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Abstract
We describe a general method for testing whether a function on n input variables has a concise representation. The approach combines ideas from the junta test of Fischer et al. [6] with ideas from learning
theory, and yields property testers that make poly(s/ǫ) queries (independent of n) for Boolean function
classes such as s-term DNF formulas (answering a question posed by Parnas et al. [12]), size-s decision
trees, size-s Boolean formulas, and size-s Boolean circuits.
The method can be applied to non-Boolean valued function classes as well. This is achieved via a generalization of the notion of variation from Fischer et al. to non-Boolean functions. Using this generalization we
extend the original junta test of Fischer et al. to work for non-Boolean functions, and give poly(s/ǫ)-query
testing algorithms for non-Boolean valued function classes such as size-s algebraic circuits and s-sparse
polynomials over finite fields.
√
We also prove an Ω̃( s) query lower bound for nonadaptively testing s-sparse polynomials over finite
fields of constant size. This shows that in some instances, our general method yields a property tester with
query complexity that is optimal (for nonadaptive algorithms) up to a polynomial factor.

1. Introduction
Suppose you are given black-box access to a program computing an unknown function. You would like
to gain some understanding of the program by querying it as few times as possible. A natural first question
is whether the program has some sort of concise representation: is it representable by a small decision tree?
a small DNF formula, Boolean circuit, or algebraic circuit? a sparse polynomial?
In this paper we study the problem of testing whether a function has a concise representation for various
different types of representations, including those mentioned above. We work in the standard model of
property testing. Namely, we assume that we have black-box query access to an unknown function f :
∗
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Ωn → X, and we are interested in algorithms that accept any function which has a concise representation
of the desired type and reject any function which is ǫ-far from having such a representation (i.e. for every
function f ′ which has such a representation, f and f ′ disagree on at least an ǫ fraction of inputs). As is
standard in property testing, we assume that queries to the function are the limiting resource (rather than
computation time), and we would like to obtain algorithms whose query complexity is independent of n, the
number of inputs to the function.
Previous work on testing function classes. There has been considerable research on testing functions
for various types of representations. Our work is most directly motivated by the paper of Parnas et al. [12],
who gave algorithms for testing whether Boolean functions f : {0, 1}n →{0, 1} have certain very simple
representations as Boolean formulae. They gave an O(1/ǫ)-query algorithm for testing whether f is a single
Boolean literal or a Boolean conjunction, and an Õ(s2 /ǫ)-query algorithm for testing whether f is an s-term
monotone DNF. Parnas et al. posed as an open question whether a similar testing result can be obtained for
the broader class of general (non-monotone) s-term DNF formulas.
Other closely related results include the following: An O(1/ǫ)-query algorithm for testing whether a
function can be represented as a linear form over a finite field is given in Blum et al. [2]. This algorithm was
subsequently generalized in several works to test whether f can be represented as a low-degree polynomial.
In particular, [1, 8, 9] consider the case when f is defined over a small finite field. Fischer et al. [6] gave an
algorithm to test whether a Boolean function f : Ωn → {0, 1} is a J-junta (i.e. depends only on at most J
of its n arguments) with query complexity polynomial in J and 1/ǫ.
Other research in the area includes the work of Kearns and Ron [10], who gave testing algorithms for the
classes of interval functions over the continuous interval [0, 1] and for neural networks and decision trees
over the continuous cube [0, 1]n . Their results are not comparable to ours because they differ from the
“standard” property testing results in several ways; for one thing, they view the dimension n as a constant
and their algorithms have query complexity that depends (exponentially) on n.
Our Results. Our main result is a general algorithm that can be used to test whether an unknown
function f : Ωn → X belongs to one of many different representation classes, as long as the representation
class satisfies certain conditions. We show that this algorithm yields property testers for many classes
that were not previously known to be testable. These include decision lists, size-s decision trees, size-s
branching programs, s-term DNF (resolving the aforementioned open question of Parnas et al. ), size-s
Boolean formulas, size-s Boolean circuits, and s-sparse polynomials over F2 .1 For each of these classes the
testing algorithm uses poly(s, 1/ǫ) many queries, independent of the number n of inputs to the function (the
running time is exponential in s, though linear in n). These testing results are summarized in the top part of
Table 1. We note that our general algorithm can also be easily shown to yield property testers for all of the
classes tested in [12]; the query complexities would be slightly larger than in [12], but would not require a
specialized algorithm for each problem.
Our second contribution is a generalization of the notion of variation given in [6] to functions with
non-Boolean ranges. This generalization, and the properties we establish for the generalized variation, lets
us extend the junta test of [6] to functions with non-Boolean ranges. It also allows us to use our general
algorithm to achieve testers for non-Boolean valued function classes such as size-s algebraic circuits, size-s
algebraic computation trees, and s-sparse polynomials over finite fields (see the bottom of Table 1).
Our third main contribution is a lower bound; we show that any non-adaptive algorithm to test s-sparse
√
polynomials over finite fields of constant size must make Ω̃( s) queries. Since this is within a polynomial
factor of our upper bound, this result shows that in at least one instance our general algorithm yields a tester
that is nearly optimal. (For testing other representation classes, there is a larger gap between our upper
We remind the reader that if C is a subclass of C ′ , the existence of a testing algorithm for C ′ does not imply the existence of a
testing algorithm for C; thus, for example, our testing result for Boolean circuits does not imply the results for weaker representations
such as Boolean formulas or DNF formulas.
1
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Class of functions
Number of Queries
Boolean functions f : {0, 1}n → {0, 1}
Boolean literals (dictators), conjunctions
O(1/ǫ)
s-term monotone DNFs
Õ(s2 /ǫ)
J-juntas
Õ(J 2 /ǫ), Ω(J) (adaptive)
Õ(1/ǫ2 )
decision lists
Õ(s4 /ǫ2 ),
size-s decision trees, size-s branching programs,
s-term DNFs, size-s Boolean formulas
Ω(log s/ log log s) (adaptive)
√
Õ(s4 /ǫ2 ), Ω̃( s)
s-sparse polynomials over F2
Õ(s6 /ǫ2 ) √
size-s Boolean circuits
6d
functions with Fourier degree ≤ d
Õ(2 /ǫ2 ), Ω̃( d)
General functions f : Ωn → X
Õ(J 2 /ǫ)
J-juntas
Õ((s|F|)4 /ǫ2 ),
√
s-sparse polynomials over field of size |F|
Ω̃( s) for |F| = O(1)
size-s algebraic circuits,
Õ(s4 log3 |F|/ǫ2 )
size-s algebraic computation trees over F

Reference
[12]
[12]
[6], [3]
this paper
this paper
this paper
this paper
this paper
this paper
this paper
this paper

Table 1. Selected previous results on testing function classes. Our upper bounds are for adaptive algorithms, though in all cases very similar bounds for non-adaptive algorithms can be
achieved (see Appendix C). The lower bounds are for non-adaptive algorithms unless otherwise indicated by (adaptive).

and lower bounds. We give some simple but fairly weak lower bounds for other representation classes in
Appendix E.)
Our techniques. Our approach combines ideas from the junta test of Fischer et al. [6] with ideas from
learning theory. The basic idea of using a learning algorithm to do property testing goes back to Goldreich et
al. [7]. They observed that any proper learning algorithm for a class C can immediately be used as a testing
algorithm for C. (If f belongs to C, then a proper learning algorithm can be used to find a function f ′ ∈ C
that f is ǫ/2-close to, while if f is ǫ-far from C then clearly the proper learning algorithm cannot find any
function f ′ ∈ C that f is even ǫ-close to.) However, it is well known that proper learning algorithms for
virtually every interesting class of n-variable functions (such as all the classes listed in Table 1, including
such simple classes as Boolean literals) must make at least Ω(log n) queries. Thus this testing-by-learning
approach did not previously yield any strong results for testing interesting function classes.
We get around this impediment by making the key observation that many interesting classes C of functions are “well-approximated” by juntas in the following sense: every function in C is close to some function
in CJ , where CJ ⊆ C and every function in CJ is a J-junta. For example, every s-term DNF over {0, 1}n is
τ -close to an s-term DNF that depends on only s log s/τ variables, since each term with more than log s/τ
variables can be removed from the DNF at the cost of at most τ /s error. Roughly speaking, our algorithm
for testing whether f belongs to C works by attempting to learn the “structure” of the junta in CJ that f
is close to without actually identifying the relevant variables on which the junta depends. If the algorithm
finds such a junta function, it accepts, and if it does not, it rejects. Our approach can be characterized as
testing by implicit learning (as opposed to the explicit proper learning in the approach of Goldreich et al.
[7]), since we are “learning” the structure of the junta to which f is close without explicitly identifying
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its relevant variables. Indeed, avoiding identifying the relevant variables is what makes it possible to have
query complexity independent of n.
We find the structure of the junta f ′ in CJ that f is close to by using the techniques of [6]. As in [6],
we begin by randomly partitioning the variables of f into subsets and identifying which subsets contain
an influential variable (the random partitioning ensures that with high probability, each subset contains
at most one such variable if f is indeed in C). Next, we create a sample of random labeled examples
(x1 , y 1 ), (x2 , y 2 ), ..., (xm , y m ), where each xi is a string of length J (not length n; this is crucial to the
query complexity of the algorithm) whose bits correspond to the influential variables of f , and where y i
corresponds with high probability to the value of junta f ′ on xi . Finally, we exhaustively check whether any
function in CJ – over J input variables – is consistent with this labeled sample. This step takes at least |CJ |
time steps, which is exponential in s for the classes in Table 1; but since |CJ | is independent of n we are
able to get away with an overall query complexity that is independent of n. (The overall time complexity is
linear as a function of n; note that such a runtime dependence on n is inevitable since it takes n time steps
simply to prepare a length-n query string to the black-box function.) We explain our testing algorithm in
more detail in Section 3.
In order to extend our testing results and the junta testing results in [6] to functions with non-Boolean
ranges, we extend the technical definition of variation given in [6] to more general functions (intuitively,
the variation is a measure of the ability of a set of variables to sway a function’s output). We show that this
extended definition has the necessary properties to carry the analysis of the junta tests and our test over to
this more general setting. We present and analyze our extended definition of variation in Section 3.3.
Finally, we prove our lower bound for testing s-sparse polynomials over finite fields in two stages. We
first show that any non-adaptive algorithm that can successfully distinguish a linear form xi1 + · · · + xis
(over s randomly selected variables from x1 , . . . , xn ) from a linear form xi1 + · · · + xis+p (over s + p
√
randomly selected variables, where p is the characteristic of the finite field) must make Ω̃( s) queries. This
is a technical generalization of a similar result for F2 in [6]; the heart of our proof is an extension of a
convergence type result about random walks over Zq2 with arbitrary step distribution to random walks over
Zqp . (As an interesting side product, the latter also partially answers a question posed in [6] as to what groups
possess a similar convergence type property.) We then prove that every s-sparse polynomial g over finite
field F is “far” from every affine function with at least s + 1 non-zero coefficients. This result does not
have an analogue in [6] (that paper establishes a lower bound on distinguishing size-s parities from size(s + 2) parities, and it is trivially true that every size-s parity is far from every size-(s + 2) parity) and its
proof requires several ideas; our argument uses random restrictions chosen according to a distribution that
depends on the structure of the polynomial g. We present these results in Section 4.

2. Preliminaries
def

For i ∈ N, we denote [i] = {1, 2, . . . , i}. Throughout the paper, Ω denotes an arbitrary finite set and
X denotes an arbitrary finite range set. We will be interested in functions f that map from Ωn to X. In
keeping with the notation of Fischer et al. [6] we sometimes write P([n]) to denote the domain Ωn , and we
write x = (x1 , . . . , xn ) to denote an element of the domain P([n]). An important special case for many of
the applications of our main result, discussed in Appendix D.1, is when f is a Boolean function over the
Boolean hypercube, i.e. Ω = {0, 1}n and X = {−1, 1}.
We view the domain P([n]) as endowed with the uniform probability measure. Two functions f1 , f2 :
P([n]) → X are said to be ǫ-close if Pr[f1 (x) 6= f2 (x)] ≤ ǫ, and are ǫ-far if Pr[f1 (x) 6= f2 (x)] > ǫ. We
write E to denote expectation and V to denote variance.
Let f : P([n]) → X be a function and let I ⊆ [n] be a subset of the input coordinates. We define P(I)
to be the set of all partial assignments to the input coordinates xi for i ∈ I. Thus P([n]) = Ωn is the entire
4

domain of all input vectors of length n. For w ∈ P([n] \ I) and z ∈ P(I), we write w ⊔ z to denote the
assignment whose i-th coordinate is wi if i ∈ [n] \ I and is zi if i ∈ I.
A function f : P([n]) → X is said to be a J-junta if there exists a set J ⊆ [n] of size at most J such
that f (x) = f (y) for every two assignments x, y ∈ P([n]) that agree on J .
Let S be a finite set and P, Q be probability measures on it. The statistical distance between P and Q is
def
defined by kP − Qk = maxA⊆S |P(A) − Q(A)|.

3. The test and an overview of its analysis
In this section we present our testing algorithm and give an intuitive explanation of how it works. We
close this section with a detailed statement of our main theorem, Theorem 4, describing the correctness and
query complexity of the algorithm.

3.1. Subclass approximators.
Let C denote a class of functions from P([n]) to X. We will be interested in classes of functions that
can be closely approximated by juntas in the class. We have the following:
Definition 1. For τ > 0, we say that a subclass C(τ ) ⊆ C is a (τ, J(τ ))-approximator for C if
• C(τ ) is closed under permutation of variables, i.e. if f (x1 , . . . , xn ) ∈ C(τ ) then f (xσ1 , . . . , xσn ) is
also in C(τ ) for every permutation σ of [n]; and
• for every function f ∈ C, there is a function f ′ ∈ C(τ ) such that f ′ is τ -close to f and f ′ is a
J(τ )-junta.
Typically for us C will be a class of functions with size bound s in some particular representation, and
J(τ ) will depend on s and τ. (A good running example to keep in mind is Ω = {0, 1}, X = {−1, 1},
and C is the class of all functions that have s-term DNF representations. In this case we may take C(τ ) to
be the class of all s-term log(s/τ )-DNFs, and we have J(τ ) = s log(s/τ ).) Our techniques will work on
function classes C for which J(τ ) is a slowly growing function of 1/τ such as log(1/τ ). In Section 3.7 we
will consider many different specific instantiations of C and corresponding choices of C(τ ).
We write C(τ )k to denote the subclass of C(τ ) consisting of those functions that depend only on variables
in {x1 , . . . , xk }. We may (and will) view functions in C(τ )k as taking k arguments from Ω rather than n.

3.2. The independence test.
An important sub-test that will be used throughout the main test is the independence test from [6].
Independence test: Given a function f , and a set of variables I, choose w ∈R P([n]\I) and z1 , z2 ∈R P(I).
Accept if f (w ⊔ z1 ) = f (w ⊔ z2 ) and reject if f (w ⊔ z1 ) 6= f (w ⊔ z2 ).
If f is independent of the coordinates in I, the independence test always accepts. On the other hand,
intuitively if I contains highly relevant variables that are likely to sway the output of f , the independence
test is likely to reject.

3.3. Extended variation and testing juntas with non-Boolean ranges.
Fischer et al. [6] defined the notion of the variation of a function on a subset of input variables. The
variation is a measure of the extent to which the function is sensitive to the values of the variables in the set.
Let us recall their definition of variation.
5

Definition 2. Let f be a function from P([n]) to {−1, 1}, and let I ⊆ [n] be a subset of coordinates. We
define the variation of f on I as


def
Vrf (I) = Ew∈P([n]\I) Vz∈P(I) [f (w ⊔ z)] .

(1)

Fischer et al. showed that the variation is monotone and sub-additive; that for a subset I of the variables,
the probability that the independence test rejects is exactly 12 Vrf (I); and that if Vrf (I) ≤ 2ǫ then f is
ǫ-close to a function which does not depend on the variables in I. The analysis of their junta tests depends
crucially on these properties of variation.
Unfortunately, the variation properties stated above do not always hold for functions with non-Boolean
range, and the original analysis of the junta test does not carry over to the non-Boolean setting. Intuitively,
however, the fact that a function may take on more than two values should not make the junta test incorrect.
The independence test, which is the main component of the junta test, only checks if values of the function
are equal or different. Can one modify the definition of variation and the analysis of the junta test so that the
non-Boolean case is captured too?
An approach that we manage to successfully apply is mapping the function range to the Boolean range.
The general idea is to pick a mapping from the function range X to the set {−1, 1} that preserves as much
of the sensitivity of the function as possible. If we look at Equation 1 defining variation, we could choose
the best mapping to {−1, 1} either before or after the expectation operator. It turns out that depending on
the context, one or the other is more suitable, so we define and use both. Denote by F(X) the set of all
functions from X to {−1, 1}.
Definition 3. Let f be a function from P([n]) to X, and let I ⊆ [n] be a subset of coordinates. We define
the binary variation of f on I as


def
BinVrf (I) = max Vrg◦f (I) = max Ew∈P([n]\I) Vz∈P(I) [g(f (w ⊔ z))] ,
g∈F (X)

g∈F (X)

and the extreme variation of f on I as
def

ExtVrf (I) = Ew∈P([n]\I)





max Vz∈P(I) [g(f (w ⊔ z))] .

g∈F (X)

To be able to use both new notions of variation, we need to show that they are related. Probabilistic
analysis shows that these two quantities are always within a factor of 4 of each other:
1
ExtVrf (I) ≤ BinVrf (I) ≤ ExtVrf (I).
4
In Appendix A, we prove that the binary variation has almost identical properties to the original variation. Namely, we show that the binary variation is also monotone and sub-additive; that the independence
test rejects with probability at least 12 BinVrf (I); and that if BinVrf (I) ≤ ǫ/4 for some subset I of the
variables of f then f is ǫ-close to a function that does not depend on I. Furthermore, in Appendix A.6
we explain how these properties imply that the three junta tests given by Fischer et al. essentially work for
functions with non-Boolean ranges as well (with minor modifications). Indeed, the first step of our general
testing algorithm A is essentially the junta test of Fischer et al. modified to apply to non-Boolean valued
functions. We carefully analyze this first step in Appendix B.1; the results there are easily seen to imply that
this first step gives an Õ(J 2 /ǫ)-query junta test for non-Boolean functions as claimed in Table 1.
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Identify-Critical-Subsets (input is black-box access to f : Ωn → X and ǫ > 0)
1. Partition the variables x1 , . . . , xn into r random subsets by assigning each of x1 , . . . , xn equiprobably to one of I1 , . . . , Ir .
2. Choose s random subsets Λ1 , . . . ,Λs ⊆ [r] of size J(τ ⋆ ) by uniformly choosing without repetidef S
tions J(τ ⋆ ) members of [r]. Each set Λi determines a block Bi = j∈Λi Ij . (Note that we do
not guarantee that the blocks are disjoint.)
3. Apply h iterations of the independence test (see Section 3.2) to each block Bi . If all of the
independence test iterations applied to block Bi accept, then Bi is declared to be variation-free,
and all the subsets Ij with j ∈ Λi are declared to be variation-free on its behalf.
4. If:
(a) at least half of the blocks B1 , . . . ,Bs are variation-free; and
(b) except for at most J(τ ⋆ ) subsets, every subset in the partition I1 , . . . ,Ir is declared variationfree on behalf of some block,
then output the list Ii1 , . . . , Iij of those subsets that are not declared to be variation-free. (We call
these the critical subsets.) Otherwise, halt and output “Not in C.”
Figure 1. The subroutine Identify-Critical-Subsets.

