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Abstract—In a wireless network, a sophisticated algorithm is
required to schedule simultaneous wireless transmissionshile
satisfying interference constraint thattwo neighboring nodes can
not transmit simultaneously. The scheduling algorithm need to be
excellent in performance while being simple and distribute® so
as to be implementable. The result of Tassiulas and Ephremis
(1992) imply that the algorithm, scheduling transmissionsof
nodes in the 'maximum weight independent set’ (MWIS) of
network graph, is throughput optimal. However, algorithmically
the problem of finding MWIS is known to be NP-hard and
hard to approximate. This raises the following questions: $ it
even possible to obtain throughput optimal simple, distrituted
scheduling algorithm? if yes, is it possible to minimize dely of
such an algorithm?

Motivated by these questions, we first provide a distributed
throughput optimal algorithm for any network topology. How -
ever, this algorithm may induce exponentially large delay.To
overcome this, we present an order optimal delay algorithm
for any non-expanding® network topology. Networks deployed
in geographic area, like wireless networks, are likely to beof
this type. Our algorithm is based on a novel distributed gragm
partitioning scheme which may be of interest in its own right
Our algorithm for non-expanding graph takes O(n) total message
exchanges orO(1) message exchanges per node to compute
schedule.
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Wireless networks are becoming architecture of choice
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A. Scheduling in wireless network

We consider an abstract model of wireless network given
by graphG = (V, E) with |V | = n wireless nodes and edges
represented by’. We consider the classical interference model
for multi-access channel which imposes the constraint that
two neighboring nodes can not transmit simultaneously- Sub
sequently, simultaneously transmitting nodes must cpared
to independent setf G. When nodes are given weights, the
weight of an independent set is the summation of weights of
nodes in the independent set.

Based on results of Tassiulas and Ephremides [2] and
optimization formulation of resource allocation, a thrbug
put optimal algorithm for resource allocation and schedyli
is equivalent to finding ‘maximum weight independent set’
(MWIS) in G every time, where weight is function of queue-
size and other network parameters. We refer interesteeread
to a recent survey by Lin, Shroff and Srikant [1] where a
detailed account of this development is given for wireless
network withnode-exclusiventerference model (aka matching

aconstraints).

B. Previous work

We present a brief summary of previous work on network
scheduling algorithms. The result by Tassiulas and Epldesni
E] established that ‘max-weight scheduling’ policy isdbgh-

ad-hoc networks and metro-area networks or mesh-networkgt optimal for a large class of scheduling problems. This

The tasks of resource allocation and scheduling are eabserfgsult has been very influential in design of scheduling -algo
for good network utilization. Wireless medium being multitithms since then. Application to input-queued switchebstte
access makes algorithm design for such network intringicah excellent development of theory and practice of algorith
different and more challenging than its wireline counteky scheduling under matching constraints: notably, tiselte

part. Further, wireless architecture requires that algpribe
distributed and simple.

of [3]-[9]. A recent interest in wireless network has led to
proposal of distributed scheduling algorithms under matgh

Despite these challenges, there has been an exciting ree@straints [10]-[13]. Most of these algorithms, based on
progress based on optimization frame-work to characterigfding maximal matching, guarantee only a constant fractio
good resource allocation algorithm that combine resourgethroughput. Recently, Modiano, Shah and Zussman [14] ex-
allocation and scheduling (see [1], for example). Howevaiibited a throughput optimal distributed scheduling aition
these solutions either assume availability of good schegul with matching constraints. This algorithm, as discussedn
algorithm or use of imperfect scheduling (which will lead t@asily extends to provide throughput optimal algorithm for

poor performance). In this paper, we are interested in desigesource allocation and scheduling problem under matching
ing simple to implement, distributed and high-performancgnstraints.

scheduling algorithms.

1in this paper, by distributed we mean that algorithm opegatit nodes of
the network can only utilize local topological information

2Weight is an appropriate function of queue-sizes and plyssither
network parameters.

3See section IV for precise definition of the non-expandinapbr

Apart from matching constraints, other scheduling con-
straints have received limited attention primarily duertbar-
ent hardness of the other constraints. For example, Sharma,
Mazumdar and Shroff [15] identify that max-weight schedul-
ing with K —hop matching constraint becomes an instance
of computationally hard combinatorial optimization preioi.



They provide a centralized throughput optimal algorithm fo(3) (Absence-of-thick-boundafyffor any e > 0, there exists
unit disk graphs based on work by Hunt et. al. [16]. However, constant{(e) such that
hardness of the max. wt. problem does not imply non-exigtenc oe)
of throughput optimal algorithm. Specifically, in this papes N2
provide throughput optimalistributedalgorithm (ALco ) for {Z foi)
hard independent set constraint (it will naturally extendhe =t
K-hop matching model of [15] as well). Example 1.Consider a,/n x \/n grid graph ofn nodes in
C. Contribution two-dimension. Then, foD = D¢ it is non-expanding as we
have f, (i) = ©(i) (with £(g) = O(1/¢)).

xample 2:Suppose there are infinitely many nodes placed
in a plane (or even three dimension) so that for safhe-

<eF;(l(e)).

