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Diversity and Multiplexing:
A Fundamental Tradeoff in Multiple Antenna
Channels
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Abstract—Multiple antennas can be used for increasing the (fading coefficients) to increase the reliability. In a system with
amount of diversity or the number of degrees of freedom in y, transmit andn receive antennas, assuming the path gains
wireless communication systems. In this paper, we propose the pyayyeen individual antenna pairs are i.i.d. Rayleigh faded, the

point of view that both types of gains can be simultaneously imal di it L hich is the total b f
obtained for a given multiple antenna channel, but there is a maximal diversity gain 1smn, which 1S the total number o

fundamental tradeoff between how much of each any coding fading gains that one can average over.
scheme can get. For the richly scattered Rayleigh fading channel, Transmit or receive diversity is a means ¢ombatfad-

we give a simple characterization of the optimal tradeoff curve ing. A different line of thought suggests that in a MIMO
and use it to evaluate the performance of existing multiple ~pannel fading can in fact beeneficialthrough increasing
antenna schemes. ’ : g
o _ _ the degrees of freedoravailable for communication [2], [1].
Index Terms—diversity, multiple antennas, MIMO, spatial Essentially, if the path gains between individual transmit-
multiplexing, space-time codes . receive antenna pairs fade independently, the channel matrix is
well-conditioned with high probability, in which case multiple
|. INTRODUCTION parallel spatial channelsare created. By transmitting inde-

Multible antennas are an important means to imorove t endent information streams in parallel through the spatial
P . P . . P %annels, the data rate can be increased. This effect is also
performance of wireless systems. It is widely understoQ

. . ; . . cdalleds atial multiplexing5], and is particularly important in
that in a system with multiple transmit and receive antenn P P dd] P y Imp

. . . e high signal-to-noise ratio (SNR) regime where the system
(MIMO channel), th.e spegtral efficiency is much higher thalr% degree-of-freedom-limited (as opposed to power-limited).
that of the conventional single antenna channels. Recent

. . . schini [2] has shown that in the high SNR regime, the
search on multiple antenna channels, including the study @ . . : .

. . .7 capacity of a channel withn transmit, n receive antennas
channel capacity [1], [2] and the design of commumcanog

schemes [3], [4], [5]. demonstrates a great improvement o?d i.i.d. Rayleigh faded gains between each antenna pair is

given by:
performance.
Traditionally, multiple antennas have been used to increase C(SNR) = min{m,n}log SNR + O(1).

diversityto combat channel fading. Each pair of transmit a he number of degrees of freedom is thus the minimumzof

receive antennas provides a signal path from the transmitfer
andn. In recent years, several schemes have been proposed

to the receiver. By sending signals t.hat carty the same |nf?r- exploit the spatial multiplexing phenomenon(for example
mation through different paths, multiple independently fad LAST [2])

replicas of the data symbol can be obtained at the receiver

end; hence more reliable reception is achieved. For exampl(eiIn summary, @ MIMO ‘system can provide two types of
in a slow Rayleigh fading environment with transmit and galns: diversity gain and spatial multiplexing gain. Most of

receiveantennas , the transmitted signal is passed throucﬂrrent research focuses on designing schemes to extract
K ! 9 P U8her maximal diversity gainr maximal spatial multiplexing

" different paths. It is well knpwn that '.f the _fadm.g 'Sgain. (There are also schemes which switch between the two
independent across antenna pairs, a maximal diversity gain

. -=modes, depending on the instantaneous channel condition [5].
(advantage) oh can be gchleved: the_average error prObabIIItMowever rFr)1aximi£z;ing one type of gain may not necessar[ilj)
fr?gst:\]ean? ?grt%g?ﬁﬂﬁ?gnanaigg!gh ?rll\la?]}]g C&T:ssrgioemaximize the other. For example, it was observed in [9]
ork has concentrlatged on usin ml I?'pkansm'{ antennas E[}tnat the coding structure from the orthogonal designs [3],
w ; . using muttipte : .while achieving the full diversity gain, reduces the achievable
to get diversity (some examples are trellis-based space-time

codes [6], [7] and orthogonal designs [8], [3]). However, th§patlal multiplexing gain. In fact, each of the two design

L ; . : ; . goals addresses only one aspect of the problem. This makes it
underlying idea is still averaging over multiple path gain

ifficult to compare the performance between diversity-based
both authors are with the Department of Electrical Engineering and Coﬁ’rnd mUIt'pleX|ng'based schemes

puter Sciences, University of California, Berkeley, CA 94720 In this paper, we put forth a different viewpoint: given a
This research is supported by a National Science Foundation Early FacyiiyMO channel, both gains can in fact tm'multaneousl;pb-
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and Qualcomm Inc., and by the National Science Foundation under griﬁlned' but there is fundamental tradeofbetween how much
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spatial multiplexing gain comes at the price of sacrificinqultiplexing tradeoff in the high SNR regime. On the other
diversity. Our main result is a simple characterization of theand, even though the asymptotic regime is different, we do
optimal tradeoff curve achievable lany scheme. To be more conjecture an intimate connection between our results and the
specific, we focus on the high SNR regime, and think of theory of error exponents.

schemas a family of codes, one for each SNR level. A schemeThe rest of the paper is outlined as follows. Section I
is said to have a spatial multiplexing gainand a diversity presents the system model and the precise problem formu-
advantagel! if the rate of the scheme scales likéog SNR and  |ation. The main result on the optimal diversity-multiplexing
the average error probability decays Iik;éSNRd. The optimal tradeoff curve is given in Section lll, for block length>
tradeoff curve yields for each multiplexing gatrthe optimal m + n — 1. In Section 1V, we derive bounds on the tradeoff
diversity advantage*(r) achievable byany scheme. Clearly, curve when the block length is less than+n — 1. While the

r cannot exceed the total number of degrees of freedamalysis in this section is more technical in nature, it provides
min{m,n} provided by the channel; anif(r) cannot exceed more insights to the problem. Section V studies the case when
the maximal diversity gainmn of the channel. The tradeoff spatial diversity is combined with other forms of diversity.
curve bridges between these two extremes. By studying tBection VI discusses the connection between our results and
optimal tradeoff, we reveal the relation between the twhe theory of error exponents. We compare the performance
types of gains, and obtain insights to understand the overaflseveral schemes with the optimal tradeoff curve in Section
resources provided by multiple antenna channels. VII. Section VIII contains the conclusions.

For the i.i.d. Rayleigh flat fading channel, the optimal
tradeoff turns out to be very simple for most system parameters
of interest. Consider a slow fading environment in which the !l. SYSTEM MODEL AND PROBLEM FORMULATION
channel gain is random but remains constant for a duratigr} Channel Model
of [ symbols. We show that as long as the block length
I > m 4+ n — 1, the optimal diversity gaini*(r) achievable = We consider the wireless link with. transmit andh receive
by any coding scheme of block lengthand multiplexing antennas. The fading coefficieh; is the complex path gain
gainr (r integer) is preciselym — r)(n — r). This suggests from transmit antenng to receive antenna We assume that
an appealing interpretation: out of the total resourcenof the coefficients are independently Rayleigh distributed with
transmit andn receive antennas, it ias thoughr transmit unit variance, and writdl = [h;;] € C"*™. H is assumed to
and r receive antennas were used for multiplexing and the known to the receiver, but not at the transmitter. We also
remainingm — r transmit anch — r receive antennas providedassume that the channel matiik remains constant within a
the diversity. Thus, by adding one transmit and one receifock of/ symbols, i.e. the block length is much small than the
antenna, the spatial multiplexing gain can be increased by gi@nnel coherence time. Under these assumptions, the channel,
while maintaining thesamediversity level. It should also be Within one block, can be written as:
observed that this optimal tradeoff does not depend as
long asl > m +n — 1, hence, no more diversity gain can be Y = %HX +W (1)
extracted by coding over block lengths greater tha#tn — 1 m
than using a block length equal to +n — 1.

The tradeoff curve can be used as a unified framework
compare the performance of many existing diversity-based
multiplexing-based schemes. For several well-known schem
we compute the achieved tradeoff cu_rvﬁ(g) and compare P}as i.i.d. entriesw;; ~ CA/(0,1); SNR is the average signal
it to the optimal tradeoff curve. That is, the performance 9L noise ratio at each receive antenna
a scheme is evaluated by the tradeoff it achieves. By doin . : ' - .
this, we take into consideration not only the capability of. e will first focus on_studymg the_ channel within this

. . . .- single block ofl symbol times. In section V, our results are
the scheme to combat against fading, but also its ability ) . ) !
accommodate higher data rate as SNR increases, and thereggrnerallzeq to the case Whep thereis a mqu_pIe of such blocks,
provide a more complete view. each of which experiences independent faclizllng.

The diversity-multiplexing tradeoff is essentially the trade- A rate & bps/Hz codebook has |.C| = [27] cod_ewords
off between the error probability and the data rate of gX(l)’:“’X.('CD}’. each Of.Wh'Ch Is ann x [ matrix. The .
system. A common way to study this tradeoff is to COmpmtéansmltted signaX is normallzed to have the average transmit
the reliability function from the theory oferror exponents power at e_ach antenna in each symbol _penod tol bave
[10]. However, there is a basic difference between the t [ Iterpret this as an overall power constraint on the codebook
formulations: while the traditional reliability function ap---
proach focuses on the asymptoticslafge block lengthsour 1 Ic|
formulation is based on the asymptotics lifjh SNR(but 72 HX(Z')H% < ml. )
fixed block length). Thus, instead of using the machinery of C| i=1
the error exponent theory, we exploit the special properties
of fading channels and develop a simple approach, basedvamere ||.||. is the Frobenius norm of a matri>¢tR||§ 2
the outage capacity formulation [11], to analyze the diversity-,. || Ri;||* = trace(RRT).

hereX € C™*! has entriesx;;,i = 1,...,m,j = 1,...,1
%’ng the signals transmitted from antennat time j; Y €
! has entriesy;;,i = 1,...,n,5 = 1,...,1 being the
glsgnals received from antennat timej; the additive noisdV
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B. Diversity and Multiplexing one can transmit independent information symbols in parallel

Multiple antenna channels providgatial diversity which through the spatial channels. This idea is also catigdltial
can be used to improve the reliability of the link. The basi@ultiplexing o -
idea is to supply to the receiver multiple independently faded Reliable communication at rates arbitrarily close to the
replicas of the same information symbol, so that the probﬁfgo_d'cl capacity requires averaging across many independent
bility that all the signal components fade simultaneously [§alizations of the channel gains over time. Since we are
reduced. considering coding over only a single block, we must lower

As an example, consider uncoded binary PSK signals oJ8g data rate and step back from the ergodic capacity to
a single antenna fading channet & n = [ = 1 in the above cater for the randomness of the chankilSince the channel

model). It is well known [12] that the probability of error atc@pacity increases linearly witlog SNR, in order to achieve
high SNR (averaged over the fading gdih as well as the @ certain fraction of the capacity at high SNR, we should

additive noise) is consider schemes that support a data rate which also increases
1 with SNR. Here, we think of achemeas a family of codes
P.(SNR) ~ ZSNR’l. {C(SNR)} of block lengthi, one at each SNR level. Let

R(SNR) (bits/symbol) be the rate of the cod¥SNR). We

In contrast, transmitting the same signal to a receiver equippggl that a scheme achievesgatial multiplexing gairof r if
with 2 antennas, the error probability is the supported data rate

P.(SNR) ~ 13—65NR‘2. R(SNR) ~ rlog SNR (bps/Hz)

Here we observe that by having the extra receive antenf¥)e can think of spatial multiplexing as achievingnan-
the error probability decreases with SNR at a faster speedv@hishingfraction of the degrees of freedom in the channel.
SNR~2. This phenomenon implies that at high SNR, the errdkccording to this definition, any fixed-rate scheme has a zero
probability is much smaller. Similar results can be obtaingBultiplexing gain, since eventually at high SNR, any fixed
if we change the binary PSK signals to other constellatioréata rate is only a vanishing fraction of the capacity.

