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Abstract

We describe a general method for testing whether a
function on n input variables has a concise representa-
tion. The approach combines ideas from the junta test
of Fischer et al. [6] with ideas from learning theory, and
yields property testers that make poly(s/ε) queries (in-
dependent of n) for Boolean function classes such as
s-term DNF formulas (answering a question posed by
Parnas et al. [12]), size-s decision trees, size-s Boolean
formulas, and size-s Boolean circuits.

The method can be applied to non-Boolean valued
function classes as well. This is achieved via a gener-
alization of the notion of variation from Fischer et al. to
non-Boolean functions. Using this generalization we ex-
tend the original junta test of Fischer et al. to work for
non-Boolean functions, and give poly(s/ε)-query test-
ing algorithms for non-Boolean valued function classes
such as size-s algebraic circuits and s-sparse polynomi-
als over finite fields.

We also prove an Ω̃(
√

s) query lower bound for
nonadaptively testing s-sparse polynomials over finite
fields of constant size. This shows that in some instances,
our general method yields a property tester with query
complexity that is optimal (for nonadaptive algorithms)
up to a polynomial factor.
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1. Introduction

Suppose you are given black-box access to a pro-
gram computing an unknown function. You would like
to gain some understanding of the program by query-
ing it as few times as possible. A natural first question
is whether the program has some sort of concise repre-
sentation: is it representable by a small decision tree?
a small DNF formula, Boolean circuit, or algebraic cir-
cuit? a sparse polynomial?

In this paper we study the problem of testing
whether a function has a concise representation for var-
ious different types of representations, including those
mentioned above. We work in the standard model of
property testing. Namely, we assume that we have
black-box query access to an unknown function f :
Ωn → X , and we are interested in algorithms that accept
any function which has a concise representation of the
desired type and reject any function which is ε-far from
having such a representation (i.e. for every function f ′

which has such a representation, f and f ′ disagree on at
least an ε fraction of inputs). As is standard in property
testing, we assume that queries to the function are the
limiting resource (rather than computation time), and we
would like to obtain algorithms whose query complexity
is independent of n, the number of inputs to the function.

Previous work on testing function classes. There
has been considerable research on testing functions for
various types of representations. Our work is most di-
rectly motivated by the paper of Parnas et al. [12], who
gave algorithms for testing whether Boolean functions
f : {0, 1}n→{0, 1} have certain very simple representa-
tions as Boolean formulae. They gave an O(1/ε)-query
algorithm for testing whether f is a single Boolean lit-
eral or a Boolean conjunction, and an Õ(s2/ε)-query
algorithm for testing whether f is an s-term monotone
DNF. Parnas et al. posed as an open question whether
a similar testing result can be obtained for the broader



class of general (non-monotone) s-term DNF formulas.
Other closely related results include the following:

An O(1/ε)-query algorithm for testing whether a func-
tion can be represented as a linear form over a finite field
is given in Blum et al. [2]. This algorithm was subse-
quently generalized in several works to test whether f
can be represented as a low-degree polynomial. In par-
ticular, [1, 8, 9] consider the case when f is defined over
a small finite field. Fischer et al. [6] gave an algorithm to
test whether a Boolean function f : Ωn → {0, 1} is a J-
junta (i.e. depends only on at most J of its n arguments)
with query complexity polynomial in J and 1/ε.

Other research in the area includes the work of
Kearns and Ron [10], who gave testing algorithms for
the classes of interval functions over the continuous in-
terval [0, 1] and for neural networks and decision trees
over the continuous cube [0, 1]n. Their results are not
comparable to ours because they differ from the “stan-
dard” property testing results in several ways; for one
thing, they view the dimension n as a constant and their
algorithms have query complexity that depends (expo-
nentially) on n.

Our Results. Our main result is a general algorithm
that can be used to test whether an unknown function
f : Ωn → X belongs to one of many different represen-
tation classes, as long as the representation class satisfies
certain conditions. We show that this algorithm yields
property testers for many classes that were not previ-
ously known to be testable. These include decision lists,
size-s decision trees, size-s branching programs, s-term
DNF (resolving the aforementioned open question of
Parnas et al. ), size-s Boolean formulas, size-s Boolean
circuits, and s-sparse polynomials over F2.1 For each
of these classes the testing algorithm uses poly(s, 1/ε)
many queries, independent of the number n of inputs to
the function (the running time is exponential in s, though
linear in n). These testing results are summarized in
the top part of Table 1. We note that our general algo-
rithm can also be easily shown to yield property testers
for all of the classes tested in [12]; the query complexi-
ties would be slightly larger than in [12], but would not
require a specialized algorithm for each problem.

