Ann Oper Res
DOI 10.1007/s10479-011-0961-9

A decomposition method for approximate evaluation
of continuous flow multi-stage lines with general
Markovian machines

Marecello Colledani - Stanley B. Gershwin

© Springer Science+Business Media, LLC 2011

Abstract In this paper, a decomposition method for evaluating the performance of contin-
uous flow lines with machines characterized by general Markovian fluid models and finite
capacity buffers is proposed. This study uses the exact solution of general two-stage Marko-
vian fluid models as a building block. Decomposition equations are provided to propagate
the effect of partial and complete blocking and starvation phenomena throughout the system.
A decomposition algorithm that solves the new decomposition equations is proposed. Nu-
merical results prove the good accuracy of the developed method. In particular, a comparison
with existing techniques shows that our method is generally more accurate, especially in the
estimation of the average buffer levels. Moreover, additional information can be collected by
the application of our approach which enables a deeper analysis of the system behavior. Fi-
nally, the generality of the approach allows for modeling and studying many different system
configurations within a unique framework, also including several previously uninvestigated
layouts.

Keywords Asynchronous flow lines - Decomposition - Markovian fluid models - Finite
capacity buffers

1 Introduction

1.1 Objective

In this paper, we consider a multi-stage fluid flow system with finite buffer capacity (Fig. 1).
The dynamics of each stage is modeled by a continuous time-discrete state Markov chain
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Fig. 1 Production line with K machines

of general complexity. To every state, a specific processing rate is assigned. Continuous
flow models have been proposed in the literature as an alternative to discrete synchronous
and asynchronous models for modeling the behavior of discrete part manufacturing sys-
tems, where processing rates are inhomogeneous, i.e. machines are characterized by dif-
ferent speeds (Gershwin and Dallery 1992). Systems with this feature are found in several
industries, e.g. the automotive industry, the white goods industry, the electronic and me-
chanical component manufacturing and food industries.

1.2 Literature survey

Continuous flow models approximate the discrete flow of parts in the system to the flow
of a fluid through a set of capacitated tanks (modeling buffers) and machines, that act as
valves regulating the material flow rate at every production stage. Given this feature, con-
tinuous flow models can be also used to study continuous manufacturing plants such as
those found in the chemical industry, in the dairy industry and in the steel-making indus-
try. Gershwin and Dallery (1992) proposed a survey on models adopted to analyze the
behavior of manufacturing lines. Specifically, the relationship between continuous mod-
els and discrete synchronous and asynchronous models was discussed. Experimental results
were reported (Alvarez-Vargas et al. 1994) that show how, under the assumption of MTS
(Multiple Time Scale), the continuous flow model is a suitable approximation of the dis-
crete asynchronous model. MTS essentially means that the up times and down times of
the machines in the system are much larger than the processing times, which is usually
the case in production systems. Moreover, techniques to approximate synchronous models
by continuous flow models have been proposed in the literature. One effective technique
proposed in Gershwin and Schick (1980) and Gershwin (1994) is based on the so called
S-transformation, which consists in obtaining the parameters of the continuous model of the
system by scaling the parameters of the synchronous model using a small quantity §. If § is
small and the MTS assumption is valid, then the approximation results appear to be fairly
good.

Recently a few works have presented successful applications of continuous flow models
for the analysis of real life manufacturing systems. In Burman et al. (1998) a set of analyti-
cal manufacturing system models, including continuous flow models, was proposed to study
ink-jet printer manufacturing lines in Hewlett-Packard. The authors showed great benefits
for the company through the addition of buffer space in the manufacturing line supported
by the use of the analytical models. Patchong et al. (2003) reports a study of the car body
production at PSA Peugeot Citroén, where analytical models were used to improve the pro-
duction rate of the system. In this application, a continuous model for the analysis of lines
with stages having parallel machines was adopted. Alden et al. (2006) presents the method-
ologies and the results achieved by General Motors Corporation in a long term project to
forecast and improve the production rate of its production lines. Continuous flow models
were used to approximate the discrete flow of parts in the systems.

Given their versatility, multi-stage continuous flow models have been extensively studied
in the literature, including specific Markovian structures for each process stage. Simple up-
down machines were originally considered in Burman (1995), Dallery and Le Bihan (1997,
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2000), Tan and Yeralan (1997), Glassey and Hong (1993). Single up-multiple down state
machines (also called multiple failure modes machines) were considered in Levantesi et
al. (2003). Systems featuring stages with parallel identical machines also received some
attention (Patchong and Willaeys 2001; Burman 1995). More recently, a continuous model
for the analysis of systems including flexible machines able to process multiple part types
has been developed (Colledani and Tolio 2004). Finally, more complex machine structures
involving out of control states and quality control issues have been analyzed in Gershwin
and Kim (2008), Colledani (2008).

However, models for evaluating multi-stage lines with generally complex Markovian ma-
chines are not available. Usually, existing models approximate the behavior of complex ma-
chines with simpler single up-single down or single up-multiple down state machines, for
which analytical evaluations of continuous two-machine line models do exist (Gershwin and
Schick 1980; Levantesi et al. 1999). The idea of this aggregation, as suggested in Patchong
and Willaeys (2001) for a production stage featuring identical parallel machines, is described
in the following. Consider a production stage with three identical machines in parallel. Each
machine has failure rate, repair rate and processing rate respectively equal to p, r and .
The stage has three operational states, namely 1, 2 and 3, counting the machines that are
simultaneously operational, and one down state O representing the case where all machines
are failed. The equivalent aggregated machine model proposed in Patchong and Willaeys
(2001) features a unique aggregated operational state and one down state. The processing,
failure and repair rates are adjusted to match the original complex parallel machine model
behavior. As highlighted by this example, aggregation reduces the complexity of the Markov
chain modeling the stage, thus easier and faster analysis is allowed. However, in doing so,
accuracy is reduced, especially in the estimation of the average buffer levels and, conse-
quently, in the estimation of the system flow time and the system WIP. Moreover, depending
on the structure of the complex Markovian model representing the machine’s behavior, the
aggregation may be ineffective.

1.3 Contribution

As a result, at the current state of the art, several manufacturing systems architectures and
features that are common in industry cannot be analyzed by multi-stage continuous flow
models. Examples of such cases on the factory floor are systems featuring: (I) stages with
non-identical parallel machines; (II) machines having non-exponential up and down times;
(IIT) machines characterized by complex failure dynamics such as correlated failures of com-
ponents or progressive quality degradations and wear; (IV) machines performing manufac-
turing operations followed by on-line sampling inspections; and (V) stages with a limited
dedicated workforce or repair capacity. The method proposed in this paper has the gener-
ality to handle all the aforementioned system configurations making it possible to estimate
the system performance. The method considers systems with different processing rates at
different stages and generally complex stage models having different processing rates at
different states in the same stage. We will show in this paper that this modeling feature
provides the required generality. A two-stage system with machines featuring the same gen-
eral characteristics was recently proposed in Gershwin and Tan (2009). Gershwin and Tan
(2010) showed that the proposed modeling framework enables the analysis of a wide range
of system models, including multiple failure mode lines, identical parallel machine lines,
split/merge systems and lines with generally distributed up and down times by avoiding
state aggregation. The aim of this paper is to propose a decomposition method to extend this
analysis to study long lines with such general characteristics.

@ Springer



Ann Oper Res

1.4 Outline

The remainder of this paper is organized as follows. Section 2 details the main assumptions
of the production system model studied in this paper. Section 3 deals with the performance
measures to be estimated and presents the core ideas of the decomposition approach. In
Sects. 4, 5 and 6 the decomposition equations that allow us to calculate the performance
of multi-stage lines are presented. In Sect. 7, numerical results are compared with those
obtained by existing analytical methods and by simulation, showing the high accuracy and
convergence speed of the proposed method. Moreover, examples showing how complex,
previously uninvestigated, systems can be modeled with our approach are presented. In
Sect. 8, we show that new information on the system behavior that might be relevant for
system improvement and control can be gathered by applying our approach. In Sect. 9 con-
clusions are drawn and the future research steps are planned.

2 System model and notation

The system is formed by K machines and K — 1 buffers of finite capacity. (We will use
the terms machine and stage interchangeably.) Machines are denoted as My, k=1,..., K
and buffers are denoted as By withk =1, ..., K — 1. The capacity of each buffer is N;. We
define the set [M,, M;] as the set of machines included in the portion of line bounded by
M, and M, with g < k. Similarly, we define [B,, By] as the set of buffers included in the
portion of line bounded by B, and B, with g < k.

Each M, is characterized by I; states, thus the general state indicator o assumes values
ar =1, ..., I;. The set containing all the states of M, is called S;. While in the generic
state i, M produces parts at its maximal speed ¥ > 0. Machines operate at their maximum
rates unless they are starved or blocked. States do not need to be classified as up or down.
(A state with a maximum processing rate equal to zero can be considered a down state.)
Therefore, for each machine M, the processing rate vector u; with dimension /; must be
specified.

Considering the generic machine M, the following two mutually exclusive starvation
situations are possible:

L. My is completely starved by M, with g =1, ...,k — 1 if all the following conditions
hold:

— M is in state i such that uf > 0,
- M, is in state j such that u§ =0,
— all the buffers in the set [B,, By_] are empty;

In this case M) assumes the processing rate of /LIJI =0, i.e. it does not produce.
2. My is partially starved or slowed down by M, with g =1, ...,k — 1 if all the following
conditions hold:

— M is in state i such that u* > 0,
- M, is in state j such that 0 < pf < uj,
— all the buffers in the set [B,, By_] are empty;

In this case M) assumes the processing rate of /Lljl > 0, i.e. it produces at a reduced rate.

Similar definitions hold for blocking conditions. We assume that the first machine is
never starved and the last machine is never blocked. When M, is neither starved nor blocked
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Fig. 2 State-transition diagram
for the generic stage M}

1=7
$=[1,2,3,4,5,6,7]
1=[1.2,1.1,0.8,0.6,0,0,0]

(either completely or partially) the transition time from state i to state i’, with i, i" included
in the set Sy, is an exponential random variable with rate )Lf[.,. When M, is starved or
blocked, the transition time from state i to state i’ is also an éxponential random variable
with rate wi’fi,. In the case of Operation Dependent Transitions the rate wi’fi, is linked to the
rate )\f.f ;+ through the following relation, which involves the processing rate of the machine
M, that generated the starvation (blocking) phenomenon in state j.

q
MA
wilfi’ =)‘{'(.i’u_i» (D

i

In the case of Time Dependent Transitions the rate ¥, is equal to the rate A* ,. Although
the proposed decomposition method is applicable also to Time Dependent Tfansitions, in
this paper we will consider Operation Dependent Transitions only.