Since the performance gain at high SNR is dictated by theNow to formalize, we have the following definition.
SNR exponent of the error probability, this exponent is called Definition 1: A scheme{C(SNR)} is said to achievepatial
the diversity gain Intuitively, it corresponds to the numbermultiplexing gainr anddiversity gaind if the data rate

of independently faded paths that a symbol passes through; . R(SNR)

in other words, the number of independent fading coefficients R . log SNR =r

that can be averaged over to detect the symbol. In a general N

system withm transmit andn receive antennas, there arénd the average error probability

in total m x n random fading coefficients to be averaged . log P.(SNR)

over; hence thenaximal (full) diversity gain provided by SNRooc  logSNR —d ®)

the channel isnn. For eachr, defined*(r) to be the supremum of the diversity

Besi roviding diversi improve reliability, multipl . :
esides providing diversity to imp ove re ability, multip E’Tad?/antage achieved over all schemes. We also define
antenna channels can also support a higher data rate than single

antenna channels. As an evidence of this, consider an ergodic o
block fading channel in which each block is as in (1) and
the channel matrix is independent and identically distributed

across blocks. The ergodic capacity (bps/Hz) of this channghich are respectively the maximal diversity gain and the

d*(0)
T o sup{r : d*(r) > 0}

el

is well-known [1], [2]: maximal spatial multiplexing gain in the channel.
SNR ; Throughout the rest of the paper, we will use the spe-
C(SNR) = €& {logdet <I+ m HH )} cial symbol= to denoteexponential equalityi.e., we write
. f(SNR) = SNR" to denote
At high SNR SR
log f(SNR
SNR = =
C(SNR) = min{m,n}log e SNR— o0 log SNR
max{m,n} and >, < are similarly defined. (3) can thus be written as

> Ellogx3] + (1),

i=|m—n|+1

where \2, is Chi-square distributed withi degrees of free-  The error probability”, (SNR) is averaged over the additive
dom. We observe that at high SNR, the channel capacity iPiseW, the channel matriff and the transmitted codewords
creases with SNR asin{m, n}log SNR (bps/Hz), in contrast (assumed equally likely). The definition of diversity gain here
to log SNR for single antenna channels. This result suggedidfers from the standard definition in the space-time coding
that the multiple antenna channel can be viewedhas{m,n} literature (see for example [7]) in two important ways:
parallelspatial channelshence the numbeanin{m,n} is the o This is theactual error probability of a code, and not
total number of degrees of freedoto communicate. Now the pairwise error probability between two codewords as

P.(SNR) = SNR™.
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is commonly used as a diversity criterion in space-tim&. Optimal Tradeoff Curve

code design. _ o o The main result is given in the following theorem.
« In the standard formulation, diversity gain is an asymp- theorem 2:Assumel > m +n— 1. The optimal tradeoff

totic performance metric of orfexedcode. To be Specific, oyre i+ (1) is given by the piecewise linear function connect-
the input pf the fad!ng channel is fixed to be a partlcula}ﬁg the points(k, d* (k)), k = 0,1,..., min{m, n}, where

code, while SNR increases. The speed that the error

probability ( of a ML detector) decays as SNR increases d* (k) =(m—k)(n—k) 4)

is called the diversity gain. In our formulation, we notice _ . . ,
that the channel capacity increases linearly WithSNR. n partlcular_,dmaf = andT’.’m - min{m, n}.
Hence in order to achieve a non-trivial fraction of the ca- The functiond®(r) is plotted in Figure 1.
pacity at high SNR, the input data rate must dlsyease

with SNR, which requires a sequence of codebooks with .mn)
increasing size. The diversity gain here is use as a ¢ "
performance metric of such a sequence of codes, which
is formulated as a "scheme”. Under this formulation, any
fixed code ha$ spatial multiplexing gainAllowing both

the data rate and the error probability scale with the /
SNR is the crucial element of our formulation and, as
we will see, allows us to to talk about their tradeoff in a
meaningful way.

(2, (m=2)(n-2))
The spatial multiplexing gain can also be thought as the data / (r. (m=n(n-n)
rate normalized with respect to the SNR level. A common way . /
to characterize the performance of a communication scheme s (min{m,n},0)
is to compute the error probability as a function of SNR T /
for a fixed data rate. However, different designs may support
different data rate. In order to compare these schemes fairly,

Forney [13] proposed to plot the error probability against thgg. 1.  Diversity-multiplexing tradeoffd* (r) for generalm,n and! >
normalizedSNR: m+n—1.

SNR a SNR

(1,(m=1)(n-1))

dm

Diversity Gain

Spatial Multiplexing Gain: r=R/log SNR

- . The optimal tradeoff curve intersects the axis at
C-1(R) min{m,n}. This means that the maximum achievable spatial
whereC(SNR) is the capacity of the channel as a function ofultiplexing gainr;,,, is the total number of degrees of
SNR. That is,SNR,,,,, measures how far the SNR is abovdréedom provided by the channel as suggested by the ergodic
the minimal required to support the target data rate. capacity result in (3). Theorem 2 says that at this point,

A dual way to characterize the performance is to pkgtowever, no positive diversity gain can be achieved. Intuitively,
the error probability as a function of the data rate, for @7 — Ta.» the data rate approaches the ergodic capacity
fixed SNR level. Analogous to Forney's formulation, to tak@nd there is no protection against the randomness in the fading
into consideration the effect of the SNR, one should use tRBannel.

normalized data rateR,,,,,, instead ofR: Orl the (_)ther_ hand., the curve intersects bhaﬁs at the
maximal diversity gaind}, .. = mn, corresponding to the
Roorm 2 _R_ total number of random fading coefficients that a scheme
C(SNR) can average over. There are known designs that achieve the

which indicates how far a system is operating from th&@aximal diversity gain at a fixed data rate [8]. Theorem 2 says
Shannon limit. Notice that at high SNR, the capacity of thi@at in order to achieve the maximal diversity gain, no positive
multiple antenna channel §(SNR) ~ min{m,n}log SNR; SPatial multiplexing gain can be obtained at the same time.

hence the spatial multiplexing gain The optimal tradeoff curvel*(r) bridges the gap between
the above two design criteria, by connecting the two extreme

r = B min{m, n} Ryorm points: (0, d,,,) and(r},,.,0). This result says that positive
log SNR diversity gain and spatial multiplexing gain can be achieved
is just a constant multiple oR,,orm. simultaneously. However, increasing the diversity advantage

comes at a price of decreasing the spatial multiplexing gain,
and vice versa. The tradeoff curve provides a more complete
picture of the achievable performance over multiple antenna
In this section, we will derive the optimal tradeoff betweechannels than the two extreme points corresponding to the
the diversity gain and the spatial multiplexing gain that anpaximum diversity gain and multiplexing gain. For example,
scheme can achieve in the Rayleigh fading multiple antentiee ergodic capacity result suggests that by increasing the
channel. We will first focus on the case that the block lengthinimum of the number of transmit and receive antennas,
I >m+n—1, and discuss the other cases in section IV. min{m,n}, by one, the channel gains one more degree of

[1l. OPTIMAL TRADEOFE [ > m +n — 1 CASE



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 1, NO. 8, AUGUST 2002 6

above exampled(0) = d,,, but for some other schemes
d(0) < dz, . strictly. Similarly, the maximal spatial multiplex-
ing gain achieved by a scheme is in general different from the
degrees of freedom;, . in the channel.

Consider now the Alamouti scheme as an alternative to

dm

i‘%’} the repetition scheme in (5). Here, two data symbols are
= transmitted in every block of lengthin the form:

>

2 T

< _

X = [ S } (6)

4] X2 X3

[}

=

(a)

It is well known that the Alamouti scheme can also achieve
the full diversity gain,d’, ..., just like the repetition scheme.
However, in terms of the tradeoff achieved by the two schemes,
> as plotted in Figure 3-(b), the Alamouti scheme is strictly
Spatial Multiplexing Gain: r=R/log SNR better than the repetition scheme, since it yields a strictly
igher diversity gain for any positive spatial multiplexing gain.
e maximal multiplexing gain achieved by the Alamouti
scheme isl, since one symbol is transmitted per symbol
time. This is twice as much as that for the repetition scheme.
freedom; this corresponds tgf,,, being increased byt. However, the tradeoff curve achieved by Alamouti scheme is
Theorem 2 makes a more informative statement: if we increasiél below the optimal for any- > 0.
bothm andn by 1, the entire tradeoff curve is shifted to the In the literature on space-time codes, the diversity gain of a
right by 1, as shown in Figure 2; i.e., for any given diversityscheme is usually discussed for a fixed data rate, corresponding
gain requirement], the supported spatial multiplexing gain ig0 @ multiplexing gainr = 0. This is, in fact, themaximal
increased byl. diversity gaind(0) achieved by the given scheme. We observe
To understand the operational meaning of the tradeoff curgat if the performance of a scheme is only evaluated by
we will first use the following example to study the tradeoffhe maximal diversity gaini(0), one cannot distinguish the
performance achieved by some simple schemes. performance of the repetition scheme in (5) and the Alamouti
Example: 2 x 2 system scheme. More generally, the problem of finding a code with the
Consider the multiple antenna channel withtransmit and highest (fixed) rate that achieves a given diversity gain is not
2 receive antennas. Assumle> m +n — 1 = 3. The @a well-posed one: any code satisfying a mild non-degenerate
optimal tradeoff for this channel is plotted in Figure 3-(a)condition (essentially a full-rank condition like the one in [7])
The maximum diversity gain for this channel dﬁlaa} — 4, will have full diVerSity gain, no matter how dense the Symbol

and the total number of degrees of freedom in the channelc@nstellation is. This is because diversity gain is an asymptotic
rr =9 concept, while for any fixed code the minimum distance is

max

In order to get the maximal diversity gainl*,,,, each fixed and does not depend on the SNR. (Of course, the higher
information bit needs to pass through all thepaths from the rate, the higher the SNR needs to be for the asymptotics to

the transmitter to the receiver. The simplest way of achievirt§ meaningful.) In the space-time coding literature, a common
this is to repeat the same symbol on the two transmit anten¥§&Y to get around this problem is to put further constraints on

_ _ _ _ _ h
Fig. 2.  Adding one transmit and one receive antenna increases spa.il
multiplexing gain byl at each diversity level.

in two consecutive symbol times: the _class of ches. In [7], for example, each_ codeword symbol
x;; IS constrained to come from the same fixed constellation.
X — { x1 0 } _ (5) (c.f. Theorem 3.31 there) These constraints are however not

0 x fundamental. In contrast, by defining the multiplexing gain

as the data rateormalizedby the capacity, the question of
finding schemes that achieves the maximal multiplexing gain
for a given diversity gain becomes meaningful.

d’. ... can only be achieved with a multiplexing gain= 0. If
we increase the size of the constellation for the symfoas
SNR increases to support a data r&te- r log SNR(bps/H 2)
for somer > 0, the distance between constellation pointé
shrinks with the SNR and the achievable diversity gain is o ]
decreased. The tradeoff achieved by this repetition scheme i6\S @ step to prove Theorem 2, we will first discuss another
plotted in Figure 3-(b) Notice the maximal spatial multiplex- commonly used concept for multiple antenna channels: the
ing gain achieved by this schemelig2, corresponding to the OUtage capacity formulation, proposed in [11] for fading
point (1/2,0), since only one symbol is transmitted in twdehannels and apphgd to multl—.antenna channels in [1]. .
symbol times. Channel_ outage is usually dlscus_sed for non-ergodic fading
The reader should distinguish between the notion of tf8annels, i.e., the channel mat#k is chosen randomly but

maximal diversity gain achieved by a scherdé)), and the is .held fixed for all time. This non-ergodic channel can be
maximal diversity provided by the channel,,.. For the Written as:

. Outage Formulation

SNR

IHow these curves are computed will become evident in Section VII. yr = m Hx; 4+ wy, fort=1,2,...,00 (7)



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 1, NO. 8, AUGUST 2002 7

-e- Optim_a_l Tradeoff
R — Namout Scheme.
2 @y 2
5 5
@
@0
J e/
Spatial Multiplexing Gain: r=R/log SNR Spatial Multiplexing Gain: r=R/log SNR
(a) (b)
Fig. 3. Diversity-multiplexing tradeoff for (ayn = n = 2,1 > 3; (b): Comparison between two schemes.
wherex; € C™,y; € C" are the transmitted and receivedAt high SNR,
signals at time, andw, € C" is the additive Gaussian noise. 4
An outage is defined as the event that the mutual information lim log Pllogdet(/ + SNRHH') < R]
of this channel does not support a target data rate : SNR—o0 log SNR
log Pllog det(I + *NRHHT) < R]
{H:I(x;y: |H=H) < R} T SNRooo log SNR
The mutual information is a function of the input distri- . log Pllogdet(I + NRHHT) < R]
bution P(z¢), and the channel realization. Without loss of = m log SNR
optimality, the input distribution can be taken to be Gaussian
with a covariance matrix), in which case: Therefore on the scale of interest, the bounds are tight, and
we have
I( | H= H) = log det I+SNRHQHT
Xt; = = logde — .
Byt s m Poui(R) = P [logdet (I + SNRHH') < R]. ©)

Optimizing over all input distributions, the outage probabllénd we can without loss of generality assume the input

ity Is (Gaussian) distribution to have covariance matix= 1.
P,u(R) In the outage capacity formulation, we can ask an analogous
SNR question as in our diversity-tradeoff formulation: given a target
= om0 triarclg(Q)an [log det (I + mHQHT) < R] rate R which scales withSNR as rlog SNR, how does the

outage probability decrease with ti&IR? To perform this
where the probability is taken over the random channel mati@alysis, we can assume without loss of generality.that n.
H. We can simply pickQ = I to get an upper bound on theThis is because
outage probability. SNR
On the other hand,) satisfies the power constraint, logdet (I + —
trace(Q) < m, and hencenl — @ is a positive-semidefinite m

matrix. Notice thaflog det(.) is an increasing function on thepence swappingn andn has no effect on the mutual infor-
are both positive-semidefinite Hermitian matrices, written gan pe ignored on the scale of interest.

