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Abstract—In this paper, we present a method for de- and approximately optimal, but for more general systems or
signing discrete-time state-feedback controllers for a @ss of costs functions, it is not clear if the algorithm is tractabl
continuous-time switched homogeneous systems which indies In this case, a quantization of the state-space may be con-

switched linear systems as a special case. A discrete-time idered. but the b fits in 2 | | d
approximate value iteration over a quantization of the unit S'0€r€d, butine benents in [2] may no longer apply under a

sphere is used to compute an approximation of the continuous guantization.
time value function over the entire unbounded state space. = Beyond switched linear systems, the work in [3] offers a

Properties of the value function and its approximations are constructive proof of the existence of stabilizing diseret
elicited and used to provide conditions under which state- time feedback controllers for a class of asymptotically

feedback controllers with provable guarantees in stabiliy and . .
performance can be constructed. To illustrate the results, COntrollable continuous-time homogeneous systems. eurth

the methodology is applied to an example switched system more, it provides an algorithm for computing an approxi-
possessing two unstable modes, one of which is nonlinear. mation to the feedback law. However, when the results of

[3] are specialized to switched homogeneous systems, the
assumption on homogeneity requires each subsystem of the
In this paper, we examine an optimal control problem for awitched system to have the same homogeneity characteris-
class of switched homogeneous systems. The systems in tts, including degree.
class may be viewed as a subclass of hybrid systems in whichin this work, we leverage homogeneity to reduce the
the operating mode is treated as an external input and eagfmputation of an approximation to the continuous-time
subsystem possesses homogeneity properties. We conogifue function over the unbounded state space to a linear
ourselves with optimizing the performance of the system bigrogram over a finite set. We also provide conditions under
designing a state-feedback switching law that approxilpatewhich a discrete-time feedback law exists and is stabiizin
minimizes a cost function, which also satisfies certain haand approximately optimal. Furthermore, it is not necgssar
mogeneity properties. The problem formulation covers, a®r the subsystems to have the same degree of homogeneity.
special cases, switched linear systems and nonlineartedtc This work may be seen as a generalization of the approach
systems for which accurate homogeneous approximatiop® used in [4], which applied to controllable, degree-1
can be developed. To determine an approximately-optimabmogeneous systems.
control law, we compute an approximation to the value This paper is organized as follows. In sections Il and IIl,
function over the unit sphere, which, by homogeneity, can bge |ay out basic definitions and assumptions and also provide
extended to provide an approximation to the value functiogome rudimentary results concerning dynamic programming.
over the entire state space. In section IV, we prove the existence of a sampling time
One important aspect to our work is the use of dynamithat generates an asymptotically controllable discriete-t
programming to compute an approximately optimal controdystem. Finally, in section V, we introduce an algorithm
law. A novel approach to approximating the value functioffa value iteration over a finite subset of the unit sphere)
of a discrete-time switched linear system is presented tat computes a discrete-time state-feedback controiiér w
[1], where approximate value iteration over a finite subsejuarantees in stability and performance. We provide an
of a complete function basis is used to perform the apgsxample of the methodology applied to a switched system
proximation. Computational complexity is easily manage@onsisting of an unstable degree-1 and an unstable degree-3

by scaling the number of functions in the subset, and, undggbsystem. All proofs for the results in this paper may be
certain conditions, the algorithm is guaranteed to produ@gund in [5].

a stabilizing feedback law. However, the results rely on the
existence of a function in the finite subset that satisfieaer Il. BACKGROUND
bounds over the state space, which is not guaranteed. _ _ ) o
In [2], a slightly different approximate value iteration isA. ant|nuous-T|me (CT) Switched Systems: Definitions and
used to approximate the value function. For certain class¥tations
of systems, the methodology leverages the structure of thewe consider the problem of stabilizing CT switched
finite-horizon value function as the minimum over a finitesystems of the form
set of functions. The resulting controller arising fromsthi
approximate value function is guaranteed to be stabilizing 9(1) = gitr)(y(7)) Q)

I. INTRODUCTION



wherey(7) € R" is the state i(r) € @ is the switching simply call such a functiohomogeneouddiomogeneity will
input and is a piecewise-constant function continuous frorallow us to concentrate our analysis to the unit sphere. We
the right, andQ c Z* is the set oinodesand is a finite set. denote the unit sphere iR" as the setS” 1.