3.4. Explanation of our testing algorithm.
Our algorithm for testing whether a function f : P([n])→X belongs to C or is ǫ-far from C is given in
Figures 1 through 3. Given ǫ > 0 and black-box access to f , the algorithm performs three main steps:
1. Identify critical subsets. In Step 1, we first randomly partition the variables x1 , . . . , xn into r disjoint
subsets I1 , . . . , Ir . We then attempt to identify a set of j ≤ J(τ ⋆ ) of these r subsets, which we refer
to as critical subsets because they each contain a “highly relevant” variable. (For now the value τ ⋆
should be thought of as a small quantity; we discuss how this value is selected below.) This step is
essentially the same as the 2-sided test for J-juntas from Section 4.2 of Fischer et al. [6]. We will
show that if f is close to a J(τ ⋆ )-junta then this step will succeed w.h.p., and if f is far from every
J(τ ⋆ )-junta then this step will fail w.h.p.
2. Construct a sample. Let Ii1 , . . . , Iij be the critical subsets identified in the previous step. In Step 2
we construct a set S of m labeled examples {(x1 , y 1 ), . . . , (xm , y m )}, where each xi is independent
⋆
and uniformly distributed over ΩJ(τ ) . We will show that if f belongs to C, then with high probability
there is a fixed f ′′ ∈ C(τ ⋆ )J(τ ⋆ ) such that each y i is equal to f ′′ (xi ). On the other hand, if f is far
from C, then we will show that w.h.p. no such f ′′ ∈ C(τ ⋆ )J(τ ⋆ ) exists.
To construct each labeled example, we again borrow a technique outlined in [6]. We start with a uniformly random z ∈ Ωn . We then attempt to determine how the j highly relevant coordinates of z
are set. Although we don’t know which of the coordinates of z are highly relevant, we do know that,
assuming the previous step was successful, there should be one highly relevant coordinate in each of
the critical subsets. We use the independence test repeatedly to determine the setting of the highly
relevant coordinate in each critical subset.

For example, suppose that Ω = {0, 1} and I1 is a critical subset. To determine the setting of the highly
relevant coordinate of z in critical subset I1 , we subdivide I1 into two sets: the subset Ω0 ⊆ I1 of
7

Construct-Sample (input is the list Ii1 , . . . , Iij output by Identify-Critical-Subsets and black-box
access to f )
1. Repeat the following m times to construct a set S of m labeled examples (x, y) ∈ ΩJ(τ
where Ω = {ω0 , ω1 , . . . , ω|Ω|−1 }:

⋆)

× X,

def

(a) Draw z uniformly from Ωn . Let Xq = {i : zi = ωq }, for each 0 ≤ q ≤ |Ω| − 1.

(b) For ℓ = 1, . . . , j
def

i. w = 0
ii. For k = 1, . . . , ⌈lg |Ω|⌉
def

A. Ω0 = union of (Xq ∩ Iiℓ ) taken over all 0 ≤ q ≤ |Ω| − 1 such that the k-th bit of
q is zero
def

B. Ω1 = union of (Xq ∩ Iiℓ ) taken over all 0 ≤ q ≤ |Ω| − 1 such that the k-th bit of
q is one
C. Apply g iterations of the independence test to Ω0 . If any of the g iterations reject,
mark Ω0 . Similarly, apply g iterations of the independence test to Ω1 ; if any of the
g iterations reject, mark Ω1 .
D. If exactly one of Ω0 , Ω1 (say Ωb ) is marked, set the k-th bit of w to b.
E. If neither of Ω0 , Ω1 is marked, set the k-th bit of w to unspecified.
F. If both Ω0 , Ω1 are marked, halt and output “no”.
iii. If any bit of w is unspecified, choose w at random from {0, 1, . . . , |Ω| − 1}.
iv. If w ∈
/ [0, |Ω| − 1], halt and output “no.”
v. Set xℓ = ωw .
(c) Evaluate f on z, assign the remaining J(τ ⋆ ) − j coordinates of x randomly, and add the pair
(x, f (z)) to the sample of labeled examples being constructed.
Figure 2. The subroutine Construct-Sample.

Check-Consistency (input is the sample S output by Identify-Critical-Subsets)
1. Check every function in C(τ ⋆ )J(τ ⋆ ) to see if any of them are consistent with sample S. If so
output “yes” and otherwise output “no.”
Figure 3. The subroutine Check-Consistency.

indices where z is set to 0, and the subset Ω1 = I1 \Ω0 of indices where z is set to 1. We can then use
the independence test on both Ω0 and Ω1 to find out which one contains the highly relevant variable.
This tells us whether the highly relevant coordinate of z in subset I1 is set to 0 or 1. We repeat this
process for each critical subset in order to find the settings of the j highly relevant coordinates of z;
these form the string x. (The other J(τ ⋆ ) − j coordinates of x are set to random values; intuitively,
this is okay since they are essentially irrelevant.) We then output (x, f (z)) as the labeled example.
3. Check consistency. Finally, in Step 3 we search through C(τ ⋆ )J(τ ⋆ ) looking for a function f ′′ over
⋆
ΩJ(τ ) that is consistent with all m examples in S. (Note that this step takes Ω(|C(τ ⋆ )J(τ ⋆ ) |) time but
uses no queries.) If we find such a function then we accept f , otherwise we reject.
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3.5. Sketch of the analysis.
We now give an intuitive explanation of the analysis of the test.
Completeness. Suppose f is in C. Then there is some f ′ ∈ C(τ ⋆ ) that is τ ⋆ -close to f . Intuitively, τ ⋆ -close
is so close that for the entire execution of the testing algorithm, the black-box function f might as well
actually be f ′ (the algorithm only performs ≪ 1/τ ⋆ many queries in total, each on a uniform random string,
so w.h.p. the view of the algorithm will be the same whether the target is f or f ′ ). Thus, for the rest of this
intuitive explanation of completeness, we pretend that the black-box function is f ′ .
Recall that the function f ′ is a J(τ ⋆ )-junta. Let us refer to the variables, xi , that have BinVrf (xi ) > θ
(recall that BinVrf (xi ) is a measure of the influence of variable xi , and θ is some threshold to be defined
later) as the highly relevant variables of f ′ . Since f ′ is a junta, in Step 1 we will be able to identify a
collection of j ≤ J(τ ⋆ ) “critical subsets” with high probability. Intuitively, these subsets have the property
that:
• each highly relevant variable occurs in one of the critical subsets, and each critical subset contains at
most one highly relevant variable (in fact at most one relevant variable for f ′ );
• the variables outside the critical subsets are so “irrelevant” that w.h.p. in all the queries the algorithm
makes, it doesn’t matter how those variables are set (randomly flipping the values of these variables
would not change the value of f ′ w.h.p.).
Given critical subsets from Step 1 that satisfy the above properties, in Step 2 we construct a sample of
⋆
labeled examples S = {(x1 , y 1 ), . . . , (xm , y m )} where each xi is independent and uniform over ΩJ(τ ) . We
show that w.h.p. there is a J(τ ⋆ )-junta f ′′ ∈ C(τ ⋆ )J(τ ⋆ ) with the following properties:
• there is a permutation σ : [n] → [n] for which f ′′ (xσ(1) , . . . , xσ(J(τ )) ) is close to f ′ (x1 , . . . , xn );
• The sample S is labeled according to f ′′ .
Finally, in Step 3 we do a brute-force search over all of C(τ ⋆ )J(τ ⋆ ) to see if there is a function consistent
with S. Since f ′′ is such a function, the search will succeed and we output “yes” with high probability
overall.
Soundness. Suppose now that f is ǫ-far from C.
One possibility is that f is ǫ-far from every J(τ ⋆ )-junta; if this is the case then w.h.p. the test will output
“no” in Step 1.
The other possibility is that f is ǫ-close to a J(τ ⋆ )-junta f ′ (or is itself such a junta). Suppose that
this is the case and that the testing algorithm reaches Step 2. In Step 2, the algorithm tries to construct a
set of labeled examples that is consistent with f ′ . The algorithm may fail to construct a sample at all; if
this happens then it outputs “no.” If the algorithm succeeds in constructing a sample S, then w.h.p. this
sample is indeed consistent with f ′ ; but in this case, w.h.p. in Step 3 the algorithm will not find any function
g ∈ C(τ ⋆ )J(τ ⋆ ) that is consistent with all the examples. (If there were such a function g, then standard
arguments in learning theory show that w.h.p. any such function g ∈ C(τ ⋆ )J(τ ⋆ ) that is consistent with S
is in fact close to f ′ . Since f ′ is in turn close to f , this would mean that g is close to f . But g belongs to
C(τ ⋆ )J(τ ⋆ ) and hence to C, so this violates the assumption that f is ǫ-far from C.)

3.6. The main theorem.
We now state our main theorem, which is proved in detail in Appendix B. The algorithm A is adaptive,
but in Appendix C we discuss how to make it non-adaptive with only a slight increase in query complexity.
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Theorem 4. There is an algorithm A with the following properties:
Let C be a class of functions from Ωn to X. Suppose that for every τ > 0, C(τ ) ⊆ C is a (τ, J(τ ))approximator for C. Suppose moreover that for every ǫ > 0, there is a τ satisfying
τ ≤ κǫ2 · [ln(|Ω|) · J(τ )2 · ln2 (J(τ )) · ln2 (|C(τ )J(τ ) |) · ln ln(J(τ )) · ln( ln(|Ω|)
ln |C(τ )J(τ ) |)]−1 , (2)
ǫ
where κ > 0 is a fixed absolute constant. Let τ ⋆ be the largest value τ satisfying (2) above. Then algorithm
A makes


ln |Ω|
⋆ 2 2
⋆
Õ
J(τ ) ln (|C(τ )J(τ ⋆ ) |)
ǫ2
many black-box queries to f , and satisfies the following:
• If f ∈ C then A outputs “yes” with probability at least 2/3;
• If f is ǫ-far from C then A outputs “no” with probability at least 2/3.
Here are some observations to help interpret the bound (2). Note that if J(τ ) grows too rapidly as a
√
function of 1/τ , e.g. J(τ ) = Ω(1/ τ ), then there will be no τ > 0 satisfying inequality (2). On the other
hand, if J(τ ) grows slowly as a function of 1/τ , e.g. log(1/τ ), then it is may be possible to satisfy (2).
In all of our applications J(τ ) will grow as O(log(1/τ )), and ln |C(τ )J(τ ) | will always be at most
poly(J(τ )), so (2) will always be satisfiable. The most typical case for us will be that J(τ ) ≤ poly(s) log(1/τ )
(where s is a size parameter for the class of functions in question) and ln |C(τ )J(τ ) | ≤ poly(s)·poly log(1/τ ),
which yields τ ⋆ = Õ(ǫ2 )/poly(s) and an overall query bound of poly(s)/Õ(ǫ2 ).

3.7. Applications to Boolean and Non-Boolean Functions
Theorem 4 can be used to achieve testing algorithms, in most cases polynomial-query ones, for a wide
range of natural and well-studied classes of Boolean functions over the n-dimensional Boolean hypercube
(i.e. Ω = {0, 1} and X = {−1, 1}), such as s-term DNF. We use Theorem 4 to achieve testing algorithms
for several interesting classes of non-Boolean functions as well. These testing results are noted in Table 1;
we give detailed statements and proofs of these results in Appendix D.

4. Lower bounds for testing sparse polynomials.
One consequence of Theorem 4 is a poly(s/ǫ)-query algorithm for testing s-sparse polynomials over
finite fields of fixed size (independent of n). In this section we present a polynomial lower bound for nonadaptive algorithms for this testing problem. (Detailed proofs for all results in this section are given in
Appendix E.)
Theorem 5. Let F be any fixed finite field, i.e. |F| = O(1) independent of n. There exists a fixed constant
ǫ > 0 (depending on |F|) such that any non-adaptive ǫ-testing algorithm for the class of s-sparse polynomials
√
over Fn must make Ω̃( s) queries.
To prove Theorem 5 we use Yao’s principle [16] in (what has become) a standard way for proving
lower bounds in property testing (e.g. see [5]). We present two distributions DYES and DNO , the former
on inputs satisfying the property (i.e. s-sparse polynomials from Fn to F), the latter on inputs that are ǫ-far
from satisfying it, and show that any deterministic (non-adaptive) algorithm making “few” queries cannot
distinguish between a random draw from DYES versus a random draw from DNO . By standard arguments
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(see for example Lemma 8.1 in [5]), it suffices to argue that for any query set Q ⊂ Fn of cardinality
√
q = Õ( s) the induced distributions on Fq (obtained by restricting the randomly chosen functions to these
q points) have statistical distance less than 1/3.
We define both DYES and DNO to be distributions over linear forms from Fn to F. A random function from DYES is obtained by independently and uniformly (with repetitions) picking s variables from
x1 , . . . , xn and taking their sum. DNO is defined in the same way, but instead we pick s + p variables,
where p is the characteristic of the field F. Clearly, every draw from DYES is an s-sparse polynomial over
F, and for n = ω((s + p)2 ), the birthday paradox implies that almost all the probability mass of DNO is on
√
functions with s + p distinct nonzero coefficients. We claim that, for any set of q = Õ( s) points in Fn , the
corresponding induced distributions have statistical distance less than 1/3.
Let (G, +) be a finite group. A probability measure P on G induces a random walk on G as follows:
Denoting by Xn its position at time n, the walk starts at the identity element and at each step selects an
element ξn ∈ G according to P and goes to Xn+1 = ξn + Xn . By arguments parallel to those in Section
6 of [6], the aforementioned claim can be reduced to the following theorem about random walks over Zqr ,
which we prove in Section E.1.2:
Theorem 6. Let r be a prime, q ∈ N∗ and P be a probability measure on Zqr . Consider the random walk X
on Zqr with step distribution P. Let Pt be the distribution of X at step t. There exists an absolute constant
C > 0 such that for every 0 < δ ≤ 1/2, if t ≥ C logδ1/δ · r 4 log r · q 2 log2 (q + 1) then kPt − Pt+r k ≤ δ.
Theorem 6 is a non-trivial generalization of a similar result proved in [6] for the special case r = 2.
We now give a high-level overview of the overall strategy. Any given x ∈ (Zqr )∗ partitions the space into r
non-empty subspaces Vix = {y ∈ Zqr : hy, xi = i} for i = 0, 1, . . . , r − 1. We say that an x ∈ (Zqr )∗ is
degenerate if there exists some i whose probability measure P(Vix ) is “large”. We consider two cases: If
all the Fourier coefficients of P are not “very large”, then we can show by standard arguments that the walk
is close to its stationary (uniform) distribution after the desired number of steps. If, on the other hand, there
exists a “very large” Fourier coefficient, then we argue that there must also exist a degenerate direction and
we use induction on q.
So far we have shown that any algorithm that can successfully distinguish a random linear form xi1 +
√
· · · + xis from a random linear form xi1 + · · · + xis+p must make Ω̃( s) queries. To complete the proof
of Theorem 5, we must show that every s-sparse polynomial over Fn is “far” from every linear function of
the form xi1 + · · · + xis+p . We do this via the following new theorem (stated and proved in more detail as
Theorem 36 in Appendix E), which may be of independent interest:
Theorem 7. There exists a function ǫ = ǫ(|F|) such that for any g : Fn → F that is an s-sparse polynomial
with s ≤ n − 1, g is ǫ-far from every affine function with at least s + 1 non-zero coefficients.
The high-level idea of the proof of Theorem 7 is as follows. Let M be a particular monomial in g, and
consider what happens when g is hit with a restriction that fixes all variables that do not occur in M. M
itself is not affected by the restriction, but it is possible for a longer monomial to “collapse” onto M and
obliterate it (i.e. if M is x1 x22 and g contains another monomial M ′ = −x1 x22 x33 , then a restriction that fixes
x3 ← 1 would cause M ′ to collapse onto M and in fact obliterate M ). We show that g must have a short
monomial M (which, however, has degree at least 2) with the following property: for a constant fraction
of all possible restrictions of variables not in M , no longer monomial collapses onto M . This implies that
for a constant fraction of all such restrictions ρ, the induced polynomial gρ is “substantially” different from
any affine function (since gρ – a polynomial of degree at least two – is not identical to any affine function,
it must be “substantially” different since there are only length(M ) surviving variables), and hence g itself
must be “far” from any affine function.
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Lower bounds for other function classes. By adapting techniques of Chockler and Gutfreund [3], we
can also obtain Ω̃(log s) lower bounds for many of the other testing problems listed in Table 1. We state and
prove these lower bounds at the end of Appendix E.

