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Abstract— In this paper we study a facility location problem In contrast tosimpler vehicles [5] which can wait at a
for groups of Dubins vehicles, i.e., nonholonomic vehicles single location while they are idle, Dubins vehicles have
that are constrained to move along planar paths of bounded , |giter while they are waiting for targets to appear in
curvature, without reversing direction. Given a compact region - © ~L T LT B AT T e
and a group of Dubins vehicles, the coverage problem is to ) 9 " .q ’
minimize the worst-case traveling time from any vehicle to ay ~ configuration of the vehicles at the appearance of new target
point in the region. Since the vehicles cannot hover, we assie  in terms of Dubins paths, that we will caddiitering patterns
that they fly along static closed curves calledoitering curves. The main contributions of this paper are as follows. First,
The paper presentscircular loitering patterns for a Dubins e stdy the reachable set of Dubins vehicle and charaeteriz

vehicle and for a group of Dubins vehicles that minimize the . . .
worst-case traveling time in sufficiently large regions. Wedo some of its properties that are particularly useful for the

this by establishing an analogy to the disk covering problem  Problem at hand. Most importantly, we introduce a certain
“covering problem” where a circle or a sector with given

|. INTRODUCTION parameters is to be contained in the Dubins reachable set of
) o ) _ ~ minimal time. Second, we characterize optimal circulaf loi
One of the prototypical missions for Uninhabited Aeriakering for a single Dubins vehicle by exploiting the rotati
Vehicles, e.g., in environmental monitoring, securitynat- symmetry of the problem and the simple-connectedness of
itary setting, is wide-area surveillance. A low-altitud@\J  the pubins reachable set. Third, we design efficient circula
in such a mission must provide coverage of a certain regiQgjtering patterns for a single team of multiple Dubins \&@é@i
and investigate events of interest (“targets”) as they feahi 5nq provide a bound on the achievable performance for
themselves. In particular, we are interested in cases inh"’hisufﬁciently large environments. Finally, we consider thse
close-range information is required on targets detected Ry myitiple teams composed of the same number of vehicles.
high-altitude aircraft, spacecraft, or ground spotters} the e propose a computational approach to computing loiter-
UAVs must _pro_ceed to _the location of the detected targets {Ag patterns based on (1) partitioning the environment into
gather on-site information. Voronoi partitions generated by virtual centers, (2) mgvin
Variations of problems falling in this class have beefne virtual centers in such a way as to solve a minimum-
studied in a number of papers in the recent past, e.g., Sgfiius disk-covering problem, and (3) designing efficient
[1], [2], [3], [4]. In these papers, the problem is set up inoitering patterns for each team in its corresponding Voion
such a way that the location of targets is known a prioigg||.
and a strategy is computed that attempts to optimize the The paper is organized as follows. In Section II, we setup
coverage cost of servicing the known targets. Coordinatiale problem and introduce notations that will be used in
algorithms for distributed sensing task were proposed anfle rest of the paper. Section Il carries a discussion on the
analyzed in [5]. A limitation of the results presented in {§] reachable set of the Dubins vehicle. The single vehicle and
the fact that omni-directional or |0ca”y controllable velbs the Sing'e team case are considered in Sections IV and V'
were considered in the problem formulation. Because of thi’%spectively. In Section VI, we consider the multiple unifo
assumption, the results are not applicable to many vehiclgsam case. Finally, we conclude with a few remarks about

of interest, such as aircraft and car-like robots. future work in Section VII.
In [6] we presented the results of our work for design-
ing closed tours through a set of given points for a non- Il. PROBLEM SETUP AND NOTATIONS