Becausei is continuous from the right, the one-sided limit We now state two assumptions about the structure of (1).

of i at 7, Assumption 1: For eache @, g; is a continuous, degree-
i(r7)= lim i(a) (d; + 1) homogeneous function wit¥(a) = ol for some
T st real d; > 0.
may not be equal té(7). In fact, at points of discontinuity ~ Assumption 2: For fixed, y(7,to,i) is continuous over
(a switch), the two will not be equal. the pair (7, o).

At times, we want to explicitly express the trajectory of . T , i _—
(1) as a function of time, the initial condition, and the ilnpuc' Discrete-Time (DT) Switched Systems: Definitions and

' . . S Notations
i. Denote the value at time of the trajectory originating ) ) o .
from yo under a switching law asy(r, yo, i). Because the controller will require switching logic to

We treati as a design parameter for the system and se€RMPUtei(7), it is practical to consider implementing it in
a feedback control law that stabilizes (1). To this end, wéliscréte time. To this end, we examine DT systems with
focus our attention to the class of switched systems that c4¥namics that arise from a time-discretization of (1) in evhi
be controlled to the origin in the following formal sense.[6] 9i Satisfy Assumption 1. . _
Definition 1: Systen(l) is asymptotically controllable if: In this paper, we apply a special state-dependent sampling

: e . o )
1) (attractivenesdpr eachy, there exists a switching law period T PR X Q> _% that will yield conyement
i such thaty(r, yo, i) — 0 as T — oc. properties for the resulting DT system, properties that a

2) (Lyapunov stabilityfor eache > 0 there exists @ > 0 constant sampling period would not give us otherwise.
yap ) - A DT system constructed using a variable sampling time
such that for eachjyo| < ¢ there exists a switching e

law i as in 1) such thatly(r, yo, i) < ¢ is formally defined as follows. Let be an integer, let
» 90, .

: - : . _i(t) be a DT input (i.e.; = (i(0),4(1),4(2),...)), and letz
3) Eiaﬁezgrmc;?;icrt\}at;as a finite number of switches in abe the DT state. The sampling period at times given by

We now define several important notations used througr{(x(t)’ i(t)), and the DT system is
out the paper: z(t+1) =y(T(x(t),it)), x(t),i(t))

_ - - h switchi . : .
« let 7o = 0 and successively define thig" switching gssentially, z(t + 1) is the value of the CT trajectory
instancer, as the first timei(7) changes value since sampled at timel'(x(¢),i(¢)) starting from the initial state

time 7,1, i.e. 7 = minq~r,_ {7 [ i(r7) #i(7)} x(t) with the mode fixed toi(t) over the time interval.
» denote thaiwell time of thei*" switchasAx = 7k11—  For convenience, we denote the DT dynamics foyr) =
Ths o y(T(z,1),x,i) so that
« definey;, = y(73,) as thek!”™ switching state
« and definei;, = i(7,) as thek® operating modeand z(t+1) = fiw)(2(t))
denote themode sequencas the list(io, i1, . . .). Now, for computational reasons, we are interested in having
If the mode becomes a constant after some switching tintbe DT system satisfy
ti, 1.e.i(7) = a is constant forr > 74, then as there are no filaz) = afi(z)
more switches, we defing = oo andi; = a for all integers ’ ’
j>k. for all modesi. We now provide a sampling time that yields

At times, we equivalently expressy its mode and dwell this property. N
time sequencéiy, Ay )y, which will be useful for expressing ~ Proposition 1: For a positive constantly, the state-

the dynamics of (1) between switching instances. dependent sampling period given Hy(z,i) = To|=||~*
_ yields a continuous, degree-1 homogeneous funcfjofor
B. Assumptions all 2 ands.

In this paper, we consider CT switched systems possess-We call T, the base sampling periad
ing certain homogeneity properties, which will signifidgnt  In the remaindery is the CT time variablet is the DT
reduce the difficulty of computing a stabilizing control law time variable,y is the CT stateg is the DT state, and is
Below is the definition of homogeneity used in this paper. the input in both settings.