5. Conclusion
Our positive results are all achieved via a single generic algorithm that is not geared toward any particular class of functions. For many classes of interest, the query complexity of this algorithm is poly(s, 1/ǫ),
but the running time is exponential in s. It would be interesting to study algorithms that are more specifically tailored for classes such as s-term DNF, size-s Boolean formulas, etc. with the aim of obtaining poly(s)
runtimes.
One approach to achieving better runtimes is to replace our “implicit learning” step with a more efficient
proper learning algorithm (the current learning algorithm simply gathers random examples and exhaustively
checks for a consistent hypothesis in the concept class C(τ ⋆ )J(τ ⋆ ) ). For some specific concept classes, proper
learning is known to be NP-hard, but for other classes, the complexity of proper learning is unknown. The
existence of a time-efficient proper learning algorithm for some specific class C(τ ⋆ )J(τ ⋆ ) would likely yield
a time-efficient test in our framework.
Another goal for future work is to strengthen our lower bounds; can poly(s) query lower bounds be
obtained for classes such as size-s decision trees, s-term DNF, etc?
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A. Variation and testing juntas for non-Boolean ranges
For a random variable X, we write E[X] to denote its expectation and V[X] to denote its variance. We
write F(X) to denote the set of all functions from X to {−1, 1}.

A.1. The original variation notion.
In the paper of Fischer et al. [6] on testing juntas, the notion of variation played a central role in the
proof of correctness of their algorithms. Unfortunately, their definition of variation only works for functions
with Boolean range. We will redefine the notion of variation so that it works for non-Boolean ranges, and
we will argue that the tests by Fischer et al. indeed work for non-Boolean ranges, with the only difference
being multiplicative constants.
Let us recall the original definition of variation.
Definition 8. Let f be a function from P([n]) to {−1, 1}, and let I ⊆ [n] be a subset of coordinates. We
define the variation of f on I as


def
Vrf (I) = Ew∈P([n]\I) Vz∈P(I) [f (w ⊔ z)] .

Fischer et al. showed the following two facts on the variation, which were the heart of the proofs of the
soundness of their algorithms.
Lemma 9 (probability of detection [6]). Let f be a function from P([n]) to {−1, 1}, and let I ⊆ [n] be a
subset of coordinates. If w ∈ P([n]\I) and z1 , z2 ∈ P(I) are chosen independently, then
Pr[f (w ⊔ z1 ) 6= f (w ⊔ z2 )] =

1
Vrf (I).
2

Lemma 10 (monotonicity and sub-additivity [6]).
Vrf (A) ≤ Vrf (A ∪ B) ≤ Vrf (A) + Vrf (B).

A.2. The binary and extreme variation.
Now we will define the notion of the binary variation and the extreme variation which work also for
functions of non-Boolean ranges. Even though now we may have more than 2 different values, we will map
the range to only two different values, which results in not distinguishing some values of a function. We
will try to minimize the negative effects of such a mapping by taking a mapping that maximizes what we
can distinguish. Let us start with the notion of the binary variation.
Definition 11. Let f be a function from P([n]) to X, and let I ⊆ [n] be a subset of coordinates. We define
the binary variation of f on I as


def
BinVrf (I) = max Vrg◦f (I) = max Ew∈P([n]\I) Vz∈P(I) [g(f (w ⊔ z))] .
g∈F (X)

g∈F (X)

By Lemma 9 and by the definition of the binary variation, the following simple fact follows.
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Lemma 12 (probability of detection). Let f be a function from P([n]) to X, and let I ⊆ [n] be a subset of
coordinates. If w ∈ P([n]\I) and z1 , z2 ∈ P(I) are chosen independently, then
1
Pr[f (w ⊔ z1 ) 6= f (w ⊔ z2 )] ≥ BinVrf (I).
2
The binary variation also is monotone and sub-additive, which directly follows from the sub-additivity
and monotonicity of the original variation (Lemma 10).
Lemma 13 (monotonicity and sub-additivity).
BinVrf (A) ≤ BinVrf (A ∪ B) ≤ BinVrf (A) + BinVrf (B).
Proof.
BinVrf (A) = max Vrg◦f (A) ≤ max Vrg◦f (A ∪ B)
g

g

≤ max (Vrg◦f (A) + Vrg◦f (B))
g

≤ max Vrg◦f (A) + max Vrg◦f (B)
g

g

≤ BinVrf (A) + BinVrf (B).

Now we will define the extreme variation which differs from the binary variation by switching the order
of the expectation and maximization in the definition.
Definition 14. Let f be a function from P([n]) to X, and let I ⊆ [n] be a subset of coordinates. We define
the extreme variation of f on I as


def
ExtVrf (I) = Ew∈P([n]\I) max Vz∈P(I) [g(f (w ⊔ z))] .
g∈F (X)

It turns out that the two new notions of variation are closely related. Namely, they stay within a constant
factor.
Lemma 15.
BinVrf (I) ≤ ExtVrf (I) ≤ 4 · BinVrf (I).
Proof. The first inequality is trivial, and directly follows from the definitions of the binary and extreme
variations.
Focus now on the second inequality. Fix w ∈ P([n]\I). To maximize Vz∈P(I) [(g ◦ f )(w ⊔ z)], we need
to take g such that splits X into two sets such that the probability that the function value belongs to each of
them is as close to 1/2 as possible. If p is the probability that (g ◦ f )(w ⊔ z) = −1, then
def

V (p) = Vz∈P(I) [(g ◦ f )(w ⊔ z)] = 4p(1 − p).
Because V is concave in p, we have
2V (p/2) ≥ V (p)
for p ∈ [0, 1]. Let p⋆ be the greatest p in the range [0, 1/2] that we can achieve. This means that the
corresponding function g⋆ splits X into two sets X1 and X2 of probability p⋆ and 1 − p⋆ , respectively,
where the first one is mapped to −1, and the other to 1.
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Now consider a function g ∈ F(X) that is uniformly chosen at random. Such a g maps at least half
(measured by probability) of X1 to either −1 or 1; assume w.l.o.g. that it maps at least half of X1 to −1.
Independently, with probability at least 1/2 we have that g maps at least half of X2 to 1. This means that for
a randomly chosen g, with probability 1/2 we have that p is in the range [p⋆ /2, 1 − p⋆ /2], which implies in
turn that V (p) ≥ V (p⋆ )/2. Therefore,


BinVrf (I) = max Ew∈P([n]\I) Vz∈P(I) [(g ◦ f )(w ⊔ z)]
g



≥ Eg Ew∈P([n]\I) Vz∈P(I) [(g ◦ f )(w ⊔ z)]

 
= Ew∈P([n]\I) Eg Vz∈P(I) [(g ◦ f )(w ⊔ z)]


1 1
≥ Ew∈P([n]\I)
· max Vz∈P(I) [(g ◦ f )(w ⊔ z)]
2 2 g
1
=
ExtVrf (I).
4


A.3. The independence test.
An important sub-test that will be used throughout the main test is the independence test.
Independence test: Given a function f , and a set of variables I, choose w ∈R P([n]\I) and z1 , z2 ∈R P(I).
Accept if f (w ⊔ z1 ) = f (w ⊔ z2 ) and reject if f (w ⊔ z1 ) 6= f (w ⊔ z2 ).
The independence test always accepts if f is independent of the coordinates in I, and Lemma 12 states
that it rejects with probability at least 21 BinVrf (I) in the non-Boolean setting, and with probability exactly
1
2 Vrf (I) in the Boolean setting.

A.4. Small variation and closeness to juntas.
Denote by Plurx f (x) the most commonly occurring output of f for arguments x with ties broken
arbitrarily (often referred to as the plurality).
Fischer et al. [6] showed that if the variation of some subset of variables is small, then the function is
close to a function that does not depend on these variables. We will show that an almost identical claim
holds for the binary variation.
Lemma 16. Let J be a set of coordinates such that BinVrf (J ) < 14 ǫ. Let
def

h(x) = Plurz∈P(J ) [f ((x ∩ J ) ⊔ z)].
The function h is a |J |-junta, depends only on variables in J , and agrees with f on a set of assignments
of measure more than 1 − ǫ.
The original lemma stated that it suffices to have Vrf (J ) < 2ǫ to be ǫ-close to a junta on J for a
Boolean-valued function f . Because of the difference in the required bound on variation of J in the nonBoolean setting (ǫ/4 vs. 2ǫ) we need to run the independence test, which is a subroutine in the junta test,
more times to get the required result. Fortunately, it is enough to replace each single run of the independence
test by c independent runs for some constant c. (It is also possible that actually the original algorithms with
the original constants work for non-Boolean ranges, but to show this, a more careful analysis would be
necessary.)
We start with the following lemma that helps us connect simple probabilities for multi-valued functions
with probabilities for two-valued functions.
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Lemma 17. Let f be a function from a set D (with some probability measure on it) to X. It holds that
Pr[f (x) = Plury f (y)] ≥ 2 min Pr[(g ◦ f )(x) = Plury (g ◦ f )(y)] − 1.
x

g∈F (X) x

Proof. Let p = Prx [f (x) = Plury f (y)]. This means that for any r in X it holds that p ≥ Prx [f (x) = r].
Enumerate elements of X. They are r1 , r2 , r3 , and so forth. Denote by pi the probability that f (x) equals
rj for j ≥ i. Obviously, pi = pi+1 + Prx [f (x) = ri ] ≤ pi+1 + p, that is pi+1 ≥ pi − p. Since
p1 = 1 and the sequence pi converges to 0 and does not drop too quickly, there is an index i⋆ such that
pi⋆ ∈ [(1−p)/2, (1+p)/2]. Let X1 = {r1 , . . . , ri⋆ −1 }, and X2 = {ri⋆ , ri⋆ +1 , . . .}. Define g⋆ : X→{−1, 1}
as
(
−1 for r ∈ X1 ,
def
g⋆ (r) =
1
for r ∈ X2 .
It holds that
max Pr[(g ◦ f )(x) 6= Plury (g ◦ f )(y)] ≥ Pr[(g ◦ f⋆ )(x) 6= Plury (g ◦ f⋆ )(y)] ≥

g∈F (X) x

x

1−p
,
2

which can be rearranged to the required form:

1
1 − Pr[f (x) = Plury f (y)] ,
x
2
Pr[f (x) = Plury f (y)] ≥ 2 min Pr[(g ◦ f )(x) = Plury (g ◦ f )(y)] − 1.

1 − min Pr[(g ◦ f )(x) = Plury (g ◦ f )(y)] ≥
g∈F (X) x

x

g∈F (X) x


Now we can prove our main lemma on binary variation and closeness to juntas:
Proof of Lemma 16. Let y ∈ P(J ) and z ∈ P(J ). We have
h(y ⊔ z) = Plurt∈P(J ) f (y ⊔ t).
Assume now that x ∈ P([n]), y, z and t are random over their respective domains and independent. We
have
h
i
Pr[f (x) = h(x)] = Ey Pr[f (y ⊔ z) = h(y ⊔ z)]
z
x
h
i
= Ey Pr[f (y ⊔ z) = Plurt f (y ⊔ t)]
z


≥ Ey 2 min Pr[(g ◦ f )(y ⊔ z) = Plurt (g ◦ f )(y ⊔ t)] − 1
(3)
g∈F (X) z


= Ey min Ez [(g ◦ f )(y ⊔ z) · Plurt (g ◦ f )(y ⊔ t)]
(4)
g∈F (X)


= Ey min Ez [(g ◦ f )(y ⊔ z)] · sign(Et [(g ◦ f )(y ⊔ t)])
g∈F (X)


= Ey min Ez [(g ◦ f )(y ⊔ z)]
g∈F (X)


2
≥ Ey min Ez [(g ◦ f )(y ⊔ z)]
g∈F (X)


= Ey 1 − max Vz [(g ◦ f )(y ⊔ z)]
g∈F (X)

= 1 − ExtVrf (J ) ≥ 1 − 4BinVrf (J ) > 1 − ǫ,
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(5)

where (3) is by Lemma 17 applied to the function f (y ⊔ ·), (4) is because f ◦ g and Plur are both ±1-valued,
and the first inequality in (5) is by Lemma 15.


A.5. Unique variation.
We will make use of the following technical tool which was defined by Fischer et al. [6].
Definition 18. Let f be a function that maps P([n]) to {−1, 1}, and let J ⊆ [n] be a set of coordinates. For
each coordinate i ∈ [n], we define the unique variation of i with respect to J as
def

Urf (i) = Vrf ([i]\J ) − Vrf ([i − 1]\J ),
and for I ⊆ [n] we define the unique variation of I as
def

Urf (I) =

X

Urf (i).

i∈I

The most important property of the unique variation that distinguishes it from the other notions of
variation is that for any set of coordinates, its variation simply equals the sum of the variations of each of its
coordinates. This makes it easy to compute the expected value of the unique variation on a random subset
of coordinates. Furthermore, the following properties hold.
Lemma 19 (Fischer et al. [6]).
• For any coordinate i ∈ [n], Urf ({i}) ≤ Vrf ({i}).
• For every set I ⊆ [n] of coordinates, Urf (I) ≤ Vrf (I\J ).
• Urf ([n]) = Urf ([n]\J ) = Vrf ([n]\J ).
We will also use the following technical claim.
P
Lemma 20 (Fischer et al. [6]). Let X = li=1 Xi be a sum of non-negative independent random variables
Xi , and denote expectation of X by α. If every Xi is bounded above by t, then
α

Pr[X < ηα] < exp
(ηe − 1)
et
for every η > 0.

A.6. Application to testing juntas.
It turns out that one can use the binary variation in place of the variation of Fischer et al. to carry out the
proof that their algorithms work in the non-Boolean setting. The only difference is in some constant factors
– we want to make sure that the set of variables that we classify as non-relevant has binary variation at most
ǫ/4, instead of variation 2ǫ in the original analysis. This results in an increase in the number of runs of the
independence test by a constant factor. Other than this small difference, the properties established above for
the binary variation let the proofs given by Fischer et al. go through directly for non-Boolean functions, so
we do not repeat them. Summarizing, we get three tests for J-juntas for functions with non-Boolean ranges
from [6]:
• a non-adaptive one-sided test with query complexity Õ(J 4 /ǫ),
• an adaptive one-sided test with query complexity Õ(J 3 /ǫ),
• a non-adaptive two-sided test with query complexity Õ(J 2 /ǫ).
The last of these is simply the Identify-Critical-Subsets subroutine from Figure 1, modified to output “yes”
in Step 4 instead of the list of critical subsets.
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B. Proof of Theorem 4
For convenience we restate Theorem 4 in somewhat more detail below:
Theorem 4. There is an algorithm A with the following properties:
Let C be a class of functions from Ωn to X. Suppose that for every τ > 0, C(τ ) ⊆ C is a (τ, J(τ ))approximator for C. Suppose moreover that for every ǫ > 0, there is a τ satisfying
τ ≤κ·

ǫ2

ln(|Ω|) · J(τ )2 · ln2 (J(τ )) · ln ln(J(τ )) · ln2 (|C(τ )J(τ ) |) · ln( ln(|Ω|)
ln |C(τ )J(τ ) |)
ǫ

,

where κ > 0 is a fixed absolute constant. Let τ ⋆ be the largest value τ satisfying (2) above. Then algorithm
A makes:
2sh + (2gJ(τ ⋆ )⌈lg |Ω|⌉ + 1)m


1
⋆ 2 2
⋆
⋆
⋆
J(τ ) ln (J(τ )) log log J(τ ) ln(|C(τ )J(τ ⋆ ) |)
= Θ
ǫ


lg |Ω|
1
⋆ 2 2
⋆
⋆
+Θ
J(τ ) ln (|C(τ )J(τ ⋆ ) |) ln( ln(|C(τ )J(τ ⋆ ) |))
ǫ2
ǫ


ln |Ω|
J(τ ⋆ )2 ln2 (|C(τ ⋆ )J(τ ⋆ ) |)
= Õ
ǫ2

many black-box queries to f , and satisfies the following:
• If f ∈ C then A outputs “yes” with probability at least 2/3;
• If f is ǫ-far from C then A outputs “no” with probability at least 2/3.
Let us describe how the parameters s, h, g and m mentioned above (and others) are set. (The table below
should perhaps be glossed over on a first pass through the paper, but will be useful for subsequent reference.)
Given ǫ > 0, let τ ⋆ be as described in the theorem statement. We set:
def

Θ(J(τ ⋆ )2 ),

def

Θ(J(τ ⋆ ) ln J(τ ⋆ )),

r = 25J(τ ⋆ )2
s = 25J(τ ⋆ )(7 + ln r)
def ǫ
2
def
m = ǫ12 ln 6|C(τ ⋆ )J(τ ⋆ ) |
def
1
ǫ1 = 200m
def
J(τ ⋆ )
θ = ǫ124er

def
g = 2θ ln 100mJ(τ ⋆ )⌈lg |Ω|⌉
def
h = 2θ (3 + 2 ln s)

ǫ2 =

Θ(ǫ),
Θ( 1ǫ ln(|C(τ ⋆ )J(τ ⋆ ) |)),

Θ(ǫ/ ln(|C(τ ⋆ )J(τ ⋆ ) |))

⋆)
⋆
Θ(ǫ/(ln(|C(τ
J(τ ⋆ ) |)J(τ ))), 


Θ 1ǫ J(τ ⋆ ) ln(|C(τ ⋆ )J(τ ⋆ ) |) · ln ln ǫ|Ω| J(τ ⋆ ) ln(|C(τ ⋆ )J(τ ⋆ ) |) ,

Θ( 1ǫ ln(|C(τ ⋆ )J(τ ⋆ ) |)J(τ ⋆ ) ln J(τ ⋆ ) ln ln J(τ ⋆ )),

where e is the base of the natural logarithm. Note that ǫ1 + ǫ2 < ǫ.
Observe that for some suitable (small) absolute constant κ > 0, our setting of parameters and choice of
τ ⋆ yields the following bounds that we will use later:
• 2mgJ(τ ⋆ )⌈lg |Ω|⌉ · τ ⋆ ≤ 1/100 (used in Lemma 26)
• 2sh · τ ⋆ ≤ 1/100 (used in Corollary 25),
• m(ǫ1 + τ ⋆ ) < 1/100 (used in Lemma 26).
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Identify-Critical-Subsets (input is black-box access to f : Ωn → X and ǫ > 0)
1. Partition the variables x1 , . . . , xn into r random subsets by assigning each of x1 , . . . , xn equiprobably to one of I1 , . . . , Ir .
2. Choose s random subsets Λ1 , . . . ,Λs ⊆ [r] of size J(τ ⋆ ) by uniformly choosing without repetidef S
tions J(τ ⋆ ) members of [r]. Each set Λi determines a block Bi = j∈Λi Ij . (Note that we do
not guarantee that the blocks are disjoint.)
3. Apply h iterations of the independence test (see Section A.3) to each block Bi . If all of the
independence test iterations applied to block Bi accept, then Bi is declared to be variation-free,
and all the subsets Ij with j ∈ Λi are declared to be variation-free on its behalf.
4. If:
(a) at least half of the blocks B1 , . . . ,Bs are variation-free; and
(b) except for at most J(τ ⋆ ) subsets, every subset in the partition I1 , . . . ,Ir is declared variationfree on behalf of some block,
then output the list Ii1 , . . . , Iij of those subsets that are not declared to be variation-free. (We call
these the critical subsets.) Otherwise, halt and output “Not in C.”
Figure 4. The subroutine Identify-Critical-Subsets.

