operates at current levels large compared to those of
the �rst stage, the limits of linear-region operation are usually determined by the �rst stage.
Note that �rst-stage currents are related to the total quiescentbias current of this stage,
I B , and the di�erential input voltage. For the topology shown, the relationship between the
relative input-stage collector currents and input voltage becomes highly nonlinear when the
di�erential input voltage vI exceeds approximatelykT=q. At room temperature, for example,
a +25-mV value for vI raises the collector current ofQ2 a factor of 1.46 above its quiescent
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level, while input voltages of 60 mV and 120 mV increaseiC2 by factors of 1.82 and 1.98,
respectively, above the quiescent value.

When a di�erential input-voltage level in excess of 100 mV is applied to the ampli�er,
the magnitude of the currentiC4 � iC2 will have nearly its maximum value ofI B . Regardless
of how much larger the di�erential input signal to the ampli�er becomes, the current from
the input stage and, thus, the currentiN , remains relatively constant.

Even if series emitter resistors are included (as they are in someampli�ers at the expense
of drift referred to the input of the ampli�er), or if more jun ctions are connected in the input-
signal path as in the LM101A ampli�er, the maximum magnitude of the current supplied by
the �rst stage is bounded by its bias level. Since the value ofiN cannot exceed the current
supplied by the �rst stage (at least if the second stage remains linear), the output voltage
can not have characteristics that causeiN to exceed a �xed limit. If, for example, a capacitor
with a value Cc is used for compensation,

iN ' Cc _vO (13.66)

where the dot indicates time di�erentiation. Thus, for the values shown in Figure 13.43, the
maximum magnitude of _vO is

j _vO jmax =
I B

Cc
(13.67)

One of the more restrictive design interrelationships for a two-stage ampli�er is that with
single-capacitor compensation and without emitter degeneration in the input stage, both
the maximum time rate of change of output voltage and the unity-gain frequency of the
ampli�er are directly proportional to �rst-stage bias current. Hence increases in slew rate
can only be obtained in conjunction with identical increasesin unity-gain frequency. Since
stability considerations generally bound the unity-gain frequency, the maximum slew rate is
also bounded.

The large-signal performance of the LM301A operational ampli�er used in all previous
tests is demonstrated using the connection shown in Figure 13.44. This connection is identi-
cal to the inverter used with feedforward compensation, except for the addition of Schottky
diodes that function as an input clamp. If clamping were not used, the voltage at the in-
verting input of the ampli�er would become approximately half the magnitude of a step
input-voltage change immediately following the step becauseof direct resistive coupling.
This type of transient would add currents to the output of the �rst stage because of signals
fed through the collector-to-base junctions of the input transistors and because of transient
changes in current-source levels. The Schottky diodes are usedin preference to the usual
silicon P � N junction diodes because they have superior dynamic characteristics and be-
cause their threshold voltage of approximately 0.3 volt is closer to the minimum value that
guarantees complete input-stage current steering for the LM301A.

The square-wave response of the circuit of Figure 13.44 with a 30-pF compensating
capacitor is shown in Figure 13.45a. The positive and negative slew rates are equal and have
a magnitude of approximately 0.85 volt per microsecond. Note that there is no discernible
overshoot as the ampli�er output voltage reaches �nal value,indicating that the ampli�er
with this compensation recovers quickly and cleanly from theoverload associated with a
20-volt step input signal.
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Figure 13.44: Inverter used to evaluate large-signal response.

The transient of Figure 13.45b is the response of a unity-gain voltage follower, com-
pensated with a 30-pF capacitor, to the same input. In this case,the positive transition
has a step change followed by a slope of approximately 0.8 volt per microsecond, while the
negative-transition slew rate is somewhat slower. The lack of symmetry re
ects additional
�rst-stage currents related to rapidly changing common-modesignals. Figure 13.43 indicates
that a common-mode input applied to this type of ampli�er forces voltage changes across
the collector-to-base capacitances of the input transistors and the current source. The sit-
uation for the LM301A is somewhat worse than that depicted in Figure 13.43 because of
the gain provided to bias current source variations by the lateral PNP's used in the input
stage (see Section 10.4.1). The nonsymmetrical slewing that results when the ampli�er is
used di�erentially is the reason that the inverter connectionwas selected for the following
demonstrations.

An earlier development showed that slew rate is related to input-stage bias current and
compensating-capacitor size with single-pole compensation. Solving Equation 13.67 forI B

using values associated with Figure 13.45a yields a bias current of 25.5� A, with half this
current 
owing through each side of the input-case di�erential connection under quiescent
conditions. The transconductance of the input-stage transistors, based on this estimated
value of quiescent current, is approximately 5� 10� 40 .

Recall that the constant which relates the linear-region open-loop transfer function of the
LM301A to the reciprocal of the compensating-network transfer admittance is one-half the
transconductance of the input transistors. The value forgm=2 of 2:3 � 10� 40 determined in
Equation 13.30 from linear-region measurements is in excellent agreement with the estimate
based on slew rate.