Definition 2: A function h is  degree-(d+1)

; . . ) /  D. Objectives
homogeneous-in-the-state if there exists a matrix function

The remainder of this paper will be focused on deter-

G(a) = diag(a™,...,a™) for positive real constants; o " 7 )
such that mining conditions under which (1) can be sampled quickly
h(G(a)y, w) = a’G(a)h(y, w) enough to yield a DT system that is asymptotically control-
For example. for a7functioh(y) v _y73’ G(a) = a and lable. Formally, we want to find a base sampling periad
d=29. ' and a DT feedback control law so that
Because we do not concern ourselves with homogeneous z(t+1) = fir(x(?)) @

functions other than homogeneous-in-the-state functiwes i(t+1) =u(x(t),i(t))



is stable. Note that, in this formulation, the modeis The computation of an optimal control law is tantamount
actually a system state, but we do not treat it as a state the computation of the value functian,  for all i € Q,
in our definition of stability and, rather, consider only thewhich satisfies Bellman’s Equation

convergence of. Vi) = int {7 (i a0) + Twwio )} @)
j,w

IlIl. THE VALUE FUNCTION AND DYNAMIC

PROGRAMMING where L is the incremental cost and is a function of the

. _ . o state, mode, and inputs. For ease, from here on we Wijte
In this section, we present some basic definitions and reistead ofV; , where in this casé is understood to be a
sults related to dynamic programming. We will use dynamigcalar inQ. ’

programming to construct optimal controllers for specaatc Now, let7; and L satisfy the following assumptions.

functions that will guarantee feedback stabilizability. Assumption 3:%; is bounded oves”™ ! x W (and, there-
_ fore, contained within a compact set).
A. The CT and DT Value Functions Assumption 4:L is positive-definite, degre2-homoge-

In order to compute a stabilizing DT feedback law, weneous inz, andf(;c,w,i,_j_) > L(x,0,4,5) for all z,w, i, j.
use a cost function for the CT system that will eventually be Under Assumption 4, it is easy to show that is degree-2
approximated in discrete time to yield a stabilizing cohtrohomogeneous.

law. If the value functionV: is known, the optimal policy can
Define theCT cost function/(yo,4) as be computed through an evaluation of the expression
T(o,1) (7 (2), 0" (,1)) € argmin {V; (Ri(xr, w)) + L(w, w7, )}
J,w
=> U ly (7, g i) 1255 dr 4+ Nl P K =i, if the minimum exists.
=0 /A RO In general, it is impossible to determine the value function

analytically. On the other hand, a numerical approximation
of the value function can be obtained by applying an algo-
rithm calledvalue iteration In value iteration, successively-
improving approximations to the value function are com-
puted iteratively in the following manner: pick sorfh_é) on

R" and compute the sequen(:?},V?, ...) iteratively by
the relation

J(yo, 1) Vit @) = Jnf. (V5 (hi(w,w)) + L, w,4,§)} (4)

whereA,, andy; are thek'” dwell time and switching state
respectively (as defined in Section II-A), and the switching
cost constantsk,,,, are positive form # n and zero
otherwise.
Optimizing over all switching laws with initial modejy,
we obtain theCT value function
Jél (y0) =

inf
{i|i(0)=io } i

Now, define theDT cost functioras For convenience, we always set the initial conditl?i%: 0,

which results in(Vf)k being a monotonically increasing

V(wo, i) =Y L(x(t),i(t),i(t+1)) sequence of functions bounded BY,. Denote V;,” =
tO:oO limg o0 Vf. Whle it is not generally true that value iteration
— Z [Tollz(®))1 + |21 Kiyies )] will converge toV;, there are certain assumptions that may

be imposed to guarantee the convergence of value iteration.

i In particular, the results of this paper make heavy use of a

define the,nvergence result given in [1], which we restate here in a
form more amenable to our framework.

t

Il
=]

where T} is the base sampling period. Similarly,

DT value functioras
Vi (@) Eroposition 2:1f V; (hi(w,w)) .§_*'y_f(a:,w,i,j) holds
uniformly for somey < oo and if V', is bounded over a
B. The Bellman Equation and the DT Value Function ~ Compact set, then (V}) converges uniformly t&7; over