Our second contribution is a generalization of the
notion of variation given in [6] to functions with non-
Boolean ranges. This generalization, and the properties
we establish for the generalized variation, lets us ex-
tend the junta test of [6] to functions with non-Boolean
ranges. It also allows us to use our general algorithm to
achieve testers for non-Boolean valued function classes

1We remind the reader that if C is a subclass of C′, the existence of
a testing algorithm for C′ does not imply the existence of a testing al-
gorithm for C; thus, for example, our testing result for Boolean circuits
does not imply the results for weaker representations such as Boolean
formulas or DNF formulas.

such as size-s algebraic circuits, size-s algebraic compu-
tation trees, and s-sparse polynomials over finite fields
(see the bottom of Table 1).

Our third main contribution is a lower bound; we
show that any non-adaptive algorithm to test s-sparse
polynomials over finite fields of constant size must make
Ω̃(
√

s) queries. Since this is within a polynomial fac-
tor of our upper bound, this result shows that in at
least one instance our general algorithm yields a tester
that is nearly optimal. (For testing other representa-
tion classes, there is a larger gap between our upper and
lower bounds. We give some simple but fairly weak
lower bounds for other representation classes in the full
version of the paper.)

Our techniques. Our approach combines ideas
from the junta test of Fischer et al. [6] with ideas from
learning theory. The basic idea of using a learning al-
gorithm to do property testing goes back to Goldreich
et al. [7]. They observed that any proper learning algo-
rithm for a class C can immediately be used as a testing
algorithm for C. (If f belongs to C, then a proper learn-
ing algorithm can be used to find a function f ′ ∈ C that
f is ε/2-close to, while if f is ε-far from C then clearly
the proper learning algorithm cannot find any function
f ′ ∈ C that f is even ε-close to.) However, it is
well known that proper learning algorithms for virtually
every interesting class of n-variable functions (such as
all the classes listed in Table 1, including such simple
classes as Boolean literals) must make at least Ω(log n)
queries. Thus this testing-by-learning approach did not
previously yield any strong results for testing interesting
function classes.

We get around this impediment by making the key
observation that many interesting classes C of func-
tions are “well-approximated” by juntas in the following
sense: every function in C is close to some function in
CJ , where CJ ⊆ C and every function in CJ is a J-junta.
For example, every s-term DNF over {0, 1}n is τ -close
to an s-term DNF that depends on only s log s/τ vari-
ables, since each term with more than log s/τ variables
can be removed from the DNF at the cost of at most
τ/s error. Roughly speaking, our algorithm for testing
whether f belongs to C works by attempting to learn
the “structure” of the junta in CJ that f is close to with-
out actually identifying the relevant variables on which
the junta depends. If the algorithm finds such a junta
function, it accepts, and if it does not, it rejects. Our ap-
proach can be characterized as testing by implicit learn-
ing (as opposed to the explicit proper learning in the ap-
proach of Goldreich et al. [7]), since we are “learning”
the structure of the junta to which f is close without ex-
plicitly identifying its relevant variables. Indeed, avoid-
ing identifying the relevant variables is what makes it
possible to have query complexity independent of n.



Class of functions Number of Queries Reference
Boolean functions f : {0, 1}n → {0, 1}

Boolean literals (dictators), conjunctions O(1/ε) [12]
s-term monotone DNFs Õ(s2/ε) [12]

J-juntas Õ(J2/ε), Ω(J) (adaptive) [6], [3]
decision lists Õ(1/ε2) this paper

size-s decision trees, size-s branching programs, Õ(s4/ε2), this paper
s-term DNFs, size-s Boolean formulas Ω(log s/ log log s) (adaptive)

s-sparse polynomials over F2 Õ(s4/ε2), Ω̃(
√

s) this paper
size-s Boolean circuits Õ(s6/ε2) this paper

functions with Fourier degree ≤ d Õ(26d/ε2), Ω̃(
√

d) this paper
General functions f : Ωn → X

J-juntas Õ(J2/ε) this paper

s-sparse polynomials over field of size |F| Õ((s|F|)4/ε2), this paper
Ω̃(
√

s) for |F| = O(1)
size-s algebraic circuits,

Õ(s4 log3 |F|/ε2) this papersize-s algebraic computation trees over F

Table 1. Selected previous results on testing function classes. Our upper bounds are for adap-
tive algorithms, though in all cases very similar bounds for non-adaptive algorithms can be
achieved. The lower bounds are for non-adaptive algorithms unless otherwise indicated by
(adaptive).