Thus, the only input parameters required for each machine M are the transition rate
matrix A, and the processing rate vector ;. A sample state transition diagram for the generic
machine M in the system is reported in Fig. 2. For each buffer By, we only need to specify
the buffer size Ny.

3 Outline of the decomposition method

The problem solved in this paper can be formulated in the following terms: given the system
modeled in the previous section, calculate the following system performance measures:

— Average System Production Rate, P, defined as the average rate at which material is de-
livered in output by the system [parts/time].

— Average Buffer Level, ny, defined as the average amount of material stored in buffer B,
k=1,..., K —1, [parts]. A

— Probability of partial and complete starvation, Ps{’! of machine M, in state i due to
machine M, being in state j. It is defined as the probability that the machine M; being
in state i is forced to produce parts at reduced rate because its upstream buffer Bj_; is
empty due to the fact that machine M, withg =1,...,7 — 1 isin state j, with //f; < uf.‘ .

— Probability of partial and complete blocking, Pijij of machine M in state i due to ma-
chine M, being in state j. It is defined as the probability that the machine M, being in
state i is forced to produce parts at reduced speed because its downstream buffer By is
full due to the fact that machine M, withg =i +1,..., K is in state j, with u? < ,uff.

— Total probability of partial and complete starvation, Ps; of machine M, defined as the
probability that the machine M, is forced to produce at reduced rate because its upstream
buffer By is empty.
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— Total probability of partial and complete blocking, Pb, of machine My, defined as the
probability that the machine M is forced to produce at reduced rate because its down-
stream buffer By is full.

Fig. 3 Decomposition applied to a 4 machines line

For estimating the performance of the system, a decomposition technique is devel-
oped (Gershwin 1994). The idea of the decomposition approach is to decompose the K-
machine system into a set of K — 1 two-machine one-buffer sub-systems, i.e. one for each
buffer in the original system. Each building block is denoted as I(k) and is characterized
by one upstream pseudo-machine M, (k), one downstream pseudo-machine M, (k) and one
buffer B(k). Thus a line with four machines such that in Fig. 3 is decomposed into three
building blocks. According to the decomposition logic, all the interruptions of the material
flow entering (leaving) the buffer B, are modeled by the pseudo-machine M, (k) (M (k)).
Similarly to the decomposition method proposed in Levantesi et al. (2003) for lines with
multiple failure mode machines, we assign to every pseudo-machine remote states model-
ing the propagation of complete starvation and blocking in the system. However, differently
from the method proposed in Levantesi et al. (2003), in this paper we specifically assign
to pseudo-machines one remote state for each partial starvation and blocking condition. In-
deed, in Levantesi et al. (2003) partial starvation and blocking states were not considered.
The effect of partial starvation and blocking was captured by calculating an average pro-
cessing rate of each pseudo-machine that was derived by aggregating all relevant w’s of the
machine. On the contrary, in this paper we consider in detail all possible operational states
of each pseudo-machine with the corresponding processing rate . This modeling feature
complicates the two-machine line structure but provides more accurate results also for lines
with single failure and multiple failure mode machines, as it will be shown in Sect. 7.

For the problem considered in this paper, the exact solution for a two machine one buffer
system was derived in Gershwin and Tan (2010). In order to model in the building blocks
the behavior of the original line, decomposition equations which correctly characterize the
propagation of blocking and starvation through the line are developed. For M, (k) and M, (k)
of each building block /(k) the following unknown parameters will be calculated in Sects. 4,
5, and 6 of this paper:
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— the transition rate matrices A, (k) and A, (k);
— the processing rate vectors p, (k) and (k).

The proposed decomposition method is approximate since the transition times from local to
remote states of the pseudo-machine models are considered to be exponentially distributed,
while being, in fact, generally distributed. Therefore, the accuracy of the method will be
investigated in Sect. 7.

4 Structure of the pseudo-machine state space

Consider the upstream pseudo machine M, (k). The dynamics of the material flow entering
the buffer B, depends directly on the processing rates of the states of My, if is not partially
or completely starved. Otherwise, if M is partially or completely starved by M, with g =
L, ..., k—1, the dynamics of the flow entering the buffer B, depends on the processing rates
of the states of M,. Given this consideration, it is possible to assign to upstream pseudo-
machines two sets of states:

— Local States in the set S, (k): regulate the dynamics of the material flow when the machine
M, is not partially nor completely starved.

— Remote States in the set S, (k): regulate the dynamics of the material flow when the ma-
chine M is partially or completely starved by upstream machines M,, g =1,...,k— 1.

The following procedure determines the number of local states, I, (k), and the number of
remote states, I, (k), for each pseudo machine M, (k). Moreover, it is used to calculate the
unknown vector of processing rates for the defined state space.

Given the fact that they model the dependency of the material flow entering in B; on
the states of machine M}, the local states in the set S, (k) are equal to the states of the
corresponding machine in the original line M;. Therefore, it is possible to write:

L, (k) = I, 2)
My (k) = Mk (3)

Remote states mimic the dependency of the material flow entering in B, with the states
of machine M, in the set [M;, M;_,], when M is partially or totally starved. Thus, they are
obtained by the states of the corresponding machine in the original line M,. However, not
all the states of machines M, with g =1, ..., k — 1 generate partial or complete starvation,
due to the conditions expressed in Sect. 2. The following equation can be used to express
the number of states in S, (k):

k=1 Ig I

Liy=Y 3" "¢ @

g=1 j=1 i=1

where the term g‘,{ ; is given by:

(&)

o= { I, uf<pfand VM, € [My i1, M]3 astate 7, nf < il
Jii

0, otherwise

This equation accounts for the cases in which the machine M; can be partially or com-
pletely starved by machine M, in the set [M;, My_,]. If g;{ ;=1and /,L(; =0 then a case of
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complete starvation of machine M; is enumerated. Otherwise if g =1and ,u > (0 then a
case of partial starvation of machine M, is considered. It is worth notlclng that, given equa-
tion (5), machine M, will be subject to partial and complete starvation only in those states i
in S, for which ¥ > 0. Consequently, the pseudo-machine M, (k) is able to enter a remote
state only from those local states i in S, (k) for which ! (k) > 0.

Equation (4) can be rewritten in a recursive way, considering only the local and the
remote states of the upstream pseudo-machine in the previous building block I(k — 1):

Iy (k—=1)+1, (k—1) I, (k)

L= > g ©)
j=1 i=1

where the term g;; is given by:

L itk —1) < pjf(k); with j € (Su(k —1) U S, (k — 1)) and i € S, (k)

8ii=1o . @)
, otherwise

For each g;; = 1 anew remote state denoted by (j, i), (k) is assigned to the pseudo-machine
M, (k) of the building block /(k). The index j refers to the state of M, (k — 1) that is cause
of starvation for M, (k — 1), i.e. cause of a remote state for the pseudo-machine M, (k) while
in the local state i € S, (k). The processing rate 7 “(k — 1) is attributed to this new remote
state. Therefore, the vector u, (k) is completely deﬁned for the pseudo-machine M, (k). It
is worth highlighting that, differently from what observed for the multiple failure mode
decomposition proposed in Levantesi et al. (2003), the values in the vector p, (k) remain
constant in the decomposition equations, i.e. once built the state space of pseudo-machines,
they do not need to be updated.

By considering the pseudo-machine M;(k — 1) the same procedure can be applied
referring to complete and partial blocking conditions. For local and remote states, with
k=2,...,K—1:

Lik—1) =1 ®)
malk —1) = py 9

Ig )+ (k) 14 (k—1)

k== Y Y gy (10)
j=1 i=1

where the term g; ; is given by:
L ,uf,(k) < ud(k —1); with j" € (S4(k) U S, (k)) and i € Sy(k — 1) (11
gy = 0, otherwise

For each g; » = 1 a new remote state denoted by (i, j')s(k — 1) is assigned to the pseudo-
machine M, (k — 1) of the building block /(k — 1). The index j’ refers to the state of M, (k)
that is cause of blocking for M, (k), i.e. cause of a remote state for the pseudo-machine
M (k — 1) while in the local state i € S;(k — 1). The processing rate ,u;’- (k) is attributed to
this new remote state. Therefore, the vector ,(k — 1) is completely defined for the pseudo-
machine M,k — 1).
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5 Coherence among building blocks /(k) and I (k — 1)

We are interested in associating steady state probabilities with the remote states of the
pseudo-machine M, (k), in the case the performance of the previous two-machine line
[(k — 1) are known. We define 7 (0, j,i)(k) to be the steady state probability of having
zero parts in the buffer in building block /(k), when the upstream pseudo-machine is in
state j and the downstream pseudo-machine is in state i. Moreover, we define (j, i), (k)
to be the steady state probability associated to the remote state (j,i),(k) € S, (k) of the
pseudo-machine M, (k). The following equation can be written for all the remote states
(j, )u(k) € S, (k) of the pseudo-machine M, (k):

7(J, Duk) =70, j, )k —1) + Z 7(0, j, G, ja)k—1) (12)
(.j")a €Sy k=1)

Indeed, by definition of remote states, the probability of finding the upstream pseudo-
machine of building block /(k) in a given remote state has to be equal to the probability
of finding the downstream pseudo-machine of the upstream building block /(k — 1) in the
corresponding starvation state (either complete or partial).