In this section, we discuss a method for approximatig  The two following useful results stem from an application

= inf V; (z,i
{ilé(0)=i0} o(@,9)

and V7. _ of Proposition 2.
Consider a general degréeaomogeneous, DT switched | emma 1:1f, for each %, (4) is minimized by some*
system with control input$ and w, and w* and if L(-,0,4,) is lower bounded by a positive

T constant overs”~! for all 4, j, thenV; is equal toV;" if
2t +1) = higy (@(t), w(t) V:° is bounded oves™ 1. ’ |

3
and letl ¢ R™ be such thatv(7) € W. We consideraDT  Corollary 1: If W is a compact setVf is continuous
system with an additional input because we will eventually for all k, h;(x,w) is continuous inw, and L(x,w,1,j) is
transform the CT switched system into a DT switched systegontinuous inw, thenV: is continuous and equal tﬁfo if
with an additional input. V." is bounded oves™ 1.

3



V. STABILITY UNDER DISCRETETIME FEEDBACK optimality. We can now expresg" as the limit of the value

To prove the existence of a base sampling pefipdhat ~ 'teration sequence/;’); where
yields an asymptotically controllable system, we must first J.’”l(x) _ inf  {J¥(hi(z, 7)) + Uz, 70, §)}
prove that the CT value function is continuous so that we {5.0<r <m0} - Y
can treat the DT value function as an approximation of it. \ith these relationships, we are lead to the following impor
tant theorem.
o i _ Theorem 1:System (1) is asymptotically controllable if
To simplify the proofs of this section, we apply a usefulyq4 only if J* is continuous.
transformatiqn thaft will generate_ a degree-1 system having Remark 1?” is important to note that the proof of conti-
the same trajectories as (1). As in [3], let nuity relies oni(x, 7,1, ) being positive for allt if i # j.
() = & — —di(r) . This condition is made possible by having positive switghin
M) =8 (=) = [l gin)(#r)) - G) costsK;;. If K;; =0 for somei # j, thenl(x,0,¢,5) =0,
Under suitable choices for each switching law, both (1ind the boundedness condition of Proposition 2, which is
and (5) generate the same trajectories, but (5) is degreessed in the proof, would not hold.
homogeneous by this time scaling of (1). _ ) o
If we define the cost functiod for system (5) as B. Discrete-Time Stabilization
x . To prove the existence of a DT stabilizing control law, we
J(20,7) use value iteration to generate a sequence of functions that
. - N2 2 converge to the DT value function while being bounded by
N o {/ X 2 2kt )P+ 26l K i J¥, which essentially boundg;* and proves the existence
of control laws that yield a finite cost. We begin with the

A. Continuity of the CT Value Function

with .J; is defined similarly as following convergence result.
j I [ Proposition 3: If V;> is bounded oves™~!, thenV;* =
io (Yo) = (i1i(0) =i} (y0.7) V> and V¥ is continuous.

) N We now state the main results of this paper.
then it can be proven thaty = J. Therefore, from here  Thegrem 2 (Approximation of the CT value functiotf):
on, we can assume without loss of generality that 1 for (1) js asymptotically controllable, then for eaeh- 0, there
all i in (1). The remaining results will still hold for any set qyists a positive timél’, such that for all base sampling
of d;s as long as the CT system is sampled using, 7). periodsTy < To, |J; — Vi*| < € over S7—1.
Note that assuming; = 1 yields T'(z, i) = To, a constant. Corollary 2 (Stability of the CT system via DT control):
First, we seek to show tha is continuous by leveraging There exists a positive base sampling perigdsuch that

Corollary 1, but this result only applies to DT systems. Ir*(l) is asymptotically stable using the DT control law
order to apply it toJ’, we relateJ to a DT Bellman

equation, using the time until the subsequent switch as a u*(z,4) € argmin {V;" (f;(x)) + L(,1,7)}
control input over which we minimize. To this end, we define /
a new DT system with dynamics given by V. APPROXIMATING THE VALUE FUNCTION