A>0andB >0, then

SNR

HHT) = log det (I + HTH) ,
m

We start with the following example.
A—B>0=— logdet A > logdet B. Example: Singl_e Antenna Chanr_1e|
Consider the single antenna fading channel
Therefore,if we replac€ by m1,,, the mutual information is

increased: y = VSNRhx + w
log det <I+ SNRHQHT> < log det (I+SNRHHT); whgreh ecC i_s Raylgigh _distribL_Jted, angr, x, w € C. To
m achieve a spatial multiplexing gain of we set the input data

rate beR = rlog SNR for 0 < r < 1. The outage probability

hence the outage probability satisfies X :
for this target rate is

S

e T
P {logdet (” o HH ) < R} Poui(rlogSNR) = P(log(1 + SNRJR|?) < rlog SNR)
Pout(R) P(1+ SNR||h||* < SNR")
P [logdet (I + SNRHH') < R] ®) ~ P(||h]* < SNR™(-7)

ARV
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Notice ||h|®> is exponentially distributed, with density Here, the random vecter indicates the level of singularity
Pyny2(t) = e '; hence of the channel matriH. The largery;'s are, the more singular
H is. The setA = {a : > (1 — a;)" < r} describes

~ 2 —(1-r)

Pout(rlog SNR) -~ P(||h||" < SNR ) )) the outage event in terms of the singularity level. With the
= 1—exp(=SNR™("7) distribution ofa given in Lemma 3, we can simply compute
=~ SNR- (-7 the probability thatv € A to get the outage probability:

This simple example shows the relation between the data P, (rlog SNR)

depends on the Rayleigh distribution hf only through the =

rate and the SNR exponent of the outage probability. The result /
(a)da
near zero behaviorP(||h||* < €) ~ ¢; hence is applicable to

any fading distribution with a non-zero finite density néar - / K, (log SNR)" HSNR (m—n+1)o

We can also generalize to the case that the fading distribution =1

has P(||h||> < €) ~ €, in which case the resulting SNR

exponent isk(1 — r) instead ofl — r. H(SNR*“" — SNR™%7)2 exp [ ZSNR “1] do
In a generain x n system, an outage occurs when the chan- i<j

nel matrix H is “near singular”. The key step in computing . .
the outage probability is to explicitly quantify how smgularSlnce we are only interested in the SNR exponentgf,
H needs to be for outage to occur, in terms of the targe
data rate and the SNR. In the above example with a data rate . log P,yt(rlog SNR)
R = rlog SNR, outage occurs Whe|1hH2 < SNR™(=7) ) with swlériloo log SNR ’
a probability SNR~(!~"). To generalize this idea to multiple
antenna systems, we need to study the probability that
singular values ofH are close to zero. We quote the join
probability density function (pdf.) of these singular value§Xponent, since
[14]. log(K L, (log SNR)™)

Lemma 3:Let R be anm x n random matrix with i.i.d. 1 SNR -0

- 0g

CN(0,1) entries. Supposer > n, pu1 < s < ... < u, be
the ordered non-zero eigenvaluesRfR, then the joint pdf. Secondly, for anyw; < 0, the termexp(—SNR™ ) decays

g can make some approximations to simplify the integral.
irst, the termK, " (logSNR)" has no effect on the SNR

m,n (

of u;'s is with SNR exponentially. At high SNR, we can therefore ignore
the integral over the range with any; < 0; and replace the
plps - o) = KLy H wit" H pi — pj)%e” =" (10)  above integral rangel with A’ = ANR"™ (R is the set of
i<j real n-vectors with non-negative elements). Moreover, within
where K,,, is a normahzmg constant. Definey; := A’, exp(—SNR™%) approaches td for «; > 0 and e for

—log 11;/ log SNR for all i. The joint pdf. of the random vector «; = 0 and thus have no effect on the SNR exponent, and
a=lag,...,q) s

n - —(m—n+1)a;
pla) = K, (logSNR)" J] SNR-(mmtbe: Pour(rlog SNR) - = / [IsNR
- n JI(SNR™ — SNR™9)2da (11)
H(SNR_O‘" — SNR™9)? exp —ZSNR_%‘ i<j

By definition, a; > «; for any i < j. We only need to
onS|der the case tham s are distinct, since otherwise the
integrand is zero. In this case, the tefBNR™ " — SNR™“/|
"~ is dominated bySNR™*/ for anyi < j, therefore

This can be obtalned from (10) by the change of variables
i = SNR™,

Now conS|der (9) with? = rlog SNR, let A} < Xy <
A\ be the non-zero eigenvalues HH, we have

Pout(R) = Pllogdet(I +SNRHH') < R] Pyt (rlog SNR) = / HSNR @izttm=maige  (12)
A

[+ SNRX;) < SNR
i=1 Finally, asSNR — oo, the integral is dominated by the term
Let \; = SNR™®. At high SNR, we havgl + SNR);) = With the largest SNR exponent. This heuristic calculation is
made rigorous in Appendix and the result stated precisely in
the following theorem.
Theorem 4:0utage Probability

P I_ISNR“—OH)+ < SNR"] For the multiple antenna channel (1), let the data rate be

. R = rlog SNR, with » < min{m,n}. The outage probability
] satisfies

!
=1
= P

SNR('=*)" where(z)* denotesmax{0,z}. The above can
thus be written as

Pout (R) =

P

Z(l — Oé,')Jr <r

i

P, (rlog SNR) = SNR™dout(r) 13)



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 1, NO. 8, AUGUST 2002 9

where which means that/,_;, the set of matrices with rank less
min{m,n} thank, is the boundary oRR, and is the union of some lower
dout (1) = inf Z (20 — 14 |m —n|) a (14) dimensional manifolds. Now consider any pokit in R, we
agAr say X, is near singular if it is close to the boundai, ;.
and Intuitively, we can findX}'s projection X;_1 in U_1, and
. the differenceX;, — X, _, has at leastl;, — d;._; dimensions.
A = {aeRrmintmnlt o > > Omin{m,n} = 0, Now X, being near singular requires that its components in
and Z(l —a) T <} thesed, — d,_, dimensions to be small.
7 Consider the i.i.d. Gaussian distributed channel mdtix

cnxm = U,. The event that the smallest singular valudbis
close to0, \; < €1, occurs wherH is close to its projection,
H’ inU,,_,. This means that the componentifin d,, —d,, _1
imensions is of ordes®/2, with a probabilitye(@n—dn-1)b1
onditioned on this event, the second smallest singular value
of H being small )\, < €2, means thaH’ € i,,_; is close to
its boundary, with a probability(4»—1—d»—2)b> By induction,
/ ﬁ SNR-(m-n+2i-Das g, (15) is obtained.
5 Now the outage event at multiplexing gainis {)_.(1 —
’zf . o a;)T < r}. There are many choices of that satisfy this
SNR™ ™minaes > (m—n+2i-1)a; . . - -
singularity condition. According to (15), for each of thess,
In particular, we consider for any= [bi,...,b,] € R"* the the probability P(A; < SNR™, Vi) has an SNR exponent,

dout(r) can be explicitly computed. The resulting,,:(r)
coincides withd*(r) given in (4) for allr.
Proof: See Appendix ]
The analysis of the outage probability provides usef
insights to the problem at hand. Again assuming> n, (12)
can in fact be generalized to any gt R"T,

P(a € B)

setB, = {a: a; > b;}. Now >(2¢ — 1+ m — n)a;. Among all the choices ofv that
b lead to outage, one particular choie€, which minimizes
Plae€By) = P(A <SNR™™, Vi) the SNR exponen} (2i — 1 +m — n)w;, has the dominating
= SGNR™ Xi(m—nt2i-Db probability; this corresponds to thgpical outage event. This

Notice thatSNR is a dummy variable, this result can also b(l-:-S a manl-felsta.m.on oEapIaces pr|nC|pI§[15].
The minimizing o* can be explicity computed. In the

written as case thatr takes an integer valug, we havea} = 1, for
lim log P(\; < €, Vi) i=1,...,n—kanda’ =0fori =n—k+1,...,n
=0 log € Intuitively, since the smaller singular values have a much
n _ higher probability to be close to zero than the larger ones,
= ZU” —n 42— 1)b;, form > n the typical outage event has — k smallest singular values

1=1
min{m,n}
= > (Im—n|+2i—1)b, for generalm,(15)

i=1

X\; = SNR™!, k largest singular values are of ordér This
means that the typical outage event occurs when the channel
matrix H lies in a neighborhood of the sub-manifoid,,

with the component innn — dim(Ry) = (m — k)(n — k)
which characterizes the near singular distribution of the chagimensions being of ordesNR™!, which has a probability

nel matrix H. SNR™(m=R)("=k) "For the case that is not an integer, say,
This result has a geometric interpretation as follows. Fere (k,k+1), we haven? = 1fori=1,... ., n—k—1,a =0
k=0,1,...,n, define fori=n—k+1,...,n,anda’_, = k+1—r. Thatis, by
Ry A (X €C™™ : rank( X) = k} c_hangmg the multiplexing gain between m_tegers, only one
A singular value ofH corresponding to the typical outage event,
U, = {Xel™™ rankX) <k} is adjusted to be barely large enough to support the data rate;
k therefore, the SNR exponent of the outage probability; (r),
= U R; is linear between integer points.
j=0

It can be shown thatR, is a differentiable manifold,; C. Proof of Theorem 2
hence the dimensionality oR; is well-defined. Intuitively,
we observe that in order to specify a rakhknatrix in C™"*™, Let us now return to our original diversity-multiplexing
one needs to specify linearly independent row vectors oftradeoff formulation and prove Theorem 2. First, we show
dimensionm, and the rest — k rows as a linear combination that the outage probability provides a lower bound on the error
of them. These add up to probability for channel (1).

A Lemma 5: Outage Bound
dy, = mk + (n = k)k = mn — (m — k)(n - k), For the channel in (1), let the data rate scale Ras=

which is the dimensionality oR. rlog SNR(bps/Hz). For any coding scheme, the probability

We also observe that the closure®f, is of a detection error is lower bounded by

Ry = Uy = Ry Ulli_1 P.(SNR) > SNR™®eut (") (16)
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whered,;(r) is defined in (14). a block longer thamn + n — 1, since the infinite block length
Proof: Fix a codeboolC of size2, and letX € ¢C™*! performance is already achieved.

be the input of the channel, which is uniformly drawn from Consider now the use of a random code for the multi-

the codeboolC. Since the channel fading coefficients i antenna fading channel over a finite block lendgthA de-

are not known at the transmitter, we can assume Xids tection error can occur as a result of the combination of the

independent oH. following three events: the channel matiik is atypically ill-
Conditioned on a specific channel realizatin= H, write  conditioned, the additive noise is atypically large, or some

the mutual information of the channel #6X;Y | H = H), codewords are atypically close together. By going to the outage

and the probability of detection error &4 error| H = H). formulation (effectively takingl to infinity), the problem is

By Fano’s inequality, we have simplified by allowing us to focus only on the bad channel

event, since for largé the randomness in the last two events

Rl <1+ P(error| H=H)RI+ I(X; Y | H = H) is averaged out. Consequently, when there is no outage, the

hence error probability is very small; the detection error is mainly
I(X;Y |H=H) 1 cau;ed b){ t.he bad channel event. -
P(errorl H=H) > 1 — ye T With a finite block length, all three effects come into play,

and the error probability given that there is no outage may not

Let the data rate b& = rlog SNR, be negligible. In the following proof of Theorem 2, we will

P(error| H = H) however show that under the assumption m+n — 1, given
I(X;Y |H=H) 1 that there is no channel outage, the error probability ( for an
> _ ) - _ .. . . .
> I Tog SNR I Tog SNR i.i.d. Gaussian input) has an SNR exponent that is not smaller

than that of the outage probability; hence outage is still the
The last term goes t0 asSNR — oco. Now average oveH  dominating error event, as in the— co case.