B.1. Step 1: Identifying critical subsets.
Step 1 of the algorithm consists of running the procedure Identify-Critical-Subsets, reproduced for
convenience in Figure 4. This procedure performs 2sh queries to f . The procedure is nearly identical to the
“two-sided” junta test of Section 4.2 of Fischer et al. with two small differences. The first is that we have
adjusted various constant factors slightly (we need a smaller failure probability because we are using this in
the context of a larger test). The second is that Identify-Critical-Subsets outputs the list of subsets that are
declared to be not variation-free (whereas the Fischer et al. test simply accepts or rejects f ), since we will
need these subsets for the rest of our test.
We now prove two quick lemmata that will be useful in establishing the soundness and completeness of
the algorithm.
Lemma 21. Let f be a function with at most J(τ ⋆ ) variables xi that have BinVrf ({i}) ≥ θ. Then with
probability at least 1 − 1/400, each of the variables xi that have BinVrf ({i}) ≥ θ occurs in some subset Iℓ
that is not declared variation-free by Identify-Critical-Subsets.
Proof. Fix a variable xi such that BinVrf ({i}) ≥ θ. Let Iℓ denote the subset to which xi belongs. By
Lemma 13 we have that
θ ≤ BinVrf ({i}) ≤ BinVrf (Iℓ ) ≤ BinVrf (Bk )
where Bk is any block such that ℓ ∈ Λk . This implies that for any such block Bk , the probability that all h
1
1
iterations of the independence test accept is at most (1 − 2θ )h < 20s
2 < 400sJ(τ ⋆ ) . So the probability that
1
any block that contains xi is declared variation-free is at most 400J(τ
⋆ ) . By a union bound over all at most
⋆
J(τ ) variables xi that have BinVrf ({i}) ≥ θ, the probability that any block that contains such a variable
causes any subset Iℓ containing the variable to be declared variation-free is at most 1/400.
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Lemma 22. Let V be any set of at most J(τ ⋆ ) variables from x1 , . . . , xn . Then with probability at least
1 − 1/25, every subset Iℓ , 1 ≤ ℓ ≤ r, contains at most one variable from V.
Proof. Let j ′ denote the number of variables in V. The probability that no two variables in V end up in the
same subset Ii is

′
r!
j′ − 1 j
j ′ (j ′ − 1)
1
j ′ (j ′ − 1)
>
1
−
=1−
>1− .
>1−
′
′
j
(r − j )!r
r
r
25J(τ ⋆ )2
25
So the probability that any subset I1 , . . . , Ir ends up with two or more variables from V is at most 1/25.
Let K ⊆ [n] denote a set of coordinates satisfying BinVrf (K) <
following function:
def
h(x) = Plurz∈P(K) [f ((x ∩ K) ⊔ z)]

1
4 ǫ1 .



Lemma 16 states that the
(6)

is ǫ1 -close to f .
Let J denote the set of those coordinates on which f has binary variation at least θ. To prove the
soundness of Identify-Critical-Subsets, we must prove that if f passes Identify-Critical-Subsets with
probability greater than 1/3, then it is ǫ1 -close to a J(τ ⋆ )-junta. This is accomplished by showing that
|J | ≤ J(τ ⋆ ), and that J can be used in place of K above, i.e., BinVrf (J ) < 41 ǫ1 . Then we can invoke
Lemma 16 to finish the proof. In addition, we will also prove some properties about the subsets Ii1 , . . . , Iij
output by the algorithm.
Lemma 23. If f passes Identify-Critical-Subsets with probability higher than 1/3, then:
(i) |J | ≤ J(τ ⋆ );
(ii) BinVrf (J ) < 14 ǫ1 ,
and f is thus ǫ1 -close to a J(τ ⋆ )-junta by Lemma 16.
Let h be defined as in Equation (6) using J as the set K. Suppose that f passes Identify-CriticalSubsets with probability greater than 1/3. Then given that f passes, the sets output by the algorithm,
Ii1 , . . . , Iij , have the following properties with probability at least 6/7:
(iii) Every xi ∈ J occurs in some subset Iiℓ that is output;
(iv) Every subset Iiℓ , 1 ≤ ℓ ≤ j, contains at most one variable from J .
Proof. Condition (i): (paraphrasing Prop. 3.1 and Lemma 4.3 of [6]) Suppose |J | > J(τ ⋆ ). Then with
probability at least 3/4 (using the same argument as in the proof of Lemma 22), the number of subsets Iiℓ
containing an element from J is at least J(τ ⋆ ) + 1. For any fixed subset Iiℓ that contains an element from
J and any fixed block B containing Iiℓ , the probability of B being declared variation-free is bounded by:
(1 − θ/2)h = (1 − θ/2)2(3+2 ln s)/θ <

1
.
20s(J(τ ⋆ ) + 1)

Union bounding over the at most s blocks to which the subset Iiℓ can belong, and union bounding over
2
J(τ ⋆ ) + 1 subsets that contain an element from J , we have that with probability at least 34 · 19
20 > 3 , at
least J(τ ⋆ ) + 1 subsets are not declared variation-free and consequently f does not pass Identify-CriticalSubsets. Thus, if f passes Identify-Critical-Subsets with probability at least 1/3, it must be the case that
|J | ≤ J(τ ⋆ ).
Condition (ii): (paraphrasing Prop. 3.1 and Lemma 4.3 of [6]) Suppose BinVrf (J ) ≥ 14 ǫ1 , and let g
be a function such that BinVrf (J ) = Vrg◦f (J ). We will show that each block Bℓ has high variation with
20

high probability. This will imply that the number of blocks not declared variation-free is larger than s/2
with high probability, so the test will reject with probability at least 2/3.
Fix any value ℓ ∈ [s]. The block Bℓ is a random set of variables independently containing each variable
xi coordinate with probability J(τ ⋆ )/r. Let Urg◦f (I) be the unique variation of a set I with respect to J
(see Definition 18). Then the expected value of the unique variation of Bℓ is
E[Urg◦f (Bℓ )] =

J(τ ⋆ )
J(τ ⋆ )
ǫ1 J(τ ⋆ )
Urg◦f (J ) =
Vrg◦f (J ) ≥
.
r
r
4r
⋆

)
in Lemma 20), we have
By Lemma 19 and Lemma 20 (taking η = 1/2e, t = θ and α = ǫ1 J(τ
4r






ǫ1 J(τ ⋆ )
ǫ1 J(τ ⋆ )
ǫ1 J(τ ⋆ )
1
Pr Vrg◦f (Bℓ ) <
≤ Pr Urg◦f (Bℓ ) <
< exp −
= e−3 < .
8er
8er
8erθ
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Hence the probability that the variation of Bℓ is less than ǫ1 J(τ ⋆ )/8er = 3θ is less than 1/12. This
implies that the expected number of blocks with variation less than 3θ is smaller than s/12. From Markov’s
inequality we get that with probability at least 1 − 61 , there are less than s/2 blocks with variation smaller
than 3θ.
The probability of a block with variation greater than 3θ being declared variation free is at most:


3θ
1−
2

h

=



3θ
1−
2

2(3+2 ln s)/θ

< e−(9+6 ln s) <

1
,
1000s

1
and therefore with probability at least 1 − 1000
none of these blocks are declared variation free. So with
1
2
1
overall probability at least 1 − ( 6 + 1000 ) > 3 , more than s/2 blocks are declared variation-free and the test
rejects.
Condition (iii): We may suppose that f passes Identify-Critical-Subsets with probability greater than
1/3. Then we know that |J | ≤ J(τ ⋆ ) by Condition (i). By Lemma 21, given that f passes Identify-CriticalSubsets, the probability that some xi ∈ J does not occur in some subset Iiℓ output by the algorithm is at
most 3/400. (The bound is 3/400 rather than 1/400 because we are conditioning on f passing IdentifyCritical-Subsets, which takes place with probability at least 1/3.)
Condition (iv): As above we may suppose that f passes Identify-Critical-Subsets with probability
greater than 1/3. By Condition (i) we know that |J | ≤ J(τ ⋆ ), so we may apply Lemma 22. Hence conditioned on f passing Identify-Critical-Subsets (an event which has probability at least 1/3), the probability
that any subset Iiℓ output by the algorithm includes more than one relevant variable of h is at most 3/25.
Summing the probabilities, we get that conditions (iii) and (iv) are true with probability at least 1 −
3
3
+ 25
) > 67 .

( 400

Fischer et al. establish completeness by showing that if f is a junta then with probability at least 2/3
conditions (a) and (b) are both satisfied in Step 4. However we need more than this, since we are going to
use the subsets Ii1 , . . . , Iij later in the test. We will prove:
Lemma 24. Suppose that f is a J(τ ⋆ )-junta. Let K be the set of variables satisfying BinVrf ({i}) ≥ θ.
Then with probability at least 6/7, algorithm Identify-Critical-Subsets outputs a list of j ≤ J(τ ⋆ ) subsets
Ii1 , . . . , Iij with the property that:
(i) each variable xi ∈ K occurs in some subset Iℓ that is output;
(ii) BinVrf (K) < ǫ1 /4;
(iii) Every subset Iiℓ , 1 ≤ ℓ ≤ j, contains at most one relevant variable for f.
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Proof. Condition (a): Fix any partition I1 , . . . ,Ir . If f is a J(τ ⋆ )-junta, then it is independent of all but at
most J(τ ⋆ ) subsets in the partition. Hence for any fixed ℓ, the probability over the selection of the blocks
that f is independent of Bℓ is at least:

 
 

 ⋆
J(τ ⋆ )
r − J(τ ⋆ )
r
r − 2J(τ ⋆ ) J(τ )
J(τ ⋆ )
J(τ ⋆ )2
23
/
>
=
1
−
>
1
−
≥ .
J(τ ⋆ )
J(τ ⋆ )
r − J(τ ⋆ )
r − J(τ ⋆ )
r − J(τ ⋆ )
24
2
using the Markov
The probability that f depends on more than half of the blocks is therefore smaller than 24
inequality. (See [6], Lemma 4.2).
Condition (b) fails with probability at most:


s
25J(τ ⋆ )(7+ln r)
1
1
1
1
=r 1−
<r·S
=
,
r 1−
⋆
⋆
25J(τ )
25J(τ )
1000r
1000

(see [6], Lemma 4.2, which uses s = 20J(3 + ln r) instead).
Condition (i): Since we assume that f is a J(τ ⋆ )-junta we may apply Lemma 21, and thus the probability that any variable xi that has Vrf ({i}) ≥ θ occurs in a subset Iℓ that is declared variation-free by
Identify-Critical-Subsets is at most 1/400.
Condition (ii): Let L denote the relevant variables for f that are not in K, and let T denote [n]\(K∪L).
By Lemma 10 we have
BinVrf (L) ≤

X
i∈L

BinVrf ({i}) ≤ J(τ ⋆ )θ = J(τ ⋆ )

ǫ1 J(τ ⋆ )
ǫ1
< .
⋆
2
24e · 25J(τ )
4

We have that K = L ∪ T , so by Lemma 10 we get
BinVrf (K) = BinVrf (L ∪ T ) ≤ BinVrf (L) + BinVrf (T ) = BinVrf (L) ≤ ǫ1 /4.
Condition (iii): Suppose there are precisely j ′ ≤ J(τ ⋆ ) many relevant variables. Then by Lemma 22,
the probability that any subset I1 , . . . , Ir ends up with two or more relevant variables is at most 1/25.
Summing failure probabilities, we find that all the required conditions are fulfilled with probability at
least 1 − (1/12 + 1/1000 + 1/400 + 1/25) which is greater than 6/7.

We are ultimately interested in what happens when Identify-Critical-Subsets is run on a function from
C. Using the above, we have:

Corollary 25. Suppose f is τ ⋆ -close to some J(τ ⋆ )-junta f ′ . Then with probability at least 5/6, algorithm
Identify-Critical-Subsets outputs a list of j ≤ J(τ ⋆ ) subsets Ii1 , . . . , Iij with the property that
(i’) each variable xi which has BinVrf ′ ({i}) ≥ θ occurs in some subset Iℓ that is output;
(ii’) BinVrf ′ (K) < ǫ1 /4;
(iii’) Every subset Iiℓ , 1 ≤ ℓ ≤ j, contains at most one relevant variable for f ′ .

Proof. The crucial observation is that each of the 2sh queries that Identify-Critical-Subsets performs is
on an input that is selected uniformly at random from Ωn (note that the query points are not all independent
of each other, but each one considered individually is uniformly distributed). Since f and f ′ disagree on at
most a τ ⋆ fraction of all inputs, the probability that Identify-Critical-Subsets queries any point on which
f and f ′ disagree is at most 2sh · τ ⋆ < 1/100. Since by Lemma 24 we know that conditions (i’), (ii’) and
(iii’) would hold with probability at least 6/7 if the black-box function were f ′ , we have that conditions (i),
(ii) and (iii) hold with probability at least 6/7 − 1/100 > 5/6 with f as the black-box function.

22

Construct-Sample (input is the list Ii1 , . . . , Iij output by Identify-Critical-Subsets and black-box
access to f )
1. Repeat the following m times to construct a set S of m labeled examples (x, y) ∈ ΩJ(τ
where Ω = {ω0 , ω1 , . . . , ω|Ω|−1 }:

⋆)

× X,

def

(a) Draw z uniformly from Ωn . Let Xq = {i : zi = ωq }, for each 0 ≤ q ≤ |Ω| − 1.

(b) For ℓ = 1, . . . , j
def

i. w = 0
ii. For k = 1, . . . , ⌈lg |Ω|⌉
def

A. Ω0 = union of (Xq ∩ Iiℓ ) taken over all 0 ≤ q ≤ |Ω| − 1 such that the k-th bit of
q is zero
def

B. Ω1 = union of (Xq ∩ Iiℓ ) taken over all 0 ≤ q ≤ |Ω| − 1 such that the k-th bit of
q is one
C. Apply g iterations of the independence test to Ω0 . If any of the g iterations reject,
mark Ω0 . Similarly, apply g iterations of the independence test to Ω1 ; if any of the
g iterations reject, mark Ω1 .
D. If exactly one of Ω0 , Ω1 (say Ωb ) is marked, set the k-th bit of w to b.
E. If neither of Ω0 , Ω1 is marked, set the k-th bit of w to unspecified.
F. If both Ω0 , Ω1 are marked, halt and output “no”.
iii. If any bit of w is unspecified, choose w at random from {0, 1, . . . , |Ω| − 1}.
iv. If w ∈
/ [0, |Ω| − 1], halt and output “no.”
v. Set xℓ = ωw .
(c) Evaluate f on z, assign the remaining J(τ ⋆ ) − j coordinates of x randomly, and add the pair
(x, f (z)) to the sample of labeled examples being constructed.
Figure 5. The subroutine Construct-Sample.

B.2. Step 2: Constructing a sample.
Step 2 of the algorithm consists of running the procedure Construct-Sample. The algorithm makes
(2gj⌈lg |Ω|⌉ + 1)m many queries to f , and either outputs “no” or else outputs a sample of m labeled
⋆
examples (x, y) where each x belongs to ΩJ(τ ) .
We introduce some notation. Given functions f : Ωn →X and f ′ : Ωj →X with j ≤ n and a permutation
σ
σ : [n]→[n], we write f ∼ f ′ to indicate that ∀x ∈ Ωn : f ′ (xσ(1) , . . . , xσ(j) ) = f (x1 , . . . , xn ). If
f : Ωn →X is a function with j relevant variables, we use fjσ to mean the function over j variables that
results by mapping the i-th relevant variable under f to the i-th character of a j-character string over Ω; i.e.
σ
if σ is a permutation which induces such a mapping, then fjσ is the function satisfying f ∼ fjσ . Given a
σ
function f : Ωj →X and permutation σ : [n]→[n], we write f↑σ to denote the j-junta satisfying f↑σ ∼ f .
Lemma 26. Given f : Ωn →X and some J(τ ⋆ )-junta f ′ that is τ ⋆ -close to f , let K be the set of variables
satisfying BinVrf ′ ({i}) ≥ θ. Suppose Construct-Sample is given oracle access to f and inputs Ii1 , . . . , Iij ,
with j ≤ J(τ ⋆ ), where:
1. Each variable xi ∈ K is contained in one of Ii1 , . . . , Iij ;
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2. BinVrf ′ (K) < ǫ1 /4;
3. Every subset Iiℓ , 1 ≤ ℓ ≤ j, contains at most one relevant variable for f ′ .
Let h be the function defined as in Equation 6 using the set K. Let H ⊆ K be the set of relevant variables for
h, and let σ : [n]→[n] be some permutation which maps the variable from H in bin Iiℓ to bit ℓ. Then with
probability at least 1 − 3/100, Construct-Sample outputs a set of m uniform, random examples labeled
according to a J(τ ⋆ )-junta g which depends on no variables outside of K and satisfies Prz∈Ωn [g↑σ (z) 6=
f ′ (z)] ≤ ǫ1 .
Proof. By Lemma 16 we have that Prz∈Ωn [h(z) 6= f ′ (z)] ≤ ǫ1 . We now show that except with probability
less than 3/100, Construct-Sample produces a set S of m examples that are uniform, random, and labeled
def

according to g = hσJ(τ ⋆ ) (note that g↑σ ≡ h).
Consider a particular iteration of Step 1 of Construct-Sample. The iteration generates an example x
that is uniform random and labeled according to g if
(a) for every bin Iiℓ which contains a variable from H, Step 1(b)ii constructs the index w such that Xw
contains that variable;
(b) for every bin Iiℓ that contains no variable from H, in every iteration of Step 1(b)ii(C) at most one of
Ω0 , Ω1 is marked, and the value w that is considered in Step 1(b)iv lies in [0, |Ω| − 1]; and
(c) h(z) = f (z).
Item (a) ensures that if Iiℓ contains a variable from H, then xℓ takes the value of that variable under the
assignment z (and, since z is a uniform random value, so is xℓ ). Item (b) ensures that if Iiℓ contains no
variable from H, Construct-Sample does not output “no” and assigns xℓ a uniform random value, because
xℓ either gets a fresh uniform random value in Step 1(b)iii or gets the value of z (which is uniform random).
Together, these ensure that g(x) = g(zσ(1) , . . . , zσ(J(τ ⋆ )) ), and item (c) ensures that the label for the example
x will be h(z) = g(x).
It remains to bound the probability that any of (a), (b), or (c) fail to hold. Suppose first that every query
of every iteration of the independence test is answered according to f ′ . Then item (3) implies that (a) can
only fail to hold if we do not manage to figure out some bit of w in Step 1(b)ii for some ℓ for which Iiℓ
contains a variable from H (which means that all g executions of the independence test pass for that bit
failed), and it also implies that condition (b) holds (it is possible for a bit of w to be unspecified, but not for
both Ω0 , Ω1 to be marked or for w to be set to an out-of-range value). Thus the probability that either (a) or
(b) fails to hold is at most
j⌈lg |Ω|⌉(1 − θ/2)g + 2jg⌈lg |Ω|⌉ · τ ⋆ ,
where the first term bounds the probability that all g⌈lg |Ω|⌉ executions of the independence test pass for
some ℓ and the second term bounds the probability that any execution of the independence test queries a
point z such that f (z) 6= f ′ (z). Finally, the probability that (c) fails to hold is at most ǫ1 + τ ⋆ .
Now considering all m iterations, we have that the overall probability of either outputting “no” or
obtaining a bad example in the m-element sample is at most mj⌈lg |Ω|⌉(1 − θ/2)g + 2jgm⌈lg |Ω|⌉ · τ ⋆ +
(ǫ1 + τ ⋆ )m ≤ 1/100 + 1/100 + 1/100, and the lemma is proved.


