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ABSTRACT

Reduced-order models are developed for partial differen-

tial system representing the dynamic behavior of the flat-

plate solar collector system using SVD-based model re-

duction schemes. These schemes are applied to the high-

order model representing the original system which is ob-

tained from the exact infinite-dimensional system via Tay-

lor series approximation of the irrational transfer function.

A substantial order reduction is shown to be possible and

the obtained reduced-order models are tractable for the

purposes of simulation and control.

Index Terms— Solar energy, Solar heating, Solar ra-

diation, Approximation methods, Reduced order systems.

1. INTRODUCTION

Solar energy collectors are special kind of heat exchangers

that convert the solar radiation energy to internal energy

of the transport medium. Flat-plate collectors (FPC) are

by far the most used type of solar collectors being widely

and efficiently employed for low temperature applications.

They absorb the incoming solar radiation by a dark ab-

sorber plate and transfer the heat generated to a fluid flow-

ing through pipes in the collector.

FPC have a dynamic behavior in response to the con-

tinuous chronological variations in the solar radiation re-

ceived. Some studies have analyzed the transient and the

steady-state behaviors of the FPC [1–3]. In the present

work, the exact treatment of the dynamic behavior pre-

sented in [1] is considered. It has developed a closed-form

mathematical formula for the fluid temperature as a result

of solving a pair of partial differential equations (PDEs)

that represents the dynamic collector behavior. However,

the numerical solution of the PDEs involves intensive com-

putations which requires a development of a reduced-order

model that will reduce the computational time and still

preserve the accuracy. Furthermore, complexity reduction

is highly desirable for designing a lower-order control sys-

tem which is tractable for computer implementation and

suitable for real-time control. Model reduction is also a

desirable step for simple simulation and easy interpreta-

tion of the results.

Many model reduction schemes of state-space systems

were introduced in the literature. In this work, the SVD-

based ones are considered which include the balanced trun-

cation [4, 5], singular perturbation balanced truncation [6]

and optimal Hankel norm approximation [7, 8]. They have

proven to be very efficient in approximating high-order

systems by low-order models for a variety of applications.

For example, in [9], the authors developed a balanced re-

duced order model of low order that fits well with the tran-

sient behavior of infinite dimensional rod heating system.

The rest of the paper is organized as follows: in Sec-

tion 2, the model transfer function derived from the PDEs

representing the system is reviewed. A Taylor series ap-

proximation is applied to the transcendental function to get

a high-order linear time-invariant state space model that

fits with high precision the dynamics of the original sys-

tem. In Section 3, the reduced-order models are computed

via the three aforementioned reduction schemes. Finally,

the reduced-order models of different schemes and orders

are compared in Section 4. Concluding remarks and future

work are discussed in Section 5.

2. FLAT-PLATE TRANSFER FUNCTION AND ITS

APPROXIMATION

The flat-plate solar collector, shown in Figure 1., can be

modeled by the following two first order linear PDEs rep-

resenting the instantaneous thermal balance together with

the absorber-to-fluid heat convection process [1]:

∂Tf

∂x
(t, x) = NL

[

u(t)− Tp(t, x)−
1

γ

∂Tp

∂t
(t, x)

]

(1)

∂Tf

∂x
(t, x) = Nc

[

Tp(t, x) − Tf(t, x)

]

(2)

The input to the collector system u(t) is the radiant en-

ergy absorbed by the plate H that follows a pattern similar

to that shown in Figure 2. and it is normalized to give the

intensity ratio R(t) that may be expressed by an nth order

polynomial as follows:

R(t) =







n
∑

j=0

ajt
j 0 ≤ t ≤ tsunset,

0 t > tsunset.

(3)
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Figure 1. Schematic of a flat plate solar collector
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Figure 2. Daily variation of the absorbed radiant energy.

T is the normalized temperature defined by: T = (θ−
θa)/(θe − θa), where θ is the temperature (◦C), θe is the

maximum equilibrium temperature, and θa is the ambient-

air temperature. Tf and Tp are the fluid and plate temper-

atures respectively. x is the dimensionless distance along

the collector given by: x = X/L, 0 ≤ X ≤ L.