In this section, we present an algorithm for practically
constructing a stabilizing DT feedback controller by appro
Basically, h; is the sampled dynamics of (1) for a “samplingimating V*.
period” 7, though we actually treat as an input. Note that

hi(x,7) = y(r,2,17)

hi(z, To) = fi(z). Also, define A. Value lteration over a Finite Set
. By (3) and by the homogeneity of the functio®s’, f;,
Wz, 7i,§) = / Ny (v, 2, 0)||2dy + |y (T, z,4) | > Ky and L, we have the following relationship for all € S"~*
0

as the sampled cost. The cost essentially represents the co¥;*(z) = min{|| f;(z))||*V}* (| ;1(17;') + L(z,i,5)} (6)
of allowing (1) to evolve in a fixed modéefor = time units, / |fi(=
after which time the system changes to mgde where ifz = 0, we define||z||2V;* (2 6) —0

ll]l

If we treat: and7 as control inputs, we have a degree-1 We now extend the relationship in (

) to the value iteration
homogeneous DT system

algorithm. For al: € S*~1, define the sequence of functions

(t +1) = hygy (2(t), (1)) (V") by
By substitution and by optimality, we can expreks by VFE (@) = min{| f;(2) ||V} <|?EI;|) + L(z,i,4)}
J j (x s Uy,
Ji'(x) = oty {Jj (hi(z, 7)) + Uz, 7,4, 5)} ()

Though (7) allows us to expregd’*), as a sequence of
In essence, all we have done is split-up the expression of thenctions only over the compact sét”~!, a brute-force
value function by the switching times, which is possible bycomputation using (7) is still impractical. We now consider



the implications of quantizing™! in order to practically
compute an approximation tg;*.

First, we define our quantization function. For somg
0, let S7~! be a finite subset 06"~ such that for each
x € S"~1, there is an approximating stafe ¢ S‘f;’l that
is “close” to z in the sense thatz — #|| < 4. Define the
guantization functior®s : " — R" by

Os(x) € ||z| argmin {||Z —
zeSyt

W”}

Using homogeneityQs (which is degree-1 homogeneous) is

able to generate an uncountable set of approximation poi
in ®™. From here on, we drop thé subscript notation.

We now define a new value iteration over the §&t .
For all z € 5”1, define the sequendd’*) by

VA @) = min{VHO(fi(x))) + L. i.5))

fi(x) )) 8)

1 fi(2)

= min{]| fi(2)|*Vf (@ (
+ L(x,4,7)}

To derive conditions under whicl; is bounded, we
leverage the structure of (6) and compute a bound for the
performance (and, hence, establish a certificate for gtgbil
using value iteration. To this end, we define the sequence of
functions(V}*(z)). by

VI (@) = Vi (fi(@)) + Lz, i, u(z, 1))
‘7k

Clearly, lim;, .., V}*(z) exists and is equal t&;(z).

We now state the main performance and stability results
of this section.

Lemma 2:If V;* is continuous, then for each> 0, there

WRists as such that|V;* — V;| < € over S, and, hence,

(2) is asymptotically stable.

Finally, for convenience, we summarize the results of this
paper with the following theorem.

Theorem 3:System (1) is asymptotically controllable if
and only if there exists a timg,,,,, and a spacing,,,,, such
that system (2) with: given by (9) is asymptotically stable
for all base sampling periodg) < T;,.. and all quantization
spacings) < dma.- v stabilizes (1) in discrete time, and the

Because® o f; is degreet homogeneous and boundedclosed-loop cosv; may be made arbitrarily closé.

over S»~! and since the minimizej* of (8) exists, we

have by Lemma 1 that (8) converges to its cooresponding
value functionV;*. Furthermore, since the computation is

performed over a finite set, we can compﬁ?@é using the
following linear program [4], [7]

>

max V;*(x) subject to

fi(x)

i€Q,zesSn1
* (z @17V (e et
Vi (@) < |1 £i@)17V; < <|fi<x>|

foralli,j € Q andz € S"!

( fi(x)
II.fi ()]

)) + L(z,1,j)

where© € Sn—1,

The continuity results derived earlier come into play once

C. Lipschitz Special Case

Of course, in general, we do not know the relationship
for V;*, and so the results above only assert the existence
of a level of approximation that provide these benefits. If
we strengthen our assumptions abduand f;, though, we
compute an upper bound férto offer a prescribed.