holonomic vehicle that is constrained to move along planar |n this section we setup the main problem of the paper
paths of bounded curvature, without reversing directidnisT and review some basic required notationDAibins vehicle
model is also known as the Dubins vehicle in literature [7]is a planar vehicle that is constrained to move along paths
Path planning for groups of Dubins vehicles has gainegf bounded curvature, without reversing direction and main
considerable interest in recent past [8], [9]. taining a constant speed. We will design loitering patterns
for n Dubins vehicle with unlimited sensing range in a
This material is based upon work supported in part by AFOSRR\U compact regionQ c R2. Given a duration > 0, let
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turning radius andy(0) = ~(1). The configuration of the will concentrate ortircular loitering patterns the rationale
Dubins vehice traversing the curve will be denoted by for doing so is that it (simplifies the problem and) allows
g-(t), whereg, (t) = (y(t), ArcTan(v'(t))) € SE(2), where us to provide algorithms and bounds that are independent
SE(2) is the special Euclidean group of dimension 2. Lebf the particular shape of the environment. Furthermore, it
I', = {v | v is a closed Dubins path The loitering curves seems unlikely that UAVs in the field will be able to compute

that are designed in this paper belongltn optimal loitering patterns as their assigned regions caamg
Givenn vehicles, ateam compositiorcan E—Lepresented real time; on the other hand, determining the location of the
as{mi,...,my}, wherem; € NU {0} and [, m; =n, center,and the radius of a circular loitering patterns anelm

whereN is the set of all natural numbers. I8t (n) denote easier tasks.
the set of all such possible team compositions. In particula For a given center € R?, radiusr € R, let Ot (c,7) :
if there are/ < n teams, then the team composition will[0,7] — R? represent a circular curve of radiusvith center

be given by{m1,...,me,0,...,0}. The idea is to partition ¢ with counter-clockwise orientation. Similarly 1€2~ (¢, r)
Q into ¢ sub-regions such that each team is responsible foepresent one with clockwise orientation. Since we will be
one sub-region. Givell teams, letA = (v1,...,v) € Ff) concentrating only on circular curves, with a slight abuke o

be a set of closed Dubins path for the teams. These curvestation, we shall usg, to denote the set the circular curves
will represent thdoitering curvesfor the Dubins vehicle. In with radii greater than or equal g i.e.,

this paper we will be concerned with minimizing the worst n _

case traveling time by thelosestDubins vehicle to any Ly ={0%(e,r) [ 72 p} U{O(e;7) |7 = p}.
arbitrary (unknown) target point iiQ. Since we constrain  Accordingly, define asub-minimumcost associated with

the vehicles to move at constant (unit) speed along thfie given regionQ and team composition/ as:
curves, one can prove by symmetry that the vehicles that

are part of the same team are equally spaced along their 5 = Aig%CDTQ,M (A), (1)
common loitering curve and move in the same direction o ? . _
(i.e., clockwise/counter-clockwise). Therefore, giveregion ~ where the set of loitering curves is now a set of circular
Q and a team compositioh = (my,...,my,0,...,0), A curves with centers at;, ..., c, and radiiry, ..., 7.
completely specifies the loiteringattern We are now ready to formulate the problem statement:
We now define the coverage cost associated with a givépiven n Dubins vehicles with known team composition,
loitering pattern. Lef, : SE(2) x R? — R be the length of design circular loitering patterns that minimize the cost
the shortest Dubins path from initial position and orieiotat function given by eq. (1).
described by an element &E(2) to a pointq € R?, We need to define a few more notations and concepts.
whereR is the set of real numbers argl, is the set of Qonsidgr a point € R? andr_e R, let C(g, r) be the
positive real numbers. Recall that, is continuous almost circle with center at and of radius-. For a region/ C R?,
everywhere [10]. let U?™(c) be the annulus traced by as it rotated through
Definition 2.1 (Coverage cost)Given a regionQ, a team @ 27 angle about the point, i.e.,
compositionM, and a loitering patterm\ = e
P 9P (%) U*"(¢) = Upeu Cle, llg — ).

with durations(71, . .., Ty), define thecoverage cosassoci-
ated with the loitering pattern by Let B.(r) be the closed ball of radius and centered at
c. Given a set of anglesr € [0,27), Aa € [0,2x], let
To,m(A) :=sup min S.(r,o, Acr) be the sector traced by a segment of length
a€Qietl ) 1 . ] r and fixed atc as it rotates from the angle: to the
sup  min L, g, 84_& .q . angle o« + A« in the counter-clockwise direction. With
s€[0, i) I Lhmi) mi this notation, B.(r) = S.(r,0,2r). Let EB.(U) be the