to get the average error probability Proof: of Theorem 2
P.(SNR) = Eg[P(error| H = H)] V\./i.th Lemma 5 providing a lower bound on the error proba-
bility, to complete the proof we only need to derive an upper
Now for anyd > 0, for any H in the set bound on the error probability ( a lower bound on the optimal
A diversity gain). To do that, we choose the input to be the
Ds ={H : I(X;Y |H= H) < (r —6)llog SNR} random code from the i.i.d Gaussian ensemble.
the probability of error is lower bounded Hy— =2 + o(1); Consider at data rat® =  log SNR(bits/symbol)
hence } P.(SNR)
P.(SNR) > <1 /0y 0(1)) P(Ds) = P,.t(R)P( error| outage + P( error, no outage
T
< P,u:(R) + P( error, no outage
Now choose the inpuK to minimize P(Ds) and apply
Theorem 4, we have The second term can be upper bounded via a union bound.
_ r—s donn(r—8) AssumeX (0), X (1) are two possible transmitted codewords,
Pe(SNR) > <1 - 0(1)> SNR™ et and AX = X(1) — X(0). SupposeX (0) is transmitted, the
, e (7—8) probability that a ML receiver will make a detection error
= SNR™™ in favor of X (1), conditioned on a certain realization of the
Taked — 0, by the continuity ofd,,.(r), we have channel, is
P.(SNR) > SNR™eut (") P(X(0) — X(1) [H=H)
2
. = p(SFSrex)| <) an
This result says that conditioned on the channel outage m |2 F

event, it is very likely that a detection error occurs; therefore, . » . o

the outage probability is a lower bound on the error probabilitnere w is the additive noise on the direction ¢f(AX),
The outage formulation captures the performance und¥ith variancel/2. With the standard ag)proxmanon of the

infinite coding block length, since by coding over an infinitely>@ussian tail functionQ(t) < 1/2exp(—t%/2), we have

long block, the input can be reliably detected as long as the SNR )

data rate is below the mutual information provided by th&(X(0) — X (1) | H= H) < exp [—4m |H(AX) ]

random realization of the channel. Intuitively, the performance

improves as the block length increases; therefore, it is notaveraging over the ensemble of random codes, we have the

too surprising that the outage probability is a lower bourglerage pairwise error probability given the channel realization
on the error probability with any finite block length Since [7]:

dout(+) = d*(+), Theorem 2 however contains a stronger result:
with a finite block lengthl > m +n — 1, this bound is tight.
That is, no more diversity gain can be obtained by coding ov

-1
L(X(0) — X(1) | H=H) < det (I + SQI:;RHHT) (18)
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Now at a data ratd? = rlog SNR (bits/symbol), we have Notice the typical error is caused by the outage event, and
in total SNR"" codewords. Apply the union bound, we have the SNR exponent matches with that of the lower bound (16),

P(error| H=H)

—1
SNR'" det ( SNRHHT>
2m

<
min{m,n} —1
SNR
= SNR" 1 i
H ( + 2m )

i=1

This bound depends oA only through the singular values.

Let \; = SNR™™ for s = 1,..., min{m, n}, we have

P( error| a) < SNR™/IE(1-e" =) (19)

Averaging with respect to the distribution of given in
Lemma 3, we have

P( error, no outage

/ p(a)P( error| a)da
(A)e

/ p(e)SNR™IEA =) =] g,
(A/)C

where the(A’)¢ is the complement of the outage evesrt
defined in (14). With a similar argument as in Theorem 4,
can approximate this as

A

P( error, no outage
/ GNR- Zi(Im—nl+2i-DaigyR-US(1-a)* =] 1,
(A)e

/ SNR™a() gq
( l)c

min{m,n}

Z (2i =14+ |m—n|)oy

i=1
) (20)

min{m,n}
+l Z (1—a)t —r

IN-

with

de(r,a)

=1

The probability is dominated by the term corresponding to

a* that minimizesdg (r, @):
P( error, no outage< SNR4¢(")
with

dea(r) :

For! > 2(min{m,n}) — 14+ |m —n| = m +n — 1, the
minimum always occurs with (1 — o) = r; hence

dG(Ta Oé*) = (?ég‘l, da (Ta a)

min{m,n}

Z (20 — 14 |m —n|)ay

i=1

min
> a;=min{m,n}—r

da(r)

Compare with (16), we havé;(r) = dow:(r), ¥Yr. The overall
error probability can be written as

P.(SNR)

P,utage(R) + P( error, no outage
SNR*d““t(” + P( error, no outage
SNR~deut(r) 4 gNR™4e ()

SNR ot (r)

IN- -

which completes the proof. ]

An alternative derivation of the bound (18) on the pairwise
error probability gives some insight to the typical way in which
pairwise error occurs. Leh;,i = 1,...,min{m,n} be the
non-zero eigenvalues off H', and Ax; € C' be the row
vectors of AX. Since AX is isotropic (i.e. its distribution
is invariant to unitary transformations), we have

min{m,n}

> alax)?
i=1

2 d
H(AX) |7 =
whereZ denotes equality in distribution. Consider

(23 e <)

min{m,n}
P ( > AillAx|? < 4mSNRT

=1

WE€ This probability is bounded by

4mSNR™
P <)\i HAX¢||2 < L,z =1,... ,min{m,n})
min{m,n}
min{m,n}
< P Y MNlAxi|® <4mSNR™!
=1
< P\ |JAxg]|* < 4mSNR™Yi = 1,..., min{m,n})

The upper and lower bounds have the same SNR exponent;

hence
SNR 2
P H (AX)| <1
P
i=1,...,min{m,n})

P\ ||Ax]|? < 4mSNR™,
P(||Axg]|* < 4m(SNRX;) "L, i=1,...

min{m, n})

Provided that\; > SNR™*, from (15),

min{m,n}
P(|Ax;|* < (SNRA) 7L vi) = J]  (SNRx)™
i=1
When )\; < SNR™!,
P(||Ax;[* < (SNRX;) ™) = SNR®

Combining these, we have

p (3% Laria

min{m,n}

[I

i=1

2

<1
F
(min{1, SNRA;})

which has the same SNR exponent as the right hand side of
(18).
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On the other hand, given that® H%H(AX)H? < 1, there ©mn) —e— Optimal
is a positive probability,P(|w|* > 1) > 0, that an error 9 == Union Bound
occurs. Therefore, * slope=m+n-1
P(X(0) = X(1) |H=H) )
2
= P (SNR HlH(AX) < 1) 1)
m |2 P

This suggests that at high SNR, the pairwise error occurs
typically when the difference between codewords ( at the
receiver end ) is of ordei, i.e., has the same order of
magnitude as the additive noise.

Diversity Advantage: d(r)

D. Relationship to the Naive Union Bound

The key idea of the proof of Theorem 2 is to find the right
way to apply union bound to obtain a tight upper bound on th€, 4 union Bound of PEP
error probability. A more naive approach is to directly apply
the union bound based on the pairwise error probability (PEP).
However, the following argument shows that this union boundatrix H is ill-conditioned, HX(:) is close toHX(0) for
is not tight. many i's. Now it is easy to get confused with many code-
Consider the case when the i.i.d. Gaussian random coslerds, i.e., the overlap between many pairwise error events is
is used. It follows from (21) that the average pairwise erraignificant. The union bound approach, by taking the sum of
probability can be approximated as the pairwise error probability, over-counts this “bad channel”
o SNR ) event, and is therefore not accurate.
P( pairwise errof = P (4m IH(AX) ||z < 1> , To derive a tight bound, in the proof of Theorem 2, we first
isolate the outage event,

r=R/log SNR (per symbol period)

whereAX is the difference between codewords. Dengtas
the event that every entry d has norm||Hl-jH2 < SNR™,
Given thatF occurs,||H(AX)||7 < SNR™'(mn)? [AX|Z;  and then bound the error probability conditioned on the
hence channel having no outage with the union bound based on the
conditional pairwise error probability. By doing this, we avoid
the over-counting in the union bound, and get a tight upper

P, < P(outagé x 1+ P(error with no outagg

P( pairwise errof F)

= P(SNR”H(AX)”% < 4m) > SNR’ bound of the error probability. It turns out that whén>
and m+n—1, the second term above has the same SNR exponent
. as the outage probability, which leads to the matching upper

P( pairwise errof > P(F) SNR” = SNR™™" and lower bounds on the diversity gaif(r). The intuition of

Intuitively, when F occurs, the channel is in deep fade anHiS Will be further discussed in section IV.
it is very likely that a detection error occurs. The average pair-
wise error probability is therefore lower bounded®yR~"". IV. OPTIMAL TRADEOFF [ < m +n — 1 CASE
Now let the data rat® = r log SNR, the union bound yields In the casd < m +n — 1, the techniques developed in the
- o previous section no longer gives matching upper and lower
Punion(R) - SNR" P ( pairwise erroy bounds on the error probability. Intuitively, when the block
> SNR™(mnin) (22) lengthl is small, with a random code from the i.i.d. Gaussian
ensemble, the probability that some codewords are atypically
aj:lose to each other become significant, and the outage event
IS no longer the dominating error event. In this section, we
will develop different techniques to obtain tighter bounds,
which also provide more insights to the error mechanism of
the multiple antenna channel.

The resulting SNR exponent as a functionrofd,, ;.. (1) =
mn — lr, is plotted in Figure 4, in comparison to the optim
tradeoff curved*(r). As spatial multiplexing gaim increases,
the number of codewords increasesSaR'", hence the SNR
exponent of the union boundl, ;.. (r) drops with a slope-I.
Under the assumptioh> m + n — 1, even when we applied
(22) to have an “optimistic” bound, it is still below the optimal . ]
tradeoff curve. Therefore we conclude that the union boud Gaussian coding bound
on the average pairwise error probability is a loose bound onin the proof of Theorem 2, we have developed an upper
the actual error probability. This strongly suggests that to gedbund on the error probability, which in fact applies for
significant multiplexing gain, a code design criterion based @ystems with any values of,, n, and!l. For convenience, we
pairwise error probability is not adequate. summarize this result in the following lemma.

The reason that this union bound is not tight is as follows. Lemma 6: Gaussian coding bound
SupposeX(0) is the transmitted codeword. When the channeFor the multiple antenna channel (1), let the data rat®be
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Upper and Lower Bounds, m=n=I=2

rlog SNR(bps/Hz). The optimal error probability is upper

bounded by —e— Upper boundd_ (r)
—+ Lower bound dG(r) i

a
i=1

min{m,n}

+l Z (1—a;)—r

i=1

P.(SNR) < SNR™?e(r) (23) I

where o
min{m,n} % F

de(r) = min > @i—1+|m—n|a =l

£

where the minimization is taken over the set

> > Spatial Multi|‘)Iexing Gain r=R/log SNR'

A i ] = ... 2 Oy

2 0.1 min{m,n} . min{m,n}» 24

G=\2€b1] S0 —ap) > (24)
The functiond(r) can be computed explicitly. For conve-

nience, we call a system withy transmit,n receive antennas

and a block lengthl an (m,n,l) system, and define the —e— Upper Boundd_ ()
function —+— Lower Bound d (1) |

Upper and Lower Bounds, m=n=4, |=5

i

Gmmi(z) = min somintmnd (9 — 1+ jm — n)a;
+ (1 (1 - an) o) (25)

Lemma 6 says that the optimal error probability is upper
bounded bySNR™¢ (™ with dg (r) = Gy i (Ir). G (),
also written asG(x), is a piecewise linear function with
G(z) > 0 for z in the range of0, ! min{m, n}]. Let

l—|m—n|—1
o[

Diversity Advantage dx(r)

Spatial Multiplexing Gain r=R/log SNR

Fori=1,...,k andz € [[(min{m,n} —¢),{(min{m,n} — Fig. 5. Upper and Lower Bounds for the Optimal Tradeoff Curve
i+1)], G(z) is a linear function with the slope (2i—1+|m—
n|)/l, anddg(r) = G(Ir) agrees with the upper bound on the

SNR exponentd,,:(r). For z < I(min{m,n} — k1), G(z) Let \;,i = 1,...,min{m,n} be the non-zero eigenvalues
is linear with slope—1, hencedg(r) has slope-I, which is of HH, and define the random variables
strictly below d,,:(r). log \i )