The maximum weight independent set (MWIS) algorith
is throughput optimal for our setup. However, finding MWI

's NP-hard [17] and hard to approximate withirf ~o() 0, (a) nodes are connected to each other if they are within
O(VIog B) is rai '
(B/2 for degreels graph) factor [6]. This raises adistanceR of each other, and (b) number of nodes in any disc

challenging question: is it even possible to have any thneug . )
put optimal, polynomial (inn) time distributed algorithm? if of radiusa? is bounded above by and below byl where

yes, how does it’'s delay scale ? more generally, is it poessitﬁ € (0,1/2), 7 > 1 are constants. Now consider any square of

to have both throughput and delay optimal polynomial tim%'de'lengthN in plane. LetG be the graph formed by nodes

distributed algorithm for practical network topology? Awet W'th'.n this square. Such a grgph captures the characeevisti
; N . ._. of wireless network deployed in practice.

main contribution of this paper, we answer these tantaizin

guestions in affirmative. Lemma 1 The graphG, with respect toD = d/R whered
First, we exhibit a distributed throughput optimal schéuiyll is the Euclidian distance, is non-expanding.

algorithm that take®)(n?) total operations to compute sched-

ule (section Il). By computing schedule oncedn?) time, Proof: We need to show with respect to the mettic=

; : : d/R, graphG has the desired properties (0)-(3). Consider any
th t t £(1). Suchl hedul th hput
e cost per time i)(1). Suchlazy schedule is throughpu two nodesu,v € V. If Dg(u,v) = oo, then (0) is trivially

optimal. That is, it is not difficult to have stable schedglin™"" _ :

algorithm even when scheduling constraints are very haffisied sinceD(u,v) = d(u,v)/R < co for all u,v lying

However, this algorithm is likely to induce exponentialiyge " & Square of sideV. If De(u,v) < oo, since each edge

(in n) delay. This suggests that the complexity of algorith _nder the property (a), is at most of lengih the Euclidian

trades off with delay rather than throughput. Istance be_tween,vz d(u, v). can be at_ mostDe (u, v) (by
Next, we present a delay (order) optimal scheduling algtandard triangular inequality of metric). That B(u, v) =

rithm that essentially finds excellent approximation to M8VI d(u,v)/R < De(u, 1_’)' o .

in O(n) operations in total orO(1) operations per node To prove properties (1)-(3), it is sufficient to show that for

for ‘practical networks’ modeled as non-expanding grapf?é‘y” ev,

(section V). The algoriFhm is_ di_stributed and sir.n.ple_. It i§ fo(i) = {w : D(v,w) € (i — 1,4} = O(i),

based on a new randomized distributed graph partitionirly wi

certain properties. Next, we provide definition and examplégnoring boundary effect for large Now, D(v, w) € (i—1, ]

of non-expanding graph without making them mysterious fé$ equivalent tod(v,w) € (R(i — 1), R]. For anyv € V,

reader till later in the papér this corresponds to nodes that lie in certain (at least qoart

Non-expanding graph&iven a graptG = (V, E), letD : Vx  ring of width R and area©(Ri). This region contain® (i)

V — R be a metric on nodes 6f. A special metric induced completes discs of radiusR for any o < 1/2. Therefore, we

by G is the shortest-path distance metdeg : V x V — R, havef,(i) = Q(i). For similar reasons, we hayg(i) = O(i).

where D¢ (u,v) is the length of shortest path connectingy  That is, f,,(i) = ©(¢). This completes the proof of the claim

(oo if u,v are not connected). With respect to a given metriand Lemma 1. u
D (not necessarilyD¢), for a given vertexo € G andi € N, Remark: Finally, some remarks on our results: (a) We con-
let f,(i) = {w € V :i—1< D(v,w) < i}|,and F,(i) = sider the single-hop model. However, it should be clear to an
{w eV :D(v,w) <i}| =37 fuld): informed reader that exactly the same algorithms with offié

weights will provide desiretbptimal performance: weights
being “difference of queue-sizes” under multi-hop model of
[2] and weights being appropriate Lagrange parameters for
resource allocation in multi-hop network as explained ih [1

) (b) The independent set constraint is general enough abstra
(1) (Bounded_ nelghborsﬂ(l).g A for ‘,"‘" ve v. model to capture any combinatorial scheduling constraint.
(2) (Polynomial-growth) F',(3i) < BF, (i) ¥ i. Thus, our results should extend to a large class of schaglulin
“Alternatively, reader may skip this definition and come backit on Problem. For example, a natural adaptation afGé | for

reaching section IV.
5The condition immediately implies tha, (k) < k'°23 8. Hence the name  The condition says that no *boundary’ formed by nodes at iquéar
polynomial-growth. distance should have most of the nodes till radge).

Definition 1 A graphG is said to be “non-expanding” if there

exists a metricD : V x V — R, constantsA, 3 such that

(0) (Contracting) D < Dg, i.e. D(u,v) < Dg(u,v),
vV (u,v) e VxV.



K-hop matching model will provide distributed throughput In [2], it was shown that a ‘maximum weight independent
optimal algorithm (thus, answering the question implicitlset’ scheduling algorithm is stable for all € Co(Z), where
raised in [15]). (c) We note conceptual similarity oftdo the schedule or independent 9é{7) chosen at timer is

Il with that of [16]. However, inherently the algorithm of I*(7) = arg max(I, Q(r — 1))