B.3. Step 3: Checking consistency.
The final step of the algorithm, Step 3, is to run Check-Consistency. This step makes no queries to f.
The following two lemmata establish completeness and soundness of the overall test and conclude the
proof of Theorem 4.
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Check-Consistency (input is the sample S output by Identify-Critical-Subsets)
1. Check every function in C(τ ⋆ )J(τ ⋆ ) to see if any of them are consistent with sample S. If so
output “yes” and otherwise output “no.”
Figure 6. The subroutine Check-Consistency.

Lemma 27. Suppose that f ∈ C. Then with probability at least 2/3, algorithm A outputs yes.
Proof. Let f ′ be some J(τ ⋆ )-junta in C(τ ⋆ ) that is τ ⋆ -close to f . By Corollary 25, we have that except with
probability at most 1/6, f passes Identify-Critical-Subsets and the inputs Ii1 , . . . , Iij given to ConstructSample will satisfy conditions (i’)-(iii’). Let K be the set consisting of those variables that have binary
variation at least θ under f ′ . We use Lemma 26 to conclude that with probability at least 1 − 3/100,
Construct-Sample outputs m uniform, random examples labeled according to some J(τ ⋆ )-junta g satisfying Prz [g↑σ (z) 6= f ′ (z)] ≤ ǫ1 . Let σ ′ map the variables in K to the same values as σ, but also map the re′
maining, possibly relevant variables of f ′ to the remaining J(τ ⋆ )−j bits. Clearly Prz [g↑σ (z) 6= f ′ (z)] ≤ ǫ1 ,
′
and since the relevant variables of g↑σ (which are contained in K) are a subset of the relevant variables of f ′ ,
′
we have that Prx [g(x) 6= (f ′ )σJ(τ ⋆ ) (x)] ≤ ǫ1 .
Assuming that Construct-Sample outputs m uniform random examples labeled according to g, they
′σ′
⋆
are also labeled according to fJ(τ
⋆ ) ∈ C(τ )J(τ ⋆ ) except with probability at most ǫ1 m. Summing all the
failure probabilities, we have that Check-Consistency does not output “yes” with probability at most 1/6 +
3/100ǫ1 m < 1/3, and the lemma is proved.

Lemma 28. Suppose that f is ǫ-far from C. Then the probability that algorithm A outputs “yes” is less than
1/3.
Proof. We assume that f passes Identify-Critical-Subsets with probability greater than 1/3 (otherwise we
are done), and show that if f passes Identify-Critical-Subsets, it will be rejected by Construct-Sample or
Check-Consistency with probability at least 2/3.
Assume f passes Identify-Critical-Subsets and outputs Ii1 , . . . , Iij . Using Lemma 23, we know that
except with probability at most 1/7, J , the set of variables with binary variation at least θ under f , satisfies:
• BinVrf (J ) < ǫ1 /4;
• each variable in J is contained in some bin Iiℓ that is output;
• each bin Iiℓ contains at most one variable from J .
As in Lemma 26, we construct a function h using the variables in J according to Equation 6 in Section B.1.
Let H ⊆ J be the set of relevant variables for h, and let σ : [n]→[n] be as in Lemma 26. We have that
Prz∈Ωn [h(z) 6= f (z)] ≤ ǫ1 . We show that with probability greater than 1 − 2/100, Construct-Sample
def

either outputs “no” or a set of m uniform, random examples labeled according to g = hσJ(τ ⋆ ) .
Consider a particular random draw of z ∈ Ωn As in Lemma 26, this draw will yield a uniform, random
⋆
example x ∈ ΩJ(τ ) for g as long as
(a) for every bin Iiℓ which contains a variable from H, Step 1(b)ii constructs the index w such that Xw
contains that variable;

(b) for every bin Iiℓ that contains no variable from H, in every iteration of Step 1(b)ii(C) at most one of
Ω0 , Ω1 is marked, and the value w that is considered in Step 1(b)iv lies in [0, |Ω| − 1]; and
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(c) h(z) = f (z).
The probability of (c) failing is bounded by ǫ1 . The probability of (a) failing is at most j⌈lg |Ω|⌉(1−θ/2)g <
1
100m . If neither (a) nor (c) occurs, then the example satisfies (a), (b) and (c) unless it fails to satisfy (b), but
if it fails to satisfy (b) Construct-Sample outputs “no” in Step 1(b).ii.F or Step 1(b).iv. a Thus if f passes
Identify-Critical-Subsets, we have that with probability at least
1 − 1/7 − 1/100 − ǫ1 m ≥ 1 − 1/7 − 2/100 > 1 − 1/6
Construct-Sample either outputs “no” or it outputs a set of m uniform random examples for g.
Suppose Construct-Sample outputs such a set of examples. We claim that with probability at least
1 − 1/6 over the choice of random examples for g, Check Consistency will output “no”. Suppose that
Check Consistency finds some g′ ∈ C(τ ⋆ )J(τ ⋆ ) consistent with all m examples. Then g′ cannot be ǫ2 -close
to g. (Otherwise, we have that Prz [g↑′σ (z) 6= g↑σ (z)] ≤ ǫ2 , from which it follows that Prz [g↑′σ (z) 6= f (z)] ≤
ǫ2 + ǫ1 < ǫ since g↑σ (z) is ǫ1 -close to f . But g′ ∈ C(τ ⋆ )J(τ ⋆ ) , so g↑′σ ∈ C(τ ⋆ ) ⊆ C which contradicts our
assumption that f is ǫ-far from C.) By choice of m, the probability there exists a g′ ∈ C(τ ⋆ )J(τ ⋆ ) consistent
with all m examples that is not ǫ2 -close to g is at most |C(τ ⋆ )J(τ ⋆ ) |(1 − ǫ2 )m = 1/6. Thus, if f passes
Identify-Critical-Subsets, then Construct-Sample and Check-Consistency output “yes” with probability
less than 1/6 + 1/6 < 1/3. This proves the lemma.


C. Making the algorithm non-adaptive
The algorithm A presented in the previous section is adaptive. In this section, we show that A can be
made non-adaptive without considerably increasing its query complexity.
The only part of our current algorithm that fails to be non-adaptive is Step 2, the Construct-Sample
subroutine, which relies on knowledge of the critical subsets identified in Step 1. To remove this reliance,
one approach is to modify the Construct-Sample subroutine (in particular the for-loop in step 1(b)) so
that it iterates over every subset rather than just the critical ones. This modified subroutine can be run before
the critical subsets are even identified, and the queries it makes can be stored for future use. Later, when the
critical subsets are identified, the queries made during the iterations over non-critical subsets can be ignored.
Since there are Θ(J(τ ⋆ )2 ) total subsets compared to the Θ(J(τ ⋆ )) critical ones, the cost of this modified
algorithm is an additional factor of Θ(J(τ ⋆ )) in the query complexity given in Theorem 4. For all of our
applications, this translates to only a small polynomial increase in query complexity (in most cases, merely
an additional factor of Θ(s)).
We briefly sketch a more efficient approach to nonadaptivity; this is done essentially by combining Steps
1 and 2. Specifically, each of the m examples that we currently generate in Step 2 can be generated using the
techniques from Step 1. To generate a single example, we take a random assignment to all of the variables,
and we split each set Ii of variables into |Ω| sets Ii,ω , where Ii,ω consists of those variables in Ii that were
assigned ω. We get Θ(|Ω|J(τ ⋆ )2 ) sets of variables. Now, as in the Identify-Critical-Subsets subroutine,
we create k = O(J(τ ⋆ ) log(|Ω|J(τ ⋆ ))) blocks, each consisting of exactly |Ω|J(τ ⋆ ) sets Ii,ω chosen at
random. We run the independence test Θ( θ1 log(km)) times on each of these blocks, and declare variation
free those not rejected even once. If for each critical subset Ii , at least |Ω| − 1 sets Ii,ω are declared variation
free on behalf of some block, the remaining Ii,ω which are not declared variation free give us the values of
the influential variables. One can show that this happens with probability 1 − O(1/m). Therefore when
the procedure is repeated to generate all m examples, the probability of overall success is constant. Without
going into a detailed analysis, the
 algorithm is essentially the same as that
 query complexity of this modified
⋆ )2 ln2 (|C(τ ⋆ )
J(τ
⋆
|)
. Thus, for all of our applications, we can
given in Theorem 4, namely Õ lnǫ|Ω|
2
J(τ )
achieve non-adaptive testers with the same complexity bounds stated in Theorems 29 and 33.
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D. Applications to Testing Classes of Functions
The algorithm A in Theorem 4 can be applied to many different classes of functions that were not
previously known to be testable. The following two subsections state and prove our results for Boolean and
non-Boolean functions, respectively.

D.1. Boolean Functions
Theorem 29. For any s and any ǫ > 0, Algorithm A yields a testing algorithm for
(i) decision lists using Õ(1/ǫ2 ) queries;
(ii) size-s decision trees using Õ(s4 /ǫ2 ) queries;
(iii) size-s branching programs using Õ(s4 /ǫ2 ) queries;
(iv) s-term DNF using Õ(s4 /ǫ2 ) queries;
(v) size-s Boolean formulas using Õ(s4 /ǫ2 ) queries;
(vi) size-s Boolean circuits using Õ(s6 /ǫ2 ) queries;
(vii) functions with Fourier degree at most d using Õ(26d /ǫ2 ) queries.
Proof. We describe each class of functions and apply Theorem 4 to prove each part of the theorem.
Decision Lists. A decision list L of length m is described by a list (ℓ1 , b1 ), . . . , (ℓm , bm ), bm+1 where each
ℓi is a Boolean literal and each bi is an output bit. Given an input x ∈ {0, 1}n the value of L on x is bj ,
where j ≥ 1 is the first value such that ℓj is satisfied by x. If ℓj is not satisfied by x for all j = 1, . . . , m
then the value of L(x) is bm+1 .
Let C denote the class of all Boolean functions computed by decision lists. Since only a 1/2j fraction of
def

inputs x cause the (j + 1)-st literal ℓj in a decision list to be evaluated, we have that the class C(τ ) = {all
def

functions computed by decision lists of length log(1/τ )} is a (τ, J(τ ))-approximator for C, where J(τ ) =
log(1/τ ). We have |C(τ )J(τ ) | ≤ 2 · 4log(1/τ ) (log(1/τ ))!. This yields τ ⋆ = Õ(ǫ2 ), so Theorem 4 thus yields
part (i) of Theorem 29.

Decision Trees. A decision tree is a rooted binary tree in which each internal node is labeled with a variable
xi and has precisely two children and each leaf is labeled with an output bit. A decision tree computes
a Boolean function in the obvious way: given an input x, the value of the function on x is the output bit
reached by starting at the root and going left or right at each internal node according to whether the variable’s
value in x is 0 or 1. The size of a decision tree is simply the number of leaves of the tree (which is one more
than the number of internal nodes).
Let C denote the class of all Boolean functions computed by decision trees of size at most s. It is obvious
def
that any size-s decision tree depends on at most s variables. We may thus take C(τ ) = C and we trivially
def

have that C(τ ) is a (τ, J(τ ))-approximator for C with J(τ ) = s.
Now we bound |C(τ )J(τ ) | by (8s)s . It is well known that the number of s-leaf rooted binary trees in

which each internal node has precisely two children is the Catalan number Cs−1 = 1s 2s−2
s−1 , which is at
most 4s . For each of these possible tree topologies there are at most ss−1 ways to label the s − 1 internal
nodes with variables from x1 , . . . , xs . Finally, there are precisely 2s ways to choose the leaf labels. So the
total number of decision trees of size s over variables x1 , . . . , xs is at most 4s · ss−1 · 2s < (8s)s .
We thus have τ ⋆ = Õ(ǫ2 /s4 ) in Theorem 4, and we obtain part (ii) of Theorem 29.
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Branching Programs. Similar results can be obtained for branching programs. A branching program of
size s is a rooted s-node directed acyclic graph with two sink nodes labeled 0 and 1. Each internal node has
fanout two (and arbitrary fan-in) and is labeled with a variable from x1 , . . . , xn . Given an input x, the value
of the branching program on x is the output bit reached as described above.
Let C denote the class of all s-node branching programs over {0, 1}n . As with decision trees we may
def

def

take C(τ ) = C and J(τ ) = s. We show that |C(τ )J(τ ) | ≤ ss (s + 1)2s .
The graph structure of the DAG is completely determined by specifying the endpoints of each of the two
outgoing edges from each of the s internal vertices. There are at most s + 1 possibilities for each endpoint
(at most s − 1 other internal vertices plus the two sink nodes), so there are at most (s + 1)2s possible graph
structures. There are at most ss ways to label the s nodes with variables from {x1 , . . . , xs }. Thus the total
number of possibilities for a size-s branching program over x1 , . . . , xs is at most ss (s + 1)2s .
Again we have τ ⋆ = Õ(ǫ2 /s4 ), so Theorem 4 yields part (iii) of Theorem 29.
DNF Formulas. An s-term DNF formula is an s-way OR of ANDs of Boolean literals. A k-DNF is a DNF
in which each term is of length at most k.
It is well known that any s-term DNF formula over {0, 1}n is τ -close to a log(s/τ )-DNF with at most s
terms (see e.g. [15] or Lemma 30 below). Thus if C is the class of all s-term DNF formulas over {0, 1}n , we
may take C(τ ) to be the class of all s-term log(s/τ )-DNF, and we have that C(τ ) is a (τ, J(τ ))-approximator
def

for C with J(τ ) = s log(s/τ ). An easy counting argument shows that |C(τ )J(τ ) | ≤ (2s log(s/τ ))s log(s/τ ) .
We get τ ⋆ = Õ(ǫ2 /s4 ), so Theorem 4 yields part (iv) of Theorem 29.

Boolean Formulas. We define a Boolean formula to be a rooted tree in which each internal node has
arbitrarily many children and is labeled with either AND or OR and each leaf is labeled with a Boolean
variable xi or its negation xi . The size of a Boolean formula is the number of AND/OR gates it contains.
Let C denote the class of all Boolean formulas of size at most s. Similar to the case of DNF, we have the
following easy lemma:
Lemma 30. Any size-s Boolean formula (or size-s circuit) over {0, 1}n is τ -close to a size-s formula (or
size-s circuit) in which each gate has at most log(s/τ ) inputs that are literals.
Proof. If a gate g has more than log(s/τ ) many inputs that are distinct literals, the gate is τ /s-approximated
by a constant function (1 for OR gates, 0 for AND gates). Performing such a replacement for each of the s
gates in the circuit yields a τ -approximator for the overall formula (or circuit).