We find the structure of the junta f ′ in CJ that f is
close to by using the techniques of [6]. As in [6], we be-
gin by randomly partitioning the variables of f into sub-
sets and identifying which subsets contain an influential
variable (the random partitioning ensures that with high
probability, each subset contains at most one such vari-
able if f is indeed in C). Next, we create a sample of ran-
dom labeled examples (x1, y1), (x2, y2), ..., (xm, ym),
where each xi is a string of length J (not length n;
this is crucial to the query complexity of the algorithm)
whose bits correspond to the influential variables of f ,
and where yi corresponds with high probability to the
value of junta f ′ on xi. Finally, we exhaustively check
whether any function in CJ – over J input variables – is
consistent with this labeled sample. This step takes at
least |CJ | time steps, which is exponential in s for the
classes in Table 1; but since |CJ | is independent of n we
are able to get away with an overall query complexity
that is independent of n. (The overall time complexity
is linear as a function of n; note that such a runtime de-
pendence on n is inevitable since it takes n time steps
simply to prepare a length-n query string to the black-
box function.) We explain our testing algorithm in more
detail in Section 3.

In order to extend our testing results and the junta
testing results in [6] to functions with non-Boolean
ranges, we extend the technical definition of variation

given in [6] to more general functions (intuitively, the
variation is a measure of the ability of a set of variables
to sway a function’s output). We show that this extended
definition has the necessary properties to carry the analy-
sis of the junta tests and our test over to this more general
setting. We present and analyze our extended definition
of variation in Section 3.3.

Finally, we prove our lower bound for testing s-
sparse polynomials over finite fields in two stages. We
first show that any non-adaptive algorithm that can suc-
cessfully distinguish a linear form xi1 + · · ·+ xis (over
s randomly selected variables from x1, . . . , xn) from
a linear form xi1 + · · · + xis+p (over s + p randomly
selected variables, where p is the characteristic of the fi-
nite field) must make Ω̃(

√
s) queries. This is a technical

generalization of a similar result for F2 in [6]; the heart
of our proof is an extension of a convergence type re-
sult about random walks over Zq

2 with arbitrary step dis-
tribution to random walks over Zq

p. (As an interesting
side product, the latter also partially answers a question
posed in [6] as to what groups possess a similar conver-
gence type property.) We then prove that every s-sparse
polynomial g over finite field F is “far” from every affine
function with at least s + 1 non-zero coefficients. This
result does not have an analogue in [6] (that paper es-
tablishes a lower bound on distinguishing size-s parities
from size-(s + 2) parities, and it is trivially true that ev-



ery size-s parity is far from every size-(s + 2) parity)
and its proof requires several ideas; our argument uses
random restrictions chosen according to a distribution
that depends on the structure of the polynomial g. We
present these results in Section 4.

2. Preliminaries

For i ∈ N, we denote [i] def= {1, 2, . . . , i}. Through-
out the paper, Ω denotes an arbitrary finite set and X
denotes an arbitrary finite range set. We will be inter-
ested in functions f that map from Ωn to X. In keep-
ing with the notation of Fischer et al. [6] we sometimes
write P([n]) to denote the domain Ωn, and we write
x = (x1, . . . , xn) to denote an element of the domain
P([n]). An important special case for many of the appli-
cations of our main result is when f is a Boolean func-
tion over the Boolean hypercube, i.e. Ω = {0, 1}n and
X = {−1, 1}.

We view the domain P([n]) as endowed with the
uniform probability measure. Two functions f1, f2 :
P([n]) → X are said to be ε-close if Pr[f1(x) 6=
f2(x)] ≤ ε, and are ε-far if Pr[f1(x) 6= f2(x)] > ε.
We write E to denote expectation and V to denote vari-
ance.

Let f : P([n]) → X be a function and let I ⊆ [n]
be a subset of the input coordinates. We define P(I) to
be the set of all partial assignments to the input coordi-
nates xi for i ∈ I . Thus P([n]) = Ωn is the entire do-
main of all input vectors of length n. For w ∈ P([n]\I)
and z ∈ P(I), we write w t z to denote the assignment
whose i-th coordinate is wi if i ∈ [n] \ I and is zi if
i ∈ I .

A function f : P([n]) → X is said to be a J-junta
if there exists a set J ⊆ [n] of size at most J such that
f(x) = f(y) for every two assignments x, y ∈ P([n])
that agree on J .

Let S be a finite set and P, Q be probability mea-
sures on it. The statistical distance between P and Q is
defined by ‖P−Q‖ def= maxA⊆S |P(A)−Q(A)|.

3. The test and an overview of its analysis

In this section we present our testing algorithm and
give an intuitive explanation of how it works. We close
this section with a detailed statement of our main the-
orem, Theorem 4, describing the correctness and query
complexity of the algorithm.

3.1. Subclass approximators.

Let C denote a class of functions from P([n]) to X .
We will be interested in classes of functions that can be

closely approximated by juntas in the class. We have the
following:

Definition 1. For τ > 0, we say that a subclass C(τ) ⊆
C is a (τ, J(τ))-approximator for C if

• C(τ) is closed under permutation of variables, i.e.
if f(x1, . . . , xn) ∈ C(τ) then f(xσ1 , . . . , xσn

) is
also in C(τ) for every permutation σ of [n]; and

• for every function f ∈ C, there is a function f ′ ∈
C(τ) such that f ′ is τ -close to f and f ′ is a J(τ)-
junta.