[16] is centralized (uses dynamic programing and centdliz Iez V'’ ’

graph partition) while ours is distributed. with notation that(A, B) = 3", _,, A, B,. Such an algorithm

will be called to provide 100% throughput or through optimal

_ As discussed before, finding max. wt. independent set can
As before, let = (V, E) be the undirected network graphpe computationally hard. In the rest of the paper, we will

with [V| = n. Let N(v) = {u € V : (u,v) € E} denote pe interested in designing scheduling algorithms that @e:

the set of all neighbors of € V. The time is assumed to stable, (b) induce low average queue-size (equivalenthy lo

be slotted andr € Z, denote the time. Each nodec V' gejay due to Little’s Law) and (c) simple and distributed.
is capable of wireless transmission at unit rate to any of its

neighbor. We ignore the power control for simplicity but ad- Relation to other models

reader may notice, it can be easily included in the model. The above described model ignores the multi-hop setup.
At each node, packets (of unit size) are arriving accordirigowever, we have done so to keep exposition simple. The
to an external arrival process. Let(r) = [A,(7)] denote scheduling algorithm of interest with the independent get i
the cumulative arrival process until timec Z,, i.e. A,(7) terference constraint remain the same as max. wt. independe
be the total number of packet arrived at nadén the time set with weights being some-what different. To explain,this

II. NOTATIONS AND MODEL

interval [0, 7]; A(T) = 0. Let A, (1) = A, (1) — A, (7 — 1) be we give example of two such well-known scenarios as follows.
the number of packets arriving at noden time slot7. We
assume that at most one packet can arrive at a noiea
time slot, i.e.A,(7) € {0,1}. Finally, we assume that,(-)

1. Multi-hop queuing networkThis was considered in [2].
For given networkG, let S be set of data-flows with arrival
are Bernoulli i.i.d. random variable withr( A, (1) = 1) = A,. rate), for flow s € S. Let f,, d, denote source and destination

node respective for flow € S. The routing is assumed to be

Let A = [X\,] denote the arrival rate vector. d ed in th K dif h h
For simplicity and ease of explanation, we assume thige-determined in the network. #fpasses t rough € V" then

network is a single-hdp i.e. data arriving at a nodeis to be let h(?’,s)de Vddenote ljtsfgef hop unlezs: ds in Which
sent to one of its neighbors. L€, (7) denote the queue-size atc??le Its data departs. rou. De;.Q”(T) enote queue-size
nodev at timer with Q(7) = [Q.(7)]. We assume the system?®' 1OW s at nodev at timer. Define

starts empty, i.eQ(0) = 0. Let D(r) = [D,(r)] denotes the W (7) { Qus(T) = Qnu,s)s(1) i v F#dy
vs O

cumulative departure process fro@(); D(7) = [D,(7)] if v =d,.

denote the number of departures in time slofThen, DefineW, (1) = max,cs W () andW (7) = [W,(7)]. Then
_ 1 D) — A 3 the throughput optimal (stable) algorithm of [2] choogéér)
= 0)+ A(t) —D(r) = A(r) — D

Q) Q(0) + A(r) ) ™) ™) as the schedule which is a max. wt. independent set with

= Q=1 +A(7) - D(r). @) respect tow (r — 1), i.e.

Departure happens according to the scheduling algorithm I*(7) = argmax(I, W(r — 1)).

IeT

which need to satisfy interference constraint that no two
neighboring nodes are transmitting data in the same tinte slo
To this end, letZ denote the set of all independent setCaf
Then, at each time the scheduling algorithm schedules no
of an independent set € 7 to transmit packets. In what
follows, we will denote independent sétas vector] = [I,,]
with I, € {0,1} and I, = 1 indicates that node is in I.

We say that a system istable for given A\ under the
particular scheduling policy if

2. Joint resource allocation & schedulindn [1], it is
yeLY well-explained that the problem of congestion control
and scheduling decomposes into weakly coupled two sub-
problems: (i) congestion control, and (ii) scheduling. We d
scribe the link-level scheduling problem. We urge an irgtré
reader to go through [1] for details. The setup of the problem
is same as in examplé described above with difference
that routing is not pre-determined. The coupling of conges-
lim sup E[Q,(7)] < oo, VveW. tion control and scheduling happens via Lagrange multiplie
To0 a(7) = [ge(7)]ec - With the interference model of this paper,
From [2], it is clear that the set of aN for which there exists the scheduling problem boils down to selection of max. wt.
a scheduling policy so that the system is stable is given imdependent sef*(r) with respect to weightV(r — 1) =
A = Co(Z), where Co(Z) is the convex hull ofZ in R". [W,(r —1)], whereW, (7 — 1) = maX,.c—(u,v)cp ¢e(T — 1).
Hence, we callCo(Z) the throughput regiorof the system. We re-iterate that due to our interest in algorithm design fo
the max. wt. independent set, we will restrict our discussio
'The model ignores multi-hop situation. However, as exgidinn [2], the simple model described earlier in this paper. However,
the scheduling algorithm remains maximum weight indepehdset with . . .
it should be clear that our algorithms apply in more general

weights being “difference of queue-sizes”. Similarly, e tcontext of resource
allocation as explained in [1], the weights are based onfaage multipliers”. setup.



B. Technical preliminaries Before we establish that algorithm is stable (or throughput

We present useful technical preliminaries here. Conside°Rtimal), we will describe the sub-routines\RDOM, APRX-
discrete time Markov chain on countable state spiieceN¥  CNT and their properties useful in the analysis.
for some finite_integ_eM. Let X (7) denote the random statep RanpoMm
of Markov chain at timer € Z,. Let X(0) = 0 (can be any
arbitrary good state). Lek : S — [0,00) and f : S — [0, 00)
be any non-negative valued functions wif{0) = 0. The RANDOM
following is a well-known result and can be found in book by o Each nodev € V chooses, = 0 or 1 with probability

Meyn and Tweedie [19]. .
1/2 independently.
Proposition 1 Let Markov chain be aperiod and irreducible. o If node v finds anyu € A(v) such thatl, = 1, it

The algorithm RNDOM is described as follows.