Similarly, for all the states (i, j");(k — 1) € S, (k — 1) of the pseudo-machine M, (k — 1):

7(i, jNatk = 1) =7 (N, i, j')(k) + Z (N, (D, ) (k) 13)
(€S

Moreover, a generalization of the Conservation of Flow equation, originally proposed in
Gershwin (1994), needs to be derived. This equation states that the production rate must be
identical in the different building blocks obtained by line decomposition. However, while
dealing with general machines characterized by different operational states, this aggregated
condition can be further specified. In this paper, we present for the first time a set of equa-
tions named Generalized State-Dependent Conservation of Flow equations. These equations
guarantee that, for any operational state i of machine M, the output material flow rate from
buffer B(k — 1) of the sub-system /(k — 1) is equal to the input material flow rate into buffer
B(k) of the sub-system /(k). More technically, for each state i in the set Sy of the machine
M. in the original line, the upstream pseudo-machine M, (k) and the downstream pseudo-
machine M, (k — 1) must have the same production rate. Therefore, for the conservation of
the material flow being processed by machine M) in the generic state i € S; the following
can be written, Vi € S;:

D w (G duopt (k) + 7 (@) ()l (k)

(o i)u €Sy (k)

= Y w6k = Dpd =D+ matk - Dudk—1)  (14)

(i,j")a €Sy (k—1)

These Generalized State-Dependent Conservation of Flow equations will be used to de-
rive the unknown transition rate matrix A, (k) of the pseudo-machine M, (k) and 1, (k — 1)
of the pseudo-machine M, (k — 1).

6 Decomposition equations for calculating A, (k)

Consider the transition rate matrix A, (k). (The analysis of the transition rate matrix
Aq(k — 1) is reported in Appendix.) This matrix is a square matrix with size (1, (k) +1,, (k)) x

@ Springer



Ann Oper Res

(1, (k) + I, (k)) which contains the transition rates governing the pseudo-machine M, (k) in
its transitions among the states in the state space. It is partitioned into four matrices, de-
pending on the type of states transition rates link. Therefore, the matrices A g(k), A o (k),
A’g,’s(k) and A%, ¢ (k) are defined. The matrix A, (k) assumes the form:

RIS

M= w

(15)

In the following the equations for calculating the elements of these block matrices are given.
6.1 Equations for determining the elements of A% (k)

Matrix A§ ¢(k) is a square matrix of size I,(k) x I,(k). The transitions in this matrix link
local states with local states. Since while in local states, the pseudo-machine M, (k) models
the behavior of the original machine M; it is possible to write:

M) =iy, i €S,k), i€ Suk) (16)

Therefore, A g(k) is simply obtained by copying the elements of the matrix A, in the original
line.

6.2 Equations for determining the elements of A, (, (k)

The matrix )\’g,, & (k) is a square matrix of size I, (k) x I, (k). The transitions in this matrix
link remote states with remote states. Transitions of this type may occur for two reasons.
First, when the machine which caused the partial or complete starvation, say M, with g < k,
makes a transition to another state and the new resulting state is again in the set S, (k) of
M, (k). This includes both the case in which, after the transition, the starvation is caused
by the new state of the same machine M,, and the case in which, after the transition, the
starvation is caused by a state of a different machine which is included in the set [M,, M,].
Second, when machine M, working at reduced processing rate, makes a transition to an-
other state which still is characterized by a reduced processing rate. Thus this state will be
again in the set S), (k) of M, (k). The two distinct contributions to matrix )‘M’, ¢ (k) are named
Al (k) and A% (k).

The first contribution is obtained in the following. The transition of the machine which
caused the partial or complete starvation to another state which results in M,, (k) to be again
in a remote state in the set S/, (k) can be expressed in terms of transitions of the upstream
pseudo-machine of the building block /(k — 1):

ML G = k=1, (D) € S,k (i) € S k) (17)

The second contribution can be obtained by considering transitions of the machine M;:
K ® = (i) € 8,0, (.i") € S,k (18)

It is worth noticing that, according to (1), transition rates wl.’fi, are equal to zero in case the
machine M, is completely starved (since, in this case, ,u? of machine M, which generated
the starvation is zero). Therefore, the operation dependent assumption is verified (machines
cannot make transitions if they are starved or blocked). Moreover, the matrix )‘M7,2s' (k) will
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have rows of zeros in correspondence to complete starvation states. Finally, A%, (k) is ob-
tained by summing up both contributions:

My o (k) = 25! (k) + A7 (k) (19)
6.3 Equations for determining the elements of A, ¢(k)

The matrix A%, ((k) has size I (k) x I, (k). The transitions in this matrix link remote states
with local states. Again, transitions of this type may occur for two reasons. They may happen
when the machine which caused the partial or complete starvation makes a transition to
another state and the resulting state for M, (k) is no longer in the set S, (k). Thus the machine
M is allowed to work at its maximum processing rate. This can be expressed in terms of
transitions of the upstream pseudo-machine of the building block /(k — 1):

M= 3 M k=), (i) € Syk).i € Su(k) (20)

(j',i)noteSy (k)

The other reason for these transitions to happen is when machine M;, working at reduced
speed, makes a transition to another state which is characterized by its maximum processing
rate, i.e. the machine is no longer partially starved. Thus this new state will be in the set
S, (k) of M, (k):

W2 =Y () € S,(K). i € S,(k) 1)

Again, it is worth noticing that, according to (1), transitions wi’fi, are equal to zero when

machine M, is completely starved. Therefore, the matrix )L'g’,zs (k) will have rows of zeros
corresponding to complete starvation states. The matrix A, ¢(k) is obtained by summing up
both contributions:

b s(0) =25 () + 1550 (22)
6.4 Equations for determining the elements of A5 ¢, (k)

Matrix A% (k) has size [, (k) x I, (k). The transitions in this matrix link local states with
remote states. They can be calculated by using the steady state equations provided in Sect. 5
and by writing balance equations to remote states of the Markov chain representing the be-
haviour of the pseudo-machine M, (k). In detail, for any remote state (j, i) € S/, (k) of M, (k),
at the steady-state, the entry frequency must equal the exit frequency. Moreover, by def-
inition of the remote states, it is possible to enter remote state (j,i) € S, (k) only from a
unique local state i € S, (k). Therefore, the following set of balance equations can be writ-
ten:

Mo Om@Duk) + D A o (g)uk)

A

=7(j.1)u(k) Do k) (23)

q€(Su()US;, (k)
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By manipulating the previous equations this general result follows, V(j, i) € S, (k).

A .y ()
_ 7D (R) Qg5 0083, 00 Mg ) = Lgesio .00 BT (@)u (k)

24
7 ()0 6) o

It is worth mentioning that, under the Operation Dependent Transitions assumption, since
amachine can get partially or completely starved only when producing parts, it is impossible
for the pseudo-machine M, (k) to make a transition from a local state with & = 0 to a remote
state. Thus the state i in (24) will refer only to local states with uf (k) > 0 and the matrix
A ¢ will have rows of zeros corresponding to local states i with uj (k) = 0.

6.5 Solution algorithm

The algorithm that makes it possible to solve decomposition equations efficiently is de-
scribed in this section.

Step 1: Building block parameter initialization.
Decompose the original K -machine system into a set of K — 1 two-machine lines, /(k).

— Fork=1,...,K —1:

— Use (2) and (6) for sizing the upstream pseudo-machine state space. For k = 1, the
set ) (k) is an empty set.

— Use the method in Sect. 4 for populating the state spaces with the proper set of
states.

— Use equations from (16) to (22) for determining the values of the transition rates in
the matrices A§ g(k), k’g,, o k), )\g,’ ¢(k). These rates are obtained from the known
initial transition rate matrices.

— Assign to the transition rates in the matrix A , (k) an arbitrary low starting value,
ie. 0.01.

— Fork=K —1,..., 1, repeat the same procedure for M, (k):

— Use (8) and (10) for sizing the downstream pseudo-machine state space. For k =
K — 1, the set S);(k) is an empty set.

— Use the method in Sect. 4 for populating the state spaces with the proper set of
states.

— Use equations from (45) to (51) for determining the values of the transition rates in
the matrices A§ ¢(k), A%, g (k), A%, ¢(k). These rates are obtained from the known
initial transition rate matrices.

— Assign to the transition rates in the matrix A
i.e. 0.01.

— Fork=1,..., K — 1: solve each building block /(k) using the method proposed in

Gershwin and Tan (2010) and calculate the initial values for the performance mea-

sures and state probabilities.

d

5 (k) an arbitrary low starting value,

Step 2: Update the unknown transition rates of pseudo-machines
Step 2A: For k=2,..., K — 1: consider pseudo-machine M, (k).
— By using (12) update the value of the probabilities of the remote states (j,i) €
S; (k).
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— For each state i € S, (k) calculate the probability 7 (i), (k) by using the general-
ized conservation of flow (14).

— Use equations from (17) to (22) for setting the value of the transition rates in the
matrices A s (k), 1, ¢(k) from the building block /(k — 1).

— By using (24) update the values of the transition rates in the matrix A g, (k).

— Solve building block /(k) using the method proposed in Gershwin and Tan
(2010) and update the values for the performance measures and state probabili-
ties.

Step 2B: For k=K —2,..., 1: consider pseudo-machine M, (k).

By using (13) update the value of the probabilities of the remote states (i, j) €

S, (k).

For each state i € S,;(k) calculate the probability 7 (i), (k) by using the general-

ized conservation of flow (14).

— Use equations from (46) to (51) for setting the value of the transition rates in the
matrices A, ¢ (k), A%, s(k) from the building block /(k + 1).

By using (52) update the values of the transition rates in the matrix A‘Si, o (k).

— Solve building block /(k) using the method proposed in Gershwin and Tan

(2010) and update the values for the performance measures and state probabili-

ties.