Typically for us C will be a class of functions with
size bound s in some particular representation, and J(τ)
will depend on s and τ. (A good running example to
keep in mind is Ω = {0, 1}, X = {−1, 1}, and C
is the class of all functions that have s-term DNF rep-
resentations. In this case we may take C(τ) to be
the class of all s-term log(s/τ)-DNFs, and we have
J(τ) = s log(s/τ).) Our techniques will work on func-
tion classes C for which J(τ) is a slowly growing func-
tion of 1/τ such as log(1/τ). In Section 3.7 we will con-
sider many different specific instantiations of C and cor-
responding choices of C(τ).

We write C(τ)k to denote the subclass of C(τ) con-
sisting of those functions that depend only on variables
in {x1, . . . , xk}. We may (and will) view functions in
C(τ)k as taking k arguments from Ω rather than n.

3.2. The independence test.

An important sub-test that will be used throughout
the main test is the independence test from [6].

Independence test: Given a function f , and a set of
variables I , choose w ∈R P([n] \ I) and z1, z2 ∈R P(I).
Accept if f(wtz1) = f(wtz2) and reject if f(wtz1) 6=
f(w t z2).

If f is independent of the coordinates in I , the in-
dependence test always accepts. On the other hand, in-
tuitively if I contains highly relevant variables that are
likely to sway the output of f , the independence test is
likely to reject.

3.3. Extended variation and testing jun-
tas with non-Boolean ranges.

Fischer et al. [6] defined the notion of the variation
of a function on a subset of input variables. The varia-
tion is a measure of the extent to which the function is
sensitive to the values of the variables in the set. Let us
recall their definition of variation.



Definition 2. Let f be a function from P([n]) to
{−1, 1}, and let I ⊆ [n] be a subset of coordinates.
We define the variation of f on I as

Vrf (I) def= Ew∈P([n]\I)

[
Vz∈P(I) [f(w t z)]

]
. (1)

Fischer et al. showed that the variation is monotone
and sub-additive; that for a subset I of the variables, the
probability that the independence test rejects is exactly
1
2Vrf (I); and that if Vrf (I) ≤ 2ε then f is ε-close to
a function which does not depend on the variables in
I . The analysis of their junta tests depends crucially on
these properties of variation.

Unfortunately, the variation properties stated above
do not always hold for functions with non-Boolean
range, and the original analysis of the junta test does
not carry over to the non-Boolean setting. Intuitively,
however, the fact that a function may take on more than
two values should not make the junta test incorrect. The
independence test, which is the main component of the
junta test, only checks if values of the function are equal
or different. Can one modify the definition of variation
and the analysis of the junta test so that the non-Boolean
case is captured too?

An approach that we manage to successfully apply
is mapping the function range to the Boolean range. The
general idea is to pick a mapping from the function range
X to the set {−1, 1} that preserves as much of the sensi-
tivity of the function as possible. If we look at Equation
1 defining variation, we could choose the best mapping
to {−1, 1} either before or after the expectation opera-
tor. It turns out that depending on the context, one or the
other is more suitable, so we define and use both. Denote
by F(X) the set of all functions from X to {−1, 1}.

Definition 3. Let f be a function from P([n]) to X , and
let I ⊆ [n] be a subset of coordinates. We define the
binary variation of f on I as

BinVrf (I) def= max
g∈F(X)

Vrg◦f (I)

= max
g∈F(X)

Ew∈P([n]\I)

[
Vz∈P(I) [g(f(w t z))]

]
,

and the extreme variation of f on I as

ExtVrf (I) def= Ew∈P([n]\I)

[
max

g∈F(X)
Vz∈P(I) [g(f(w t z))]

]
.

To be able to use both new notions of variation, we
need to show that they are related. Probabilistic anal-
ysis shows that these two quantities are always within
a factor of 4 of each other:

1
4
ExtVrf (I) ≤ BinVrf (I) ≤ ExtVrf (I).

In the full version of our paper, we prove that
the binary variation has almost identical properties to
the original variation. Namely, we show that the bi-
nary variation is also monotone and sub-additive; that
the independence test rejects with probability at least
1
2BinVrf (I); and that if BinVrf (I) ≤ ε/4 for some sub-
set I of the variables of f then f is ε-close to a function
that does not depend on I . Furthermore, we explain how
these properties imply that the three junta tests given by
Fischer et al. essentially work for functions with non-
Boolean ranges as well (with minor modifications). In-
deed, the first step of our general testing algorithm A is
essentially the junta test of Fischer et al. modified to ap-
ply to non-Boolean valued functions. We carefully ana-
lyze this first step in the full paper; the results there are
easily seen to imply that this first step gives an Õ(J2/ε)-
query junta test for non-Boolean functions as claimed in
Table 1.