Let there exists a closed and bounded etz S such that immediately setd, = 0.
Markov chain satisfies the following conditiovi: € Z, o Now, output! = [I,] as a sampled independent set.
BIL(X(r+ D)IX(7)] < LX(7) = J(X () + Blix(mecy Proof: [Property P1] Since each node selects or 1
with B > 0 a constantsup,.c L(z) < cc. Then, independently with probabilityl /2, each one of the" as-
(a) Markov chain is recurrent with unique stationary distri-signment of{0,1}"™ is equally likely (i.e. probability2—").
bution 7 = [r(z)]zes such that Each independent set corresponds to one the assignment in
{0,1}". As part of the algorithm, if random node assignment
w(f) = Zw(x)f(z) < 00 is by itself an independent set, then the final output is this
v€s independent set. Thus, each independent set has aRleast
(b) Further, probability of being selected.
Jim E[f(X(7)] — 7(f). Now, the number of operations done by algorithm are

Simil It (also k F R di random coin tosses and at masE| operations for nodes to

imifar resgt (also known as °Stef.3 criteria) is use OBM heck values of their neighbors. These are all extremelpleim

of the previous vyork to prove stability and obtain bound Ofistributed operations and total aB|E| +n). For any graph

average queue-size. |E| = O(n?). Hence, it isO(n?). n
I1l. DISTRIBUTED STABLE ALGORITHM B. APRX-CNT and its properties

q we 3eicr|t;§ a |S|rr_1rphle alnd _d;]strlbuted Stablz. algbontr;jm,.rhe purpose of algorithm is to compute summation of node
egote Y RGO ' ed igorltcm usgsh t\go ¢ IITm _ute weights (approximately) for given independent set. A ukefu
sub-routines, RNDOM an RX-CNT, with the following property of this algorithm is that all nodes obtain the same

properties, explained Ia’Fer in this section: o estimate and hence allows for distributed decision ircA .
P1. RANDOM samples independent sets of gra@hin dis- Now, some useful probabilistic facts:

tributed manner so that each independent set has gst
sampled with probability at leas2—". It takes total '
O(|E| +n) < O(n?) distributed operations for an.

P2. APRX-CNT(e) takes given independent set and node
weights TV and produces an estimate of = (I, W),

Let Xi,..., X be independent random variables with
exponential distribution and parametess. . ., ;. Then,
X. = min<;<; X; has exponential distribution with
parametelziz1 T

. N X . F2. LetYy,...,Y,, be independent exponential random vari-
say, So thati € ((1—6)101?1 (1+€)wr) with probability ables with parameter. Let S, = = > ;. Then, for
at leastl — 3™ in total O(n”) distributed operations for m et
7€ (0,1/2)
any G.
ALGO | Pr(Sy, ¢ (1—v)r ', (1+7)r ") <2exp(—*m/2).

. .. The F1 is well-known about exponential distribution; tfe&
o LetI(r) beindependent set schedule chosen by algorltr1"E§|Iows from Cramer’'s Theorem [20] about large deviation

at t'.meT' estimation for exponential distribution.
o Attime 7+ 1, choosel(r + 1) as follows:

_ _ Given an independent set = [I,] and node weights
— Generate a random independent B¢t + 1) using 17 = [11/,], F1 and F2 can be used to compute this weight
RANDOM. approximately as follows: each nodes V' draws an indepen-

— Obtain esimatesi;, wr of weights ofI(7), R(7 +  dent exponential random variable with paramdtér (nodes
1) with respect toQ(r) respectively using ARX- with W, = 0 or I, = 0 do not participate); then they compute

CNT(e/8). minimum, say X, of these random numbers in distributed
— If wg > %wzy then set/(7 + 1) = R(T +1).  fashion by iteratively asking their neighbors for theiriesttes
Else, setl (7 + 1) = I(1). of minimum. Nodes should terminate this process afi¢n)
o Repeat the above algorithm every time. transmissions. Repeat this far times to obtain minimums

X, (i),1 <i<m.




Now setS,, = = > X, (i) and declareZ,, = 1/S,, as From queueing dynamics 1,
an estimate of weight of independent set, {£.W). B
Now, given small enough it follows from F1, F2 that by Lr+1) = L(r)
=(Q(T+1),Q(r +1)) = (Q(7), Q(7))

selectingm = O(e~2n), we obtain estimate of weight of an
independent set, say(I) such that = Z(Q”(T +1) = Qu(T)(Qu(T + 1) 4+ Qu(7))

Pr(a(I) ¢ (1—e)(I,W), (1 +e)(I,W))) <

37".(2) (5)

Computation of a single minimum over the network can be
done in a distributed manner in many ways. We skip the details
here in interest of space. However, we refer an interested
reader to see [21] for interesting account on such algosthm ) )
The minimum computation takes totél(n?) exchanges or We Will use the following facts: for altr, (1) Qu(7) Dy (7 +

=D A (T+1)(2Qu(7) + Ay(r + 1))

=D AT +1) +2Qu(T)A (7 + 1).

O(n) per node. This provides properB2.

C. ALGO |: stability and complexity
Complexity. The algorithm AGo |

P1 and P2 imply that these two algorithms také(n?) and
O(n?) total (network-wide) operations for fixed. Thus,

algorithm ALco | performsO(n?) net operations to compute
a schedule. The complexity burden can be reduced by making

the algorithmlazy as follows: find schedule every time-

steps and use the same schedule for in betweefl thgeps.

uses two sub-routines,
RANDOM and APRX-CNT at every time-slot. Properties

1) = Qu(r),(T + 1), (2) A%(r + 1) < 1. By telescopic
summation of (5) forr = 7, ..., 7x+1 — 1, we obtain

Tk+] —1

L(mip1) = L(m) < nT+2 Y (Q(r),A(r +1))(6)

T=Tk
Since arrival process is Bernoulli i.i.d. with rate vectqr
E[L(Tkt1) = L(7)|Q(7)]

Tk+1—1

<nl+2 Y E(Q().A - I(r +1)|Q(m)).