We may thus take C(τ ) to be the class of all size-s Boolean formulas in which each gate has at most
log(s/τ ) distinct literals among its inputs, and we have that C(τ ) is a (τ, J(τ ))-approximator for C with
def

J(τ ) = s log(s/τ ). An easy counting argument shows that |C(τ )J(τ ) | ≤ (2s log(s/τ ))s log(s/τ )+s ; for each
of the s gates there is a two-way choice for its type (AND or OR) and an at most s-way choice for the gate
that it feeds into. There are also at most log(s/τ ) literals from x1 , . . . , xs log(s/τ ) , x1 , . . . , xs log(s/τ ) that
feed into the gate. Thus there are at most (2s log(s/τ ))log(s/τ )+1 possibilities for each of the s gates, and
consequently at most (2s log(s/τ ))s log(s/τ )+s possibilities overall. Again we get τ ⋆ = Õ(ǫ2 /s4 ), which
gives part (v) of Theorem 29.
Boolean Circuits. An even broader representation scheme is that of Boolean circuits. A Boolean circuit
of size s is a rooted DAG with s internal nodes, each of which is labeled with an AND, OR or NOT gate.
(We consider circuits with arbitrary fan-in, so each AND/OR node is allowed to have arbitrarily many
descendants.) Each directed path from the root ends in one of the n + 2 sink nodes x1 , . . . , xn , 0, 1.
For C the class of all size-s Boolean circuits, using Lemma 30 we may take C(τ ) to be the class of all
size-s Boolean circuits in which each gate has at most log(s/τ ) distinct literals among its inputs, and we
def

have that C(τ ) is a (τ, J(τ ))-approximator for C with J(τ ) = s log(s/τ ). It is easy to see that |C(τ )J(τ ) | ≤
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2

22s +4s . To completely specify a size-s Boolean circuit, it suffices to specify the following for each of the s
gates: its label (three possibilities, AND/OR/NOT) and the set of nodes to which it has outgoing edges (at
most 22s+2 possibilities, since this set is a subset of the s + 2 sink nodes and the s internal nodes).
This results in τ ⋆ = Õ(ǫ2 /s6 ), and consequently Theorem 4 yields part (vi) of Theorem 29.
Functions with bounded Fourier degree. For convenience here we take Ω = {−1, 1}. Recall that every
Boolean function f : {−1, 1}n → {−1, 1} has a unique
i.e. a representation as a
P Fourier representation,
Q
multilinear polynomial with real coefficients: f (x) = S⊆[n] fˆ(S) i∈S xi . The coefficients fˆ(S) are the
Fourier coefficients of f. The Fourier degree of f is the degree of the above polynomial, i.e. the largest value
d for which there is a subset |S| = d with fˆ(S) 6= 0.
Let C denote the class of all Boolean functions over {−1, 1}n with Fourier degree at most d. Nisan and
Szegedy [11] have shown that any Boolean function with Fourier degree at most d must have at most d2d
def
def
relevant variables. We thus may take C(τ ) = C and J(τ ) = d2d . The following lemma gives a bound on
|C(τ )J(τ ) |:
2 ·22d

Lemma 31. For any d > 0 we have |C(τ )J(τ ) | < 2d

.

Proof. We first establish the following simple claim:
Claim 32. Suppose the Fourier degree of f : {−1, 1}n → {−1, 1} is at most d. Then every nonzero Fourier
coefficient of f is an integer multiple of 1/2d−1 .
Proof. Let us view f : {−1, 1}n → {−1, 1} as a polynomial with real coefficients. Define the polynomial
p(x1 , . . . , xn ) as
f (2x1 − 1, . . . , 2xn − 1) + 1
p(x1 , . . . , xn ) =
.
2
The polynomial p maps {0, 1}n to {0, 1}. Since f is a multilinear polynomial of degree at most d, so is p.
Now it is well known that there is a unique multilinear polynomial that computes any given mapping from
{0, 1}n to {0, 1}, and it is easy to see that this polynomial has all integer coefficients. Since


1 + xn
1 + x1
,...,
− 1,
f (x1 , . . . , xn ) = 2p
2
2
it follows that every coefficient of f is an integer multiple of

1
,
2d−1

and the claim is proved.



To prove Lemma 31 we must bound the number of distinct Boolean functions with Fourier degree
Pd
d2d 
at most d over variables x1 , . . . , xd2d . First observe that there are at most D =
≤ (d2d )d
i=0
i
monomials of degree at most d over these variables.
d
If f : {−1, 1}d2 → {−1, 1} has Fourier degree at most d, then by Claim 32 every Fourier coefficient is
an integer multiple of 1/2d−1 . Since the sum of squares of all Fourier coefficients of any Boolean function
is 1, at most 22d−2 of the D monomials can have nonzero Fourier coefficients, and each such coefficient
takes one of at most 2d values. Thus there can be at most


D
2d−2
2d−2
2 2d
· (2d )2
≤ (D2d )2
< 2d ·2
2d−2
2
many Boolean functions over x1 , . . . , xd2d that have Fourier degree at most d.
We thus get that τ ⋆ = Õ(ǫ2 /26d ), and Theorem 4 yields part (vii) of Theorem 29.
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D.2. Non-Boolean Functions
Theorem 33. For any s and any ǫ > 0, Algorithm A yields a testing algorithm for
(i) s-sparse polynomials over finite field Ω using Õ((s|Ω|)4 /ǫ2 ) queries;
(ii) size-s algebraic circuits over finite ring or field Ω using Õ(s4 log3 |Ω|/ǫ2 ) queries;
(iii) size-s algebraic computation trees over finite ring or field Ω using Õ(s4 log3 |Ω|/ǫ2 ) queries.
Proof. We describe class of functions and apply Theorem 4 to prove each part of the theorem.
Sparse Polynomials over Finite Fields. Let Ω denote any finite field and let X = Ω. An s-sparse polynomial over Ω is a multivariate polynomial in variables x1 , . . . , xn with at most s nonzero coefficients.
Let us say that the length of a monomial is the number of distinct variables that occur in it (so for
example the monomial 3x21 x42 has length two). We have the following:
Lemma 34. Any s-sparse polynomial over Ω is τ -close to an s-sparse polynomial over Ω in which each
monomial has length at most |Ω| ln(s/τ ).
Proof. If a monomial has length ℓ greater than |Ω| ln(s/τ ), then it can be τ /s-approximated by 0 (for a
uniform random x ∈ Ωn , the probability that the monomial is not 0 under x is (1 − 1/|Ω|)ℓ ). Performing
this approximation for all s terms yields a τ -approximator for the polynomial.

For C = the class of all s-sparse polynomials in n variables over finite field Ω, we have that the class
C(τ ) of all s-sparse polynomials over finite field Ω with all monomials of length at most |Ω| ln(s/τ ) is a
(τ, J(τ ))-approximator with J(τ ) = s|Ω| ln(s/τ ). The following counting argument shows that
|C(τ )J(τ ) | ≤ (s|Ω|3 ln(s/τ ))s|Ω| ln(s/τ ) .
Consider a single monomial M . To specify M we must specify a coefficient in Ω, a subset of at most ℓ
of the J(τ ) possible variables that have nonzero degree (at most J(τ )ℓ possibilities), and for each of these
variables we must specify its degree, which we may assume is at most |Ω| − 1 since α|Ω| = α for every α
in finite field Ω. Thus there are at most |Ω|(J(τ )|Ω|)ℓ possibilities for each monomial, and consequently at
most |Ω|s (J(τ )|Ω|)sℓ = |Ω|s (s|Ω|2 ln(s/τ ))s|Ω| ln(s/τ ) ≤ (s|Ω|3 ln(s/τ ))s|Ω| ln(s/τ ) possible polynomials
overall.
Setting τ ⋆ = Õ(ǫ2 /(s|Ω|)4 ) and applying Theorem 4 yields part (i) of Theorem 33.
Algebraic Circuits. Let Ω denote any finite ring or field and let X = Ω. A size-s algebraic circuit (or
straight line program) over Ωn is a rooted directed acyclic graph with s internal nodes (each with two inputs
and one output) and n + k leaf nodes for some k ≥ 0 (each with no inputs and arbitrarily many outputs).
The first n leaf nodes are labeled with the input variables x1 , . . . , xn , and the last k leaf nodes are labeled
with arbitrary constants αi from Ω. Each internal node is labeled with a gate from {+, ×, −} and computes
the sum, product, or difference of its two input values (if Ω is a field we allow division gates as well).
Let C denote the class of all Boolean functions computed by algebraic circuits of size at most s over
variables x1 , . . . , xn . (Here we analyze the simpler case of circuits with +, ×, − gates; our analysis can
easily be extended to handle division gates as well.) Any size-s algebraic circuit depends on at most 2s
def
variables. We may thus take C(τ ) = C and we trivially have that C(τ ) is a (τ, J(τ ))-approximator for C
def

with J(τ ) = 2s. Now we show that |C(τ )J(τ ) | ≤ (75|Ω|2 s2 )s .
A size s algebraic circuit can read at most 2s leaves as each internal node has two inputs. Thus it can
read at most 2s constant leaves, and at most 2s input leaves. To completely specify a size-s algebraic circuit,
it suffices to specify the 2s constant leaf nodes and the following for each of the s gates: its label (at most
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three possibilities) and the two nodes to which it has outgoing edges (at most (5s)2 possibilities, since it
can hit two of the at most 4s leaves and the s internal nodes). Thus there are at most |Ω|2s (75s2 )s different
algebraic circuits.
Equation 2 in Theorem 4 is satisfied for small τ ’s, but we do not care how large the optimum τ ⋆ is as
J(τ ) does not depend on τ . Eventually, Theorem 4 yields part (ii) of Theorem 33.
Algebraic Computation Trees. Let Ω denote any finite ring or field and let X = Ω. A size-s algebraic
computation tree over input variables x1 , . . . , xn is a rooted binary tree with the following structure. There
are s leaves, each describes an output value which is either a constant, an input variable, or one of the
variables computed in the ancestors of the leaf. Each internal node has two children and is labeled with yv ,
where yv = yu ◦ yw and yu , yw are either inputs, the labels of ancestor nodes, or constants, and the operator
◦ is one of {+, −, ×, ÷} (the last one only if Ω is a field). An input that reaches such a node branches left
if yv = 0 and branches right if yv 6= 0.
Let C denote the class of all functions computed by algebraic computation trees of size at most s over
x1 , . . . , xn . Any size-s algebraic computation tree depends on at most 3s variables. So similar to algebraic
def
def
circuits, we can take C(τ ) = C and J(τ ) = 3s. Now we show that |C(τ )J(τ ) | ≤ 16s (|Ω| + 4s)3s .
As in the boolean case, the number of s-leaf rooted binary trees in which each internal node has precisely
two children is at most 4s . A tree has s − 1 internal nodes and s leaves. For each of these possible tree
topologies there are at most 4(|Ω| + 4s)2 ways to label the s − 1 internal nodes (with one of 4 operations
on two constants, variables or ancestor nodes). Finally, there are at most (|Ω| + 4s)s ways to choose the
leaf labels. So the total number of decision trees of size s over variables x1 , . . . , x3s is at most 4s · (4(|Ω| +
4s)2 )s−1 · (|Ω| + 4s)s ≤ 16s (|Ω| + 4s)3s .
As before we do not care what the optimal τ ⋆ in Theorem 4 is. Finally, we obtain query complexity
Õ(s4 log3 |Ω|/ǫ2 ) by Theorem 4, that is, we obtain part (iii) of Theorem 33.


E. Lower Bound Proofs
In this section we restate and prove the testing lower bounds discussed in Section 4. The main result in
that section was Theorem 5, the lower bound for testing s-sparse polynomials over finite fields of constant
size. In Subsection E.1, we prove Theorem 5. In Subsection E.2, we prove some simpler (and weaker) lower
bounds for other function classes.

E.1. Lower Bound for s-Sparse Polynomials
Throughout this section we write F to denote the finite field with P elements, where P = pk is a prime
power. For convenience, we restate Theorem 5:
Theorem 5. Let F be any fixed finite field, i.e. |F| = O(1) independent of n. There exists a fixed constant
ǫ > 0 (depending on |F|) such that any non-adaptive ǫ-testing algorithm for the class of s-sparse polynomials
√
over Fn must make Ω̃( s) queries.
To prove Theorem 5, we consider the following two distributions over functions mapping Fn to F:
• A draw from DYES is obtained as follows: independently and uniformly (with repetitions) draw s
variables xi1 , . . . , xis from x1 , . . . , xn , and let f (x) = xi1 + · · · + xis .
• A draw from DNO is obtained as follows: independently and uniformly (with repetitions) draw s + p
variables xi1 , . . . , xis+p from x1 , . . . , xn , and let f (x) = xi1 + · · · + xis+p .
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It is clear that every draw from DYES is an s-sparse polynomial over F, and that for any n = ω((s+p)2 )
almost all the probability mass of DNO is on functions with s + p distinct nonzero coefficients.
Theorem 5 then follows from the following two results:
Theorem 35. Let A be any non-adaptive algorithm which is given black-box access to a function f : Fn →
F and outputs either “yes” or “no.” Then we have
Pr [Af outputs “yes”] −

f ∈DYES

Pr [Af outputs “yes”] ≤

f ∈DNO

1
3

√
unless A makes Ω̃( s) queries to the black-box function f.
Theorem 36. Let
def

Φ(P ) = 1/(P P

2 +P 10P 2 +26

).

Fix any s ≤ n − 1. Let g be an s-sparse polynomial in F[x1 , . . . , xn ]. Then g is Φ(P )-far from every affine
function over F in which s + 1 or more variables have nonzero coefficients, i.e. every function of the form
a1 x1 + · · · + as+r xs+r + b

(7)

where 0 6= ai ∈ F, b ∈ F, and r ≥ 1.
Theorem 35 shows that any non-adaptive algorithm that can successfully distinguish a random linear
√
form xi1 +· · ·+xis from a random linear form xi1 +· · ·+xis+p must make Ω̃( s) queries; this is a technical
generalization of a similar result for F2 in [6]. Theorem 36 establishes that every function xi1 + · · · + xis+p
is far from every s-sparse polynomial over F. Together these results imply that any testing algorithm for
s-sparse F polynomials must be able to distinguish length-s linear forms from length-(s + p) linear forms,
√
and must make Ω̃( s) queries. We prove these theorems in the following subsections.
We note that it is conceivable that a stronger version of Theorem 36 might be true in which Φ(P ) is
replaced by an absolute constant such as 1/3; however Theorem 36 as stated suffices to give our desired
lower bound.
E.1.1 Proof of Theorem 35.
First, let us recall the definition of statistical distance:
Definition 37 (statistical distance). Let S be a finite set and P, Q be probability measures on (S, 2S ). The
def

statistical distance between P and Q is defined by kP − Qk = maxA⊆S |P(A) − Q(A)|.
The following fact is an immediate consequence of the definition:
±
P
P
Fact 38. kP − Qk ≡ 21 x∈S |P(x) − Q(x)| ≡ x∈S P(x) − Q(x) .

We now explain how Theorem 35 can be reduced to a convergence-type result about random walks
on the group Zqp (Theorem 6). We remark that the argument given here is an immediate generalization
of the corresponding argument in Section 6 of [6]. Our main technical contribution is in fact the proof of
Theorem 6.
Recall that a non-adaptive testing algorithm queries a fixed subset Q of the domain Fn , where |F| =
P = pk is a prime power. To prove Theorem 35, it suffices to argue that for any query set Q ⊂ Fn of
√
cardinality q = |Q| = Õ( s) the induced distributions on Fq (obtained by restricting the randomly chosen
functions to these q points) have a statistical distance less than 1/3.
32

Let us now describe the distributions induced by DYES and DNO on Fq . Let r1 , r2 , . . . , rq ∈ Fn be the
queries, and let M be a q × n matrix with rows r1 , . . . , rq . To choose an element x ∈ Fq according to the
first (induced) distribution, we choose at random (with repetitions) s columns of M and sum them up. This
gives us an element of Fq . The same holds for the second distribution, the only difference being that we
choose s + p columns.
kq
For x ∈ Fq ∼
= Zp , let P(x) be the probability of choosing x when we pick a column of M at random.
Consider a random walk on the group Zkq
p , starting at the identity element, in which at every step we choose
an element of the group according to P and add it to the current location. Let Pt be the distribution of this
walk after t steps. Observe that Ps and Ps+p are exactly the distributions induced by DYES and DNO . We
want to show that for s sufficiently large compared to q, the distributions Ps and Ps+p are close with respect
to the statistical distance. To do this, it suffices to prove the following theorem (restated from Section 4):
Theorem 6. Let r be a prime, q ∈ N and P be a probability measure on the additive group Zqr . Consider
the random walk X on Zqr with step distribution P. Let Pt be the distribution of X at step t. There exists an
absolute constant C > 0 such that for every 0 < δ ≤ 1/2, if t ≥ C logδ1/δ · r 4 log r · q 2 log2 (q + 1) then
kPt − Pt+r k ≤ δ.

Indeed, since the underlying additive group of the field F is Zkp , by applying the above theorem for r = p
and q ′ = kq the result follows. We prove Theorem 6 in the following subsection.

E.1.2 Proof of Theorem 6.
To prove Theorem 6, we start with some basic definitions and facts about random walks on (finite) groups.
For a detailed treatment of the subject, see [4] and references therein. For basic facts about Fourier Analysis
on finite groups, see [13, 14].
Let (G, +) be a finite group. For any probability measures P, Q on G, the convolution (P ∗ Q) of P and
Q is the probability measure on G defined by:
(P ∗ Q)(y) =

X

P(x)Q(x + y)

x∈G

Let P1 , . . . , Pn be probability measures on G. The convolution product of the Pi ’s, is defined as follows:
{∗

{∗

Q

Q

def

}ji=j Pi = Pj
def

}ni=j Pi = Pj ∗ {∗

Q

}ni=j+1 Pi , if n > j
def

def

Similarly, P∗n , the n-fold convolution product of P with itself is defined by: P∗1 = P and P∗n =
∗(n−1)
P
∗ P, if n > 1.

A distribution (probability measure) P on G induces a random walk on G as follows: Denoting by Xn
its position at time n, the walk starts at the identity element of G (n = 0) and at each step selects an element
ξn ∈ G according to P and goes to Xn+1 = ξn + Xn . Denote by Pn the distribution of Xn . Since Xn is the
sum of n independent random variables with distribution P, it follows that Pn = P∗n .
We will be interested in such random walks on finite abelian groups and in particular on the group
, where + denotes componentwise addition modulo r. We remark that for abelian groups, the
convolution operation is commutative. In fact, commutativity is crucially exploited in the proof of the
theorem.
(Zqr , +)

For a function f : Zqr → C, we define its Fourier transform fb : Zqr → C by
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X
def 1
fb(x) = q
f (y)(ωr )hx,yi
r
q
y∈Zr

def
def P
where ωr = e2πi/r and for x, y ∈ Zqr we denote hx, yi = ( qi=1 xi yi ) mod r.

b
b
Fact 39. Let P, Q be probability measures on Zqr . Then, P[
∗ Q(y) = r q · P(y)
· Q(y),
y ∈ Zqr .
def

For p ≥ 1 and f : Zqr → C, the lp norm of f is defined by kf kp = {Ex∈Zqr [|f (x)|p ]}1/p . The inner product
def

of f, g : Zqr → C is defined as: hf, gi = Ex∈Zqr [f (x)g(x)].