Since slew rate with single-pole compensation is inversely related to compensating-capacitor
size, one simple way to increase slew rate is to decrease this capacitor size. The transient
shown in Figure 13.46a results with a 15-pF compensating capacitor, a value that yields
acceptable stability in the unity-gain inverter connection. As anticipated, the slew rate is
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Figure 13.45: Large-signal response of LM301A with a 30-pF compensating capacitor.
(Input square-wave amplitude is 20 volts peak-to-peak.) (a) Unity-gain inverter. ( b) Unity-
gain voltage follower.
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Figure 13.46: Slew rate as a function of compensating capacitor for unity-gain inverter.
(Input square-wave amplitude is 20 voltes peak-to-peak.) (a) Cc = 15 pF. ( b) Cc = 5 pF
and input lag compensation.
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Figure 13.47: Unity-gain inverter with input lag compensation.

twice that shown in Figure 13.45a.
In order to maintain satisfactory stability with smaller valuesof compensating capacitor,

it is necessary to lower the transmission of the elements surrounding the ampli�er. The
connection shown in Figure 13.47 uses input lag compensation toincrease the attenuation
from the output of the ampli�er to its inverting input to appr oximately a factor of 10
at intermediate and high frequencies. It was shown in Section 13.3.2 that well-damped
linear-region performance results with a 4.5-pF compensating capacitor when the network
surrounding the ampli�er provides this degree of attenuation.

The response of Figure 13.46b results with a 5-pF compensating capacitor and input lag
compensation as shown in Figure 13.47. The slew rate increases tothe value of 5 volts per
microsecond predicted by Equation 13.67 with this value forCc.

The large capacitor is used in the lag network to move the two-pole rollo� region that
results from lag compensation well below crossover. This location improves recovery from the
overload that results during the slewing period because large gain changes (in a describing-
function sense) are required to reduce crossover to a value that results in low phase margin.
The clean transition from nonlinear- to linear-region performance shown in Figure 13.46b
indicates the success of this precaution.

It should be pointed out that the large-signal equivalent of the linear-region tail asso-
ciated with lag compensation exists with this connection, although the scale factor used
in Figure 13.46b is not sensitive enough to display this e�ect. The voltagevA reaches its
clamped value of approximately 0.3 volt for the slewing period of 4 � s following a 20-volt
transition at the input. Accordingly, the 1-� F capacitor charges to approximately 4 mV
during this overloaded interval. The capacitor voltage is ampli�ed by a factor of 2.2 k
/270

 ' 8, with the result that the output voltage is in error by 32 mV immediately following
the transition. The decay time associated with the error is 270 
� 1� F = 270� s. Note that
increasing the lag-network capacitor value decreases the amplitude of the nonlinear tail but
increases its duration.

We might suspect that two-pole compensation could improve the slew rate because the
network topology shown in Figure 13.19 has the property that the steady-state value of the
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Figure 13.48: Large-signal performance of unity-gain inverter with two-pole compensation.
(a) Sine-wave input. (b) Square-wave input.
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current iN is zero for any magnitude ramp ofvN . The output using a 30 pF� 15 k
 � 30
pF two-pole compensating network (the values indicated earlier in Figure 13.21) with the
inverter connection is shown in Figure 13.48a for a 20-volt peak-to-peak, 50 kHz sine-wave
input signal. The maximum slew rate demonstrated in this photograph is approximately
3.1 volts per microsecond, a value approximately twice that obtained with a single 15-pF
compensating capacitor.

Unfortunately, the large negative phase shift close to the crossover frequency that results
from two-pole compensation proves disastrous when saturation occurs because the system
approaches the conditions necessary for conditional stability. The poor recovery from the
overload that results with large-signal square-wave excitation is illustrated in Figure 13.48b.
The collector-to-base junctions of the second-stage transistors are forward biased during part
of the cycle because of the overshoot, and the resultant charge storage further delays recovery
from overload.

It is of passing interest to note that the circuit using two-pole compensation exhibits a
phenomenon calledjump resonance. If the frequency of the 20-volt peak-to-peak sinusoid
is raised slightly above the 50-kHz value used in Figure 13.48a, the output signal becomes
severely distorted. Further increases in excitation frequency result in an abrupt jump to a
new mode of limiting with a recognizably di�erent (though equally distorted) output signal.
The process exhibits hysteresis, in that it is necessary to lower the excitation frequency
measurably below the original jump value to reestablish the �rsttype of nonlinear output
signal. One of the few known virtues of jump resonance is that itcan serve as the basis for
very di�cult academic problems in advanced describing-function analysis.8