T=Tk

()

As long asT is finite, the algorithm remains stable and th%e know thath € (1 — &)Co(Z), i.e

average queue-size increases onlyiy.T'). Thus, by choice
of T = ©(n?), the same conclusion as in Theorem 2 can be
obtained with amortized cost @¥(1) operation per time-step.

Stability. Now, throughput optimality of Aco I.

Theorem 2 The algorithmALGo | based onRANDOM and
APRX-CNT is stable as long as\ € (1 — e)Co(Z) for any
€ > 0. Further,

lim E[{Q(7), 1)] = O(6").
Proof: At time 7, define Lyapunov function

L(r) = (Q(m),Q(m) = > Qi().

We will study the average drift id.(-) at time-slotsr, = kT
for large enough” (will be 2.2™) so that for\ € (1—¢)Co(Z)

ElL(re)lQ(m)] < L(n) - 25(Qm) 1) + B, (3)
for some large enough (exponentially dependentndnB.
This will immediately imply that
E[L(1e+1)|Q(1x)] < L) — $(Q(7x), 1) + Blig(r;)ecy (4)
for some closed bounded sét, constantB and ¢ > 0.

By Proposition 1 and fact that number of arrivals in a tim
interval of lengthT" is at mostnT", we will obtain the desired

conclusion that

lim sup E[Q,(7)] < oo.

T—00

Next, we proceed towards proving (3). Giv@try) = Q(kT),

we wish to studyL(7i+1) — L(7%): let I(r) be independent

set schedule chosen byLAo | at 7. Define
Ay(t+1)=A,(t+1) = D,(t+1).

)\SZOLJ'IJ', OéjZO, IjEI, ZOLJ'ZI—E.
Define

I*(r) = argmax(Q(r — 1), I), W*(r) = (Q(r —1),I"(7)),
W(r) =(Q(r —1),1(7)), é(r) =W"(r) - W(r).

Now, since at most arrival andn departures can happen in

a time-slot, we havélV*(r + s) — W*(7)| < 2ns for every

7, 5. Above discussions, definitions and some re-arrangement
yields the following.

E[L(mg+1) — L(7)|Q(7%)]

Tr+1—1
<nT+2 Y E[§(r+1)—eW*(r + 1)|Q()]
Ter1—1
<nT +4nT? — eTW*(r) +2 Y E[6(r)|Q()].

(8)

Now, we bound term)_ E[d(7)|Q(7x)]. For this we will
use property of AGo |. Note that so far, the derivation was
independent of algorithm and will be used in proof of Theorem
5 later. To this end, first some useful definition and facts.
Define

7Z = nizn>f1{R(Tk +m)=TI"(r, +m)},

7| = infO{PZ of APRX-CNT does not hold atr,+Z+ 7 }.

m

By P1, we know that
Elmin{Z, T}|Q(n)] < E[Z|Q(r)] = E[Z] < 2"



DefineT = T — min T, Z;,. By P2 and union bound suggestGiven (12), the implication of Proposition 1(b) and (14),

that Z; < T with probability at mostI’3—". Hence, relation between cesaro limit and limit of sequence implies
. . that
E[T|Q(r.)] = E[T] < T?3™™.
lim E(Q(r),1)] = O(6"). (15)
Now, we are ready to bound._E[6(7)|Q(7%)]: let A C [7,+ _ e
1,741] be defined asl = [y + 7, 7, +Z+7Z1]. Let B = [r,4+ This completes the proof of Theorem 2. ]

1,7k+1] — A. On the starting time ofd, the RANDOM picks

the max. wt. ind. set of that time, i.€*(7, + Z). If Z; >0 , .
(i.e. A # (), then by property of RRx-CNT and ALGO |, we The ALco | shows that scheduling problems with hard
will have a'scheduld(m + Z) so that ’ constraint such as independent set can have extremelyesimpl

distributed and stable algorithms. TheL@o | essentially

IV. DISTRIBUTED STABLE ALGORITHM: LOWER DELAY

1—¢/8 W (et Z) ~ (1€ /2)W* (144 2) finds independent set schedule whose average weight at any
11e/8 Tkra) = LmE TkT4) time 7 is (1 — )W*(r) — B, where W*(7) is weight of
max. wt. independent set arigl, is some exponentially large
constant. The stability follows due to small multiplicagiv
approximation loss of — e, but the average queue-size suffers
W(r)>W(r—1)—n. due to large constanB,,. This suggests that we need an
algorithm that has average weight at le@st- &)WW* (7).
Putting above discussion together, some re-arrangement anAs noted earlier, finding approximation to max. wt. inde-
some bounds discussed above gives: pendent set is computationally hard. That is, there exisigly
T instances for which finding such approximation will require
ZIE R()] < onT? + 7W*(Tk). (9) exponential time, unles® = NP. However, the question
TEA is: are graphs arising in practice are of this type ? Next,
For € B, note that the length of3 is upper bounded by we pre;ent algorithm for p_ractical graphs_modeled as non-
min{Z, T} +T. Using the bound on them as discussed abo\%(pandmg to obtain approximate max. wt. ind. set. schedule

and obvious bound(r) < W*(r) we have A. GRAPH-PARTITION and its properties

Z E[6(r)|Q(re)] < 2nT?+ (2" + T23~™)W*(7,)(10) Given a non-expanding gragh (with a metri(?D) ande >
0, let L(e) > 3 be such that for any € V andi < L(e),