) L minimum ball enclosingU centered at, i.e., EB.(U) =
The coverage cost gives the worst-case traveling time frO@c(Supqu llg — ¢||), where ||.|| represents the Euclidean

any vehicle _to any point in the region._ln the rest of the,orm. Let REB.(U) = sup ey |lg — c|| be the radius of
paper, we will usecoverage cosand costinterchangeably. he enclosing balE B, (7). Since circumball is the smallest
The minimum cost associated with the given reg@rand ot 5| the enclosing balls, we will give it a special notation
team compositionil/ is defined by Accordingly, for the regiori/, let D(U) be the circumball,
R(U) be the circumradius and(U) be the circumcenter of
U. Finally, the symbol € SE(2) will represent the identity
Finally, the minimum cost associated with the given regioﬁlement of theSE(2) group. Spgcmcallyj vv_ﬂl_corregpond
0 is defined as to thaft §tate of the Du_bm_s ve_hmle Where it is p_o_5|t|0ned_at
the origin and its heading is aligned with the positive X axis

TQ*.,M = AigDTQ,M(A)-
P

75" == min 75 ;.
MeM(n) = I1l. REACHABLE SET FOR THEDUBINS VEHICLE
In general, the optimal loitering patterns will have to be In this section we state some properties of the Dubins

computed based on the shape of the regibrHowever, we reachable setwhich shall be useful in the due course of



Next, we introduce a “set covering problem” that will play
a key role in the design of efficient loitering patterns. For
m > 0, define a functiom : R, — R by

1
Am(t) :=max re Ry |Jy > p, a €(0,27) S.t.
(t) + | e [27T|__LI -
8(071}) T,OL,E CRiI(t) .

The functiont — \,,,(t) is the radius of the largest sector
extending an anglé’n% that is centered on th& axis and
away from the point0, p) and can be contained insi@& (¢).

In particular, \;(¢) denotes the radius of the largest disk
centered on th& axis away from(0, p) and contained inside
Ri (t)

Fig. 2. Truncation ofRp (¢) to form R ().

the paper. Givert > 0 and the current configuration of the
Dubins vehicleh € SE(2), let R (t) denote the reachable
set of the Dubins vehicle in timestarting with staté, i.e.,

Ru(t) ={q e R*| L,(h,q) < t}.

Reachable sets for the Dubins vehicle are shown in Fig. 1. Fig. 3. Finding the value\1(5p).
The boundary of the reachable sets consist of arcs of circle

involutes and arcs of epicycloids (for further details cash

families of curves see, e.g., [11]). We shall also uséghtly

truncated version ofR,(t) for sufficiently larget. We will

denote this set by&;{t). For the sake of clarity we explain

the construction ofé;{t) from R, (¢) with the help of Fig. 2

as follows: Consider the axis that is perpendicular to the

heading of the Dubins vehicle. Let this axis intersect the

boundary ofR(t) at P.(t) and Pr(t). Let Pp(t) be the

furthest point that lies exactlpehind the Dubins vehicle.

Let H.(t) be the half-plane generated by the line passing

through P, (t) and Pp(t) that does not contain the origin. Fig. 4. Finding the value\1(7p).
Similarly, let Hz(t) be the half-plane generated by the line
passing throughPr(t) and P (t) that does not contain the
origin. Then7&t) = Ry (t) \ (HL(t) N Hg(t)).

Using the definition of the reachable sets and planar
geometry, one can prove that the following properties hold
true for anyh € SE(2).

(P1) Rn(t) is a monotonic function ir, i.e., Ry(t') C
Rn(t) for ¢’ < t.

There exist constants; € [5.7,5.8] andxs € [6.5,6.6] such

that

(P2) Ry(t) is a simply connected set for atl € Ry \ Fig. 5. Finding the value\4(7p).