Step 3: Convergence check
Check the following conservation of flow equation, given a small tolerance value €.

|[P(k)y=Pk+1)|<e, k=1,...,K—-2 (25)

If this condition does not hold, then go back to Step 2 of this algorithm. Otherwise if this
condition holds, calculate the following system performance measures:
The average system production rate

P =P(k) (26)

with k arbitrarily selected in the closed interval [1, K — 1].
The average buffer level

ie=nk), i=1,....K—1 Q7

Probability of partial and complete starvation, PsZ:ij of machine M in state i due to machine
M, being in state j

Psii=m0.j.)k—D+ Y w06 H)k=1). k=2... K. (28

(0. /)a €S k=1)
The total probability of partial and complete starvation
k=1 Ig I )
Pse=> Y "> "Psii. k=2.....K. (29)

g=1 j=1 i=1
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Probability of partial and complete blocking, PbZ:ij of machine My, in state i due to machine
M, being in state j'

Pij;f’=7r(Nk,i,j/)(k)+ Z T(Ng, Gy D, JNK), k=1,...,K—1.  (30)
(Jj.D)ueS; (k)

The total probability of partial and complete blocking

Iy I

K
Poe=Y S >"Ppll. k=1...K-1 31)

q=k+1j/'=1 i=1

7 Numerical results

The accuracy of approximate analytical methods based on decomposition approaches has
been traditionally tested by comparing the outputs with those of simulation. The accuracy
of the proposed method is investigated in this paper by following two different approaches.
First, the results provided by the method are compared, where possible, with numerical cases
for which simulation results exist in literature. This approach also allows us to compare the
accuracy of our method with the accuracy of existing decomposition based methods. Sec-
ond, for more complex configurations of production lines for which decomposition methods
do not exist in the literature, the results are compared with those of discrete material sim-
ulation models developed by using Rockwell ARENA. It must be pointed out that part of
the errors with the simulation outputs may be due to the modeling differences rather than
the approximation of the solution. With R simulation replicates, the percentage error of the
analytical method X in the estimation of the system production rate P versus simulation is
estimated by using the following equations:

PX _ P\sim

e(X)= —
( ) PSlVIl

R .
. L psim

]00, Pstm — X:;'_IIe r (32)

Moreover, for each buffer B, the percentage error in the evaluation of the average level, ny

is calculated with the following equation:

WX _ ﬁ‘"m ~sim Zf:] nk,rSim

=———-100, === 33
€ N, n R (33)

7.1 Accuracy testing: comparison with existing methods

Given the wide range of systems that can be modeled and analyzed with the proposed ap-
proach, in this section we concentrate on a few system architectures and machine models,
making it possible to compare the results provided by our method with existing techniques
and simulation.

7.1.1 Systems with single up-single down state machines
The first set of systems considered in this analysis is asynchronous production lines with

one up state and one down state per machine. Several methods can be found in literature to
deal with similar systems. In Levantesi et al. (2003) a set of experiments was proposed in
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Table 1 Data for the test systems 1-6 evaluated in Levantesi et al. (2003)

My My M3 My Ms

p 0.0125 0.005 0.02 0.01 0.01
r 0.2 0.05 0.2 0.1 0.08
N 15 20 10 15 /
(case 1) 1.111 1.667 1 1.428 1.25
(case 2) 1.25 1.111 1.667 1 1.428
(case 3) 1.428 1.25 1.111 1.667 1
u(case 4) 1 1.428 1.25 1.111 1.667
u(case 5) 1.667 1 1.428 1.25 L.111
/(case 6) 2 10 3 1 5

which three of the most accurate methods were compared. The first method is the ADDX
method developed in Burman (1995), which extended the continuous time decomposition
developed in Gershwin (1994). The second method is the RSA/CTA/GE homogenization
technique proposed in Dallery and Le Bihan (1997), and the third method is the decompo-
sition approach proposed in Levantesi et al. (2003) called LMT. According to the results
published in Levantesi et al. (2003), the latter was proved to perform best in terms of accu-
racy.

In this paragraph, we compare the CG method presented in this paper with the LMT
method and we also report the simulation output as published in Levantesi et al. (2003).
Table 2 presents the results of the analysis for cases 1-6 of that paper. For completeness, the
data of these cases are also reported in Table 1. For each machine M, the failure rate p; and
the repair rate r; are reported. The equivalent A; matrix is given by:

—Pk Pk
Tk —TIk

A =

(34)

where the states are ordered is such a way to have the processing rate vector of M; equal
to [, O]. It is worth highlighting that the LMT and the CG methods provide different
results for lines with single up-single down state machines. Indeed, in the CG method we
specifically assign to pseudo-machines one remote state with its associated processing rate
w for each partial starvation and blocking condition, while in the LMT the effect of partial
starvation and blocking is captured by calculating an average processing rate of each pseudo-
machine, that is obtained by aggregating all relevant p’s of the machine. Therefore, the
proposed CG method remains different from the LMT method also for lines where machine
have a single operational state.

As a summary of the results, the largest absolute error in the estimation of the production
rate of the CG method is 0.75% while for the LMT method it is 1.508%. In 25 of the
30 performance measures evaluated, the CG method showed better accuracy. Of particular
interest is the accuracy in the buffer level estimation. In literature it is well known than
usually analytical methods lose accuracy while evaluating the average buffer levels. In these
six cases, the maximum error of the CG method in estimating the average buffer level is
4.53% but in 75% of the cases the error is lower than 1.5%. Moreover, the CG method
provides more accurate results than the LMT method in the estimation of the average buffer
levels in 84% of the cases.
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Table 2 Results for the test systems 1-6 evaluated in Levantesi et al. (2003)

Method P n ny n3 ny
Case 1 Sim 0.857 12.1859 18.6721 1.1896 2.6398
LMT 0.859 13.22 18.95 1.06 2.07
CG 0.85809 11.946 18.618 1.1042 2.4878
€(LMT),% 0.23337 6.894 1.3895 —1.296 —3.7986
€(CG), % 0.1272 —1.599 —0.2705 —0.854 —1.019
Case 2 Sim 0.8582 13.9252 15.0433 8.8399 1.3212
LMT 0.858 14.09 12.95 9.11 1.32
CG 0.8603 13.954 15.1 9.1302 1.3258
€(LMT), % —0.0233 1.098 —10.4665 2.701 —0.008
€(CG), % 0.2447 0.192 0.2835 2.903 0.036
Case 3 Sim 0.8573 14.3241 17.6127 5.3609 11.9746
LMT 0.861 14.43 17.49 2.87 12.97
CG 0.8606 14.345 17.721 5.1168 12.173
€(LMT), % 0.4316 0.706 —0.6135 —24.909 6.636
€(CG), % 0.3826 0.1393 0.5415 —2.441 1.3226
Case 4 Sim 0.8938 2.8562 8.0653 5.2313 1.0655
LMT 0.899 2.16 9.65 6.5 1.05
CG 0.89852 2.2772 7.9159 5.3552 1.0629
€(LMT), % 0.58178 —4.6413 7.9235 12.687 —0.1033
€(CG), % 0.52808 —3.86 —0.747 1.239 —0.01733
Case 5 Sim 0.8748 14.6496 4.8799 4.3628 6.9768
LMT 0.888 14.64 3.12 3.24 7.49
CG 0.88146 14.645 3.9722 4.241 7.3645
€(LMT), % 1.50891 —0.064 —8.7995 —11.228 3.4213
€(CG), % 0.76131 —0.0306 —4.5385 —1.218 2.5846
Case 6 Sim 0.8978 14.6339 19.8579 9.8007 0.2153
LMT 0.898 14.75 19.88 9.8 0.215
CG 0.89796 14.652 19.868 9.7999 0.21471
€(LMT), % 0.02227 0.774 0.1105 —0.007 —0.002
€(CG), % 0.0178 0.1206 0.0505 —0.008 —0.00393

7.1.2 Systems with single up-multiple down state machines

The second set of systems considered in this analysis is asynchronous production lines with
single up state and multiple down states per machine. This model is also known in literature
as multiple failure modes model. In Levantesi et al. (2003) a set of experiments was pub-
lished to test the accuracy of the multiple failure modes method developed in that paper. In
the following, the accuracy of the C G method while studying multiple failure mode lines is
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Table 3 Results for the test systems E1-E4 evaluated in Levantesi et al. (2003)

psim pLMT pco €(LMT), % €(CG), %
Case 1 0.649 0.648 0.64916 —0.154 0.024
Case 2 0.58 0.581 0.58013 0.172 0.022
Case 3 0.783 0.78 0.7868 —0.383 0.489
Case 4 0.605 0.606 0.6058 0.1652 0.1454
Fig. 4 State transition diagram 3px 2px Px
for stage M} with three identical H=3p B=2p M=k u=0
parallel machines e‘e‘a @

Ik 2rg 3rk

analyzed. The A; matrix that models the behavior of a machine that is subject to F different
causes of failure is given by:

- Zle Pki Pk Pk2 Pk F
rkql _rk,l O DR 0
A = k2 0 —Ik2 e 0 (35)
Fk,p 0 0 e —Fi,F

where the states are ordered is such a way to have the processing rate vector of M; equal to
[1k, 0,0, ...,0].

Four test cases are considered, called E1-E4 in Levantesi et al. (2003). The results are
shown in Table 3. As it can be noticed, also for multiple failure modes lines the CG method
is very accurate (maximum error equal to 0.489% in these four cases).

7.1.3 Systems with multiple identical parallel machines

The third set of systems considered in this paper is flow lines with production stages fea-
turing parallel machines. Such systems were studied by Burman (1995) and Patchong and
Willaeys (2001). Our method allows to model multiple identical machines as a unique stage
with multiple up-states (Gershwin and Tan 2010). Stage k is composed of m; multiple iden-
tical machines in parallel. Each machine in stage k may fail with rate p;, may be repaired
with rate r;, and processes material at rate j. In the framework of our model, stage k has
my + 1 states. In state j =0, ..., m;, j machines are simultaneously operational: thus the
entire stage processes material at rate ju;. Accordingly, the possible transitions for stage
M, are:

— from state j to state j — 1 withrate jpi, for j =1,...,my;
— from state j to state j + 1 with rate (my — j)ry, for j =0,...,m; — 1.
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Table 4 Data for the test systems evaluated in Burman (1995) and Patchong and Willaeys (2001)

r My My M3 r My My M3
0.1 0.1 0.1 0.1 0.1 0.1
Case 1 m 1 2 1 Case 2 m 1 2 1
p 0.01 0.01 0.01 )4 0.01 0.01 0.01
“w 1 2 1 " 1 1 1
N 10 10 N 10 10
Case 3 m 1 2 1 Case 4 m 1 5 1
p 0.01 0.12 0.01 p 0.01 0.01 0.01
n 1 2 1 n 1 5 1
N 10 10 N 10 10
Case 5 m 1 5 1 Case 6 m 1 2 1
)4 0.01 0.01 0.01 p 0.01 0.01 0.01
m 1 1 1 " 1 2 1
N 10 10 N 1 1
Case 7 m 1 2 1 Case 8 m 1 2 1
P 0.01 0.01 0.01 P 0.01 0.12 0.01
n 1 1 1 I 1 2 1
N 1 1 N 1 1

Figure 4 represents the state-transition diagram of stage M, featuring three identical ma-
chines in parallel. The transition matrix A; is given by:

—3rx 3rk 0 0
Pk —pk — 21 2ry 0
Ay = 36
¢ 0 2pk —2pr—re 1y (36)
0 0 3Pk —3px

where the states are ordered as [0, 1, 2, 3]. The processing rate vector of M; is equal to
[0, pers 24ak5 3pai]-

To test the accuracy of our method in studying these systems we considered cases 1, 3,
5, 7, and 9 reported in Patchong and Willaeys (2001) and cases 46, 52, and 58 reported
in Burman (1995). The data of the eight test cases are reported in Table 4. They involve
systems with three stages and up to five parallel machines. We compare our results with
simulation to estimate the error; then we compare our errors with those of the other two
methods proposed in Burman (1995) and Patchong and Willaeys (2001). The results are
reported in Table 5.