Fact 40 (Parseval’s identity). Let f : Zqr → C. Then, kf k22 ≡ hf, f i =

P

x∈Zqr

|fˆ|2 (x).

Proof of Theorem 6.
The special case of this theorem for r = 2 was proved by Fischer et al. [6]. Our proof is a technical
generalization of their proof. Moreover, our proof has the same overall structure as the one in [6]. However,
one needs to overcome several difficulties in order to achieve this generalization.
We first give a high-level overview of the overall strategy. Any given x ∈ (Zqr )∗ partitions the space into
r non-empty subspaces Vix = {y ∈ Zqr : hy, xi = i} for i = 0, 1, . . . , r − 1. We say that an x ∈ (Zqr )∗ is
degenerate if there exists some i whose probability measure P(Vix ) is “large”. (We note that the definition
of degeneracy in the proof of [6] is quite specialized for the case r = 2. They define a direction to be
degenerate if one of the subspaces V0x , V1x has “small” probability. Our generalized notion - that essentially
reduces to their definition for r = 2 - is the conceptually correct notion and makes the overall approach
work.)
We consider two cases: If all the Fourier coefficients of P are not “very large” (in absolute value), then
we can show by standard arguments (see e.g. [4]) that the walk is close to stationarity after the desired
number of steps. Indeed, in such a case the walk converges rapidly to the uniform distribution (in the
“classical” sense, i.e. kPt − U k → 0 as t approaches infinity).
If, on the other hand, there exists a “very large” Fourier coefficient of P, then we argue that there must
also exist a degenerate direction (this is rather non-trivial) and we use induction on the dimension q. It
should be noted that in such a case the walk may not converge at all in the classical sense. (An extreme such
case would be, for example, if P was concentrated on one element of the group.)
Remark: It seems that our proof can be easily modified to hold for any finite abelian group. (We remind
the reader that any such group can be uniquely expressed as the direct sum of cyclic groups.) Perhaps, such
a result would be of independent interest. We have not attempted to do so here, since it is beyond the scope
of our lower bound. Note that, with the exception of the inductive argument, all the other components of
our proof work (in this generalized setting) without any changes. It is very likely that a more complicated
induction would do the trick.
Now let us proceed with the actual proof. We make essential use of two lemmata. The first one is a
simple combinatorial fact that is used several times in the course of the proof:
Lemma 41. Let n be a positive integer greater than 1 and ǫ ∈ (0, 1/2] be a constant. Consider a complex
number v ∈ C expressible as a (non-trivial) convex combination of the n-th roots of unity all of whose
coefficients are at most 1 − ǫ. Then, we have |v| ≤ 1 − ǫ/2n2 .
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Proof. We can write v =

Pn−1
j=0

vj ωnj , with ωn = e2πi/n , vj ≥ 0,
ωnj ’s

Pn−1
j=0

vj = 1 and maxj vj ≤ 1 − ǫ.

For the proof it will be helpful to view the
as unit vectors in the complex plane (the angle between two
“adjacent” such vectors being θn = 2π/n).
By assumption, it is clear that at least two distinct coefficients must be non-zero. We claim that the
length of the vector v is maximized (over all possible “legal” choices of the vj ’s) when exactly two of the
coefficients are non-zero, namely two coefficients corresponding to consecutive n-th roots of unity.
This is quite obvious, but we give an intuitive argument. We can assume that n ≥ 5; otherwise the claim
is straightforward. Consider the unit vector e (this vector corresponds to one of the ωnj ’s) whose coefficient
ve in v is maximum. We want to “distribute” the remaining “mass” 1 − ve to the other coordinates (n-th
roots) so as to maximize the length |v|. First, observe that vectors whose angle with e is at least π/2 do not
help; so we can assume the corresponding coefficients are zero. Now consider the set of vectors “above”
e (whose angle with e is less than π/2). We can assume that their “mass” (i.e. sum of coefficients) is
concentrated on the unit vector ea adjacent to e (whose angle with e is minimum); this maximizes their total
contribution to the length of the sum. By a symmetric argument, the same holds for the set of vectors “below”
e (denote by eb the corresponding adjacent vector). Finally, it is easy to see that in order to maximize the
total contribution of ea and eb to the length of the sum, one of them must have zero weight (given that their
total mass is “fixed”).
Now let us proceed with the proof of the upper bound. By symmetry, it is no loss of generality to
assume that v0 , v1 > 0 with v0 ≥ v1 . The claim now follows from the following sequence of elementary
calculations:

|v|2 = v02 + v12 + 2v0 v1 cos θn = 1 − 2v0 v1 1 − cos θn


= 1 − 2v0 1 − v0 1 − cos(2π/n)

≤ 1 − 2ǫ(1 − ǫ) 1 − cos(2π/n)

≤ 1 − ǫ 1 − cos(2π/n)
≤ 1 − ǫ/n2

2
The last
√ inequality above follows by observing that cos(2π/n) ≤ 1 − 1/n , n ≥ 2. The elementary
inequality 1 − x ≤ 1 − x/2 completes the argument.


Our second lemma is an analytical tool giving a (relatively sharp) upper bound on the statistical distance
between two distributions. It should be noted that this result is a variant of the “upper bound lemma” [4],
which has been used in numerous other random walk problems.
Lemma 42 (upper bound lemma, [4]). In the context of Theorem 6, for any t ≥ 0, we have:
X
kPt − Pt+r k2 ≤ r q ·
|α(x)|2t .
x∈(Zqr )∗

Proof. We have:
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kPt − Pt+r k2 = (r 2q /4) · kPt − Pt+r k21
3q

Pt+r k22

≤ (r /4) · kPt −
X
= (r 3q /4) ·
Pbt (x) − Pd
t+r (x)
x∈Zqr

= (r 3q /4) ·
= (r q /4)

X

x∈(Zqr )∗

X

x∈(Zqr )∗

≤ rq

X

x∈(Zqr )∗

(8)
(9)
2

(10)

t
t+r
b
b
r q(t−1) P(x)
− r q(t+r−1) P(x)

αt (x) − αt+r (x)

2

(11)

2

(12)

|α(x)|2t

(13)

Step (8) follows directly from the definitions of the statistical distance and the l1 norm. Step (9) easily
follows from the Cauchy-Schwarz
inequality and step (10) from the Parseval identity. For Step (11) notice
t
b
b
that Pbt (y) = r q(t−1) P(y)
and P(0)
= 1/r q . Step (12) is immediate by the definition of α and Step (13)



follows from the triangle inequality.

Let Xt ∈ Zqr be the position of the random walk at time t and Pt its distribution. By assumption X0 = 0.
As previously mentioned, Pt = P∗t . It is easy to show that the statistical distance ||Pt − Pt+r || is monotone
non-increasing in t; we are interested in the first time t = t(r, q) for which Pt and Pt+r are δ-close.
def

def

def

Notation. For q ∈ N, define b(q) = q 2 log2 (q +1), d(r) = r 4 log r, Sq =
def

and tq = C log(1/δ)
d(r)b(q).
δ

Pq

j=1 j/b(j),

def

S = limj→∞ Sj

Throughout the proof, we assume for simplicity that tq is an integer. If P is a probability measure on Zqr and
b is its Fourier transform, we denote α(x) def
b
P
= r q P(x).
A word concerning absolute constants. The letter C
will always denote an absolute constant, but as is customary the value of C need not be the same in all its
occurrences. Also note that S is an absolute constant, so C can depend on S.
Theorem 6 follows from the following claim:
Claim 43. There exists a universal constant C > 0 such that for any 0 < δ ≤ 1/2, any t ≥ tq and any
probability measure P on Zqr it holds ||Pt − Pt+r || ≤ Sδ · Sq < δ.
We will prove the claim by induction on q.
Base case (q = 1). Given an arbitrary probability measure P on the discrete circle Zn , n ∈ N∗ , we will
show that, for all t ≥ t1 ≡ C logδ1/δ · n4 log n, it holds kPt − Pt+n k ≤ Sδ .
Set ǫ0 :=

δ
Sn

and consider the following two cases below:

Case I (There exists a k ∈ Zn such that P(k) ≥ 1 − ǫ0 .) In this case, we claim that for all t ∈ N∗ it holds
kPt − Pt+n k ≤ nǫ0 = δ/S. (In fact, this holds independently of the value of the time t.) This should be
intuitively obvious, but we give an argument.
Recall that the statistical distance kPt − Pt+c k is a monotone non-increasing function of t for any
constant c. Hence, kPt − Pt+n k ≤ kP − Pn+1 k and it suffices to argue that kP − Pn+1 k ≤ nǫ0 . The crucial
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fact is that for all i ∈ Zn we have P
Pn+1 (i) ≥ (1 − nǫ0 ) · P(i). This
P directly implies that kP − Pn+1 k ≡
P
+
{i:P(i)>Pn+1 (i)} P(i) ≤ nǫ0 ·
i∈Zn P(i) = nǫ0 .
i∈Zn (P(i) − Pn+1 (i)) ≤ nǫ0 ·
To see that the aforementioned fact is true, observe that for any i ∈ Zn , conditioned on the walk being
at position i at time t = 1, with probability at least (1 − ǫ)n each of the next n steps is k, so with probability
at least (1 − ǫ0 )n ≥ 1 − nǫ0 the walk is at position i again at time t = n + 1.
Pn−1
Case II (For all k ∈ Zn it holds P(k) ≤ 1−ǫ0 .) Note that, for k ∈ Zn , we can write α(k) = l=0
P(l)·ωnk·l ,
2πi/n
where ωn = e
. Since P is a probability measure, it follows that α(0) = 1. Now observe that for k ∈ Z∗n ,
α(k) is a convex combination of n-th roots of unity with coefficients at most 1 − ǫ0 . Hence, an application
of Lemma 41 gives the following corollary:
Corollary 44. For all k ∈ Z∗n , it holds |α(k)| ≤ 1 −

δ
.
2Sn3

We have now set ourselves up for an application of Lemma 42. For any t ∈ N with t ≥ t1 , we thus get:
kPt − Pt+n k2 ≤ n

X

i∈Z∗n

|α(i)|2t


≤ n2 1 −


δ 2t1
δ 2t
2
1
−
≤
n
2Sn3
2Sn3

δ

≤ n2 (e− 2Sn3 )2t1 = n2 e−Cn log n log(1/δ)/S

where we used the elementary inequality 1 − x ≤ e−x , for x ∈ [0, 1]. For large enough C, we have
kPt − Pt+n k2 ≤ (δ/S)2 and the base case is proved.
Induction Step: Assume that the claim holds for q − 1, i.e. that for any t ≥ tq−1 and any probability
measure P on Zq−1
it holds kPt − Pt+r k ≤ Sδ · Sq−1 . We will prove that the claim also holds for q.
r
def

For x ∈ (Zqr )∗ and i = 0, 1, . . . , r − 1 define Vix = {y ∈ Zqr : hy, xi = i}. At this point we are ready to
formally define the notion of degenerate direction:
Definition 45. We say that x ∈ (Zqr )∗ is a degenerate direction if there exists an i ∈ {0, 1, . . . , r − 1} such
2δq
that P(Vix ) ≥ 1 − √Cr
.
2 b(q)
We distinguish the following two cases below:
Case I (For all x ∈ (Zqr )∗ it holds |α(x)| < 1 −

√ δq
.)
Cr 4 b(q)

Note that, since P is a probability distribution,

we have α(0) = 1. Now, for t ≥ tq Lemma 42 yields:
kPt − Pt+r k2 ≤ r q

X

x∈(Zqr )∗

|α(x)|2t


2t
2tq

δq
δq
≤ r 2q 1 − √
≤ r 2q 1 − √
Cr 4 b(q)
Cr 4 b(q)
δq
Cr 4 b(q)

−√

≤ r 2q (e

)2tq = r 2q e−2q log r

Similarly, if C is large enough, we have kPt − Pt+r k ≤ δ/S ≤
Case II (There exists some x0 ∈ (Zqr )∗ such that |α(x0 )| ≥ 1 −
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δ
S

√

C log 1/δ

· Sq .

√ δq
.)
Cr 4 b(q)

Since r is a prime, we may assume without loss of generality that x0 = ε1 = (10q−1 ). Then, for i =
0, 1, . . . , r − 1, we have Vi ≡ Vix0 = {y ≡ (y1 , y2 , . . . , yq ) ∈ Zqr : y1 = i}; note that each Vi is isomorphic
to Zq−1
r .
P
Pr−1
j
Now observe that we can write α(x0 ) =
j=0 P(Vj )ωr with
j P(Vj ) = 1, P(Vj ) ≥ 0. That is,
α(x0 ) is a convex combination of r-th roots of unity whose absolute value is at least 1 − ǫ′ /2r 2 , where ǫ′ :=
√ 2δq
. Thus, (the contrapositive of) Lemma 41 implies that there must exist some j ∈ {0, 1, . . . , r − 1}
Cr 2 b(q)
√ 2δq
Cr 2 b(q)
2δq
√
.
Cr 2 b(q)

with P(Vj ) ≥ 1 −
i.e. P(V0 ) ≥ 1 −

(i.e. x0 is degenerate). Clearly, it is no loss of generality to assume that j = 0,

For i = 0, 1, . . . , r − 1 and j = tq , tq + r, consider the conditional probability measures Pij = (Pj |Vi ).
All the 2r distributions obtainedP
in this manner can be viewed as distributions on Zq−1
r . By the law of total
i.
probability, we can write: Pj = r−1
P
(V
)
·
P
j
i=0 j i

2δq
2δq
, it follows that |Pt (Vi ) − Pt+r (Vi )| ≤ √Crb(q)
, for all i ∈ {0, 1, . . . , r − 1}.
Since P(V0 ) ≥ 1 − √Cr
2 b(q)
(In fact, this holds independently of the value of the time t). This can be shown by an argument similar to
that in Case I of the induction basis.

We will show using the induction hypothesis that for i = 0, 1, . . . , r − 1 and t ≥ tq it holds:
||Pit − Pit+r || ≤

δ 
q 
· Sq−1 +
S
2b(q)

We claim that this will conclude the proof. This follows from the following chain of inequalities:

kPt − Pt+r k ≤
≤
≤

r−1
X
i=0

|Pt (Vi ) − Pt+r (Vi )| +

r−1
X
i=0

q 
2δq
δ
√
Sq−1 +
+
2b(q)
Cb(q) S
δ
Sq
S

Pt (Vi ) · (Pit − Pit+r )

(14)
(15)
(16)

Step (14) follows easily from the triangle inequality (recall that the statistical distance is a norm) and
by using the fact that the Pij ’s are distributions. For Step (15) observe that the second summand in (14) is a
convex combination and Step (16) assumes that C is large enough.


q
To finish the proof we show that kP0t − P0t+r k ≤ Sδ · Sq−1 + 2b(q)
. The proofs for the r − 1 remaining
cases are very similar.
For i = 0, 1, . . . , r − 1 denote Pi = (P|Vi ). Let Nj = (Nj1 , . . . , Njr−1 ) be a random vector such that
the random variable Njl (l = 1, 2, . . . , r − 1) counts the number of times the walk makes a step x ∈ Zqr with
def Pr−1
x
= l during the first j steps. Consider a vector s = (s1 , s2 , . . . , sr−1 ) such that |s| =
i=1 si ≤ j and
P1 r−1
ks
≡
0
mod
r.
Then,
we
have:
k
k=1
 Y

i ∗si
(P0j |Nj = s) = {∗ }r−1
(P
)
)
∗ (P0 )∗(j−|s|)
i=1
Q
where by {∗ } we denote the convolution product. The above equality holds for the following reason: The
q−1
distribution on the left hand side is the distribution on V0 ∼
= Zr given that the walk makes sl steps x with
x1 = l (l = 1, 2, . . . , r − 1) (and j − |s| steps with x1 = 0). The equality follows by commutativity.
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Therefore, by the law of total probability, we can write P0j as the following convex combination of
conditional distributions:
 Y

X
i ∗si
P0j =
Pr[Nj = s] · {∗ }r−1
(P
)
)
∗ (P0 )∗(j−|s|)
i=1
P
( r−1
k=1 ksk ≡0

mod r) and (|s|≤j)

Using this fact, we can bound kP0t − P0t+r k for t = tq as follows:
√
kP0t − P0t+r k ≤ Pr[Nt 6= Nt+r ] + Pr[|Nt | ≥ 4qr 2 log r C log(1/δ)]
Y
X

i ∗si
Pr[Nt = s] · {∗ }r−1
∗ [(P0 )∗(t−|s|) − (P0 )∗(t+r−|s|) ]
+
i=1 (P )
s such that
P
( r−1
0 mod r)
k=1 ksk ≡ √
2
(|s| ≤ 4qr log r C log(1/δ))

The first summand is equal to the probability that a non-trivial step in the first coordinate
(i.e step x
√
with x1 6= 0) was√made in one of the times t + 1, . . . , t + r and this is at most 2δq/ Crb(q) (because
P(V0 ) ≥ 1 − 2δq/ Cr 2 b(q)).
Pr−1 i
To upper bound the second summand,
√ 2we observe that |Nt | = i=1 Nt is a binomial random variable
with parameters t = tq and p ≤ 2δq/ Cr b(q). Thus, by a standard Chernoff bound, we get that the second
q
for large enough
summand is also very small, so that the sum of the first two summands is at most Sδ · 2b(q)
C.
√
Now consider the third summand. Since |s| ≤ 4qr 2 log r C log(1/δ), it follows that tq − |s| ≥ tq−1
and the induction hypothesis implies:

 Y
i ∗si
∗ [(P0 )∗(t−|s|) − (P0 )∗(t+r−|s| ]
{∗ }r−1
(P
)
i=1

≤
≤

(P0 )∗(t−|s|) − (P0 )∗(t+r−|s|)
δ
· Sq−1
S

Q
i ∗si is a distribution. Therefore, the expresThe first inequality follows from the fact that {∗ }r−1
i=1 (P )
δ
sion S · Sq−1 is an upper bound for the third summand and the proof is complete.
E.1.3 Proof of Theorem 36.
Recall that the length of a monomial is the number of distinct variables that occur in it (so for example x21 x42
has length two). Recall that an affine function is simply a degree-1 polynomial.
Let f : Fn → F be any function. We say that the influence of variable xi on f is
def

Inf i (f ) =

Pr

x1 ,...,xn ,y∈F

[f (x1 , . . . , xi−1 , xi , xi+1 , . . . , xn ) 6= f (x1 , . . . , xi−1 , y, xi+1 , . . . , xn )].