In summary, for a system with < m 4+ n — 1, the = _logSNR’Z: 1,...,min{m,n}

optimal tradeoff curved*(r) can be exactly characterized _. h bability d q he ch | ) |
for the ranger > min{m,n} — ki; in the range that < Since the error probability depends on the channel matrix only

min{m,n} — ki, however, the boundédg (1) and dy.:(r) do through);’s, we can rewrite the bad channel event in the space
) ; , y
not match. Examples for systems with — n — | — 2 and ©f @ @a € B'. (26) thus becomes

m =n =4, =5 are plotted in Figure 5, witlk; = 1 and?2, P.(SNR) < P(a € B') x 1+ P( error,« & B') 27)
respectively. , . . ' .
In the next sub-section, we will explore how the Gaussian To find the optimal choice oB’, we first consider the error
coding bound can be improved. probability conditioned on a particular realization @f From
(19) we have
B. Typical Error Event P( error | a) < SNR™IE(=e0" =], (28)
The key idea in the proof of Theorem 2 is to isolate a *ba@7) essentially bounds this conditional error probability by
channel” event ¢ B, 1 for all & € B’. In order to obtain the tightest bound from

P.(SNR) < P(He B) x 1+ P( error,H ¢ B), (26) (27), the optimal choice 05’ is exactly given byB* 2 {a:
> (1—a;)* < r}. To see this, we observe that for amye B*,
and compute the error probability in the second term witthe right hand side of (28) is larger than hence further
the union bound values of. While this bound is tight for bounding P( error | «) by 1 gives a tighter bound, which
I >m+n—1,itis loose forl < m+n—1. A natural attempt means the poin& should be isolated. On the other hand, for
to improve this bound is to optimize over the choicesBofo any a ¢ B*, the right hand side of (28) is less thanhence
get the tightest bound. Does this work? it is loose to isolate thisv and boundP( error | «) by 1 .
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The condition} (1 — a)* < r in fact describes the outageOn the other hand, when< m +n — 1, we have for some,

event at data rat® = rlog SNR, since > af < min{m,n} — r, corresponding to
SNR min{m,n} SNR
logdet (I + —HH' | <R - >R
oge( + = >< IH) = log Ul (1+ m)\z>
SNR -
<~ H (1 + )\z) < SNR" min{m,n} SNRL—@:
i m > log H _
ME= TTSNRO—9" < SNR” i=1 a
; > rlogSNR

Consequently, we conclude that the optimal choic&db at high SN_R. Tha}t is, the typical error event occurs when the
channelH is not in outage.

obtain the tightest upper bound from (26) is simply the OUtageDiscussion: Distance Between Codewords

eveDr_lt. ion: Tvpical E E Consider a random codebo6kof size SNR'" generated from
Iscussion: Typical Error vent_ ... thei.i.d. Gaussian ensemble. Fix a channel realizddon H.
Isolating the_qutage event essentially bounds the Cond't'or)fjsume thatX (0) is the transmitted codeword. For any other
error probability by codewordX(k),k # 0 in the codebook, the pairwise error

Plerror|a) < min{l,SNR*”Z(lﬂi)+*T]} probability betweerX (0) and X(k), from (17), is

SNR*l[Z(lfou)J’*T]Jr
P(X(0) — X(k))

Now the overall error probability can be bounded by _ p SNR [EL(X () — X(O))||2 < HWHQ
4m F=
- —a;) =]t .
P.(SNR) < /p(a)SNR 0o ™= gq Let \;,i = 1,...,min{m,n} be the ordered non-zero eigen-
« values of HH'. Write A = diag()\;,i = 1,...,min{m,n}),

where the integral is over the entire spacecofFor conve- and H = U+/AVT for some unitary matrice¢/, V. Write
nience, we assume; € [0, 1], Vi, which does not change theAX 2 X(0) — X (k). Since AX is isotropic, it has the same
SNR exponent gf Ehe ab?ve bound. Under this assumptiqfisribution asAX’ 2 VAX. Following (21), the pairwise
p(a) = SNR™ Z@i=ttim=rhas ‘hence error probability can be approximated as

- —dg(r,a)
P.(SNR) g/aSNR da P(X(0) — X(k))

fo = P (S AKX < )
de(r, ) = P(JA(AX")|% < 4mSNR™Y)
min{m.n} (2 — 1+ |m — n|)ay . = P\ ||Ax|? <SNR™Y i =1,... ,min{m,n})
a im1 +1 (Z?irf{m’n}(l — o) — 7") ] where Ax;’s are the row vectors oAX’. Since Ax;'s have

o . ) Li.d. Gaussian distributed entries, we have for afyc
This integral is dominated by the term correspondsyto [0, 1]min{m.n},

that minimizesd,(r, «), i.e.,

P.(SNR) < SNRc (") P(||Ax]* < SNR™%,i = 1,... min{m,n})
= SNR™'Z /% (29)
with
Given a realization of the channél with \; = SNR™%¢,
dg(r) = mindl (r, @) an error occurs when|Ax;|> < SNR™(=%) for i =
« 1,...,min{m,n}, with a probability of ordeBNR ! 21 =)
dG(’)") is in fact the same as defined in (20)' since th@ the fO||0Wing, we focus on a particular channel realization
optimizing o* always satisfie$ (1 — o) — r > 0. H* that causes the typical error event. As shown in se_ction V-
Here, the optimization over ali’s provides a closer view A, the typlcz_il error occurs V\ihen the channel has a singularity
of the typical error event. From the above derivation, sindgvel of a”, i.e., A; = SNR™®, for all .
P.(SNR) is dominated bysSNR~%("*") detection error typ- N the case thap (1 — a7) —r = 0, we have
ically occurs wher falls in a neighborhood of¢*; in other P(X(0) — X(k) | H = H*)
words, when the channel has a singularity levehof - GgNR-IZ(-al) _ gNRV
In the casé > m+n—1, we have) , of = min{m,n}—r,
which is the same singularity level of the typical outage eventyithin the codebookC containing SNR™ codewords, with
therefore detection error is typically caused by channel outageobability SNR” there will be some other codeword so close
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to X(0) that causes confusion. In other words, when the This theorem gives the following interesting dual relation
channelH = H*, a random codebook drawn from the i.i.dbetween the Gaussian coding bound derived in Lemma 6 and
Gaussian ensemble with sis&IR"” will have error with high the expurgated bound: for dm,n,l) system withm transmit,
probability. This is natural since the capacity of the channel receive antennas and a block lengthipfusing the i.i.d.

H* can barely support this data rate. Gaussian input, if at a spatial multiplexing gaipn one can
On the other hand, if the typical error event occurs wheget, from isolating the outage event, a diversity gaina,athen
YA —af)—r>0, with an (m, I, n) system ofm transmit,! receive antennas and
9 —(1—a%) a block length ofn, at a spatial multiplexing gain af/n, one
P <3Xk inC: ”AX?” < SNR o ) can get a diversity gain ofr, from the expurgated bound.
fori=1,...,min{m,n} Besides the complete proof of the theorem, we will discuss in

SNRI I X(1—ad) — gNR™P the following the intuition behind this result.
In the proof of Lemma 6, we isolate a “bad channel” event

2
for somep > 0. € B, and compute the upper bound on the error probability:

This means the typical error is caused by some codewords
in C that are atypically close tX(0). Such a “bad codeword” P, < PMHeDB)x1+ P(error, H ¢ B) (31)
occurs rarely (with probabilitgNR™?), but has a large prob-
ability to be confused with the transmitted codeword; hendd'e second term, following (21), can be approximated as
thig event dominates the overall error probability pf the COde'P(error,H ¢B) < SNR”P( pairwise errorH ¢ B)
This result suggests that performance can be improved by

SNR'" P (SNR IH(AX)|2 < 1)

expurgatingthese bad codewords.

where the last probability is taken ovEr ¢ 1B, andAX. Since
C. Expurgated Bound P(H € B) approache$, this can also be written as
The expurgation of the bad codewords can be explicitly
carried out by the following procedute P(error H ¢ B)
e Step 1 Generate a random codebook of sgBR'", < SNR"P(|H(AX)|[3 <SNR™' |H ¢ B)
with each codewor&X (k) € C™*L,

e Step 2 Define a set3’. For the first codewordX(0),
expurgate all the codeword§(k)'s with X (k) —X(0) €

At spatial multiplexing gainr, a diversityd gain can be
obtained only if there exists a choice &f such that both
terms in (31) are upper bounded B}{R™, i.e.,

B
e Step 3Repeat this procedure for each of the remaining de(r)
codewords, until for every pair of codewords, the differ- IBCCm st
enceX (k) — X(j) ¢ B'. P(H € B) < SNR™
= max<{d 2 1
: . . P([H(AX)[[[; < SNR™" [H ¢ B)
By choosing3’ to obtain the tightest upper bound of the < gNR™(r+d)
error probability, we get the following result. n (32)

Theorem 7:Expurgated Bound
For the channel (1) with data rate = r log SNR(bps/Hz), Now consider a system withn' transmit,n’ receive an-
the optimal error probability is upper bounded by tennas, and a block length &f. Let the input data rate be

- —deap(r R’ = r"log SNR. We need to find a “bad codewords” dgtto

Pe(SNR) < SNR " be expurgated to improve the error probability of the remaining

where codebook. Clearly, the more we expurgate, the better error

. probability we can get. However, to make sure that there are

deap(r) = Gy 0 (I7) enough codewords left to carry the desired data rate, we need

for G(x) defined in (25). P(AX € B) < SNRT

2This result depends on the i.i.d. Gaussian input distribution only throu ; ;
the fact that the difference between codeworsiX has row vectorsAx;'s ql:hat is, for one partICUIar codeword, the averag,e number
satisfying of other codewords that need to be expurgated is of order
SNR'™ P(AX € B') < SNR’. Hence the total number
of codewords that need to be expurgated is much less than
for smalle. In fact, this property holds for any other distributions, from WhichSNRl/T', which does not affect the spatial multiplexing gain.

the codewords are independently generated. To see this, assumec C! . o
be two i.i.d. random vector with pdfi(r). Now Ar — ry — ro has a density Now with the expurgated codebook, the error probability (from

at0 give by fa,(0) = [ f2(r)dr > 0. HenceP(||Ar||? < ) = far(0)el.  Union bound and (21)) is:
Also, (30) is certainly true for the distributions with probability masses or
[ f2(r)dr = co. This implies that (29) holds for any random code; hence p. < SNR!'™ p (HH(AX)HQ < SNR7! | AX ¢ B’)
changing the ensemble of the random code cannot improve the bound in €= =
Lemma 6. . . . . .
3This technique is borrowed from the theory of error exponents. The With the expurgation, for a diversity requiremeft, the

connection is explored in Section VI. highest spatial multiplexing gain that can be supported is

P(||Ax||? <€) > € (30)
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d_,(d") with | menz, 12
-e-d
Udg,(d') i dG(rzr)
B e st i .
i d | PAX EB) SSNRT Z
N P(|H(AX)|[7 < SNR™' | AX ¢ B) SO
< SNR—(r ') N
(33) &7 .

Now compare (32) and (33), notice that bdthand AX n o
are i.i.d. Gaussian distributed. If we exchanHeand AX,
and equate the parameters = m,n’ =1,I' =n,d =1lr = T
n'r,lI'r’ = d, the above two problems become the same. Now % ,‘ I s )

0.5 1 .
Spatial Multiplexing Gain: r=R/log SNR

in an (m,n,l) system,ld_}! (nz) is the same function of o

exrp

asdg () in an(m,l,n) system; hencéd_! (d) = Guin(d),

exp

andde,,(r) = G}, (Ir). Theorem 7 follows.

Combining the bounds from Lemma 6 and Theorem 7,
yield,

— upper bound
-+ |lower bound

w
T

P,(SNR) < SNR™%(")

where

Diversity Advantage: d
N

di(r) £ max{dg(r), degp(r)} (34)

i
T

The example of a system withh, = n = [ = 2 is
plotted in Figure 6. In general, for afin,n,l) system with
I > m, the SNR exponent of this upper bound (to the error %
probability) is a piecewise linear function described as follows; _
let ky — |—(l _ |m _ n| _ 1)/2171@ _ [(n _ |l _ m| _ Fig. 6. Upper and Lower Bounds for System with=n =1 = 2.
1)/2], k3 = min{m,n}, ks = min{l,m}, the lower bound
di(r) = max{dq(r), desp(r)} connects points

-

0.5 1 15
Spatial Multiplexing Gain: r=R/log SNR

error occurs with a probability

(i,(m—1i)(n—14)) for i=1ks ks—1,...,ks—ky P(X(0) — X(1))

<W,Tl]> for j:k4fl€2,...,]€471,k4

P (||HAX||§ < SNR—l)

P (||H1AX|\; < SNR—I)

The conr!ecting points2fot = ks —k; andj < ki — k2 since H,AX = 0. If HH1||2F < SNR™!, which has a
are respectivelyks — ki, ki + ki|m —n|) and ((k3 + k2|l = probability of orderSNR™™, the transmitted signal is lost.
m|)/l,n(ks—kz)). One can check that these two points alwayyitively, when! < m, the code is too short to average over

lie on the same line with slope!. all the fading coefficients; thus the diversity is decreased.
d;(r) matches withd,,;(r) for all » > ks — k1, and yields a

gap forr < ks—k;. At multiplexing gainr = 0, corresponding

to the points withj = 0, d;(0) = nks. For any block length D- Space-Only Codes

[ > m, this gives a diversity gaimn, which again matches In general, our upper and lower bounds on the diversity-

with the upper bound.,,:(r). multiplexing tradeoff curve do not match for the entire range
When! < m, the upper and lower bounds do not matcbf rates whenever the block length< m 4+ n — 1. However,

even atr = 0. In this case, the maximal diversity gainn ~ for the special case dof = 1 and m < n, the lower bound

in the channel is not achievable, adg0) gives the optimal d;(r) is in fact tight and the optimal tradeoff curve is again

diversity gain atr = 0. To see this, consider binary detectiorcompletely characterized. This characterizes the performance

with X(0) and X(1) being the two possible codewords. Letichievable by coding only over space and not over time.