Summarizing, in 19 of the 24 performance measures evaluated, the CG method has
shown the lowest absolute error. Specifically, in all eight cases our method performed best
while estimating the production rate. The maximum absolute error on the production rate
estimation is 1.05% while for the Pw method it is 10.05% and for the Bur method it is
12.72%. Concerning the average buffer level estimation, in 81.25% of cases our error is
lower than 2%. Moreover, the maximum absolute error on the buffer level estimation is
4.342% for the CG method, while for the Pw method it is 5.51% and for the Bur method it
is 10.2%.
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Table 5 Results for test systems evaluated in Burman (1995) and Patchong and Willaeys (2001)

Method P n ny
Case 1 Sim 0.872 3.717 6.382
PW 0.863 3.567 6.647
Bur 0.861 3.437 6.543
CG 0.87398 3.7641 6.2359
e(PW), % —1.0321 -1.5 2.65
€(Bur), % —1.261 -2.8 1.61
€(CG), % 0.227 0.471 —1.461
Case 2 Sim 0.83 6.672 3.319
PW 0.832 6.54 3.265
Bur 0.83 6.603 3.397
CG 0.83 6.7055 3.2945
e(PW), % 0.2409 —1.32 —0.54
e(Bur), % 0 —0.69 0.78
€(CG), % 0 0.335 —0.245
Case 3 Sim 0.756 5.803 4.215
PW 0.68 5.275 4.766
Bur 0.728 5.393 4.598
CG 0.75279 5.8533 4.1467
e(PW), % —10.052 —5.28 5.51
€(Bur), % —3.703 —4.1 3.83
€(CG), % —0.424 0.503 —0.683
Case 4 Sim 0.884 3.502 6.794
PW 0.873 3.495 6.467
CG 0.8758 3.7402 6.3598
e(PW), % —1.244 -0.07 -3.27
€(CG), % —-0.921 2.382 4.342
Case 5 Sim 0.847 7.054 3.549
PW 0.838 6.869 3.162
CG 0.8381 7.1094 3.8906
e(PW), % —1.062 —1.85 —3.87
€(CG), % —1.05 0.554 3.416
Case 6 Sim 0.838 0.469 0.528
Bur 0.811 0.381 0.618
CG 0.83756 0.4550 0.5450
€(Bur), % 3.221 —-8.8 9
€(CG), % —0.0525 —1.404 1.704
Case 7 Sim 0.781 0.726 0.275
Bur 0.778 0.72 0.28
CG 0.77933 0.7355 0.2645
€(Bur), % 0.3841 —-0.6 0.5
€(CG), % —0.2138 0.951 —1.051
Case 8 Sim 0.676 0.554 0.447
Bur 0.59 0.452 0.549
CG 0.67098 0.5525 0.4475
€(Bur), % 12.721 —10.2 10.2
€(CG), % —0.742 —0.154 0.054
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7.2 Accuracy testing: previously uninvestigated systems

In this section, the accuracy of the proposed decomposition method is tested while estimat-
ing the performance of complex systems that were never studied with existing approaches.
These include systems with generally distributed up and down times, systems with stages
composed of multiple non-identical parallel machines, systems where machines are subject
to aging and go through a set of degrading states characterized by increasing failure rates
and decreasing yield. For each test case, five replicates of the simulation experiment are car-
ried out. Every replicate is 1000000 time units long, with a warm up period of 100000 time
units.

First, the results of an extensive experimental campaign over a set of 100 randomly gen-
erated test cases are synthetically reported to explore the accuracy of the method over a wide
set of significant cases. Second, detailed results are reported and discussed for the different
system architectures to show how they can be modeled under the proposed framework and
to enable the interested reader to replicate experimental results.

7.2.1 Randomly generated cases

In order to limit the performance evaluation only to system configurations that are relevant in
practice, the parameters of the test lines have been randomly selected, within the following
ranges:

— Number of machines in the system: [3:8];
Stage efficiency in isolation: [0.8:0.999];
Stage production rate in isolation: [0.8:1.3];
— Stage mean down time mt?: [1:200];

— Stage mean up time mz*: [1:200];

Stage scv?! of down times: [0:5];

— Stage scv* of up times: [0:5].

Moreover, as suggested in Gershwin (2011), a set of constraints, whose generation is driven
by manufacturing system engineering knowledge, has been designed that links the parame-
ters of different stages in the line to guarantee the analysis of realistic system configurations.
Specifically, the buffer capacities have been constrained to be always included between 0.5
times the smallest mean down time and 4 times the largest mean down time of the machines
in the system. This is because a buffer which is sufficiently small will not have a significantly
different effect on the system performance than a buffer of size zero, and a buffer which is
sufficiently large will be uneconomical. Moreover, the mean repair time of each machine is
constrained to be not more than 4 times that of any other machine. The random case gen-
eration algorithm we developed applies filters that reject configurations whose parameters
violate these constraints. In this way, 100 random test cases have been generated and then
evaluated by simulation and the developed decomposition method.

A summary of the results for the 100 test cases is shown in Table 6. The table highlights
that the method has good accuracy properties in the estimation of the average system pro-
duction rate over a large set of test cases. Indeed, the error in the estimation of the average
production rate of the system is always lower than 3%. As can be seen, the accuracy of the
method slightly decreases but is still acceptable while estimating the average buffer levels
(absolute errors lower than 3% in the 93% of the cases). The maximum error on average
buffer level is around 5.5%, which is still reasonable for practical purposes. In the remain-
ing part of this section specific test cases for different system architectures are presented in
detail.
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Table 6 Summary of the results from 100 test cases

Average Max % cases with % cases with % cases with
|err|% |err|% lerr|% < 1% lerr|% < 2% lerr|% < 3%
E 0.941 2.93 65 90 100
n 1.37 5.35 52 85 93

7.2.2 Phase-type distributed up and down times

Most of the models developed to study unreliable multi-stage flow lines are based on the
assumptions of exponential up and down times. However, while times to machine failure
can be often modeled using exponential distributions with acceptable accuracy, times to re-
pair are very rarely observed to be exponentially distributed in actual systems (Buzacott and
Hanifin 1978; Inman 1999). This feature limits the applicability of existing approximate ana-
Iytical methods to real production lines. Therefore, analyzing the performance of multi-stage
systems with phase-type distributed up and down times is of both practical and scientific in-
terest. Phase type distributions (PH) have been widely used in the literature to model gener-
ally distributed events (Altiok 1985). Both moment matching (Osogami and Harchol-Balter
2006) and fitting (Horvath 2003) methods have been proposed to set the parameters char-
acterizing the stages of a PH distribution, to model general distributions. Moment Matching
Methods find the minimal number of phases and the characteristic parameters of a PH dis-
tribution that are needed to match the first z moments of a given distribution. The goal of
fitting methods is in some sense broader, since they aim at approximating to a specified ac-
curacy the shape of an input distribution using a PH distribution. For practical use, a tool for
approximating general distributions by continuous PH distributions is presented in Horvath
and Telek (2002).

In the literature, only two-machine line models including machines characterized by
phase-type distributed failure and repair times are available (Altiok and Ozdogru 2003;
Gershwin and Tan 2010). Since our method deals with machines modeled as generally com-
plex continuous time Markov chains, PH distributed up and down times can be handled. In
order to test the accuracy of our approach, in this paper we only focus on Erlang and Cox-2
distributed events. Additional results for other classes of continuous PH distributions will be
reported in future works.

Erlang distributed up and down times Erlang distributions are a specific class of PH dis-
tributions, suitable to model events characterized by small square coefficient of variation
(CV2 < 1). Indeed, it is known that the minimum coefficient of variation of the continuous
PH family depends only on the order n and is characteristic of the Erlang distribution (Al-
dous and Shepp 1987). The machines considered in this analysis have Erlang distributed
up and down times. Specifically, the failure time of machine M is an Erlang random vari-
able with u; stages. The expected time to failure is m#; = u;/p; and its square coefficient
of variation is scvi = 1/uy. Similarly, the repair time of machine M is an Erlang random
variable with d; stages. The expected time to repair is mt¢ = dy /r; and its square coefficient
of variation is scv{ = 1/dy. The state transition diagram of a machine under this failure-
repair mechanism is shown in Fig. 5. The state of M} are indexed from 1 to u; + d; and
ordered such that states 1, ..., u; are operational states and states u; + 1, ..., uy + dj are
down states. The processing rates for machine My is j; in every operational state and 0 in
every down state. The following transitions are possible for M;:
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Fig. 5 State transition diagram
for the generic machine featuring
Erlang up and down times
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Fig. 6 State transition diagrams and data for Erlang up-down machines of Table 8
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Table 7 Aggregated measures for the machines modeled in Fig. 6

u mt}} sevi dy mtz scvz ek Py

1 2 200 0.5 2 5 0.5 0.975 0.975
2 1 50 1 3 8.57 0.333 0.853 0.939
3—A 3 600 0.333 3 150 0.333 0.8 0.896
3—-B 3 300 0.333 3 150 0.333 0.667 0.746
3-C 3 600 0.333 3 30 0.333 0.952 1.066
3—-D 3 300 0.333 3 30 0.333 0.909 1.018
— From state j to state j + 1 with rate pg, for j =1,..., u.

— From state j to state j + 1 with rate ry, for j =ux + 1,..., ux + d.

— From state u; + dj to state 1 with rate ry.