[k1p, K2p].
(P3) For allt > kap, Ryft) is star-shapédand the kernél One can show that, at fixed, the functiont — \,,(t) is
of @t) is the set of points that lie on the axis whicha strictly increasing function in. This can also be verified
is perpendicular to the heading direction of the vehicléom Figs. 6 and 7 where we have plottag(t)/p vs. t/p
ath. andXx(t)/p vs.t/p respectively. Hence, the inverse function
AL is also well defined and satisfies

1A region U is called star-shaped if there is a pointC T such that the 1
line segmentub is contained inU for all b 1. Hereab = {ta + (1 — /\7_n1 (r):=min ¢|3Jy>p, a €0,27) S.t.
t)b | t [Q,1]}. We then say thal/ is star-shaped with respect &0 I_:I 9

Z.The kernel of a star-shaped regibhis the set of points from which the 3(0 g o, — C Ri(t) .
entire setU is visible. T m



Fig. 1. Reachable sefR,(t) for the Dubins vehicle fot = 3p, 5p and7p.

For eachm > 0, \,(t) is associated with functions R, . (s (t) for all s € [0,T"). Consider any other point
() ¢’ (not necessarily inQ) such that|¢’ — ¢|| = |l¢ —
o _ c||. By rotational symmetry about the center given any
" s € [0,T), one can always find &’ € [0,7) such that
LP(gO(c,T)(S/)’q/) = LP(gO(c,r)(S)aq)! ie., q/ also belongs
0 Ryo .y (s (7(q)) for all s € [0,7). This implies that
the circle of radius|c — ¢/ and centered at belongs to

v o N @

t

- ._-8 st & Rgmc,r)(s)(T(q)) fgr all s € [0,7T). Taking the union over
all ¢ € Q, one arrives at the lemma. [ |

Fig. 6. Plot of Ax(t)/p vs. t/p. Lemma 4.2:For a regionQ, p > 0, ¢ € R? and radius
rZ=p,

Ag(t)

P - 70,1(O(c,r)) = min{t € Ry |

; Usea C((0,1),lle = qll) € Ri(®)}.

z Proof: Let 751(O(e, 7)) = t*. Lemma 4.1 implies

M that UseoC(c, [lc — ¢||) belongs toR,,, . (s (t*) for all

t". T % s €[0,T). This property when viewed in the reference frame

attached to the Dubins vehicle gives the lemma. [ |

Fig. 7. Plot ofA2(t)/p vs. t/p- Lemma 4.3 (Equivalencefor any regionQ, p > 0, ¢ €

R? and radiusr > p, if 701(O(c,r)) € Ry \ [k1p, K2p),
Om : Ry — Ry and G, : Ry -9, 2m) whighjare defined then i
to satisfy the relatiorS(o 5,1y 7, 08m(t), 2 C Ri(t) for To1(0(ce,7)) = Tip.(0)1(O(c, 7).
all t € Ry. The functionss,, and 3,, can be computed

numerically along with\,,. Proof: Let 7g1(O(c, 7)) = t*. Lemma 4.2 combined

with the simply connectedness property (P2) of the reaehabl

IV. THE SINGLE VEHICLE CASE set implies that a disk of radiusax,co ||c — ¢|| centered at
In this section we concentrate our attention on the casd: ) PeIoNgs 1R, (%) if t* € Ry \ [w1p, rap]. An equiva-
when M = (1), i.e., only one vehicle is assigned the task tGcNt Statement is that for values of time i, \ [k1p, K2p),

service the regio. It is easy to see thafg ,(OF (¢, 7)) = ? is"the small;sw iUCh_ th;‘_tEBc(Q)OC Rg"f”(i) (t_)
70.1(O~ (¢, r)) for any regionQ. Hence, for the rest of the ,Z?r aOS € [0.7), that is, Tgp,(0)1(Ole,r)) = ¢* =
section, we shall omit the explicit mention of the direction 2.1(0(e, 7). u

of rotation for circular curves. We are now ready to state the main result of this section.
Lemma 4.1 (Equivalence by rotationffor a region Q, Theorem 4.4 (An optimal circular loitering)Given a re-
p >0, c € R? and radius- > p, gion Q for whichR(Q) R \[A1(k1p), A1(k2p)], the circle
of radiusd; A;*(R(Q)) with center atC(Q) is an optimal
T0,1(0(c, 1)) = Toen(c),1(O(c, 7). circular loitering curve oveQ. Moreover,
: ; ; i [ N
Proof: For a pointq € Q, deflne the. _func_t|on =71 R(Q)
7(q) = supepo, 1) Lp(9o(e.r)(5),q). This definition im- ' ] (.