3.4. Explanation of our testing algo-
rithm.

Our algorithm for testing whether a function f :
P([n])→X belongs to C or is ε-far from C is given in
Figures 1 through 3. Given ε > 0 and black-box access
to f , the algorithm performs three main steps:

1. Identify critical subsets. In Step 1, we first ran-
domly partition the variables x1, . . . , xn into r dis-
joint subsets I1, . . . , Ir. We then attempt to identify
a set of j ≤ J(τ?) of these r subsets, which we re-
fer to as critical subsets because they each contain
a “highly relevant” variable. (For now the value τ?

should be thought of as a small quantity; we dis-
cuss how this value is selected below.) This step is
essentially the same as the 2-sided test for J-juntas
from Section 4.2 of Fischer et al. [6]. We will show
that if f is close to a J(τ?)-junta then this step will
succeed w.h.p., and if f is far from every J(τ?)-
junta then this step will fail w.h.p.

2. Construct a sample. Let Ii1 , . . . , Iij
be the crit-

ical subsets identified in the previous step. In
Step 2 we construct a set S of m labeled examples
{(x1, y1), . . . , (xm, ym)}, where each xi is inde-
pendent and uniformly distributed over ΩJ(τ?). We
will show that if f belongs to C, then with high
probability there is a fixed f ′′ ∈ C(τ?)J(τ?) such
that each yi is equal to f ′′(xi). On the other hand,
if f is far from C, then we will show that w.h.p. no
such f ′′ ∈ C(τ?)J(τ?) exists.

To construct each labeled example, we again bor-
row a technique outlined in [6]. We start with a uni-
formly random z ∈ Ωn. We then attempt to deter-
mine how the j highly relevant coordinates of z are



Identify-Critical-Subsets (input is black-box access to f : Ωn → X and ε > 0)

1. Partition the variables x1, . . . , xn into r random subsets by assigning each of x1, . . . , xn equiprobably to one
of I1, . . . , Ir.

2. Choose s random subsets Λ1, . . . ,Λs ⊆ [r] of size J(τ?) by uniformly choosing without repetitions J(τ?)
members of [r]. Each set Λi determines a block Bi

def=
⋃

j∈Λi
Ij . (Note that we do not guarantee that the

blocks are disjoint.)

3. Apply h iterations of the independence test (see Section 3.2) to each block Bi. If all of the independence
test iterations applied to block Bi accept, then Bi is declared to be variation-free, and all the subsets Ij with
j ∈ Λi are declared to be variation-free on its behalf.

4. If:

(a) at least half of the blocks B1, . . . ,Bs are variation-free; and

(b) except for at most J(τ?) subsets, every subset in the partition I1, . . . ,Ir is declared variation-free on
behalf of some block,

then output the list Ii1 , . . . , Iij
of those subsets that are not declared to be variation-free. (We call these the

critical subsets.) Otherwise, halt and output “Not in C.”

Figure 1. The subroutine Identify-Critical-Subsets.

set. Although we don’t know which of the coor-
dinates of z are highly relevant, we do know that,
assuming the previous step was successful, there
should be one highly relevant coordinate in each of
the critical subsets. We use the independence test
repeatedly to determine the setting of the highly rel-
evant coordinate in each critical subset.

For example, suppose that Ω = {0, 1} and I1

is a critical subset. To determine the setting of
the highly relevant coordinate of z in critical sub-
set I1, we subdivide I1 into two sets: the subset
Ω0 ⊆ I1 of indices where z is set to 0, and the
subset Ω1 = I1\Ω0 of indices where z is set to 1.
We can then use the independence test on both Ω0

and Ω1 to find out which one contains the highly
relevant variable. This tells us whether the highly
relevant coordinate of z in subset I1 is set to 0 or
1. We repeat this process for each critical subset in
order to find the settings of the j highly relevant co-
ordinates of z; these form the string x. (The other
J(τ?)−j coordinates of x are set to random values;
intuitively, this is okay since they are essentially ir-
relevant.) We then output (x, f(z)) as the labeled
example.

3. Check consistency. Finally, in Step 3 we search
through C(τ?)J(τ?) looking for a function f ′′ over
ΩJ(τ?) that is consistent with all m examples in S.
(Note that this step takes Ω(|C(τ?)J(τ?)|) time but
uses no queries.) If we find such a function then we
accept f , otherwise we reject.

3.5. Sketch of the analysis.

We now give an intuitive explanation of the analysis
of the test.