W(n+Z) > (

Now, for 7. + Z < 7 € A, due toP2 holding (by definition
of Z1) and ALGo I, we have that

TEB
. 2. € 9
—99n < = .
For T' = 2.2™ andn large enough, it is clear that ig(:e) fo@) < 371 (o 1)? F:(L(e)) (16)
(2" +T237") < 0.1eT. (11) - _
Let N(e) = max, F,(L(e)) and define

Replacing (9)-(11) in (8), we have (&) = [?loge ™! (17)

E[L(1h11) — L(1)|Q(1k)] < (nT + 8nT?) — 0.4eW* (1) b F,(2L(e))

= —22=(Q(1k), 1) + O(5™), (12)The GRAPH-PARTITION algorithm that partitions graph in
good clusters and boundary is described as follows.

GRAPH-PARTITION
Iﬁlﬁ

sinceT = 2.2" and W*(r,) > (Q(7x),1)/n for any graph
G. The (12) is the same as (3), hence we proved the stabi

Next, we prove claim for average queue-sig&Q(7),1)]  (0) Eachv € V becomestluster-centerindependently with

ast — oo. Taking expectation w.r.L)(r) in (12), probability p,.
0.4e N (1) If v becomes a center; sends notifying messages to
E[L(tkt1) = L(7e)] = ———E[{Q(7),1)] + O(5")(13) nodes within distanc&(e) w.r.t. D. This can be imple-

mented distributively by setting clock on message and

Telescopically sum (13) fok = Q, ..., K—1;use factL(-) > spreading it around.
0 and some re-arrangement yields (2) A nodew takes decision as followsw is in boundary if
1 K=l 5N either of the following is true:
7 E[(Q(m),1)] < O (T) (a) w does not receive message from any node at dis-
k=0 tance< L(e) — 1.
Using the fact that forr € (7, 7es1], (Q(7),1) < (b) If w receives messages from two or more vertices,
(Q(k),1) + nT, taking K — oo and above inequality gives say v, ..., vp SO thatD(v;, w) < D(vig1,w) with
us 1<i<k-—1,and|D(vi,w) — D(ve,w)| < 2.
(3) If none of (2)(a)-(2)(b) is satisfied thenis in the cluster
lim sup — ZE - 0@6M). (14) of a nodev that is closet tow among all nodes from

r—o0 T which w has received a message.



at distancdi—1, 7], (i — 1,7+ 2] respectively and no messages
The GRAPH-PARTITION algorithm has the following property. from any other nodes at distaneei — 1. Also define

Lemma 3 Under GRAPH-PARTITION , each nodey € V is pe(w) = max  p,.

in boundary setB with probability at moste. oD SLE)
] o ~ Note that for anyv € V such thatD(v,w) < L(e), we have
Proof: To prove lemma 3, by union bound it is sufficientr, (2L,(e)) > F,,(L(e)). Hence, by definition op, in (17)
to show that the probability of any node € V becoming e have

boundary due to condition (2)(a) and (2)(b) is bounded above loge!
by £ each. Before proving these bounds, we note that the size pe(w) < Ll (22)
of a cluster centered at a nodas at mostN (e). Hence, each w(L(e))
cluster has size at mo{(e). Pr(w € B due to (2)(b)
Prob. of w in B under 2(a). This event happens when no L)t
nodev with D(v, w) < L(e) — 1 has become center. Call this = > Pr(Ei(w)) + Pr(Fi(w)) + Pr(Gi(w))
eventG(w). Then, =1
(a) L(e)—1 f (Z) L(e)—2
pcw) - [ (-p) 2 (M) X s+ i
v:D(v,w)<L(e)—1 i=1 i=1
L(e)-3
S exp (_ Z pv> , (18) + . fw(l)fw(l + Q)Pz(w)
v:D(v,w)<L(e)—1 =1
(b) L(e)
where the last inequality uses fadt.— z < e™*, Va > 0. < pi(w) (3 Z fi(i))
Now, for anyv such thatD (v, w) < L(e), i=1
F,(2L(e)) < Fu(3L(e)) < BF, (L(e), © P e P e
where we used property of non-expandifig From this, we (22)
have ) . Some justification: (a) follows by simple counting; (b) foMs
Z by = Z ploge from the fact thatf, (i) f,(i + 1) < 0.5(f,(4)? + f,(i + 1)?),
e iDL 1 Lo (2L(E) Fo(i) fu(i+2) < 0.5(f(0)*+u(i+2)?) ; (c) follows from (16)
and (d) follows from (21). Now, the (20) and (22) completes
— loge! Z 32 the proof of Lemma 3. [ ]
0:D(v,w)<L(e)—1 Fy(2L(e)) | Lemma 4 Under GRAPH-PARTITION algorithm, each clus-
) ter is of size at mostV(e). Further, nodes that belong to
> loge! ( Z g ) different clusters are not connected to each otheGin
v:D(v,w)<L(e)-1 BFu (L)) Proof: As explained in (3) of ®APH-PARTITION, each
L Fu(L(e) - 1) cluster can be identified by its cluster center. All nodes in a
= floge Fo(L(e)) given cluster must be at distance at mbgt) — 1 from the
> loge 1, (19) cluster center. Hence, by definition the size of any cluser i
- at mostN (e).
where the last inequality follows by noticing that fbte) > 3, Now, contrary to the claim of Lemma suppose there are two
3(L(e) — 1) > L(e) and hence non-emtpy clusters or partitior§ and.S,, with centers); and

vy respectively, such that there are nodes S; andw € S,

Blw(L(e) —1) 2 Fu(3(L(e) — 1)) = Fu(L(e)). such thatu andw are connected i, i.e. Dg(u, w) = 1. By