AX = X(1) — X(0), and defineQ2ax as thel-dimensional  In this case, it can be calculated from the above formulas

subspace of™, spanned by the column vectors AfX. We thatdg(r) = m—r andde,,(r) = n(1—r/m). The expurgated

can decompose the row vectors Hf into the components bound dominates the Gaussian bound forraé [0, m], and

in Qax and perpendicular to it, i.eHH = H; + H,, with henced;(r) = n(1—r/m), a straight line connecting the points

H.v = 0 for any v € Qax. SinceH is isotropic, it follows (0,n) and (min{m,n},0). This provides a lower bound to

that H; contains the component & in n/ dimensions, and the optimal tradeoff curve, i.e. an upper bound to the error

H,, contains the rest in(m —1[) dimensions. Now a detection probability.
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We now show that this bound is tight, i.e. the optimal error Corollary 8: Coding over k blocks

probability is also lower bounded by: For the block fading channel, with a scheme that codes over
_ (i) k blocks, each of which are independently faded, let the input
P.(SNR) > SNR min{m.n}/, (35) data rate be? = rlog SNR (bps/Hz) (Ir log SNR bits/ block),

To prove this, suppose there exists a sch€man achieve a the optimal error probability is upper bounded by

diversity gaind and multiplexing gain such that/m-+d/n > pe(k)(SNR) < SNRFxdi(r)

1. First we can construct another schegfewith the same ] )

multiplexing gain, such that the minimum distance betwedfr d:(r) defined in (34) ;and lower bounded by
any pair of the codewords i’ is bounded by Pe(k-)(SNR) S GNRFXdout(r)

2 2 1—-d/n

IAX]* = SNR'~/ for dy,.(r) defined in (14).
to be the transmitted 1his means thgt the diversity gain simply adds acrosskthe
blocks. Hence if we can afford to increase the code legth
we can reduce our requirement for the antenna divedSity)
in each channel use, and trade that for a higher data rate.

P( error | X(0) transmitted) Compare to the case when coding over single block, since
> P(X(0) — X(1)) both the upper and lower bounds on the SNR exponent are
= P(SNR ||H(AX)H2 <1) multiplied by the same factok, the bqunds match for {;IH

3 5 whenl! > m 4+ n — 1; and forr > min{m,n} — k;, with
= PNR|R|[[AX]" <1) ki=T[(l—|m—n|—1)/2] for | <m+n— 1.

whereh is then-dimensional component @ in the direction This corollary can be proved by directly applying the

of AX. Now if the minimum distance|AX]| is shorter techniques we developed in the previous sections. Intuitively,
thanSNR—=4/")/2_the error probability given thak (0) is with a code of lengttk blocks, an error occurs only when the

transmitted is strictly larger thaBNR~?. Since the average transmitted codeword is confused with another codeworq. in
error probability is SNR™?, there must be a majority of all the blocks; thus the SNR exponent of the error probability
codewords, say, half of them, for which the nearest neighb'érm”“'pl'ed_pyk- As an example, we consider the pairwise
is at leastSNR~(1—4/m)/2 away. Now take these one half oferror probability. In contrast to (21), with coding oveblocks,
the codewords to form a new sche®é or to be more precise &T0" 0¢Curs between two codewords when
take half of the codeword for each code in the family ), it has SNR &
. . . . . . H,(AX 2 - 2

the desired minimum distance, and the multiplexing gaia A S O IHA(AX)|F < [lwl]
not changed. t=1

This schemeC’ can be viewed aSNR" spheres, each of whereH; and AX, are the channel matrix and the difference
radius at leassNR~(!~%/™/2 packed in the spac&™. Notice between the codewords, respectively, in blecKhis requires
that each sphere has a volumeSHR ™ ~%™ Now since SNR/(4m)|[[H,(AX,)||> < |w|? for t = 1,... k. The

To see this, fix any codeword (0)
codeword, letX (1) be it's nearest neighbor and X be the
minimum distance. We have

r/m+d/n > 1, for small enoughy > 0, we have probability of this event has an SNR exponentatn, which
S m(1—d/n) < e is also the total number of random fading coefficients in the
SNR > SNR channel duringt blocks.
for somee > 0. That is, with in a sphere of radilBNR*/?,
there are at mosSNR"~° codewords. Consequently, all the VI. CONNECTION TOERROREXPONENTS

other SNR”(1 — SNR™®) codewords are strictly outside the The diversity-multiplexing tradeoff is essentially the trade-
sphere with radiu§NR*/2. This violates the power constraintoff between the error probability and the data rate of a

(2), since communication system. A commonly used approach to study
1 5 - . s this tradeoff for memoryless ghanngls is thrOL_Jgh_the theory
WZ [ Xillz > SNR(1 — SNR™°), of error exponents [10]. In this section, we will discuss the

¢ relation between our results and the theory of error exponents.

Thus, we prove that fof = 1, m < n, the optimal diversity-  For convenience, we quote some results from [10].
multiplexing curved(r) = n(1 — r/m). Lemma 9:Error Exponents

For a memoryless channel with transition probability density
p(y|x), consider block codes with lengthand rateR (bit per

) ) channel use). The minimum achievable error probability has
So far we have considered the multiple antenna channel {& following bounds:

in a single block of lengthi. In this section we consider therandom coding bound:

case when one can code oversuch blocks, each of which B

fades independently. This is the block fading model. Having Pe < exp[—kE;n(R)] (36)
multiple independently faded blocks allows us to combine tré
antenna diversity with other forms of diversity, such as tim

and frequency diversity. P. > exp|—k(Esp[R—01(1)] + 02(1))] (37)

V. CODING OVER MULTIPLE BLOCKS

here-packing bound:
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whereo;(1),02(1) are terms that go t0 ask — oo, and consider block codes with a given lengthand rateR (bits
= _ per channel use). The achievable error probability is upper
Eran(R) = 02y [Eo(p) — pR] bounded by
Ey(R) = sup [Eo(p) — pF] P. < exp|~kE..(R)]

Ey(p) = max, Eo(p, q), where the maximization is takenyhere
over all input distributions; satisfying the input constraint,

and E..(R) = sup|E,(p) — pR]
. 1+ p>1
p
1/(1
Eo(p,q) = *log/ U g(@)p(y | @)/ de | dy E.(p) = max, E,(p, q), where the maximization is taken over

In the block fading model considered in” Section V, onall input distributionsg satisfying the input constraint, and
can think of [ symbol times as one channel use, with the
input super symbol of dimensiom x [. In this way, the Ex(p

,q)
channel is memoryless, since for each use of the channel | ) SR 1/pd i
an independent realization df is drawn. One approach ~— ~F7% | m/q(x)q(x) p(yl2)p(ylz’)dy rar
to analyze the diversity-multiplexing tradeoff is to calculate We conjecture that

the upper and lower bounds on the optimal error probability E..(ir 1og SNR)

as given in Lemma 9. There are two difficulties with this im
approach: SNR— o0 log SNR

e The computation of the error exponents involves optjy, deap(r) given in Theorem 7. Again, we have only been
mization over all input distributions; a difficult task ingpje to verify this conjecture for the i.i.d. Gaussian input
general. distribution.

e Even if the sphere-packing exponeht,(R) can be
computed, it does not give us directly an upper bound on
the diversity-multiplexing curve. Since we are interested
in analyzing the error probability for a fixeld (actually, The diversity-multiplexing tradeoff can be used as a new
we considered: = 1 for most of the paper), the(1) performance metric to compare different schemes. As shown
terms have to be computed as well. Thus, while thHa the example of 2-by-2 system in section Ill, the tradeoff
theory of error exponents is catered for characterizingirve provides a more complete view of the problem than just
the error probability for large block length, we are looking at the maximal diversity gain or the maximal spatial
more interested in what happens for fixedout at the multiplexing gain.
high SNR regime. In this section, we will use the tradeoff curve to evaluate

Because of these difficulties, we took an alternative afhe performance of several well-known space-time coding
proach to study the diversity-multiplexing tradeoff curveschemes. For each scheme, we will compute the achievable
exploiting the special properties of the multiple antenna fadiriversity-multiplexing tradeoff curvei(r), and compare it
channel. We however conjecture that there is a one-to-oagainst the optimal tradeoff curw& (r). By doing this, we
correspondence between our results and the theory of erake into consideration both the capability of a scheme to

= degp(r) (38)

VIl. EVALUATION OF EXISTING SCHEMES

exponents. provide diversity and to exploit the spatial degrees of freedom
Conjecture 10:For the multiple antenna fading channel, thavailable. Especially for schemes that were originally designed
error exponents?,..,(R), E,(R) satisfy according to different design goals (e.g. to maximize the data
Eyan (I log SNR) rate or minimize the error probability), the tradeoff curve
im —/ = dg(r) provides a unified framework to make fair comparisons and
SNR—00 log SNR helps us understand the characteristic of a particular scheme
i M = dou(r) more completely.
SNR— oo IOg SNR

i.e. the diversity-multiplexing tradeoff bounds are scaled ver- .
sions of the error exponent bounds, with both the rate and the Orthogonal Designs
exponent scaled by a factor of log SNR. Orthogonal designs, first used to design space-time codes in
While we have not been able to verify this conjecture, W], provide an efficient means to generate codes that achieve
have shown that if we fix the input distributianto be i.i.d. the full diversity gain. In this section, we will first consider a
Gaussian, the result is true. special case withn = 2 transmit antennas, in which case the
There is also a similar correspondence between the @tthogonal design is also known as the Alamouti scheme [8].
purgated bound derived in Section IV-C and the expurgatétl this scheme, two symbols,;, x, are transmitted over two
exponent, the definition of which is quoted in the followingymbol periods through the channel as
lemma.
Lemma 11:Expurgated Bound For a memoryless channel SNR [ X1 —Xg } LW

Y =1/2"H

characterized with the transition probability densjify|z), 2 Xy X!
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The ML receiver performs linear combinations on the received Now since for the QAM constellation there are at mast

signals, yielding the equivalent scalar fading channel: nearest neighbors tey, the overall error event is simply the
5 union of these4 pairwise error event. Therefore, the error
g — /SNR \|H||in Cw fori=1.2 (39) Probability is upper bounded by times the pairwise error
2 probability, and has the same SNR exponent(1 — r).