If f is a single monomial of length ℓ that contains the variable x1 , then the influence of x1 on f is
(1 − P1 )ℓ (the probability that the other ℓ − 1 variables besides x1 all take nonzero values is (1 − P1 )ℓ−1 , and
then there is a 1 − P1 probability that the value of x1 changes when we re-randomize). Similarly, if g is an
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s-sparse polynomial in which x1 occurs in r monomials of length ℓ1 , . . . , ℓr , then the influence of x1 is at
most




1 ℓ1
1 ℓr
1−
+ ··· + 1 −
.
P
P
The total influence of f is the sum of the influences of all variables. Each monomial of length ℓ in a
polynomial g contributes at most ℓ(1 − P1 )ℓ to the total influence of f (i.e. if a polynomial has k monomials
of lengths ℓ1 , . . . , ℓk then the total influence of g is at most ℓ1 (1 − P1 )ℓ1 + · · · + ℓk (1 − P1 )ℓk .
Note that each variable in an affine function of the form (7) has influence 1 − P1 , and the total influence
of such a function is precisely (s + r)(1 − P1 ).
The following fact will be useful:
Fact 46. Let f, g : Fn → F be two functions such that for some variable xi we have |Infi (f ) − Infi (g)| = τ.
Then f is τ /2-far from g.
Proof. We may assume without loss of generality that Inf i (g) = Inf i (f )+τ. Let x denote a uniform random
input from F and let x′ denote x with the i-th coordinate re-randomized. We have
Pr [g(x) 6= g(x′ )] ≤

x,x′

Pr [g(x) 6= f (x)] + Pr′ [f (x) 6= f (x′ )] + Pr′ [f (x′ ) 6= g(x′ )].

x,x′

x,x

x,x

Rearranging, we get
τ

=
≤

Pr [g(x) 6= g(x′ )] − Pr′ [f (x) 6= f (x′ )]

x,x′

x,x

Pr [g(x) 6= f (x)] + Pr′ [f (x′ ) 6= g(x′ )] = 2 Pr′ [g(x) 6= f (x)]

x,x′

x,x

x,x

where the final inequality holds since both x and x′ are uniformly distributed. This gives the fact.



Finally, recall that in any polynomial g(x1 , . . . , xn ) over F, we may assume without loss of generality
that no variable’s degree in any monomial is greater than P − 1. (The multiplicative group is of size P − 1
and hence αP = α for every α ∈ F.)
Proof of Theorem 36.
Let g be an s-sparse polynomial in F[x1 , . . . , xn ] and let A(x) be a fixed affine function given by
equation (7). We will show that g must be Φ(P )-far from A and thus prove the theorem.
First note that without loss of generality we may assume g has no term of degree 1. (Suppose g has t
such terms. Let g′ be the polynomial obtained by subtracting off these terms. Then g′ is (s − t)-sparse and
is Φ(P )-close to the affine function A′ (x) obtained by subtracting off the same terms; this affine function
has at least s + r − t nonconstant terms. So we can run the following argument on g′ with s − t playing the
role of “s” in the lemma.)
Now we observe that g must satisfy
Inf 1 (g) + · · · + Inf s (g) ≥ (1 − 4Φ(P ))s(1 −

1
).
P

(17)

If this were not the case, then some variable xi in x1 , . . . , xs would necessarily have influence at most
(1 − 4Φ(P ))(1 − P1 ) on g. Since the influence of xi on (7) is 1 − P1 , by Fact 46 this would mean that g is at
least 2Φ(P )(1 − P1 ) ≥ Φ(P )-far from (7), and we would be done.

Notation. We will henceforth refer to monomials in g of length less than P 2 as short monomials, and we
write S to denote the set of all short monomials in g. For P 2 ≤ ℓ ≤ P 8 , we refer to monomials in g of
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length ℓ as intermediate monomials, and we write I to denote the set of all intermediate monomials in g.
Finally, for ℓ > P 8 we refer to monomials in g of length ℓ as long monomials, and we write L to denote the
set of all long monomials.
Observe that
• Each monomial in g that is intermediate or long contributes at most 1/4 to Inf 1 (g) + · · · + Inf s (g).
This is because each monomial of length ℓ ≥ P 2 contributes at most ℓ(1 − P1 )ℓ to this sum, and for
integer ℓ the value maxℓ≥P 2 ℓ(1 − P1 )ℓ is achieved at ℓ = P 2 where the value is at most 1/4 (the
upper bound holds for all integer P ≥ 2).
• Each short monomial in g contributes at most P/e to Inf 1 (g) + · · · + Inf s (g). This is because
maxℓ≥1 ℓ(1 − P1 )ℓ ≤ P/e (the max is achieved around ℓ ≈ P ).
Since the RHS of (17) is at least (1 −

1.2
P )s,

we have the following inequalities:


1.2
|I| + |L| |S|P
+
≥ 1−
s
and
|I| + |L| ≤ s
4
e
P

(the second inequality holds simply because there are at most s long monomials). These inequalities straights
.
forwardly yield |S| ≥ 3P
P
Let mℓ denote the number of monomials in g that have length exactly ℓ. Note that we have ℓ>P 8 mℓ =
|L| ≤ s.
Given two monomials M1 , M2 that occur in g, we say that M1 covers M2 if all variables in M1 are also
in M2 (note we do not care about the degrees of the variables in these monomials). We refer to such a pair
(M1 , M2 ) as a coverage; more precisely, if M1 is of length ℓ we refer to the pair (M1 , M2 ) as an ℓ-coverage.
(One can view each ℓ-coverage as an edge in a bipartite graph.)
Let S ′ ⊆ S be the set of those monomials M in S which are “maximal” in the sense that no other
monomial M ′ ∈ S (with M ′ 6= M ) covers M.
2

Claim 47. We have |S ′ | ≥ s/(3P P ).
Proof. Since S is finite it is clear that S ′ is nonempty; suppose the elements of S ′ are M1 , . . . , Mk . Each
of the (at least s/(3P ) many) elements of S is covered by some Mi . But each Mi is of length ℓ for some
ℓ ≤ P 2 − 1, and hence can cover at most P ℓ monomials (any monomial covered by Mi is specified by
giving ℓ exponents, each between 0 and P − 1, for the ℓ variables in Mi ).


2
2
Fix any ℓ ≥ P 2 . Each fixed monomial of length ℓ participates in at most Pℓ2 P P ≤ (ℓP )P many

ℓ-coverages of monomials in S ′ . (There are Pℓ2 ways to choose a subset of P 2 variables, and once chosen,
each variable may take any exponent between 0 and P − 1.) Consequently, the length-ℓ monomials in g
2
collectively participate in at most mℓ (ℓP )P many ℓ-coverages of variables in S ′ in total. By Claim 47, it
follows that
2
2
2
3mℓ ℓP P 2P
mℓ (ℓP )P
.
=
EM ∈S ′ [# ℓ-coverages M is in] ≤
s
s/(3P P 2 )
By Markov’s inequality, we have
Pr [# ℓ-coverages M is in ≥ 3mℓ ℓP

M ∈S ′

2 +2

2

P 2P /s] ≤ 1/ℓ2 .

So for each ℓ ≥ P 2 , we have that at most a 1/ℓ2 P
fraction of monomials in S ′ are covered by at least
2 +2
2
P
2P
/s many length-ℓ monomials. Since ℓ≥P 2 1/ℓ2 < 1/2, we have that at least half of the
3mℓ ℓ
P
monomials in S ′ have the following property:
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• For all ℓ ≥ P 2 , at most 3mℓ ℓP

2 +2

2

P 2P /s many length-ℓ monomials cover M.

(†)

Fix M to be some particular monomial with property (†). Since M belongs to S ′ , we know that no short
monomial in g covers M ; we now show that for a constant fraction of all restrictions ρ of variables outside
of M , no intermediate or long monomial in gρ covers M. (Once this is accomplished, we will be almost
done.)
First observe that for any value ℓ with P 2 ≤ ℓ ≤ P 8 , using the fact that mℓ /s is at most 1, we have that
at most
2
2
2
2
3ℓP +2 P 2P ≤ 3P 10P +16 ≤ P 10P +18
2

2

many length-ℓ monomials cover M. So in total there are at most (P 8 − P 2 + 1)P 10P +18 ≤ P 10P +26
many intermediate monomials that cover M ; let T denote the set of these intermediate monomials. Each
intermediate monomial in T has length strictly greater than the length of M , so each such monomial contains
2
at least one variable that is not in M . Let V be a set of at most P 10P +26 variables such that each monomial
in T contains at least one variable from V , and let ρ1 be the restriction that sets all variables in V to 0
and leaves all other variables unfixed. Note that for each long monomial in g, applying ρ1 either kills the
monomial (because some variable is set to 0) or leaves it unchanged (no variable in the monomial is set) in
gρ1 . Thus the result of applying ρ1 is that no intermediate monomial in gρ1 covers M.
Now let ρ2 denote a random restriction over the remaining variables which leaves free precisely those
variables that occur in M and fixes all other variables independently to uniformly chosen elements of F.
Suppose M ′ is a long monomial (of length ℓ > P 8 ) from g that survived into gρ1 . It must be the case that
M ′ contains at least ℓ − P 2 variables that are neither in M nor in V , and consequently the probability that
M ′ is not killed by ρ2 (i.e. the probability that all variables in M ′ that are not in M are set to nonzero values
2
under ρ2 ) is at most (1 − P1 )ℓ−P . Consequently the expected number of length-ℓ monomials in gρ1 that
2
2
2
cover M and are not killed by ρ2 is at most 3mℓ ℓP P 2P (1 − P1 )ℓ−P /s. Summing over all ℓ > P 8 , we
have
Eρ2 [# long monomials that cover M and survive ρ1 ρ2 ]
X 3mℓ ℓP 2 P 2P 2 (1 − 1 )ℓ−P 2
P
≤
s
ℓ>P 8


X mℓ
 · max 3ℓP 2 P 2P 2 (1 − 1 )ℓ−P 2 .
≤ 
s
P
ℓ≥P 8
8

(18)

(19)

ℓ>P

P

We have ℓ>P 8 msℓ ≤ 1. A routine exercise shows that for all P ≥ 2, the max in (19) is achieved at
ℓ = P 8 where the value is at most 1/2 (in fact it is far smaller). So (18) is certainly at most 1/2, and we
have
Eρ2 [# long monomials that cover M and survive ρ1 ρ2 ] ≤ 1/2.
So the probability that any long monomial that covers M survives ρ1 ρ2 is at most 1/2. Since we already
showed that no short or intermediate monomial in gρ1 ρ2 covers M , it follows that with probability at least
1/2 over the random choice of ρ2 , no monomial in gρ1 ρ2 covers M except for M itself.
Now let ρ denote a truly random restriction that assigns all variables not in M uniformly at random and
keeps all variables in M free. Since the variables in V will be assigned according to ρ2 with probability
10P 2 +26

10P 2 +26

10P 2 +26

+1 ) over the random
) > 1/(P P
, we have that with probability at least 1/(2P P
1/P P
choice of ρ, no monomial in gρ covers M . Suppose ρ is such a restriction. Since M itself clearly survives the
restriction ρ, we have that the function gρ (a function on length(M ) ≤ P 2 − 1 many variables) is different
from the function Aρ – this is simply because the polynomial gρ contains the monomial M , which is not of
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degree 1, whereas all monomials in Aρ have degree 1. Hence the functions gρ and Aρ differ on at least one
2
of the (at most) P P −1 possible inputs.
10P 2 +26

+1 ) fraction of all restrictions of the variables not
So, we have shown that for at least a 1/(P P
2
occurring in M , the error of g under the restriction in computing A is at least 1/P P −1 . This implies that
the overall error of g in computing A is at least

1/(P P

10P 2 +26 +P 2

) = Φ(P )


and we are done with the proof of Theorem 36.

E.2. Lower Bounds for Boolean Function Classes
In this section we prove lower bounds on the query complexity of testing size-s decision trees, size-s
branching programs, s-term DNF, and size-s Boolean formulas (Theorem 48), and Boolean functions with
Fourier degree at most d (Theorem 51).
Theorem 48. Let ǫ = 1/1000. Any ǫ-testing algorithm for any of the following classes of functions over
{0, 1}n must make Ω(log s/ log log s) queries: (i) size-s decision trees; (ii) size-s branching programs; (iii)
s-term DNF; (iv) size-s Boolean formulas.
Proof. The proof combines a counting argument with the result of Chockler and Gutfreund [3] showing
that Ω(J/k) queries are required to distinguish between J-juntas and (J + k)-juntas over {0, 1}n . More
precisely, consider the following distributions:
1. DNO is the uniform distribution over all functions (on n variables) that depend on (at most) the first
(J + k) variables.
2. DYES is the distribution obtained in the following way. Choose a k-element subset Ik uniformly and
randomly from the set {1, . . . , J + k}. Then choose a uniformly random function from the set of all
functions on n variables that depend on (at most) the variables indexed by the set [J + k] \ Ik .
Chockler and Gutfreund show that with very high probability a random draw from DNO is far from every
J-junta, whereas clearly every draw from DYES is a J-junta. Given any putative testing algorithm, the distributions DYES , DNO over functions induce two distributions CY ES , CN O over “query-answer histories”.
Chockler and Gutfreund show that for any (even adaptive) algorithm that makes fewer than Ω(J/k) queries,
the statistical difference between CY ES and CN O will be at most 1/6. This implies that any successful
testing algorithm must make Ω(J/k) queries.
We adapt this argument to prove Theorem 48 as follows. Let Cs be a class of functions for which we
would like to prove a lower bound (e.g. Cs could be the class of all Boolean functions over n variables that
are computed by decision trees of size at most s). We choose J (as a function of s) such that any J-junta is a
function in Cs ; with this choice the distribution DYES described above is indeed a distribution over functions
in the class. We choose k (as a function of J) so that with very high probability, a random function drawn
from DNO (i.e. a random function over the first J +k variables) is ǫ-far from every function in Cs . This gives
an Ω(J/k) lower bound for testing whether a black-box function is in Cs or is ǫ-far from every function in
Cs .
For all of the classes addressed in Proposition 48 we can take J = log2 s and k = Θ(log J). We work
through the analysis for size-s decision trees, sketch the analysis for size-s branching programs, and leave
the (very similar) analysis for s-term DNF and size-s Boolean formulas to the interested reader.
Decision Trees (of size s): We set J = log2 s and k = log2 J. It is clear that any J-junta can be expressed
as a size-s decision tree.
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Lemma 49. Fix ǫ = 1/1000. With very high probability, a random (J +log J)-junta over the first (J +log J)
variables is ǫ-far from any size-s decision tree over the first (J + log J) variables.
Proof. For any size-s decision tree over the first (J + log J) variables, the number of (J + log J)-juntas
Pǫ·2J +log J 2J +log J 
J +log J
(over these variables) ǫ-close to it equals i=0
=
. For ǫ = 1/1000, this is at most 20.1·2
i
Pn/α n
α−1
J
α
n
1/α
(J/10)2
(recall that the sum of the binomial coefficients k=0 k is O(C(α) ), where C(α) = α ( α−1 ) α .)
2
Now we upper bound the number of size-s decision trees over the first J + log J variables. There are
J
at most 4s = 22·2 ) distinct decision tree topologies for trees with s leaves. For each topology there are at
J
most (J + log J)s ≤ 22s log log s = 2(2 log J)2 different labellings of the nodes.
Thus, the number of (J + log J)-juntas that are ǫ-close to any decision tree of size s (over the first
J
J + log J variables) is at most 2(J/10+2 log J)2 . This is a vanishingly small fraction of the total number of
J
J +log J

= 2J·2 .
(J + log J)-juntas over the first (J + log J) variables, which is 22
We are not quite done, since we need that with very high probability a random function from DNO is
ǫ-far from every size-s decision tree, not just from size-s decision trees over the first (J + log J) variables.
This follows easily from the previous lemma:
Corollary 50. For ǫ = 1/1000, with very high probability a random (J + log J)-junta over the first (J +
log J) variables is ǫ-far from any size-s decision tree (over n variables).
Proof. Let f be any (J + log J)-junta over the set {x1 , . . . , xJ+log J }. Suppose that g is a size-s decision
tree over {x1 , . . . , xn } that is ǫ-close to f . It is not hard to show that then there exists a size-s decision tree
g′ over the relevant variables {x1 , . . . , xJ+log J } that is ǫ-close to f as well (g′ can be obtained from g by
fixing all the irrelevant variables to the values that maximize g’s agreement with f ).

We have thus established part (i) of Theorem 48.
Branching Programs: We only sketch the required analysis. We set J = log2 s and k = 10 log 2 J.
Any J-junta can be expressed as a size-s branching program. Simple counting arguments show that for
ǫ = 1/1000, a random (J + k)-junta over {x1 , . . . , xJ+k } is with high probability ǫ-far from every size-s
Branching Program over {x1 , . . . , xJ+k }. An analogue of Corollary 50 completes the argument.
This completes the proof of Theorem 48.

Remark: We note that these simple arguments do not seem to give any non-trivial testing lower bound for
the class of Boolean circuits of size s. It would be interesting to obtain lower bounds for this class.
Finally, we point out the following:
Theorem 51. Let 0 < ǫ < 1/2. Any non-adaptive
√ ǫ-testing algorithm for the class of Boolean functions
n
over {0, 1} with Fourier degree d must make Ω̃( d) queries.
Proof. Consider the following two distributions over Boolean functions on {−1, 1}n :
1. DNO is the uniform distribution over all
2. DYES is the uniform distribution over all

n 
d+2
n
d

parities of exactly d + 2 variables from x1 , . . . , xn ;

parities of exactly d variables from x1 , . . . , xn .

Every function in the DYES distribution clearly has Fourier degree, whereas every function in the DNO
distribution has distance precisely 1/2 from every function with Fourier degree d (this follows immediately
from Parseval’s identity). Fischer et al.√showed that any non-adaptive algorithm for distinguishing draws

from DYES versus DNO must make Ω̃( d) draws; this immediately gives the desired result.
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