Feedforward compensation results in high value for slew rate because capacitive feedback
around the second stage is eliminated. The response of the inverter with 150-pF feedforward
compensation to a 20-volt peak-to-peak, 200-kHz triangle wave is shown in Figure 13.49a.
While some distortion is evident in this photograph, the amount is not excessive considering
that a slew rate of 8 volts per microsecond is achieved. The square-wave response shown
in Figure 13.49b indicates problems similar to those associated with two-pole compensation.
The response also indicates that the negative slew rate is substantially faster than the positive
slew rate with this compensation. The reason for the nonsymmetryis that with feedforward
compensation, the slew rate of the ampli�er is limited by the current available to charge the
node at the output of the second stage (the collector ofQ10 in Figure 10.19). The current to
charge this node in a negative direction is derived fromQ10, and relatively large currents are
possible from this device. Conversely, positive slew rate is established by the relatively lower
bias currents available. The way to improve symmetry is to increase the collector bias current
of Q10. While this increase could be accomplished with an external current source applied via
a compensation terminal, a simpler method is available becauseof the relationship between
the voltage at the collector ofQ10 and the output voltage of the ampli�er. Level shifting
in the bu�er stage raises the output voltage one diode potential above the collector voltage
of Q10 in the absence of load. If a resistor is connected between the ampli�er output and
the compensation terminal at the output of second stage, the resistor will act like a current
source because the voltage across it is \bootstrapped" by the bu�er ampli�er. Furthermore,

8G. J. Thaler and M. P. Pastel, Analysis and Design of Nonlinear Feedback Control Systems, McGraw-Hill,
New York, 1962, pp. 221-225.
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the level shift in the bu�er is of the correct polarity to improve slew-rate symmetry when
the resistor is used.

The square-wave response of Figure 13.49c illustrates the performance of the inverter
with feedforward compensation when a 1-k
 resistor is connected from the ampli�er out-
put to the collector side of the second stage. The positive-goingslew rate is increased to
approximately 20 volts per microsecond. Furthermore, the overload recovery characteristics
improve, probably as a result of better second-stage dynamics at higher bias currents. The
response to a 400-kHz triangle wave with feedforward compensation and increased bias cur-
rent is illustrated in Figure 13.49d. This signal is reasonably free of distortion and has a
slew rate of 16 volts per microsecond.

While the method of combining feedforward compensation withincreased operating levels
is not necessarily recommended for routing use, it does illustrate the 
exibility that often
accompanies the availability of external compensating terminals. In this case, it is possible to
raise the dynamic performance of an inexpensive, general-purpose integrated-circuit ampli�er
to levels usually associated with more specialized wideband units by means of appropriate
connections to the compensating terminals.

13.3.8 Summary

The material presented earlier in this section has given some indication of the power and
versatility associated with the use of minor-loop compensation for two-stage operational
ampli�ers. We should recognize that the relative merits of various forms of open-loop transfer
functions remain the same regardless of details speci�c to a particular feedback system. For
example, tachometric feedback is often used around a motor-ampli�er combination to form
a minor loop included as part of a servomechanism. This type of compensation is entirely
analogous to using a minor-loop feedback capacitor for one-pole compensation. Similarly, if a
tachometer is followed with a high-pass network, two-pole minor-loop compensation results.
It should also be noted that in many cases transfer functions similar to those obtained with
minor-loop compensation can be generated via forward-path compensation.

While the compensation networks have been illustrated in connections that use rela-
tively simple major-loop feedback networks, this limitationis unnecessary. There are many
sophisticated systems that use operational ampli�ers to providegain and to generate com-
pensating transfer functions for other complex elements. The necessary transfer functions
can often be realized either with major-loop feedback around the operational ampli�er, or
by compensating the ampli�er to have an open-loop transfer function of the required form.
The former approach results in somewhat more stable transfer functions since it is relatively
less in
uenced by ampli�er parameters, while the latter oftenrequires fewer components,
particularly when a di�erential-input connection is necessary.

It is emphasized that a fair amount of experience with a particular ampli�er is required to
obtain the maximum performance from it in demanding applications. Quantities such as the
upper limit to crossover frequency for reliably stable operation and the uncompensated open-
loop transfer function are best determined experimentally. Furthermore, many ampli�ers
have peculiarities that, once understood, can be exploited to enhance performance. The
feedforward connection used with the LM101A is an example. Another example is that
the performance of certain ampli�ers is enhanced when the compensating network (or some
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Figure 13.49: Slew rate of inverter with feed-forward compensation. (a) Triangle-wave in-
put. ( b) Square-wave input. (c) Square-wave input with increased second-stage bias current.
(d) Triangle-wave input with increased second-stage current.
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Figure 13.49: Continued.
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Table 13.1: Implementation and E�ects of Various Types of Compensation

portion of the compensation) is connected to the output of thecomplete ampli�er rather than
to the output of the high-gain stage because e�ects of loading by the network are reduced
and because more of the ampli�er is included inside the minor loop. The time a system
designer spends understanding the subtleties of a particular ampli�er is well rewarded in
terms of the performance that he can obtain from the device.

Important features of the various types of compensation discussed in this section are sum-
marized in Table 13.1. This table indicates the open-loop transfer functions obtained with
the di�erent compensations. The solid lines represent regions where the transfer function is
controlled by the compensating network, while dotted lines are used when uncompensated
ampli�er characteristics dominate. The minor-loop feedback networks used to obtain the
various transfer functions from two-stage ampli�ers are also shown. Comments indicating
relative advantages and disadvantages are included.
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