NL, Nc and γ are defined by: NL = UWL/ṁcf ,

Nc = hWL/ṁcf , γ = UW/m′

pcp (h−1)
where ṁ is the fluid mass flow rate (kg/s), m′

p is the mass

of collector plate per unit length (kg/m), W is the width

of the collector, L is length of the collector, cf is the spe-

cific heat of fluid (J/kg ◦C), cp is the specific heat of plate

(J/kg ◦C), h is the plate to fluid heat convection coefficient

(W/m2 ◦C), U is the overall collector heat-loss coefficient

(W/m2 ◦C).

First, the Laplace transform of Equations (1) and (2)

is taken with respect to t and the transformed plate tem-

perature Υp = L [Tp(t, x)] is eliminated from both trans-

formed equations. Considering that both the inlet and am-

bient temperatures, θi and θa respectively, are equal and

invariant during the course of the transient phase gives

Υf |x=0 = Ti/s = 0. Then, integrating with respect to

x yields:

Υf = [1−e−Nc(1+s/γ)x/(N+1+s/γ)]U(s)/(1+s/γ) (4)

where N = Nc/NL. The exact solution of the fluid

temperature as a function of the position x and the time t
is obtained by taking the Laplace inverse of (4). This is

briefly summarized in [1] and the result is shown in the

following expression taking into account the input u(t) =
R(t):

Tf (t, x) =

∫ t

t̄

[

γ e−γ(1+N)φ

∫ Ncx

0

e−νI0(2
√

γNφν) dν

]

×

[

n
∑

j=0

Ajφ
j

]

dφ (5)

where:

t̄ =

{

0 0 ≤ t ≤ tsunset,

t− tsunset t > tsunset.

Aj = (−1)j
n
∑

i=j

i!

(i− j)!j!
ait

(i−j)

The transfer function of the exact fluid temperature

model is transcendental and expressed as:

G(s) =
Υf (s)

U(s)
=

1− e−Nc(1+s/γ)x/(N+1+s/γ)

(1 + s/γ)
(6)

A possible method to get a rational expression is to

substitute a Taylor series expansion for the transcenden-

tal term. To get a proper transfer function, let the exponent

term be expressed as: Q(s) = Nc(1+s/γ)x
(N+1+s/γ) . Then the trans-

fer function becomes: G(s) =
1− 1

eQ(s)

(1+s/γ) . The Taylor series

of order M around zero of eQ(s) will be:

eQ(s) =

M−1
∑

k=0

Q(s)
k

k!
(7)

The resultant high-order rational transfer function will

be of order M and it is possible then to obtain the state-

space formulation of the system which will be reduced by

the three SVD-based schemes summarized in the follow-

ing section.

3. REVIEW OF SVD-BASED MODEL

REDUCTION SCHEMES

The basic algorithms for state-space model reduction are

summarized here.

3.1. Balanced Truncation

Definition 3.1 Given G(s) ∈ RH∞ with a minimal real-

ization: G(s) =

[

A B
C D

]

, then σi = [λi(LcLo)]
1/2,



(in the decreasing order) are called the Hankel singular

values (HSV) of the system G, where Lc and Lo are called

the controllability and observability gramians, respectively,

and are defined as solutions for the Lyapunov equations:

ALc + LcA
T +BBT = 0, ATLo + LoA+ CTC = 0

A state space realization G(s) ∈ H∞ is called balanced if

Lc = Lo = Σ, where Σ = diag(σ1, . . . , σn).

Given r < n, partition the balanced realization of G and

the balanced gramian Σ conformably as:

G(s) =





A11 A12 B1

A21 A22 B2

C1 C2 D



 , Σ =

[

Σ1 0
0 Σ2

]

(8)

The rth reduced-order model is defined as:

Gr(s) =

[

A11 B1

C1 D

]

(9)

Theorem 3.2 [4, 5, 8] Given a system (8), then the re-

duced order system (9) has the following properties:

1. Gr(s) ∈ RH∞ and the realization (9) is a minimal

balanced realization.

2. ‖G−Gr‖ ≤ 2tr(σ2)

In general, the Balance Truncation (BT) approximation re-

sults in reduced-order models with good transient proper-

ties but with steady-state offset. In the following subsec-

tion, the singular perturbation balanced truncation method

is summarized. It has improved steady-state properties at

the expense of some transient degredation.