In the test cases we consider three machine lines with machines having the state transition
diagrams as in Fig. 6. Eight cases are obtained in the following way. We consider as fixed the
parameters of machines M; and M,, while we change the up time of machine M3 by varying
the rate ps, that assumes values 0.005, 0.01, as well as the down time of machine M3 by
varying the rate r3, that assumes values 0.02, 0.1. Moreover, we consider two distributions
of buffers, respectively equal to N = [2,2] and N = [10, 10]. The combination of these
features generates eight test systems. In Table 7 the performance of the machines in isolation
are reported (e, is the efficiency in isolation and Py is the production rate in isolation of
machine My).

Results for the eight test cases are reported in Table 8. The method provides accurate
results when compared to simulation for this class of systems. The maximum error of the
CG method while estimating the average production rate of the system is 1.323% and in
most of the cases the error is below 1%. The maximum error in the estimation of the buffer
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Table 8 Results for test systems with machines having Erlang distributed up and down times

Method P n np
Case 1 Sim 0.7214 0.85 0.297
N =1[2,2] 95% C.I +0.013 +0.009 +0.005
p3 =0.005 CG 0.73101 0.7671 0.3473
r3 =0.02 €(CG),% 1.323 —4.15 2.515
Case 2 Sim 0.764 5.577 2.46
N =110, 10] 95% C.1 +0.009 +0.078 +0.061
p3 =0.005 CG 0.7681 5.8442 2.1554
r3 =0.02 €(CG), % 0.523 2.628 -3.1
Case 3 Sim 0.6238 1.05 0.523
N=[2,2] 95% C.I 40.008 +0.012 +0.007
p3 =0.01 CG 0.6306 0.9517 0.6006
r3 =0.02 €(CG),% 1.102 —4.915 3.88
Case 4 Sim 0.6647 6.32 3.97
N =110, 10] 95% C.1 +0.01 +0.055 +0.128
p3=0.01 CG 0.6639 6.6129 3.7369
r3 =0.02 €(CG), % —0.125 2.9 2.4
Case 5 Sim 0.832 0.552 0.167
N=[2,2] 95% C.I +0.004 +0.006 +0.005
p3 = 0.005 CG 0.8407 0.5819 0.0991
r3=0.1 €(CG), % 1.045 1.495 —3.395
Case 6 Sim 0.8836 5.02 1.16
N =10, 10] 95% C.I +0.002 +0.04 +0.035
p3 =0.005 CG 0.8891 5.1312 0.8751
r3=0.1 €(CG),% 0.621 1.1 —-2.84
Case 7 Sim 0.806 0.592 0.27
N=[2,2] 95% C.I +0.003 +0.005 +0.004
p3 =0.01 CG 0.8138 0.6467 0.1936
r3=0.1 €(CG),% 0.967 2.735 —3.82
Case 8 Sim 0.8639 5.21 1.93
N =10, 10] 95% C.I +0.004 +0.044 +0.06
p3=0.01 CG 0.8683 5.4698 1.7217
r3 =0.1 €(CG),% 0.5 2.5 -2.1

level is 4.915% and in 14 over the total 16 estimated levels the error is below 4%. It can
also be noticed that the error consistently decreases for increased buffer sizes, as normally
observed in decomposition based methods (Gershwin and Dallery 1992), while it seems to
be insensitive to the machine’s mean up and down times.

Cox-2 distributed up times and down times Cox-2 distributions are a class of continuous
PH distribution with two-phases, suitable to model events characterized by a large square
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Fig. 7 State transition diagram
for the generic machine featuring
balanced mean Cox-2 distributed
up and down times

Table 9 Data for systems with Cox-2 up and down times

k  mt} sev ay Dk th scv,”(Z B e ey Ik Py
1 200 1.5 0.333 0.01 30 0.6 0.833 0.066 0.869 1.035 0.9
2 180 1.35 0.37 0.011 26 0.75 0.667 0.077 0.873 1.03 0.9
3 160 1.2 0.416 0.0125 22 0.9 0.555 0.0909 0.879 1.024 0.9
4 140 1.05 0.476 0.014 18 1.05 0.476 0.111 0.886 1.016 0.9
5 120 0.9 0.555 0.0166 14 1.2 0.417 0.143 0.895 1.005 0.9
6 100 0.75 0.666 0.02 10 1.35 0.37 0.2 0.909 0.999 0.9
7 80 0.6 0.833 0.025 6 1.5 0.333 0.333 0.930 0.967 0.9

coefficient of variation (CV? > 0.5). In this set of experiments we consider machines that
have Cox-2 distributed up times and down times. The Cox-2 distribution is characterized by
three parameters: the probability of going through two phases, «; the rate at which the first
phase is left, p;; and the rate at which the second phase is left, p,. The mean of the dis-
tribution is mt = 1/p; + o/ p,. If 1/p; = o/ p, = 1/ p the so called balanced mean Cox-2
distribution is obtained (Buzacott and Shantikumar 1993). The mean of this distribution is
mt =2/ p and the square coefficient of variation is scv = 1/2«. Therefore, only two parame-
ters are required. In the following experiments, machine’s up and down times are distributed
according to the balanced mean Cox-2 distribution.

Specifically, the expected time to failure of machine M, is m#; = 2/p; and its square
coefficient of variation is scvi = 1/2a;. Similarly, the expected time to repair is mti =2/ri
and its square coefficient of variation is scvf = 1/2p. The state transition diagram of a
machine under this failure-repair mechanism is shown in Fig. 7. The states of M are indexed
from 1 to 4 and ordered such that states 1,2 are operational states and states 3, 4 are down
states. The processing rates for machine M is u; in every operational state and O in every
down state.

The lines we tested have between 3 and 7 machines. Machine parameters are re-
ported in Table 9. Moreover, we consider four distributions of buffers, respectively
equal to N1 =1[2,2,2,2,2,2], N2 =1[2,4,6,8,10,12], N3 = [12,10,8,6,4,2], N4 =
[12,12,12, 12, 12, 12]. The test system with K + 1 machines is obtained by adding to the
system with K machines the buffer Bx and the machine Mg at the end of the line. The
combination of these features generates twenty test systems.

Results for the twenty test cases are reported in Table 10. Due to space limitations, we
report detailed data only for the estimate of the average production rate. The maximum error
of the CG method while estimating the average production rate of the system is 2.28%,
corresponding to the system with 7 machines and small buffers. In 18 over the 20 cases the
error is below 2%. The error is slightly affected by the number of machines in the line, while
it is confirmed that systems with smaller buffers generally involve larger errors.

@ Springer



Ann Oper Res

Table 10 Results for test systems with machines having Cox-2 distributed up and down times

K Method P(N1) P(N2) P(N3) P(N4)

3 Sim 0.719 0.721 0.759 0.761
95% C.I +0.021 +0.011 +0.028 +0.023
CG 0.726 0.73 0.7565 0.7594
€(CG), % 0.973 1.248 —0.329 —0.21

4 Sim 0.663 0.675 0.721 0.727
95% C.1 +0.028 +0.016 +0.04 +0.02
CG 0.6705 0.6841 0.7154 0.7246
€(CG), % 1.131 1.348 —0.776 —0.33

5 Sim 0.617 0.649 0.68 0.71
95% C.I +0.018 +0.009 +0.037 +0.0189
CcG 0.6294 0.6572 0.6857 0.7037
€(CG), % 2.009 1.263 0.838 —0.887

6 Sim 0.589 0.634 0.655 0.697
95% C.1 +0.03 +0.02 +0.018 +0.036
CG 0.6005 0.6449 0.6636 0.6931
€(CG), % 1.952 1.719 1.312 —0.559

7 Sim 0.57 0.63 0.639 0.685
95% C.I +0.034 +0.026 +0.041 +0.012
CG 0.583 0.6417 0.6481 0.6893
€(CG), % 2.28 1.857 1.4241 0.627

7.2.3 Systems with multiple non-identical parallel machines

We analyze the performance of systems having stages featuring multiple non-identical par-
allel machines. Two-machine systems with similar features were also studied in Tan (2001)
and Helber and Jusic (2004). As in the case of multiple identical machines, our method
makes it possible to model multiple non-identical machines as a unique stage with multiple
up-states (Gershwin and Tan 2010). Stage k is composed of m; machines in parallel. Each
machine in stage k may fail with rate p; ;, may be repaired from failures with rate r; ; and
processes material at rate /¢4 ;. In the framework of our model, stage k has S; = 2"* states.
Each state j is characterized by a vector of state indicators o ; which assume values 1 if
the machine i is up and O if machine i is down. Considering a stage with 2 non-identical
machines, the possible states of the stage are [11, 10, 01, 00]. The processing rate vector is
Mk = [fe,1 + Mr2y M1, k2, 0]

Figure 8 represents the state transitions diagram of stage k with 2 non-identical machines.
The transition rate matrix X is given by:

— Dkl — Pr.2 Dk Dk,1 0
T2 —Pk1 — T2 0 Dk,1
A= ' ' : ’ 37
k T 0 —Pk2 — Tk P2 37)
0 T'k,1 Tk,2 Vi1 — T2
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Fig. 8 State transition diagram H=H 1+ 2
for stage M} with 2 non-identical
parallel machines

H=Hk1

The production rate in isolation of the stage can be calculated as:

my my

P = Zek,iﬂk.i = Z Lﬂki (38)
im1

— Pritrei

In Table 11, the data for eight test systems, having three or four stages and one through
three machines per stage, are reported. Results are shown in Table 12. The method proves to
be accurate for this set of test cases. The maximum error of the CG method while estimat-
ing the average production rate of the system is 1.236%, corresponding to the system with
four stages, seven machines in total, and small buffers. Concerning the average buffer level
estimation, the maximum error is 3.77%, and in 14 of the 19 estimated levels, the error is
below 3%. The accuracy of the method appears insensitive to the number of stages and the
number of machines per stage.