Another approach to obtain this upper bound is by using the
duality argument developed in section IV-C. Channel (39) is
essentially a channel withtransmit,mn receive antennas and
a block lengthl = 1. Consider the dual system withtransmit,
P([H|} <€) ~ e 1 receive antenna and a block length= mn. It is easy

In our framework, we view the Alamouti scheme as aff Verify that the random coding bound for the dual system
inner code to be used in conjunction with an outer code whiéh G1,1,mn(mnr) = 1 —r/(mn). Therefore for the original
generates the symbais’s. The rate of the overall code scale$ystem, the expurgated exponentis; ., (r) = mn(1 —r).
as R = rlog SNR (bits/symbol). Now for the scalar channel Combining the upper and lower bounds, we conclude
(39) us|ng similar approach discussed in section llI- C V\Iéat for the Alamouti SCheme the Optlmal tradeoff curve is
can compute the tradeoff curve for the Alamouti scheme wilamouti (1) = mn(1l —r)*. This curve is shown in Figure
the best outer code ( or, more precisely, the best family éffor cases withn = 1 receive antenna and = 2 receive
outer codes). To be specific, we compute the SNR exponéhtennas, with different block length
of the minimum achievable error probability for channel (39) For the case: = 1 and! > 2, the Alamouti scheme is
at rateR = r log SNR. To do that, we lower bound this erroroptimal, in the sense that it achieves the optimal tradeoff
probability by the outage probability, and upper bound it b§urve d*(r) for all r. Therefore the structure introduced by
choosing a specific outer code. the Alamouti scheme, while greatly simplifies the transmitter

Conditioned on any realization of the channel malix= and receiver designs, does not lose optimality in terms of the
H, channel (39) has capacityg(1 + SNR||H|% /2). The tradeoff.
outage event for this channel at a target data fates thus  In the casen = 2, however, the Alamouti scheme is in

where|H]||  is the Frobenius norm . ||H||§7 is chi-square
distributed with dimensiomn: ||H||§7 ~ X3mn- Itis easy to
check that for smal,

defined as general not optimal: it achieves the maximal diversity gain of
SNR ”an 4 atr = 0, but falls below the optimal for positive values of
{H log |14 ———F R} r. In the casd = 2, it achieves the first line segment of the
2 lower boundg,(r); for the case that > 3, its tradeoff curve

It follows from Lemma 5 that when outage occurs, there isia strictly below optimal for any positive value of
significant probability that a detection error occurs; hence theThe fact that the Alamouti scheme does not achieve the
outage probability is a lower bound to the error probabilitfull degrees of freedom has already been pointed out in

with any input, up to the SNR exponent. [16]; this corresponds in Figure 7 (1) = 0. Our results
Let R = rlog SNR, the outage probability give a stronger conclusion: the achieved diversity-multiplexing
SNR ”HHQ tradeoff curve is sub-optimal for all > 0.
P,+(R) = P (log 14— —1F R) It is shown in [3] [17] that a “full rate” orthogonal design

2 does not exist for systems witl, > 2 transmit antennas. A
SNRHHH% i full rate design corresponds to the equivalent channel (39),
P14 ———— <SNR with a larger matrixH. Even if such a full rate design exists,
the maximal spatial multiplexing gain achieved is just
= P(JH|% <SNR™(-17) 1, since “full rate” essentially means that only one symbol
~ gNR-™n(-n)7t is transmitted per symbol time. Therefore, the potential of a
multiple antenna channel to support higher degrees of freedom

That is, for the Alamouti scheme, the tradeoff cue’) is not fully exploited by the orthogonal designs.
is upper bounded (lower bound on the error probability) by

dout(r) = mn(l —r)™.
To find an upper bound on the error probability, we can uf V-BLAST
a QAM constellation for the symba!;’s. For each symbol, to  Orthogonal designs can be viewed as an effort primarily to
have a constellation of siZ&NR", with r < 1, we choose the maximize the diversity gain. Another well-known scheme that
distance between grid points to BBIR™"/2. Assume that one mainly focuses on maximizing the spatial multiplexing gain is
pointcg in the constellation is transmitted. Let be one of the V-BLAST [4].
nearest neighbors. From (21), the pairwise error probability We consider V-BLAST for a square system withtransmit
5 and n receive antennas. With V-BLAST, the input data is
Pleo—c1) = P [SNRIHE \rrr2 4 divided into independent sub-streams which are transmitted
2 on different antennas. The receiver first demodulates one of
‘ 5 —(1—n) the sub-streams by nulling out the others with a decorrelator.
= P(|H|7 <SNR ) After this sub-stream is decoded, its contribution is subtracted
SNR—™n(1=7) from the received signal and the second sub-stream is in
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Alamouti Scheme: m=2,n=1,1>=2 Alamouti Scheme: m=n=I=2 Alamouti Scheme: m=n=2,1>=3
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Fig. 7. Tradeoff Curves for Alamouti Scheme

turn demodulated by nulling out the remaining interferences n, which is the total number of degrees of freedom provided
Suppose for each sub-stream, a block code of lehgyimbols by the channel. However, the maximal diversity gainlis
is used. With this successive nulling and canceling process, thieich is far below the maximal diversity gait? provided by

channel is equivalent to: the channel. This tradeoff curve is plotted in Figure 8 under
SNR the name “V-BLAST(1)".
yi=4{/—gx;+w; fori=1....n (40) We observe that in the above version of V-BLAST, the
n

first stage (detecting the first sub-stream) is the bottleneck
where x;,y;, w; € C' are the transmitted, received signalgtage. There are various ways to improve the performance
and the noise for th&" sub-streamg? is the signal to noise of \LBLAST, by improving the reliability at the early stages.
ratio at the output of the’* decorrelator. Again, we apply anciearly, the order in which the sub-streams are demodulated
outer code in the input;’s so that the overall input data rategffects the performance. In [4], it is shown that fixing the
R = rlog SNR (bits/symbol), and compute the tradeoff curvgame date rate for each sub-stream, the optimal ordering is
achieved by the best outer code. . _ to choose the sub-stream in each stage such that the SNR at
This equivalent channel model is not precise since errgfe output of the corresponding decorrelator is maximized.
propagation is ignored. In the V-BLAST system, an erroneod§my|ation results in [4] show that a significant gain can
decision made in an intermediate stage affects the reliabilgy optained by applying this ordering. Essentially, choosing
for the successive decisions. However, in the following, Wge order of detection based on the realizatioEbthanges
will focus only on the frame error probability. That is, a framene distribution of the effective channel gaigsin (40). For
of length/ symbols is said to be successfully decoded only yample for the first detected sub-stream, the channelggain
all the sub-streams are correctly demodulated; whenever thgfehe maximum gain of, possible decorrelators, the reliability
is error in any of the stages, the entire frame is said t0 Bg getecting this sub-stream and hence the entire frame is
in error. To this end, (40) suffices to indicate the frame errgfarefore improved.
performance of V-BLAST. ~ Since theg,’s are not independent of each other, it is com-
The performance of V-BLAST depends on the order igjicated to characterize the tradeoff curve exactly. However, a
which the sub-streams are detected and the data rates aSS|gnﬁB|e lower bound to the error probability can be derived as
to the sub-streams. We will start with the simplest case: th§jows. Assume that for all sub-strearfis. . ., n, the correct
same data rate is assigned to all sub-streams; and the recepg{smitted symbols are given to the receiver by a genie, and
detects the sub-streams in a prescribed order regardles,Qfce are canceled. With the remaining two sub-streams, let
the realization of the channel matrid. In this case, the e corresponding column vectors Hi be h; and h,. Write
equivalent channel gains are chi-square distribuggds x3;, 1, — || 6;, whered; € C™ has unit length, foi = 1,2. 6;'s
with P(g? < ) ~ €*'. The data rates in all sub-streams argre independent of the nornjh,||, and are independently

R; = r/nlog SNR (bits/symbol), fori = 1,...,n. Now each jsqiropically distributed on the surface of the unit sphere in
sub-stream passes through a scalar channel withegalsing  on 1t is easy to check that

the same argument for the orthogonal designs, it can be seen ) .
that an error occurs at th&" sub-stream with probability P(1—(01,02)" <¢) me"

Pe(i)(SNR) ~ gNRHA—T/m)T for 52rr1all e. The gains of the two possible decorrelators are
|th (1 — <91,92>2),i =1,2. Given thatl — <91,02>2 < €,

vith high probability (of orden) both gains are small. In other
words,

with the first sub-stream having the worst error probabi
ity. The frame error probabilityP.(SNR) is bounded by

PY(SNR) < P.(SNR) < 7, PX(SNR). Since the upper _
and lower bounds have the same SNR exponent, we have P(g?_; <SNR™®) > SNR™ ("~

P.(SNR) = gNR—(1=r/m)* Consequently, the error probability of this scheme is lower

The tradeoff curve achieved by this scheme is tdus) = bounded by '
(1—r/n)T. The maximal achievable spatial multiplexing gain ~ P.(SNR) > P{"~D(SNR) > SNR™(»~1(1=7/n)
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The upper bound of the tradeoff curde) < (n—1)(1—r/n) , - Optimal Tradeof
is plotted in Figure 8 under the name “V-BLAST(2)". o) - = V-BLAST(2)
Another way to improve the performance of V-BLAST is ~o- V-BLASTG)
to fix the detection order but assign different data rates to
different sub-streams. As proposed in [18], since the first
sub-stream passes through the most unreliable chagpel (
being small with the largest probability), it is desirable to
have a lower data rate transmitted by that sub-stream. In our
framework, we can in fact optimize the data rate allocation
between sub-streams to get the best performance. Let the e
data rate transmitted in th&” sub-stream be; log SNR, for Tl (.0)
i =1,...,n. The probability of error for the"" sub-stream | “SSe==--.__ ,
is e o
Spatial Multiplexing Gain r= R/Iog(SNR)

Diversity Gain d*(r)

Py

P/ (SNR) = SNR™* (1=

Now the overall error probability has a SNR exponent
min;..,>04(1 — r;). The minimization is taken over all the .  onimal Tradeot
sub-streams that are actually used, e3> 0. We can choose \ © V-BLAST(1)

the values ofr;’s to maximize this exponent: ©.n) B . ngtﬁggi

d(r) = max {min z'(l—ri)]

T1yeeesTm | 113 >0

subject to: > r; =r;r; € [0,1]Vi
7

The optimal rate allocation is described as follows:
e Forr < 1/n, only one sub-stream is used. i.e,,= r,
andr; =0 for ¢ =1,...,n — 1. The tradeoff curve is
thusn(l —r).

e Forr € [1/n,2/n+ 1/(n — 1)], two sub-streams are

used with 77/(1 - 7‘71,) = (n - 1)(1 - Tn—l) andr = Spatial Multiplexing Gain r= R/log(SNR)
rn+rn—1. Hencer, = 1/n+(n—1)/(2n—1)(r—1/n)
andr,,_; = n/(?n _ 1)(7“ _ 1/n) The tradeoff curve is Fig.- 8. Tradeoff Performance of V-BLAST

Diversity Gain dx(,[)

n(n—1 1
n—1- (Q(n—l)) (E - T)'
e Define pointed out that comparing to V-BLAST “orthogonal designs
k=1, are not suitable for very high-rate communications”. Note that
Tk = Z i we used the notion of high/low multiplexing gain instead of
i=0 high/low data rate. As discussed in Section Il, the multiplexing

Let 7o = 0. The tradeoff curved(r) connects points gain indicates the data rate normalized by the channel capacity
(ri,n — k) for k = 0,...n. Forr € [rp_1,7:], k sub- as a function of SNR. This notion is more appropriate since

streams are used, with ratgsatisWingZ?:n_k+1 r; = oOtherwise comparing schemes at a certain data rate may yield
randd(r)=i1—r;) fori=n—k+1,...,n. different results at different SNR levels.
The resulting tradeoff curve is plotted in Figure 8 as “V-
BLAST(3)". C. D-BLAST

We observe that for all versions of V-BLAST the achieved \yiie the tradeoff performance of V-BLAST is limited due

tradeoff curve is lower than the optimal, especially when the independence over space, D-BLAST [2], with coding

multiplexing gainr is _small. This IS because independent Suk\?)'ver the signals transmitted on different antennas, promises a
streams are transmitted over different antennas; hence eAtdher diversity gain

sub-stream sees only random fading coefficients. Even if D-BLAST, the input data stream is divided into sub-

we assume no interference between sub-streams, the tradgf?gams, each of which is transmitted on different antennas

curve is justd(r) = n —r. None of the above approacheg;e gjots in a diagonal fashion. For example, 2ve2 system,
can reach above this line. The reliability of V-BLAST is thusthe transmitted signal in matrix form is

limited by the lack of coding between sub-streams.