plies that7(g) is the minimum¢ such thatg belongs to =T0,1(0(C(Q), 01 A1 (R(Q)) ))-



Proof: We shall consider the case whB{Q) > kap.
The proof for the case wheR(Q) < k1 p follows on similar

Proof: For the sake of this proof we will interpret
70.1(O(c,r)) as the minimum¢ for which Q belongs to

lines. From the definition of\;, R(Q) > kap implies that
min{t € Ry | B(o,)(R(Q)) C Ri(t)} = K2p.

SinceD(Q) is the minimum of all the enclosing balls &,
we also have that

Uje(1,m} Ryoen (s (-1 T (8) Tor all s € [0, Ly with a
slight abuse of notation, for the fixed circular loiteringoe!
O(c,r), define the functionr by 7(¢) = 7;.,(O(c,7)).
This definition implies thatr(q) is the smallestt which
satisfies the property that, given sa € [O,%), there ex-

. ists at least one vehiclg € {1,...,n} such thatqg be-
min{t € Ry | EB(o,n)(REB:(Q)) C Ri(t)} = rap. longs to R, (.+(j—1yz)(t). Consider any other point
The closedness and the simply connectedness property ¢of (not necessarily inQ) such that|¢ — ¢| = |l¢ —

Ri(t) for t > kop implies that
min{t € Ry | C((0,7), REB.(Q)) C Ri(t)} > kap.

This combined with Lemma 4.2 gives us that

c||. By rotational symmetry about the center one can
find j* € {1,...,n} such that L (9o (s + (' —
1)%)5‘]/) = LP(gO(c,r)(S + (.] - 1)%)5‘])! i.e., q/ also
belongs t0Ujc(1,...n}Ryq o (s (-1 ) (£). This implies
that the circle of radiugc — ¢|| and centered at belongs to
Uje(t,..m}R sr(-1TH(t) forall s € [0, L), Taking

70,1(0(c, 7)) o
: O (c,r .
the union over aI)Iq € Q, one arrives at the lemma. =

= min{t € R+ | UQGQC((Oa T‘), ||C—qH) - Rl (t)} > K2p-

Since 7g1(O(c, 7)) > kap, the previous discussion com- Given a set{gi, ..
bined with Lemma 4.3 implies that

.,gn} C SE(2) of n distinct positions
and orientations, th®ubins Voronoi partitiongenerated by

,...,gn} is the collection of set§Vy,...,V,} defined
70.1(0(c,1) = Tpp.(0)1(0(c, 1)) = Tn(a),1(O(C(Q),1)). éil gn} A% }

This proves that the location of the center of rotation for an
optimal circular loitering curve is at the circumcenter@f V; = {q € R? | Ly(9i,q9) < Ly(g5,q) forallj € {1,...,n}}.
Therefore,
min

1 - ceR2, r>p
= min T (g),1(0(C(Q), 7))
=min{t € Ry | B, (R(Q)) C Ri(t) for somer > p}
= (R(Q)

The fact thats; A\, '(R(Q)) s the radius of an optimal

circular loitering curve follows _from the definition of This Ton(O(c,7)) = min{t € R, |

also proves the second equality in the theorem. [ | W (s),¢,mm) 1 Q¥ (c) C R )}
Remark 4.5 (Circular loitering patterns are optimal): 9O(em)i3), &1 90 (e.r) ()75

Although we have been restricting our attention on circulafor any s e [0, 7).