3.2. Singular Perturbation Balanced Truncation

Consider the balanced realization and the partition defined

by (8). The singular perturbation balanced truncation (SPBT)

approximation is defined as:

Gr(s) =

[

A11 −A12A
−1
22 A21 B1 −A12A

−1
22 B2

C1 − C2A
−1
22 A21 D − C2A

−1
22 B2

]

(10)

Theorem 3.3 [6] Given a system (8), then the reduced or-

der system (10) has the following properties:

1. Gr(s) ∈ RH∞ and the realization (9) is a minimal

balanced realization.

2. ‖G−Gr‖ ≤ 2tr(σ2).

3. Gr(0) = G(0), i.e., zero steady-state error.

3.3. Optimal Hankel Norm Approximation

The optimal Hankel model reduction was developed in [7].

Definition 3.4 The Hankel norm of a transfer function is

defined as its largest singular value. Given G(s) and r <
n, the Hankel norm approximation is to find Gr(s) such

that ‖G−Gr‖H is minimized.

The model reduction algorithm for SISO systems is de-

scribed as in [7]:

Theorem 3.5 [7] Let P be balancing transformation for

the system G(s) and denote S = P−1. The optimal Han-

kel norm approximation Gr(s) is obtained as the stable

strictly proper part of Gu(s):

Gu(s) = G(s)− σr+1
C(sI −A)−1sr+1

pr+1(−sI −A)−1B
(11)

=
n(s)

d(s)
− λr+1

m(s)d(−s)

m(−s)d(s)

It can be obtained as follows:

1. Find the controllability and observability gramians

Lc and Lo, and compute the eigenvalues of LcLo.

2. Find pr+1 the (r + 1)th row of P , and find sr+1 the

(r + 1)th column of S.

3. Find m(−s).

4. Partial fraction expand

λr+1
m(s)d(−s)

m(−s)d(s)
=

n(s)

d(s)
−

p(s)

m(−s)
(12)

to obtain the strictly proper part Gr(s).

Furthermore, one can choose a D term such that the

stable part of G(s) satisfies the H∞ error norm bound
∑n

i=r+1 σi.

4. SIMULATION AND COMPARISON

In this section, the three model reduction schemes are ap-

plied to the high-order model. An expansion order of M
is chosen first such that the high-order model fits the ex-

act model accurately. Then the reduced order models re-

sults are compared with the resultant high-order model.

Throughout the simulation, the following radiant energy

input is used [1]:

R(t) = 0.5091t− 0.10019t2 + 0.009118t3 − 0.000326t4

(13)

Choosing the order of the expansion to be M = 20
and considering the following set of parameters [1]: Nc =
16.6; γ = 0.25;NL = 0.5, Figure 3. shows that the high-

order model is well approximating the exact one in (5) at

two chosen positions along the collector.

The performance of the balanced truncation model re-

duction scheme is examined at the outlet with three differ-

ent orders. Figure 4. shows that the second order approx-

imation has little deviations, while the third order approx-

imation represents the high-order model faithfully. The

fourth order approximation approximate the system almost

perfectly.

Now, the three model reduction schemes of the 3rd-

order are compared with the high-order model. A compar-

ison in Figure 5. shows the step responses. At steady state,
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Figure 3. High-order model compared with the exact

model at two outputs.
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Figure 4. Comparison of different orders of balanced trun-

cation scheme in response to the input R(t) at x = 1.

the singular perturbation reduction is exact, the balanced

reduction has a small steady state offset while the optimal

Hankel approximation has a smaller offset than the bal-

anced scheme.

5. CONCLUSION

In this paper, SVD-based model reduction of the solar col-

lector dynamics was studied. By approximating the ir-

rational transfer function by a Taylor series expansion, a

high-order state-space system was obtained. It was ob-

served that a substantial order reduction is possible. Partic-

ularly, the infinite-order dynamics are well-approximated

by a third or fourth order system only. Such low-order

makes the simulation and control of solar collectors more

feasible. In terms of future directions, we can apply model

reduction to more complex PDE models. Also, more so-

phisticated model-reduction techniques such as H∞-norm

model reduction [10] can be used.
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