Completeness. Suppose f is in C. Then there is some
f ′ ∈ C(τ?) that is τ?-close to f . Intuitively, τ?-close is
so close that for the entire execution of the testing algo-
rithm, the black-box function f might as well actually be
f ′ (the algorithm only performs � 1/τ? many queries
in total, each on a uniform random string, so w.h.p. the
view of the algorithm will be the same whether the target
is f or f ′). Thus, for the rest of this intuitive explanation
of completeness, we pretend that the black-box function
is f ′.

Recall that the function f ′ is a J(τ?)-junta. Let us
refer to the variables, xi, that have BinVrf (xi) > θ (re-
call that BinVrf (xi) is a measure of the influence of vari-
able xi, and θ is some threshold to be defined later) as
the highly relevant variables of f ′. Since f ′ is a junta,
in Step 1 we will be able to identify a collection of
j ≤ J(τ?) “critical subsets” with high probability. Intu-
itively, these subsets have the property that:

• each highly relevant variable occurs in one of the
critical subsets, and each critical subset contains at
most one highly relevant variable (in fact at most
one relevant variable for f ′);

• the variables outside the critical subsets are so “ir-
relevant” that w.h.p. in all the queries the algorithm
makes, it doesn’t matter how those variables are



Construct-Sample (input is the list Ii1 , . . . , Iij output by Identify-Critical-Subsets and black-box access to f )

1. Repeat the following m times to construct a set S of m labeled examples (x, y) ∈ ΩJ(τ?) × X , where
Ω = {ω0, ω1, . . . , ω|Ω|−1}:

(a) Draw z uniformly from Ωn. Let Xq
def= {i : zi = ωq}, for each 0 ≤ q ≤ |Ω| − 1.

(b) For ` = 1, . . . , j

i. w
def= 0

ii. For k = 1, . . . , dlg |Ω|e
A. Ω0

def= union of (Xq ∩ Ii`
) taken over all 0 ≤ q ≤ |Ω| − 1 such that the k-th bit of q is zero

B. Ω1
def= union of (Xq ∩ Ii`

) taken over all 0 ≤ q ≤ |Ω| − 1 such that the k-th bit of q is one
C. Apply g iterations of the independence test to Ω0. If any of the g iterations reject, mark Ω0.

Similarly, apply g iterations of the independence test to Ω1; if any of the g iterations reject,
mark Ω1.

D. If exactly one of Ω0, Ω1 (say Ωb) is marked, set the k-th bit of w to b.
E. If neither of Ω0, Ω1 is marked, set the k-th bit of w to unspecified.
F. If both Ω0, Ω1 are marked, halt and output “no”.

iii. If any bit of w is unspecified, choose w at random from {0, 1, . . . , |Ω| − 1}.
iv. If w /∈ [0, |Ω| − 1], halt and output “no.”
v. Set x` = ωw.

(c) Evaluate f on z, assign the remaining J(τ?)− j coordinates of x randomly, and add the pair (x, f(z))
to the sample of labeled examples being constructed.

Figure 2. The subroutine Construct-Sample.

Check-Consistency (input is the sample S output by Identify-Critical-Subsets)

1. Check every function in C(τ?)J(τ?) to see if any of them are consistent with sample S. If so output “yes”
and otherwise output “no.”

Figure 3. The subroutine Check-Consistency.

set (randomly flipping the values of these variables
would not change the value of f ′ w.h.p.).

Given critical subsets from Step 1 that satisfy the
above properties, in Step 2 we construct a sample of la-
beled examples S = {(x1, y1), . . . , (xm, ym)} where
each xi is independent and uniform over ΩJ(τ?). We
show that w.h.p. there is a J(τ?)-junta f ′′ ∈ C(τ?)J(τ?)

with the following properties:

• there is a permutation σ : [n] → [n] for which
f ′′(xσ(1), . . . , xσ(J(τ))) is close to f ′(x1, . . . , xn);

• The sample S is labeled according to f ′′.

Finally, in Step 3 we do a brute-force search over all
of C(τ?)J(τ?) to see if there is a function consistent with
S. Since f ′′ is such a function, the search will succeed
and we output “yes” with high probability overall.

Soundness. Suppose now that f is ε-far from C.

One possibility is that f is ε-far from every J(τ?)-
junta; if this is the case then w.h.p. the test will output
“no” in Step 1.

The other possibility is that f is ε-close to a J(τ?)-
junta f ′ (or is itself such a junta). Suppose that this is
the case and that the testing algorithm reaches Step 2. In
Step 2, the algorithm tries to construct a set of labeled
examples that is consistent with f ′. The algorithm may
fail to construct a sample at all; if this happens then it
outputs “no.” If the algorithm succeeds in constructing
a sample S, then w.h.p. this sample is indeed consistent
with f ′; but in this case, w.h.p. in Step 3 the algorithm
will not find any function g ∈ C(τ?)J(τ?) that is consis-
tent with all the examples. (If there were such a function
g, then standard arguments in learning theory show that
w.h.p. any such function g ∈ C(τ?)J(τ?) that is consis-
tent with S is in fact close to f ′. Since f ′ is in turn close
to f , this would mean that g is close to f . But g be-



longs to C(τ?)J(τ?) and hence to C, so this violates the
assumption that f is ε-far from C.)