loitering curves, one can prove that, for the single vehicle

case, an optimal circular loitering curve is also an optimal ~ Proof: Lemma 5.1 implies that7g ., (O(c,r)) =

loitering curve, i.e., Taom(e)n(O(c, 7). Tgom(e)n(Ofc,r)) can be interpreted

N _ as the minimum ¢t for which Q%" belongs to
Tg1 = A (R(Q)) o7l telre

L L] Uje{l,...,n}Rg cr (s+(j—1)1)(t) for all s € [0, %) The
=70.1(0(C(Q), 61 A[1(R(Q)) ))- lemma then follows from the rotational symmetry about the
We omit this statement’s proof in the interest of spacél

We refer toV; as theDubins Voronoi cellof ¢;. For our
case, we shall denote the Voronoi partitions in a different
way. Givenn Dubins vehicles equally spaced along a circle
of centerc and radiusr and all moving counterclockwise,
let V(gs, c,,n) C R? be the Dubins Voronoi cell of théth
Dubins vehicle at statg; € SE(2).

Lemma 5.2:For a regionQ andn > 1,

70.1(0(c,7))

centerc and the definition of Dubins Voronoi partition.m

Lemma 5.2 suggests how to compute the optimal circular
) . ] o . trajectory for a team of Dubins vehicles by converting it

In this section we design a loitering circle for a teamp, an gptimization problem for a single vehicle. However,
of n Dubins vehlcles. servicing _the regiod, i.e., M = ._solving this optimization problem requires the knowledde o
(n,0,...,0). For brevity in notation, we shall denote this,e shape of Dubins Voronoi partitions. Even though there is
team composition byl/ = (n). By symmetry, the: vehicles 5, glement of rotational symmetry in our case, the shapes of
will be pla_ced atan an_gular dlstance_@f from each other. o pypins Voronoi partition are not easy enough to lend
Once again, the direction of the _rotatlon on the curves do?ﬁemselves to analysis. Hence, we shall approximate the
not matter. Hence, we shall continue to omit the mention qfloronoi partitions by sectors. This approximation helps in

the direction of rotation for circular curves. deriving upper bounds on the cost function.
Lemma 5.1 (Equivalence by rotationfor a region Q We are now ready to state the main result of the section.

andn > 1, Theorem 5.3: (An upper bound on the coverage cost for
T0.n(O(c, 1)) = Tgen()n(O(c, 7). a single team in large environmentBpr n > 1 and for a

V. THE SINGLE TEAM CASE



region Q with R(Q) > A, (k2p), each “disk center” moves towards the furthest vertex of

< A-(R(Q)) its :/qronoi cell ("inside the Voronoi partition generated by
n ] all “disk centers”). In the move toward the circumcenter
< T, (0(C(Q), 0, A, (R(Q)) ). algorithm, each disk-center moves toward the circumcenter

of its Voronoi cell. In both algorithms the Voronoi partitio
is continuously updated as the disk centers move. Asymptoti
cally, an execution of one of these two algorithms computes
a locally optimal solution to the disk covering problem in
the sense that the location of these robots correspond to
= the centers,...,c, and the largest of the circumradii of
. on the Voronoi partitions corresponds RDCo(¢). Moreover,
min{t [ V(go(e.r(s) :7:1) N Q7€) C Ryo ey () ()} these diStI’ibllDJted control Iawz can be ime(Ie)mented as local
for any s € [0,T). Changing the reference frame to theinteractions between the disk centers. In our setting, this
one attached to the Dubins vehicle and approximating thwould imply that this would require interaction only betwee
Dubins Voronoi partitions by sectprg one can state]thateighboringteams of vehicles, i.e., teams whose center of

+* is ‘h_ﬁl minimum¢ such ﬂ]%g(oﬂ REB.(Q),a, 2 \ rotations are Voronoi neighpors. _Ar_l executior_1 of_ﬂneve
% toward the circumcentealgorithm is illustrated in Figure 8.