Now to compare V-BLAST with the orthogonal designs, 0 xV x®
we observe from the tradeoff curves in Figure 7 and 8 that Xgl) X§2> X(23>
for low multiplexing gain, the orthogonal designs yield higher
diversity gain, while for high multiplexing gain, V-BLAST is wherexgk) denotes the symbols transmitted on tfeantenna
better. Similar comparison is also made in [16], where it i®r sub-streank. The receiver also uses a successive nulling

ec?! (41)
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and canceling process. In the above example, the receif@rthis channel is defined as
first estimatesx,”) and then estimates!" by treatingx!” pBLAST
as interference and nulling it out using a decorrelator. The out (R)
estimates ofx!" and x{" are then fed to a joint decoder A p (H ;3 log (1 I SNRgf) < rlogSNR)
to decode the first sub-stream. After decoding the first sub- n
stream, the receiver cancels the contribution of this sub-stream n SNR .,
from the received signals, and start to decode the next sub- = P H (1 T ngi) < SNR
stream, etc. Here, an overhead is required to start the detection =1
process; corresponding to thesymbol in th? above example.Write g? = SNR™¢, with a; > 0, we have

In this section, we assume that eagh” is a block of
symbols of length!’. In a frame of Iegﬁgthl, there are Py (R) iP(Z(l_O‘i)+ ST)

/
LU = mm = 1) sub-stree_lm_s. A frame error oFcurs when 2's are independent and chi-square distributed, with den-
any of these sub-streams is incorrectly decoded; therefore thtgZ
probability of a frame error is, at high SNR,I’ — m(m — 1) sty
times the error probability in each sub-stream; and thus has fg? (z) = Kzt~ le=*/?

the same SNR exponent as the sub-stream error probdbility. ) o )
In the following, we will focus on the detection of only oneVherek; is a normalizing constant. Now the random variables

sub-stream, denoted as,....x, € C'. In a squaren x n Qi = —log g?/log SNR,i = 1,..._,n are also independent;
system, each sub-stream passes through an equivalent chaf@ige the pdf. o = [as, ..., an] is
as follows: n
i=1
Y1 g1 0 N 0 X1 n ) SNR™%i
Y2 NR| O g ... O Xo = K;(log SNR)SNR™"* exp (— )
o MR T B TR @2) Il 2
n
v o o .. g'n Xn The outage probability is thus
/ . . ) BLAST N
wherex;,y; € CV', andg? is the gain of the nulling decorre- Pout ™ (R) = /Afa(x)dx

lator used forx;. We first ignore the overhead in D-BLAST ) 4
and write the data rat& as the number of bits transmitted inVNereé-A = {a: > (1 —a;)™ < r} corresponds to the outage
event. At high SNR, we have:

each use of the equivalent channel (42).
The important difference between (42) and (40), the equiva- BLAST ) n Cim
lent channel of V-BLAST, is that here the transmitted symbols Poi"7" (rlogSNR) = /AHSNR idx
x;'s belong to the same sub-stream and one can apply an =1
outer code to code over these symbols; in contrastxtfe As SNR — oo, the integral is dominated by the term with the
in V-BLAST correspond to independent data streams. Thargest SNR exponent, and
advantage of this is that each individual sub-stream passes BLAST , _{BLAST (1)
through all the sub-channels; hence an error in one of the sub- Fout™”" (rlog SNR) = SNR™er
channels, protected by the code, does not necessarily causefig
loss of the stream. N
2It car21 be.shownzthagi S ar; independent with distribution dBLAST (1) — inf Zmi (43)
g7 ~ x3;, With P(g? <€) = ¢*. The tradeoff curve achieved X (l—ai)t<r =
by the optimal outer code can be. derlve_d_ using a :;lmllarWith the same argument as Lemma 5, it can be shown
approach as the proof of Theorem 2: by deriving a lower bound BLAST/ .\ : .
. o o rt\aat the curved (r) is an upper bound on the optimal
on the optimal error probability from the outage analysis; an

out

an upper bound by picking the i.i.d. Gaussian random code%%hl.evable tradeoff curve in .D.'BLAST' Qn the other hand, by

the input. p|gk|ng the.mput to be the !.I.d. G'aussmn random code and
Given a channel realizatiofl — H (unknown to the using a similar approach as in section IlI-C, one can show that

: . . for I’ > n, the diversity achieved at any spatial multiplexing
transmitter), the capacity of (42) is gainr is given bydZLAST (). Therefore, the optimal tradeoff

out

n SNR curve achieved by D-BLAST igB245T (1) = ¢BEAST (1) as
> log (1 + gf) given in (43).
i=1 " The optimization (43) can be explicitly solved. Fér=

. 0,...,n, the minimizinga* for r € [n —k —1,n — k] is :
At data rateR = rlog SNR (bps/Hz), the outage probability > "’ " ~ ™ ’
o8 (bp ) gep ya;*:1f0rz:1,...,n—l<;—1,af%k:r—(n—k—l),
) . ) daf = 0 for i > n — k. The resulting tradeoff curve
4In practice, the error probability does depend/grechoosing a small value g

al
BLAST i _
of I/ makes the error propagation more severe; on the other hand, increaing (r) connects points(n h k-, k(k +1)/2) for k =
I’ requires a larger overhead to start the detection process. 0,...,n. dBE45T(r) is plotted in Figure 9, and compared to
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D-BLAST Tradeoff, m=n realization of H, the mutual information of the channel is

_°~ Optimal Tradeoff: MMSE achieved by successive cancellation and MMSE receivers [19]:

—&— Nulling

o I(X,Y) = log(1 + g™);
k=1

therefore, the optimal outage performance can be achieved,
i.e., the SNR exponent of the outage probability for the MMSE
D-BLAST matches withd,,.(r) defined in Theorem 4. Now
using the same argument which proved Theorem 2, it can be
shown that forl’ > 2n — 1, with the i.i.d. Gaussian random
code, the optimal tradeoff curvé& (r) = d,,+(r) is achieved.

The difference in performance between the decorrelator and
the MMSE receiver is quite surprising, since in the high SNR
regime, one would expect that they have similar performance.
What causes the difference in performance? For Zhby
2 example, the equivalent channel gains for the MMSE D-

Diversity Advantage d

(1, n(n-1)/2)

(0,n(n+1)/2)

Spatial Multiplexing Gain r=R/log SNR (per symbol period)

Fig. 9. Tradeoff Curve for D-BLAST BLAST are
2
, h
0 = el
the optimal tradeoff curve. We observe that the tradeoff of D- , [ha||” +
BLAST is strictly sub-optimal for all-. In particular, while it (ghmse)? = |hy|* = (gdec)?

can reach the maximal spatial multiplexing gain-at n, the
maximal diversity gain one can getat= 0 is justn(n+1)/2,
out of n? provided by the channel.

The reason for this loss of diversity is illustrated in th

An explicit calculation shows that at high SNR, therginal
distributionsof the gainsg?*c and g"™*¢ are asymptotically
the same, for each stageThe difference is in theistatistical

i %ependencyunder the MMSE receiver, the gaigg*™*¢ and
following example. ghms¢ from the two stages armegativelycorrelated; under
Example: D-BLAST for 2 x 2 sys_tem .. the decorrelator, the gaing'*c andgg*c areindependentThe
Consider a2 x 2 system, for which t2he chgnnel mautrix 'Sgainggnmse is small when the channel gain, from the second
denpted aH = [hl’h?]’ whereh; € C ha_s ""d'C.N(O.’l) transmit antenna is small, but in that case the interference
entries. Decomposk; into the component in the direction Ofcaused by transmit antenna 2 during the demodulation of
hy, x; IS also weak. The MMSE receiver takes advantage of
(hy,hy) that weak interference in demodulating in stage 1. The
||h2\|2 2 decorrelator, on the other hand, is insensitive to strength

. . of the interference as it simply nulls out thd&ection occupied
and the component that is perpendiculaihtqg h; o = h; — Py P

hero Th valent ch [ (42) h h [ aai . E}ﬁ/ the signal. Combined with coding across the two transmit
1fj2- The equivalent channel (42) has channel gains given tennas, the negative correlation of the channel gains in the

g? = ||h1u||2 ~ 2 two stages provides more diversity in MMSE D-BLAST than
2 2 4 in decorrelating D-BLAST.
g = lhf"~x; The above results are derived by ignoring the overhead
Note that Hh1|\2H2 and ||hy,,|® are exponentially dis- that is required to start _the D-BLAST p_rocessing. With the
tributed. However, in D-BLAST, the term df,,x; is dis- overhead, the_ actual achieved data rate is decreasgd, therefore
carded by the nulling process, and the symigl passes Poth the nulling and MMSE D-BLAST do not achieve the

through an equivalent channel with gaga = ||h;|. Con- optimal tradeoff curve.

sequently, the received signals from each sub-stream depent Summary, for the examples shown in this section, we ob-

only on 3 independent fading coefficients, and the maxim&erve that the tradeoff curve is powerful enough to distinguish

diversity for the nulling D-BLAST in this case is just In the performance of schemes, even with quite subtle variations.

a generaln x n system, the component & in n(n — 1)/2 Therefore, it can serve as a good performance metric in

dimensions is nulled out, and the maximal diversity is onlyomparing existing schemes and designing new schemes for

n(n+1)/2. multiple antenna channels. It should be noted that other than
Since nulling causes the degradation of diversity, it is naturf@r the2 by 1 channel (for which Alamouti scheme is optimal),

to replace the nulling step with a linear MMSE receiver. Thihere is no explicitly constructed coding scheme that achieves

equivalent channel for MMSE D-BLAST is of the same fornihe optimal tradeoff curve foeny » > 0. This remains an

as in (42), except that the channel gaigss are changed. OPen problem.

Denote the channel gains for the original nulling D-BLAST

asg?e, and for MMSE D-BLAST agg™™¢. It turns out the VIIl. CONCLUSIONS

MMSE D-BLAST achieves the entire optimal tradeoff curve Previous research on multi-antenna coding schemes has

d*(r). This is a direct consequence of the fact that given affigcused either on extracting the maximal diversity gain or the

hy, =
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maximal spatial multiplexing gain of a channel. In this papeFor the second term, sinee¢ [0, mn]™, we must havey; >
we present a new point of view that both types of gain can inn for somei. Without loss generality, we assumg > mn.
fact be simultaneously achievable in a given channel, but thédew

is a tradeoff between them. The diversity-multiplexing tradeoff )

achievable by a scheme is a more fundamental measure of its SNR™/1() gy

performance than just its maximal diversity gain or its maximal mn

multiplexing gain alone. We give a simple characterization / SNR™(m=—nl+l)ymngNR—F1(t) 1

of the optimal diversity-multiplexing tradeoff achievable by 0

any scheme and use it to evaluate the performance of many < ESNR™™"

existing schemes. Our framework is useful for evaluating an _ - .
comparing existing schemes as well as providing insights fy ere Tha mn andk is a finite constant. Also notice
designing new schemes. o SNR™¥dt < 0o, we have

APPENDIX F(SNR) < VO][I]SNRff(a*)

+kSNR‘m”H/ SNR~7:(*) gy,
i=270

IN

Proof of Theorem 4
From (11), we only need to prove

F(SNR) < SNRf(e)
min{m,n}
2 / [T SNR-Umonitbe: To find a lower bound o (SNR), note thatf(«) is con-
"=t tinuous, therefore for any > 0, there exists a neighborhood
H(SNR*%‘ — SNR™%)%da I of a*, within which f(a) > f(a*) + 6. Now
i<j _ .
SNR—dout (1) F(SNR) > /IM SNR™(/(@D+9) g
where = vol[I N AJSNR™(/(@7)+9)
min{m,n} . ) B .
dout(r) = inf, S (2= 1+ |m—nl)ay __Since F(SNR) > SNR™/(*"** for any 5 > 0, we have
acd F(SNR) > SNR™7(") which proves (44)
and (44) says asSNR — oo, the integral [, SNR™/“da is

dominated by the term corresponding to the minimum SNR
exponent,SNR™/(*"). The above proof of (44) is in fact a
special case of theaplace’'s methodwhich is widely used in
obtaining asymptotic expansions of special functions such as
Bessel functions [15].

A/ = {OZ o3} > 2 Oémin{rn,n} > O,Z(l - ai)+ < ’f’}

As before we can assume without loss of generatity> n.
We first derive an upper bound di(SNR). Consider

F(SNR) < F(SNR) Now to derive a lower bound o#'(SNR), for anyé > 0,
n define the set
A / [T SNR- (=102 TT(SNR™ — 0)2da
A=t i<j Ss ={a:|a; —aj| > 4,Vi# 5}
_ / T SNR(mn+2i-Desgq Now
AT
= SNR™/ () da F (S'\LR)
A — ~(Im=nl+1)a
where o /,HSNR
Fla) =) filas) = Y _(jm = n| +2i = Doy T(SNR™ — SNR™/)%da
: : o i<j
Denote o* = arginfy f(«), we claim F(SNR) = (m—n|t1)a
SNR™(®") that is Z / [[sNR-(mmmte
o A'NSs i
log F(SNR) o s
———t =—f(a" 44 @i _ o
SNRoe  log SNR fa) (44) E(SNR SNR™)%da
To see that, first lef = [0, mn]|™ and consider d +1)
o 2 SNR— m—n a;
F(SNR) »/.;\/ﬁSe; 1:[
< / SNR™da + [ SNR™/(¥da [1((1 = SNR™*)SNR™)2da
A'NI Ic i<j
< vol[A' N I]SNR=/(@) +/ [T SNR#(*) da(45) — (1—SNR)™ / SNR— (@ doy
Ie =1 A'NS;
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Following the above argumerjt
exponent

'NSs

inf f(a)

A'NSs
which, by the continuity off, approacheg(a*) asd§ — 0.

SNR™/(®da has SNR David N.C. Tse David Tse received the B.A.Sc. degree in systems design

engineering from University of Waterloo, Canada in 1989, and the M.S.
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