3.6. The main theorem.

We now state our main theorem, which is proved in
detail in the full paper. The algorithm A is adaptive, but
in the full paper we discuss how to make it non-adaptive
with only a slight increase in query complexity.

Theorem 4. There is an algorithmA with the following
properties:

Let C be a class of functions from Ωn to X . Sup-
pose that for every τ > 0, C(τ) ⊆ C is a (τ, J(τ))-
approximator for C. Suppose moreover that for every
ε > 0, there is a τ satisfying

τ ≤ κε2 · [ln(|Ω|) · J(τ)2 · ln2(J(τ)) · ln2(|C(τ)J(τ)|) ·

ln ln(J(τ)) · ln(
ln(|Ω|)

ε
ln |C(τ)J(τ)|)]−1, (2)

where κ > 0 is a fixed absolute constant. Let τ? be the
largest value τ satisfying (2) above. Then algorithm A
makes

Õ

(
ln |Ω|

ε2
J(τ?)2 ln2(|C(τ?)J(τ?)|)

)

many black-box queries to f , and satisfies the following:

• If f ∈ C then A outputs “yes” with probability at
least 2/3;

• If f is ε-far from C then A outputs “no” with prob-
ability at least 2/3.

Here are some observations to help interpret the
bound (2). Note that if J(τ) grows too rapidly as a func-
tion of 1/τ , e.g. J(τ) = Ω(1/

√
τ), then there will be no

τ > 0 satisfying inequality (2). On the other hand, if
J(τ) grows slowly as a function of 1/τ , e.g. log(1/τ),
then it is may be possible to satisfy (2).

In all of our applications J(τ) will grow as
O(log(1/τ)), and ln |C(τ)J(τ)| will always be at most
poly(J(τ)), so (2) will always be satisfiable. The most
typical case for us will be that J(τ) ≤ poly(s) log(1/τ)
(where s is a size parameter for the class of functions in
question) and ln |C(τ)J(τ)| ≤ poly(s) · poly log(1/τ),
which yields τ? = Õ(ε2)/poly(s) and an overall query
bound of poly(s)/Õ(ε2).

3.7. Applications to Boolean and Non-
Boolean Functions

Theorem 4 can be used to achieve testing algo-
rithms, in most cases polynomial-query ones, for a wide

range of natural and well-studied classes of Boolean
functions over the n-dimensional Boolean hypercube
(i.e. Ω = {0, 1} and X = {−1, 1}), such as s-term
DNF. We use Theorem 4 to achieve testing algorithms
for several interesting classes of non-Boolean functions
as well. These testing results are noted in Table 1; we
give detailed statements and proofs of these results in
the full paper.

4. Lower bounds for testing sparse polyno-
mials.

One consequence of Theorem 4 is a poly(s/ε)-
query algorithm for testing s-sparse polynomials over
finite fields of fixed size (independent of n). In this
section we present a polynomial lower bound for non-
adaptive algorithms for this testing problem. (Detailed
proofs for all results in this section are given in the full
paper.)

Theorem 5. Let F be any fixed finite field, i.e. |F| =
O(1) independent of n. There exists a fixed constant
ε > 0 (depending on |F|) such that any non-adaptive
ε-testing algorithm for the class of s-sparse polynomials
over Fn must make Ω̃(

√
s) queries.

To prove Theorem 5 we use Yao’s principle [16]
in (what has become) a standard way for proving lower
bounds in property testing (e.g. see [5]). We present two
distributions DYES and DNO, the former on inputs sat-
isfying the property (i.e. s-sparse polynomials from Fn

to F), the latter on inputs that are ε-far from satisfying
it, and show that any deterministic (non-adaptive) algo-
rithm making “few” queries cannot distinguish between
a random draw from DYES versus a random draw from
DNO. By standard arguments (see for example Lemma
8.1 in [5]), it suffices to argue that for any query set
Q ⊂ Fn of cardinality q = Õ(

√
s) the induced distribu-

tions on Fq (obtained by restricting the randomly chosen
functions to these q points) have statistical distance less
than 1/3.

We define both DYES and DNO to be distributions
over linear forms from Fn to F. A random function from
DYES is obtained by independently and uniformly (with
repetitions) picking s variables from x1, . . . , xn and tak-
ing their sum. DNO is defined in the same way, but in-
stead we pick s + p variables, where p is the character-
istic of the field F. Clearly, every draw from DYES is an
s-sparse polynomial over F, and for n = ω((s + p)2),
the birthday paradox implies that almost all the prob-
ability mass of DNO is on functions with s + p dis-
tinct nonzero coefficients. We claim that, for any set
of q = Õ(

√
s) points in Fn, the corresponding induced

distributions have statistical distance less than 1/3.