7.2.4 Systems with deteriorating machines

Systems with machines that are subject to aging and may deteriorate over time are analyzed
in this section. Similar machine models were previously considered in Dimitrakos and Kyr-
iakidis (2008) and Kim (2004). Key features of deteriorating machines are the increasing
failure rate assumption (Dimitrakos and Kyriakidis 2008), and the decreasing yield prop-
erty (Kim 2004). The first feature makes it possible to model the decreasing reliability of the
machine over time. In other words, as the machine stays operational longer it is more likely
over time that the machine is subject to failure. The second feature models the decreasing
fraction of conforming parts the machine produces over time. In other words, as the machine
stays operational longer, it is more likely that it produces higher fraction of defective items,
due to deterioration. Our method is able to deal with both aspects. It is worth highlighting
that the model we propose in this section considers uncontrolled degrading machines. This
means that we do not take into account any preventive maintenance policy or quality control
action that may stop the machine before the down state is reached. Such extensions will be
subject of future research.

Specifically, the considered machine is subject to n degrading operational states and one
down state, n + 1. While in operational state i = 1,...,n — 1, machine M; can enter the
next deterioration state i + 1 with rate af p¥ or it can fail with rate (1 — o) p*. While in the
operational state n the machine fails with rate p. According to the increasing failure rate
assumption:

(I—adpf <(I—af Dply, Vi=1,...,n—1 (39)
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Table 11 Data for systems with multiple non-identical machines per stage

M, M, M My
Case 1 pri 0.0l [0.01, 0.05] 0.01
mg =1[1,2,1] rei 0.1 [0.1,0.5] 0.1
Ni =1[2,2] e 1 [0.5,0.5] 1
Py 0.909 0.909 0.909
Case 2 pei 001 [0.01,0.05,0.001]  0.01
me=11,3,1] ri 0.1 [0.1,0.5,0.01] 0.1
Ne=12.2] wei 1 [0.35,0.35,0.3] 1
Py 0.909 0.909 0.909
Case 3 pri 0.0l [0.01,0.02] [0.01,0.01]
mi =1[1,2,2] rei 0.1 [0.1,0.12] [0.1,0.2]
Ni =[12, 6] wei 1 [0.6,0.5] [0.5,0.5]
Py 0.909 0.974 0.93
Case 4 pei [0.01,0.05]  [0.01,0.02] 0.01
me=12,2,1] ri 101,02 [0.1,0.4] 0.1
N =16,8] wri 106,05 [0.72,0.35] 1.05
Py 0.945 0.987 0.954
Case 5 pei 10.05,0.05]  [0.01,0.02,0.003]  0.02
my =1[2,3,1] ri 103,02] [0.1,0.1,0.008] 0.2
Ni =[4,2] wri  [0.6,0.5] [0.5,0.3,0.3] 1
P 0.914 0.922 0.869
Case 6 pri 0.001 [0.03, 0.05] [0.07,0.01] 0.004
mp=01,2211 r,; 005 [0.1,0.2] [0.02, 0.4] 0.12
Np =12,2,2] wei 095 [0.7,0.5] [0.8,0.8] 0.9
Py 0.931 0.938 0.958 0.87
Case 7 pei [0.03,0.04]  0.004 [0.09, 0.006] [0.04, 0.003]
mp=12,1,221 r,;  [009,01] 003 [0.12,0.55] [0.31,0.01]
Ne =12,6,2] wri  10.7,0.6] 1.05 [0.6,0.6] [0.7,0.45]
P 0.953 0.926 0.936 0.966
Case 8 pri 0.04 [0.04,0.06,0.009]  [0.01,0.005,0.03]  [0.04,0.003]
mp=101,3,3,11 r,; 029 [0.12,0.5, 0.06] [0.1,0.05,0.4] 0.05
Ni =1[4,2,2] e L1 [0.7,0.3,0.4] [0.5,0.5,0.3] 0.44
Py 0.966 1.14 1.188 1.15

When failed, the machine is repaired with rate . Processing rates are equal to u; for ev-
ery degradation state i = 1, ..., n. For every degradation state, the yield Y* is assigned,
i.e. the fraction of non-conforming parts the machine produces on average in the specific
degradation state i. The state transition diagram representing the machine’s behavior is rep-
resented in Fig. 9. The mean up time, m#, and the mean down time, mt,f’, of the machine
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Table 12 Results for test systems with multiple non-identical machines per stage

Case Method P ny ny n3
1 Sim 0.832 1.51 0.467
95% C.1 +0.018 +0.041 +0.02
CG 0.837 1.483 0516
€(CG), % 0.661 —1.32 2.47
2 Sim 0.835 1.534 0.53
95% C.1 +0.008 +0.073 +0.06
CG 0.838 1.458 0.541
€(CG), % 0.371 —3.77 0.57
3 Sim 0.87 6.59 3.21
95% C.1 +0.012 +0.21 +0.14
CG 0.861 6.449 3.299
€(CG), % —0.988 —1.169 1.483
4 Sim 0.881 2.81 2.73
95% C.1 +0.007 +0.06 +0.08
CG 0.874 2.772 2.685
€(CG), % —0.703 —0.623 —0.551
5 Sim 0.768 2.42 0.993
95% C.1 +0.021 +0.16 +0.077
CG 0.774 2.557 1.011
€(CG), % 0.846 3.425 0.915
6 Sim 0.76 1.61 1.33 0.619
95% C.1 +0.003 40.093 +0.06 +0.038
CG 0.752 1.573 1.301 0.65
€(CG), % —0.947 —1.84 —1.445 1.59
7 Sim 0.728 1.28 2.98 0.554
95% C.1 +0.009 +0.092 +0.19 +0.067
CG 0.737 1.337 3.168 0.62
€(CG), % 1.236 2.89 3.148 3.315
8 Sim 0.905 1.78 0.82 0.942
95% C.1 +0.005 +0.063 +0.04 +0.012
CG 0.894 1.63 0.799 0.942
€(CG), % —1.138 —-3.727 —1.03 0.22

with degrading states are:

n l_[i:l Clk
thzZ%, mt! =1/r, (40)

i=1

In addition to the performance measures described in Sect. 3, since our method provides
estimates of the probability of machine M, being in any degradation state i, 7% (i), it makes
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Fig. 9 State transition diagram
for a degrading machine with n
degradation states

it possible to evaluate the machine yield, the system yield, and the effective production rate
of the system (Colledani 2008; Kim 2004). Specifically, when the algorithm converges and
all the steady-state probabilities of the pseudo-machine states are estimated, % (i) can be
calculated by using:

i)=Y 7w D)+ (@) k)

(J,i)u €Sy (k)

= Y k=D +m@)atk—1) (41)

(i.j)a €S}y tk—1)

Then, the machine yield Y, and the system yield ¥5** can be calculated by using:

>, 7)Y s _T
ne=52 Ly =]]xn (42)
i ) k=1

The effective production rate of the system, i.e., the rate at which the system delivers con-
forming products, is:

PE = pyS (43)

The accuracy of the method is tested over twelve test cases. The systems have four ma-
chines, each one subject to four deterioration states. The machines’ parameters are identical,
except for the processing rates, [, that are equal to p; = [1, 1.02,0.99, 1.03]. Specifically,
we consider for all machines one combination of p; =[0.01, 0.02, 0.03, 0.04], two possible
combinations of «, o; = [0.5,0.6,0.7] and «; = [0.9, 0.9, 0.9], and three possible values
of r, r =0.005, r =0.05 and r = 0.1. This settings generate six system configurations. It
can be shown that condition (39) is satisfied by all combinations of parameters. The yield
in the four degradation states is, respectively, ¥; =[1,0.95, 0.9, 0.8]. Finally, two different
combinations of buffer capacities generate the twelve test cases. In detail, N1=1[2,2,2],
‘N2 =18, 8, 8]. The errors in the estimation of the effective production rates for these twelve
systems are reported in Table 13. It can be noticed that our method is very accurate in the
analysis of this class of systems.

In Table 13, numerical values of the estimated total production rate and system yield are
also given. It is interesting to notice that, in the case of uncontrolled degrading machines
considered here, the system yield is not dependent on the buffer capacity and the machine’s
repair rate. A possible explanation is suggested in the following. Since transitions between
states are operation dependent, a change in the buffer size causes a variation of the total op-
erational time of the machine but does not cause a variation of the dynamics of the machine
up-cycle in visiting the different up states of the progressive degrading process, since no
transition is possible when the machine is blocked/starved. In other words, the conditional
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Table 13 Results for twelve test systems with four degrading machines

Case Ny r . PG Yoy P P e(cG), %
1 [2,2,2] 0.005 [0.5,0.6,0.7] 0.153 0.909 0.139 0.137 1.732

2 [8,8,8] 0.005 [0.5,0.6,0.7] 0.162 0.909 0.147 0.146 0.754

3 [2,2,2] 0.005 [0.9,0.9,0.9] 0.196 0.831 0.163 0.166 —1.613

4 [8,8,8] 0.005 [0.9,0.9,0.9] 0.206 0.831 0.171 0.172 —0.455

5 [2,2,2] 0.05 [0.5,0.6,0.7] 0.655 0.909 0.595 0.591 0.729

6 [8,8,8] 0.05 [0.5,0.6,0.7] 0.697 0.909 0.633 0.642 —1.281

7 [2,2,2] 0.05 [0.9,0.9,0.9] 0.719 0.831 0.598 0.596 0.337

8 [8,8,8] 0.05 [0.9,0.9,0.9] 0.759 0.831 0.631 0.632 —0.156

9 [2,2,2] 0.1 [0.5,0.6,0.7] 0.799 0.909 0.726 0.723 0.472
10 [8,8,8] 0.1 [0.5,0.6,0.7] 0.843 0.909 0.766 0.765 0.185

11 [2,2,2] 0.1 [0.9,0.9,0.9] 0.842 0.831 0.7 0.708 —1.06

12 [8,8,8] 0.1 [0.9,0.9,0.9] 0.88 0.831 0.732 0.733 —0.125
probability of being in the operational state i = 1,...,n given that the machine is opera-
tional, independently on the state, does not change. Equivalently, the portion of operational
time in which the machine is in the operational state i of the degrading process,i =1, ..., n,

is not impacted by the buffer size variation. As a consequence, referring to the yield equation
(42), the buffer size change proportionally impacts both the numerator and the denomina-
tor of the equation, thus the system yield remains unvaried. Similar arguments motivate the
independency of the system yield upon variation of the machine’s repair rate.