Rep|acing (19) in (18), we have definition of D, D(u,w) < Dg(u,w) = 1. Sinceu and w
. are not part of boundary, we have thatu,v;) < L(e) — 1,
Pr(Gy) < exp(—loge ") =e. (20)  D(w,vs) < L(e) — 1. Therefore,

Prob. of w in B under 2(b). For this consider the following D(u, v2) < D(u,w) + D(w, v2) < L(e).

events: (i)E;(w), the event thatv receives message from twoSimilarly, D(w,v;) < L(e). Thus, v and w must have
nodes at distancé — 1,:] and no messages from nodes atceived messages from bath andv,. Now
distance< i —1; (ii) F;(w), the event thatv receives message

= : ; < = .
from two nodes at distances {n— 1,1, (i, + 1] respectively D(u,v2) < D, w) + D{w, v2) = 14 D(w, vs)
and no messages from any other nodes at distagncel; and Similarly,
(i) H;(w), the event thaty receives message from two nodes D(w,v1) <1+ D(u,vy).



Recall that, by (3) of GAPH-PARTITION , it must be that
D(u,v1) < D(u,v2) and D(w,vs) < D(w,v1). Therefore, S 52 =
we obtain that

|D(u,v2) — D(u,v1)| < 2.

Sq Sy Se ~— BoundaryB
But this will imply that « should be in boundary according
to 2(b) of GRAPH-PARTITION. This is a contradiction. That
is, it is not possible to have nodes in two difference clisster s ) ;
that are neighbor of each other. This completes the proof of : °
Lemma 4. ]
Graph

B. AlgorithmALGo Il

Now, we present a randomized algorithm that essentialyy. 1. An example of @aPH-PaRTITION and ALGO I for grid-style graph.
finds an ind. set with average weigft — €)W*(7) in total The figure shows an idealized execution of the algorithm.
O(n) message exchanges for angn-expandingraph.

The basic idea behind algorithm is as follows: given parti-
tion of nodes ofl’ by GRAPH-PARTITION into disjoint sets for any such graph in a distributed manner, and static partit
Si,...,Sk each of sizeO(1) and boundary seB so that does not work. Our algorithm XG0 Il overcomes this non-
S; form connected components 6f (i.e. no two vertices in triviality in a simple and elegant manner as explained later
different S;s are connected to each other), separated by nod¥ext, we state the main theorem about performancela @
in B. We find exact max. wt. independent set, $ayrestricted 1l-
to each ofS, using essentially AGo | multiple (constant)
times. Then, form an independent setlas- UI?, i.e. set alll
nodes inB to 0. The I is a valid independent set i@. Now,
if sum of weights of nodes i is small compared the weight
of I, thenI is a good approximation of max. wt. independent lim E[(Q(7),1)] = O(n),
set. This is guaranteed by Lemmas 3 and 4. T

Theorem 5 Given non-expanding grapld:, the algorithm
ALGO Il is stable as long as\ € (1 — d(e))Co(Z) for any
small enougte > 0 and

whered(e) = 4e(A+2). This average queue-size is order op-

Atcoll timal, i.e. there exista € (1 —¢&)Co(Z) for non-expandingG
(0) At each timer, algorithm performs steps (1)-(3). such that for any algorithm
(1) Givene > 0, partition the graph into®(n) clusters S
Siy...,8em, ¢ € (0,1) and boundary setB using lim inf 1 Z]E[<Q(S)v 1)] = Q(n).
GRAPH-PARTITION. EachsS; hasN;(g) nodes, which is Too T =

at mostN (e).
o each node knows whether it is in a cluster orBn
(2) Each clustesS; do: fork =1,...,2.5N(®)
(o) Initially, setk =1 and I*(0) = 0 (i.e. empty set). C. ALGO Il : Complexity, Stability and Delay
(a) Generate a random independent $&t(k) using
RANDOM.

Further, ALGO Il takesO(n) total operations with constant
dependent om.

Complexity. The algorithm AGo Il uses QRAPH-

X _ ) . _ PARTITION, RANDOM and APRX-CNT. The algorithm

(b) Find ~weight estimate wi(k),wi(k — 1) 0f Gpapy pPaRTITION takesO(n) distributed operations since
Rl(k)_,ll(k—l) using _APRX'CNT(e/s)' _ message generated by each node can traverse at most

(c) Setl'(k) = R'(k) if wy(k) > (ii?i) wi(k—1);  O(N2(e)) times. The Aco Il calls RANDOM and APRX-
elsel*(k) = I'(k — 1). CNT for O(2.5V(®)) times for each of theéd(n) partitions.

(d) Setk = k + 1 and repeat (a)-(c) tilk = 2.5V:(5), But since each partition is of size at moat(e), the net
When k = 2.5V:(€) call I(k) asI'(r) (with abuse operation done by RvDOM and APRx-CNT for each

of notation). partition is constant (dependent dvi(e)). Subsequently, the
(3) Declare schedule at time, I(7) = UI‘(7), i.e. nodes total operations performed bywuso Il is O(n) with constant
use their distributively learnt assignment. dependent ot.