Let (G, +) be a finite group. A probability measure
P on G induces a random walk on G as follows: De-
noting by Xn its position at time n, the walk starts at
the identity element and at each step selects an element
ξn ∈ G according to P and goes to Xn+1 = ξn + Xn.
By arguments parallel to those in Section 6 of [6], the
aforementioned claim can be reduced to the following
theorem about random walks over Zq

r:

Theorem 6. Let r be a prime, q ∈ N∗ and P be a prob-
ability measure on Zq

r. Consider the random walk X
on Zq

r with step distribution P. Let Pt be the distri-
bution of X at step t. There exists an absolute con-
stant C > 0 such that for every 0 < δ ≤ 1/2, if t ≥
C log 1/δ

δ ·r4 log r ·q2 log2(q +1) then ‖Pt−Pt+r‖ ≤ δ.

Theorem 6 is a non-trivial generalization of a sim-
ilar result proved in [6] for the special case r = 2. We
now give a high-level overview of the overall strategy.
Any given x ∈ (Zq

r)
∗ partitions the space into r non-

empty subspaces V x
i = {y ∈ Zq

r : 〈y, x〉 = i} for
i = 0, 1, . . . , r − 1. We say that an x ∈ (Zq

r)
∗ is de-

generate if there exists some i whose probability mea-
sure P(V x

i ) is “large”. We consider two cases: If all
the Fourier coefficients of P are not “very large”, then
we can show by standard arguments that the walk is
close to its stationary (uniform) distribution after the de-
sired number of steps. If, on the other hand, there ex-
ists a “very large” Fourier coefficient, then we argue that
there must also exist a degenerate direction and we use
induction on q.

So far we have shown that any algorithm that can
successfully distinguish a random linear form xi1 +· · ·+
xis from a random linear form xi1 + · · · + xis+p must
make Ω̃(

√
s) queries. To complete the proof of The-

orem 5, we must show that every s-sparse polynomial
over Fn is “far” from every linear function of the form
xi1 + · · · + xis+p . We do this via the following new
theorem , which may be of independent interest:

Theorem 7. There exists a function ε = ε(|F|) such that
for any g : Fn → F that is an s-sparse polynomial with
s ≤ n − 1, g is ε-far from every affine function with at
least s + 1 non-zero coefficients.

The high-level idea of the proof of Theorem 7 is
as follows. Let M be a particular monomial in g, and
consider what happens when g is hit with a restriction
that fixes all variables that do not occur in M. M itself
is not affected by the restriction, but it is possible for
a longer monomial to “collapse” onto M and obliterate
it (i.e. if M is x1x

2
2 and g contains another monomial

M ′ = −x1x
2
2x

3
3, then a restriction that fixes x3 ← 1

would cause M ′ to collapse onto M and in fact obliter-
ate M ). We show that g must have a short monomial M

(which, however, has degree at least 2) with the follow-
ing property: for a constant fraction of all possible re-
strictions of variables not in M , no longer monomial col-
lapses onto M . This implies that for a constant fraction
of all such restrictions ρ, the induced polynomial gρ is
“substantially” different from any affine function (since
gρ – a polynomial of degree at least two – is not identical
to any affine function, it must be “substantially” differ-
ent since there are only length(M) surviving variables),
and hence g itself must be “far” from any affine function.

Lower bounds for other function classes. By
adapting techniques of Chockler and Gutfreund [3], we
can also obtain Ω̃(log s) lower bounds for many of the
other testing problems listed in Table 1. We state and
prove these lower bounds in the full version of the pa-
per.

5. Conclusion

Our positive results are all achieved via a single
generic algorithm that is not geared toward any partic-
ular class of functions. For many classes of interest, the
query complexity of this algorithm is poly(s, 1/ε), but
the running time is exponential in s. It would be inter-
esting to study algorithms that are more specifically tai-
lored for classes such as s-term DNF, size-s Boolean for-
mulas, etc. with the aim of obtaining poly(s) runtimes.

One approach to achieving better runtimes is to
replace our “implicit learning” step with a more effi-
cient proper learning algorithm (the current learning al-
gorithm simply gathers random examples and exhaus-
tively checks for a consistent hypothesis in the concept
class C(τ?)J(τ?)). For some specific concept classes,
proper learning is known to be NP-hard, but for other
classes, the complexity of proper learning is unknown.
The existence of a time-efficient proper learning algo-
rithm for some specific class C(τ?)J(τ?) would likely
yield a time-efficient test in our framework.

Another goal for future work is to strengthen our
lower bounds; can poly(s) query lower bounds be ob-
tained for classes such as size-s decision trees, s-term
DNF, etc?
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