On the contrary, the system yield is dependent on the probabilities controlling the degra-
dation process, i.e. «;. Indeed, as «; increases, the machine spends more time in the high
degradation states, thus the yield is reduced. However, as «; increases, the machine fails
less frequently, thus the total production rate increases. Therefore, due to the combination
of these two effects, faster degradation entailing smaller failure rates may increase the ef-
fective production rate, as in cases 1 and 3, or decrease the effective production rate, as in
cases 9 and 11.

It is worth pointing out that, as already observed in Colledani (2008), Gershwin and Kim
(2008), and Kim (2004) for machines featuring two degrading states, in case of controlled
degrading machines with remote part inspection and monitoring the system yield is depen-
dent on the buffer size. Indeed, in this case, a delay in the quality information feedback that
depends on the buffer size is generated. This delay is due to the time processed parts spend
in the portion of system included between the degrading machine and the inspection station
that feeds the monitoring tool. Although this case can be handled with the proposed method,
this analysis requires more elements and additional notation. Therefore, it will be subject of
future research.

7.3 Decomposition algorithm speed

In this paragraph, we discuss some computation issues about the algorithm proposed in
this paper. First, we compare the performance of our algorithm, in terms of number of
two-machine-line evaluations, with existing algorithms developed to study the performance
of systems with single up-single down state machines. Specifically, the results reported in
Glassey and Hong (1993) concerning their decomposition method (GH method) and, later,
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Table 14 Accuracy and number of two-machine-line evaluations (2M )—comparison between the GH,
ADDX and CG methods

Case K GH ADDX CG SIM GH ADDX CG
P P P P #0M oM oM

1 3 0.8356 0.8341 0.8337 0.8312 28 9 6
2 3 0.8588 0.8567 0.8567 0.8613 46 7 4
3 3 0.728 0.7278 0.7251 0.7231 46 9 4
4 3 0.817 0.817 0.8167 0.816 50 7 6
5 3 0.8754 0.8748 0.8716 0.873 28 19 14
6 4 0.8352 0.8257 0.8244 0.8304 402 26 15
7 4 0.8056 0.8 0.7996 0.7962 495 18 11
8 4 0.7476 0.7473 0.7459 0.7426 102 26 19
9 5 0.8256 0.8321 0.8304 0.8206 116 45 28

10 5 0.8323 0.8326 0.8322 0.8259 112 57 34

adopted as a benchmark in Burman (1995) (ADDX method) are considered. In Table 14
the results over ten cases referred to flow lines with inhomogeneous machines are reported.
Column 2 reports the number of stations in the test systems. Columns 3 through 6 report the
production rate estimated by three decomposition methods and by simulation. Columns 7
through 10 report the number of two-machine-line evaluations required. The amount of time
the algorithm takes to converge is indeed roughly related to this measure. In all cases, our
method estimates the system performance with the lowest number of two-machine-line eval-
uations between the considered methods. Also, in 7 of the 10 cases our method provides the
best performance estimate, even if the difference is negligible in most of the cases. It should
be remarked that the two-machine line model used in our approach is more complex then
the two-machine line models used by the GH and ADDX methods. Indeed, our method con-
siders in detail all the possible states of each pseudo-machine, thanks to the flexibility of the
general Markovian modeling framework.

For testing the computation speed of our algorithm in more complex cases, we consider
the test systems with Cox-2 distributed up and down times analyzed in the previous section.
Figure 10 reports the number of two-machine line evaluations and the time the algorithm
requires to converge, when running on a 2.2 GHz Intel Core2 Duo CPU, with a convergence
tolerance € on the throughput of 1073, The results show that the number of two-machine-
line evaluations increases almost linearly with the number of machines in the system, for
all four buffer capacity distributions. In terms of complete algorithm iterations, over the an-
alyzed twenty cases the algorithm always requires less then 4 complete iterations before
convergence. Concerning the computation time, the algorithm requires less then 3 seconds
for lines with 5 machines or less, while it takes about 7 minutes as a maximum for a seven-
machine line with large buffers. The computation time increases almost exponentially with
the number of machines. However, it should be pointed out that for the seven-machine line
of our test cases, the number of states of the pseudo machine M, (1) amounts to 24, since
every state of the machines M3 through M7 can cause partial or complete blocking of ma-
chine M,. This suggest that possible improvements in the algorithm speed could be achieved
by designing a suitable state aggregation procedure making it possible to reduce the number
of pseudo-machine states while keeping the advantage of our approach in terms of flexibility
and accuracy. This issue will be subject of future research.
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Fig. 10 Algorithm convergence speed in Cox-2 up and down machine lines

8 Complete and partial starvation and blocking probabilities

Our method assigns to pseudo-machines of every building block one remote state for each
cause of partial and complete blocking and starvation. Therefore, once the algorithm con-
verges, in addition to the common system performance measures previously discussed, our
method provides for the first time the probabilities of finding each stage in every possible
state, including all the existing causes for partial and complete blocking and starvation. For
example, consider a serial line with 5 machines, each one having a single up state and a
single down state. Failure rates are equal to 0.01 for each machine in the line and process-
ing rates are increasing and respectively equal to [1.13, 1.14,1.15, 1.2, 1.25]. Buffer sizes
are all equal to 4. With two set of repair rates we obtain two different line configurations,
namely line 1 and line 2. In line 1, repair rates are decreasing and respectively equal to
[0.5,0.4,0.3,0.2,0.1]; in line 2 repair rates are reversed with respect to line 1 and equal to
[0.1,0.2,0.3,0.4,0.5].

We apply the proposed decomposition method for both line configurations. For line 1,
the estimated production rate is 1.014 and the average buffer levels are respectively
[2.8688,2.4573, 1.3352,0.7765]; for line 2 the estimated production rate is 0.985 and the
average buffer levels are respectively [1.8937, 1.0998, 0.4183, 0.2051]. Moreover, we focus
on the last stage of the line, Ms. The probability of finding machine M5 in every state, in-
cluding all possible causes of partial and complete starvation, is reported in Table 15 and
represented in the histograms of Fig. 11, for both line configurations.

As it can be noticed, while for line 1 both the partial and the complete starvation of Ms
is mainly due to the closest machine My, in line 2 stage M3 has the most relevant impact
on Ms in terms of partial starvation while M is the principal cause for complete starvation,
due to its large repair time. This information may be useful for bottleneck identification and
root causes analysis, for assigning priorities to alternative improvement actions according to
their impact on the overall line performance and for supporting sensitivity analysis. Further
investigation is needed to gather insights from this additional information.

9 Conclusions

This paper presents a decomposition method for the approximate analysis of multi-stage
continuous flow lines with general Markovian machines. This model and this method make
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Table 15 Probability of finding machine M5 in every state, including all possible causes of partial and
complete starvation, for lines 1 and 2

State State Root Processing Probability Probability

ID type cause rate line 1 line 2
1 Partially starved M, 1.13 0.02001 0.14596
2 Completely starved M, 0 0.00192 0.06296
3 Partially starved M 1.14 0.07289 0.18409
4 Completely starved M 0 0.00724 0.03272
5 Partially starved M3 1.15 0.25008 0.24621
6 Completely starved M3 0 0.02018 0.02490
7 Partially starved My 1.2 0.28996 0.16227
8 Completely starved My 0 0.03838 0.01941
9 Up at maximum speed Ms 1.25 0.21824 0.10573

10 Down Ms 0 0.08112 0.01576
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Fig. 11 Histograms of the impact of partial and complete starvation causes on M5 for lines 1 and 2

it possible to analyze a wide set of different system architectures and machine models within
a unique framework. Already analyzed systems, such as unreliable flow lines with single
and multiple failure mode machines, lines with identical parallel machines per stage and
integrated quality/quantity machine models can be analyzed. Moreover, the method enables
the analysis of previously uninvestigated classes of manufacturing systems such as systems
with machines subject to aging and to generally distributed up and down times, and sys-
tems with multiple non-identical machines per stage. Numerical results show good accuracy
of our method and highlight the possibility of managing additional information about the
system behavior, having an overall view on the propagation of complete and partial starva-
tion and blocking throughout the line. Future research will be devoted to the application of
the proposed method to modeling and studying the properties of these and other previously
uninvestigated classes of systems. Priority will be given to the integrated quality/quantity
analysis of systems with sampling inspection stations and on-line rework operations, sys-
tems with limited repair and workforce capacity, systems where machines have multiple
speed levels, systems with machines producing in batches and systems where machines are
characterized by degraded yield states.
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Appendix: Decomposition equations for calculating A, (k — 1)

Consider the transition rate matrix Ay(k — 1). This matrix is a square matrix with size
(Igtk— 1)+ I;(k — 1)) x (I4(k — 1) + I/;(k — 1)) which contains the transition rates gov-
erning the pseudo-machine M, (k — 1) in its transitions among the states in the state space.
The matrix A, (k — 1) is partitioned into four matrices and assumes the form:

A stk —=1) A§ g (k—1)

Aa(k —1) =
A sk —1)A§ o (k—1)

(44)

In the following the equations for calculating the elements of these block matrices are re-
ported. The rationale behind the derivation of these equations is explained in detail in Sect. 6
for the pseudo-machine X, (k).

A.1 Equations for determining the elements of A‘Si, sk—=1)

Mok —1)=2x}, i€Sk—1),i" €S k-1 (45)

A.2 Equations for determining the elements of Ad,’ gk—=1)

M i k=D =210, G ) eSyk—1), G, j")eSyk—1) (46)
i k=D =Y @) e Sitk—1).G' ) € Sk = 1) (47)
Mo gk—1) =25 (k= D)+ 2575 k= 1) (48)

A.3 Equations for determining the elements of Ad,y stk—=1)

MGk =1) = S aik). G eSik—1)ieSk—1)  (49)
(i,j’)noteSé’l(k—l)

W sk=1) =yl () eSk—1), i €Sk —1) (50)

A =1 =25 (k— 1)+ 2575k — 1) (51)

A.4 Equations for determining the elements of A‘;’ gk—=1)

V(i, j) S S[/i(k — 1) :
(i, j)atk — 1)(2 , A4 (k—1))
J)d qE(Sa(k—=DUS, (k—=1)) (i, j).q

d —_— J—
ot b= 7 Oatk— 1)
_ qusﬁz(k—l))‘g,(i,j)(k —Da(q)qak—1) o)
w()atk —1)
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