Sy mingeo [lg—cll,a, 5F - CRi(t) foranya € [0, 2). We now state the following result which gives an upper
Sincet* > kap, 7@) is star-shaped and simply connectedoound on the coverage cost for multiple uniform teams of
forall t > t*. Also 7&:{}) is an inner approximation o®, (¢).  loitering Dubins vehicles.
Combining these observations with the definition\pf:, one Theorem 6.1:Consider a group ofn Dubins vehicles
arrives at the lemma. m divided into ¢ teams of ghiform composition Ipitering in
Remark 5.4:The bound obtained in Theorem 5.3 is tight-a convex regionQ. Let RDCqg(¢),{c1,...,ce} be the
est among the bounds possible by approximations of Dubiselution to the disk covering problem f@. If Area(Q) >
\Voronoi partitions for vehicles moving along circular casy  {mA% (k2p), then
by sectors of circles. F N

V\)\/Ioreover the I0|ter|ng pattern which achieves this up-
01@ is therggt of circular curves, each of radius
5n )\n RDCq(¢) , and with centers afcy,...,co}.

Proof: In the interest of space, we will only sketch the:
proof here. Le‘F = t*. On the lines similar to the proof
of Theorem 4.4, one can show tHatQ) > A, (k2p) implies
thatt* > kop. Lemma 5.2 implies that

. 1
0) < /\n RDCo(0) .

VI. THE MULTIPLE UNIFORM TEAM CASE

In this section we consider the multiple team case.

first concentrate on the case when the teams henirm
composition. A group of, vehicles comprising of teams is
said to have uniform team compositiorvifis a multiple of¢  Using the control algorithms from [13], one can design a
and the team composition is of the foff, ..., %,0,...,0). computational approach to computing loitering patterns as
We shall show that, for aufficiently large and Conveneglon follows:

Q, an upper bound on the cost of coverage by tfteam (i) Partition the environment into Voronoi partitions gen-
of loitering Dubins vehicles can be obtained by solving a erated by virtual centers.

related disk covering problem. (i) Move the virtual centers in such a way as to solve a
We first briefly describe the disk-covering problem or, minimum-radius disk-covering problem

more precisely, the version of the disk covering problent thaiii) Designing efficient loitering patterns for each team i

is relevant for our purposes here. In our context, the disk its corresponding Voronoi cell.

covering problem can be stated as follows: given a convex

region Q and an integer, find the smallest real number VII. CONCLUSION

RDCg(¢) and a set of locationécy, . .., ¢, } such that the In this paper, we considered the coverage problem for
disks, each of radiuR DCo(¢) and centered &fc;,...,c,} loitering Dubins vehicles. We have characterized the con-
cover Qpthat is, Q C Uicq1,.. qBa (RDCgo(()). We shall  figuration of the vehicles at the appearance of new targets
referto RDCg(¥),{c1,...,c¢} as the solution to the disk in terms of Dubins paths, that we cédiitering patterns We
covering problem forQ. defined the coverage cost to be the worst-case traveling time

Disk covering problems have a long and beautiful hisfrom any vehicle to any point in the region. Optimal circular
tory [12]. Many variants of the problem (e.g., geometridoitering for a single vehicle and efficient circular loitey
minimum disk cover problem) find their applications in nu-for a single team of vehicles were characterized. Finally, b
merous engineering applications (e.g., localization imsse establishing an analogy to the disk-covering problem, we
networks). proposed a computational approach to characterize efficien

In [13] distributed algorithms were designed to solve théoitering patterns for multiple uniform teams.
disk covering problem via a dynamical systems approach. This paper leaves numerous important extensions open
Specifically, the paper proposes tmeve toward the furthest for further research. One needs to study the functibns
andmove toward the circumcentefgorithms for a group of to derive closed form expression for the bounds derived in
£ mobile robots. In theanove toward the furthestlgorithm, this paper. It would be interesting to consider the coverage



Fig. 8. “Move-toward-the-circumcenter” algorithm fa6 disks in a convex polygonal domain. The left (respectivelyht) figure illustrates the initial
(respectively, final) locations and Voronoi partition. Toentral figure illustrates the network evolution. Af2d sec., the disk radius is approximately
0.43273 m. Simulations taken from [13].

problem for other meaningful cost functions. The problem
of multi non-uniformteam of vehicles is also important.
Determining the ideal team composition for a given region
provides an exciting challenge too.
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