Stability and Delay. These properties are stated in Theorem

Remark. The Figure 1 shows an idealized execution of \yhich essentially uses Lemma 6 (proved in [18]). Lét)
GRAPH-PARTITION with 9 partitions and line-boundaries forpe schedule chosen byL&o Il at time 7, and the max. wt.

grip-style graph. Solving the max weight independent Sﬂdependent set bé* (1), i.e. I*(r) = argmaxsez(Q(T —

problem in each of these partitions separately and usirﬂg I(7)). Let W(r) = (Q(r — 1), I(r)), and letW*(r) =
them as a solution for the whole graph can give a 90({@2’(7— 1), I*(1)). ’

approximation. However, such partitions are not easy taiobt



Lemma 6 For non-expanding grapld: with maximum vertex in .S; at a given timer (i.e. Q(7) remains the same unlike in

degreeA, for any timer, E[W(7)] > (1 — 0.56(e))W*(r), ALGO | where it changes between two iterations). The prop-

where expectation is with respect to randomness of the algoty P1 of RANDOM suggests at least once in thesg!V:(e)

rithm GRAPH-PARTITION. iteration, it will sample thel™*(7) with probability at least
1 — O(exp(—1.25Ni(#))), which is at leastl — 0.1¢ for large
enoughh; (). Now, by P2 of APRX-CNT, the weight of the
schedule retained till the end af5":(¢) iterations is at least
(1— )W*(r) with probability at leastl — O ((%)Nf‘e)),

t which is at leastt —0.1¢ for large enoughV;(e) or by proper

gchoice of parametets Hence, using union bound we obtain
that

Proof: As per Lemma 4, @APH-PARTITION divides
graph into partitions (clustersyy, ..., Sen,¢ € (0,1) and
boundaryB. These have property : i € S;,v € §; with
j # i, then (u,v) ¢ E (recall E is edge-set ofG). Now
ALGO Il through RaNDOM and APRX-CNT finds independen
setIi(r) for S; and I(r) = U;I’(7). Given the above state
property, clearlyl(7) is an independent set @f. Let W(r)
be weight of ‘(7). Then,

W(r) =(Q(r = 1),I(r)) = ZWi(T)-

E[Wi(r)] > (1 —€)(1 — 0.2e)W* () > (1 — 2)W"*(7).

Proof: [Theorem 5] In interest of space, we provide a

SUPPOSdi’*(T) be max. wt. ind. set restricted &@; which has  syetch of proof. As in the proof of Theorem 2, consider
verticesS; and edges between nodes$fonly; let 1W** (1) Lyapunov function

be its weight. Now considef*(7) and its restriction taS;.
It is an independent set fak; and hence the weight of that LQ(t) =Q(t)-Q(t) = Z QA (t).
restriction is at most¥**. Using this argument over al; v

and B, we obtain Then, using the fact that € (1 —d(e))Co(Z) and by Lemma

W(r) < WB(r)+ Z Wo*(r), (23) 6, arguments ir_l Th_eorem 2to obta_in (8) with appropriate re-
i arrangement will give us the following:

where W5(7) is the sum of weights of all nodes i, E[L(r+1)— L < ()W (r +1).(28
ie. WB(r) = ¥ ,c5Qu(t — 1). By property of RAPH- (L(r +1) IR = n—oEW(r+1).28)
PARTITION as proved in Lemma 3, we have that each nodeligsing (25) in (28), we obtain

in B with probability at mosRe. Hence,

i(¢)

EWE(r)] < 2e(Q(r —1),1). (24) E[L(r+1) - L(1)[Q(T)] < n-— At 7(Q(7),1)(29)
We quickly remind ourselves that for any graph with maxnvoking Proposition 1 along with (29) implies the stalyilif
vertex degree), the system.

1 To prove bound on average queue-size, we can repeat the

Wr(r) = A—+1<Q(T —-1),1). (25) argument at the end of proof of Theorem 2 to obtain
To see (25), note that any such graph can be vertex colored . B nAY\
by at mostA + 1 colors. Each such color gives rise to an hmTSEEO]EKQ(T)’D] = 0 o)) O(n).

independent set af. The weight of thesé\ + 1 independent . . )
setadds up téQ(r—1),1) = 3, Q,(r—1). Hence, it follows Finally to prove the lower bound, consider the following.
that one of them must be of weight at Ie%(@(r— 1),1), Every packet stays in a queue at least one time-step. Hémce, t
and henceV*(r). time-average of net queue-siZ€)(r), 1) is lower bounded by

Finally, to complete proof of lemma, we will show that (%, 1). For non-expanding grapfi, the degree of each vertex
is bounded byA. So using coloring argument, it follows that

EW(r)] > (1-2)W" (7). (26) for \* = 5751, we haveA* € 0.5Co(Z). But,
Before establishing (26), we will complete the proof of Leenm 1 n
6 based on it. To this end, given (23)-(26), we have (A", 1) = mﬂa 1) = m
EW(r)] = ZE[WZ'(T)] > (1 2¢) [Z Wi,*(T)] Thus, we have established that there is arrival rate for lvhic
i i T—1
> (1—2¢) [W*(r) — ]E[WB(T)]] lim inf — Z]E[(Q(s), 1)] = Q(n).
T—00 T
> (1-2e)(1—2e(A+1)W*(7) s=0
> (1-2e(A+2)W* (7). (27) This completes the proof of Theorem 5. [

_Thus' only thmg the_lt remains to _be established in (26) NOW*8That is, if N;(e) is not large enough, R\DoOm and APRX-CNT can be
in ALGo Il an iteration of ALGO | is repeated2.5Ni(€> times run long enough constant time to obtain desired prob. estna
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