Proposition 5:If {L(-,-,4,7)}:; and{f;}; are Lipschitz
functions overS™~! with respective Lipschitz constants
andn < 1, thenV;* is Lipschitz overS™~! with a Lipschitz
constant;-..

It is noteworthy that the constraint antranslates into the
requirement eaclf; is a contraction.

VI. SIMULATIONS

we begin to consider the application of approximation state Tpe example comes from a slight modification of the

If V. is d-¢ uniformly continuous ovels™ 1, then for all
x € S, we have the following inequalities.

s 5 1 v (o () =

This relationship allows us to approximate the value fuorcti
Proposition 4:If V;* is continuous, then for each> 0,
there exists @ such that{V,* — V;*| < e over 5"~

‘/j*

B. Stability and Performance
Given V;*(z), define the control law: as

u(,i) € argjmin {V7(©(fi(2))) + L(x,i,5)}  (9)

which exists. Clearly, system (2) subject to (9) is a dedree
homogeneous system.

example switched system from [8]. The dual-mode switched

system is given by
_ [ 01y -4 _ [ 0.1y1 — 1092

wherey; andy, are the components of the vectgr Both

g1 and g, are unstable systems that “spiral” away from the
origin. Note thatg; is degree3 homogeneous whilg. is
degreet homogeneous.

To construct a DT stabilizing control, we use a base
sampling time of).1s and a quantization spacing@fi radi-
ans along a semi-sphérgyielding 32 approximation states.
Finally, we use the incremental cost functidnz, i, j) =

Nzl? + ||z]|*Ki; whereK;; =1 for i # j.

The optimal control laws (as given by (9)) are plotted in

Now, to prove stability, we show the closed-loop SySterT|‘—'igure 1 as a function of angle because they are independent

yields a finite cost
Vilr) =3 L(x(t), i(t), u(z(t), i(t))
t=0

= ~u(m,i) (fz(x)) + L(Ia 2 U(Iv Z))

of the magnitude ofj.
Finally, Figure 2 shows a plot of CT closed-loop trajec-
tories resulting from an initial statgy = (1,0) andig = 1.

1By homogeneity, we need not consider the entire sphere.



Mode: 1

(1]

(2]
(3]

(4]

Fig. 1. Plot ofu for each initial mode. As. is a degreéd homogeneous
function, it is just a function of the angle in the phase spafce. Striped
regions represent where takes a value ofl, and solid regions represent
wherewu takes a value of.

Phase plot of y Time plot of i Time plot of y, and y, [6]
1
e
SN05 [7]
2
< 0
s ]
05
10 20 0 10 20
Time (s) Time (s) 9]

Fig. 2. Simulation of the closed-loop systems from the ahipair yo =

(1,0) andip = 1. [10]

Notice that although the system is executed for 30 tim[ell]
samples, the simulations take nearly 30 seconds to complete
despite a 0.1 base sampling period. This is because as the
trajectory approaches the origi, reacts far more slowly, a [12]
consequence of usifl(z, 1) = ||z|| =27y, which approaches

oo as||z|| — 0. (13]

VII. CONCLUSIONS ANDFUTURE WORK

In this paper, a framework for constructing stabilizing[14]
discrete-time state-feedback controllers for contindime
switched homogeneous systems was presented. Homogen@iﬂ/
and a state-dependent sampling period were leveraged g
reduce the difficulty of computing a nearly optimal conteoll
to a linear program over the unit sphere. [17]

We believe much can be gained from applying the the-
oretical methodology to practical problems. A particulafl8]
application of interest is determining if a switched system
is stabilizable under all possible switching sequencesd-Mo1g
ifications to our framework may be able to be address this
problem by searching for the optimal unstable trajectony. A
additional extension of interest is the control of nonlinea
systems that can be locally approximated by homogeneous
systems at a set of equilbrium points. If the number of such
points is sizable, our approach may be able to be used in
conjunction with another algorithm to provide a means for
maneuvering through the state space, similar to the approac
taken in [9].
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